Wisgrow Math A - Plus !

Session 119 |Polynomial 1 | Worksheet 119

1) The sides of a rectangle are (x — 3) and (z + 1)

a) Find the area a(x)
b) If x = 4then what is its area ?
c) If z = 0 is it possible to get a rectangle 2 Why?

d) What is the condition for = to get a rectangle?

aalx)=(x-3)(z+1)=z(z+1)-3(x+1)=22-22 -3
b) fx =4 thena(4) =42 —-2x4-3=16—-8—-3=5
¢) If x = 0 side becomes a negative number. Square cannot be drawn

dyz>3.

2) Sides of a rectangular box are x — 1,z + 2 and = + 3.

a) Calculate the volume v(x).
b) If x = 2 then what is its volume?
c) Is it possible to make the box for x = 1

d) What is the condition for x to make the recctangular box?

Answers

a) v(z) = (¢ = 1)(z + 2)(z + 3)
v(E)=(2+z—-2)(z+3)=23+42°+2—6

by v(2) =23 4+4x224+2-6=8+16+2—6=20
¢) If x = 1then side becomes 0.Box cannot be made .

d z>1

3) The difference between breadth ,length and length of diagonal of a rectangle differ by 1

a) If breadth is © what is its length and diagonal of the rectangle?

b) Make an equation connecting breadth ,length and diagonal in the form p(m) =0
¢) Find the solution of the equation p(x) = 0

d) Find the length , breadth and diagonal.



Answers

a) If breadth is x then length is = + 1, diagonal x + 2

by (z+2)2=22+(z+1)%, 22 +4z+4=2+22+2x+1,22-22-3=0

Q) x= —b:l:\/21;2—4ac
- —(—2):|:\/(—22)2—4><1><—3
z=3,—1

d) If x = 3then bradth = 3, length = 4,diagonal= 5

4) Consider the polynomial p(z) = 22 — Tz + 12

a) Write p(z) = (z — a)(xz — b).
b) Write p(x)as the product of two first degree polynomials.

¢) Find the solution of the equation p(x) = 0

Answers

a) 22 —Tr+12=(z—a)(z—b) =22 — (a+ b)z + ab
a+b="T7ab=12
(a—b)* = (a+b)* — 4ab
(a—b)2=(71)?-4x12—>a—-b==*1

fa—b=1then,a—b=1,a+b=7—2a=8,a=4,b=3
(What change occur in the answer corresponding to a — b = —1.Try yourself )

b) p(z) = (z — 4)(= — 3)

¢ p(z)=0—=(r—4)(z—3)=0
x=3,4

5) Consider the polynomial p(z) = 23 — 4% + 22 + k

a) If z is a factor then find k.
b) x — 1 is a first degree factor ofp(:r)then what is k?
¢) Use k for becoming x — 1 a factor and write the polynomial

d) Is (x + 1 a factor of this polynomial .

a) k=0

b) fz —1=0thenp(l) =0
18 —4x124+42x14+k=0,k=1

o) p(z) =23 — 422 + 2z + 1

d) p(=1)=(-1)3—4(-1)2+2(-1)+1=-1-4—-2+1#£0
x + 1 is not a factor
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1) Consider the polynomial p(z) = 2% — 8x + 12

a) If p(z) = (x — a)(x — b)then what is @ + b and ab
b) Find a, b and write p(x) as the product of two first degree factors

¢) Find the solution of the equation p(x) = 0

Answers

a) 22 —8r+12=(z—a)(z—b)=2>—(a+b)x+aba+b=28ab=12

b) (a —b)2 = (a+b)> — 4ab
(a—b)?=8-4x12=16,a—b=4.
a+b=8a—-b=4—2a=12,a=6,b=2
p(z) = (z — 6)(z —2)

px)=0—(z—6)(x—2)=0,z =6,z =2

2) If p(z) = 23 — 422 + 62 — kthen

a) Find k such that z — 1 a factor of p(x)
b) Write the polynomial . Is (z + 1) a factor of p(x)
¢) What is the speciality of the coefficients of p(x) having x — 1 a factor

d) Write three polynomials having x — 1 a factor

Answers

a) Since (z — 1)a factor p(1) = 0.
13—-4x124+6x1—-k=0,1-44+6—-k=0,k=3

b) p(x) = z3 — 422 + 62 — 3
p(=1)= (=12 —-4x (-1)2+6x(-1)—-3=-1-4-6-3=-14#0
p(—1) # 0. Therefore (x 4 1)not a factor.

¢) Sum of the coefficients will be zero (z — 1)

d) It can be ant polynomial with sum of the coefficients is zero .
3 — 24— 1223 — 422+ 50— 3, 2% — 4?2+ 22+ 1

3) Consider the polynomials p(x) = 2® + 1, q(z) =23 + 22 + x + 1

a) Find p(—1) and ¢(—1)
b) What is the factor common to both the polynomials
¢) Find r(x) = p(z) + ¢(x)

d) what is the first degree factor of r(x)



Answers

==L}l ==1--1=1
1) = (=P (=R (= = = e e

a) p
q

=@+ D+ (@B +2?+z+1) =223 +22+2+2

(=
(=
b) p(—1) = 0,¢q(—1) = 0 implies (x — 1) is a factor of both .(x — 1)is the common factor
o)
(=

d) r(=1) =2(-1)3 + (-1 + (-1)+2=-2+1-1+2=0
x + 1 is the factor of r(x)

4) 2% — 1 is the factor of p(z) = a® + bx? + cx +d
a) Find p(1),p(—1)
b) Show thata = —c,b = —d

¢) Write a polynomial having 22 — 1 a factor

Answers

a) 22 — 1= (z — 1)(z + 1)
(x — 1), (z + 1) are the factors of p(x)
p(=1) =0,p(1) =0

by p(1)=0—=a+b+c+d=0
p(-1)=0—a—-b+c—d=0,a+c=b+d
a+b+c+d=0—->2(a+c)=0,a+c=0,a=—c,b=—d

¢) The condition @ = —c, b = —d should be satisfied. Example 323 — 42> — 3z + 4

5) If p(z) = 2% — 8 then

a) Check whether x — 2 a factor of p(x)
b) Write a first degree factor of 23 — 27

¢) What is the second degree factor of 23 — 27

Answers

a) p(2)=23-8=8-8=0
x — 2 is a factor of p(x)

b) q(x) = x® — 27 implies ¢(3) = 33 — 27 =27 —-27 =0
x — 3 is a factor of 2% — 27

¢) 23 —27=123-33 = (z — 3)(az® + bz + ¢)
.az? + bz + ¢ is the second degree factor .

23 —27=(z - 3)(az® + bz +c

z(az® + bz + ¢) — 3(az? + bz + ¢) = az® + bz® + cx — 3ax? — 3bz — 3c =
az® + (b — 3a)x® + (¢ — 3b)x — 3¢

Equating the coefficients a = 1, (b — 3a) =0, (¢ —3b=0), =27 = —3c,c =9
¢c—3b=0—-9—3b=0,b=3,

x> + 3z + 9is the second degree factor

1
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1) Consider the polynomial p(x) = 322 + 4z + 1

a) Write p(x)as the product of two first degree factors

b) Find the solution of the equation p(z) = 0

Answers

a) p(z) =322 +4z+1=k(z —a)(x —b) = k(z2 — (a + b)xz + ab) = kz® — k(a +
b)x + kab

p(z) =k(z—a (:c—gb) — 3(1‘—%1) x—"1)= 3(31%1)(:13+1) = (x+1)(3z+1)

b):z:+1=0—>x:—1,3x—|—1:()—>x:%

2) Consider the equation p(x) = 2 + 42% + 2 — 7

a) Check whetherx — 1 a factor of this polynomial or not
b) If not what should be subtracted from p(x) to get another polynomial ¢(z) in which z — 1 is a
factor

¢) Write ¢(z) as the product of three first degree factors

d) Write the solution of the equation ¢(x) = 0.

Answers

A p(1)=134+4x124+1-7T=6-T7T=-1#£0
x — 1 is not a factor

b) Since p(1) = —1 ,on subtracting —1 from p(z) we get (x — 1) a factor .
qgz) =23 +42®+2 -6

o z3+42’+2—-6=(x—1)(ax®+bz+c).
Equating the constant terms both sides —6 = —c,c =6
Equating coefficients of = on both sides1 =c—b—1=6—-b,b=5
equating coefficients of 2Zon both sides —a +b=4,—a+5=4,a =1
ax’ +bx+c=224+52+6 = (z+2)(z + 3)
q(z) = (z+ 1)(z + 2)(x + 3)

d) q(z) : (x +1)(z+2)(x +3) =0,z = —1,—2, —3 are the solutions.

3) Consider the second degree polynomial 22 — 20z + 91.This is the area of a rectangle with the sides
the first degee polynomials.

a) What are the sides of this rectangle.
b) What is the condition for getting a rectangle .

¢) What is the polynomial representing the perimetre of the rectangle.



Answers

a) p(z) : 22 — 20z 4+ 91 = 0, x = =bEvi —dac V2Z2_4ac
x=13,7
p(z) = (z = 7)(z —13)

sidesare x — 7,x — 13

b) Side should be greater than 0.
z—13>0—=2>13

¢) Perimetre = 2(z — 13+ 2 — 7) = 2(22 — 20) = 4z — 40

4) When a first degree polynomial is added to z3 + 222 we get a polynomial p(x) such that z2 — 1 is a
factor.

a) Write two first degee factors of p(x)
b) What is the first degree factor to be added?

¢) What are the solutions of the equation p(z) =0

Answers

a) 22 — 1= (x — 1)(z + 1) implies z — 1,2 + 1 are the factors of p(x)

b) Term to be added is ax + b.
p(z) =23+ 222 + ax + b
Since (x — 1) is a factor sum of coefficients is 0.
1+2+a+b=0,a+b=-3
Since « + 1 is a factor p(—1) =0
14+2-a+b=0,a—b=1
a+b=-3,a—-b=1—>2a=-2,a=—-1,b= -2
GBI alBo ax +b = —x — 2
p(z) = 23 + 222 —x — 2

¢) One factor is x2 — 1. This is a second degree factor.Other factor is px + q.
234+ 222 —x — 2= (22 — 1)(pz +q)
we get ¢ = 2, p = lby equating the coefficients .Third factor is x + 2

5) Consider the equation p(x) = 22 + 4x + k

a) If k = 0 write the first degree factors of p(x)
b) If K = 4 what are the facors of this polynomial ?

¢) What is the condition for & to get two first degree factors of p(x)?

Answers

a) Ifk =0,p(x) =22 + 4. z is a factor. x + 4 is also a factor.
b) If x = 4 then 22 + 4z + k = 2% + 4x + 4 = (x + 2)(z + 2).Both factors are x + 2.

o pz) =x2®+4z + k.
(x —a), (x —b) are the factors 72 + 42 + k = (x —a)(x —b) = 22 — (a + b)x + ab
a+b=—4,ab=k. (a—0b)? =42 — 4k. If k is greater than 4 , (a — b)?become a
negative number. It is meaningless. kshould be less than or equal to 4.
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1) Write a polynomial p(x) such that p(1) = p(—2) = p(0) =0

a) What are the first degree factors of p(:v)
b) What should be added to p(z) to get a polynomial in which = + 1 is a factor?

Answers

a) Since p(1) =0, x — 1 is a factor. Since p(—2) = 0, z + 2 is a factor .Since p(0) = 0,
x is a factor .
p(z) = 2(x —1)(v+2), p(z) = 23 + 22 — 22 First degree factorsarex — 1,7+ 2, =

b) Since x + 1 is a factor p(—1) = 0.
p(—=1) = (=134 (-1)2=2x (1) = =1+ 1+2 = 2 # 0. —2should be subtracted

2) Consider the polynomial p(z) = 42% — 16z + 15

a) Write p(x) in the form (x — a)(z — b) and find @ + b, ab
b) Finda — b
¢) Write p(z)as the product of two first degree factors

d) Find the solution of the equation p(x) = 0

Answers

a) 422 —16x+15 = k(x—a)(z—b) = k(z®> — (a+b)z +ab) = kz® —k(a+b)x + kab
Equating the coefficients of 22 on both sides k = 4
16=Fk(a+b) »a+b=18 =4

4
kab =15 — ab = 12

4
)a+b=4a-b=1—-2a=5a=3,b=

p(x) = 4(x — %)(x — %) — 4(2w2—5 <§x’_3

)
d pz) =022 -3=0,2=322—-5=0—2=2

3) Consider the polynomial p(x) = " + 1

a) What are the numbers suitable for n getting x + 1 a factor of p(z)?
b) Canz — 1 a factor of p(x) for any n ?

¢) Can 2?2 — 1 afactor of p(x)?

Answers

a) m should be odd .If n is odd p(—1) = (—1)" +1 = —1 4+ 1 = 0.Therefore (z + 1) is
a factor.

b) Whether n is odd or even P(1) # 0.z — 1 is not a factor

0 z2—1=(z+1)(z—1).

2+ 1,2 — 1 are not factors .z:2

— 1 is not a factor




4) Consider the polynomial p(z) = x2 4 6z + k 2

a) If k = Othen what are the first degree factors of p(z)?
b) What is the value of k to get two equal first degree factors ?
c) What are the values of k£ not for occuring a first degree factor to this polynomial?

d) If k = 8 what are the first degree factors of p(z)?

Answers

a) Ifk=0,p(x) = 2%+ 6x — x(x + 6). First degree factors are =,z + 6

by 22+ 6x+k=224+2x3xx+3%2 > (z+3)>%Forthisk=9.z+ 3,2+ 3 are
equal the factors

o z?+6zx+k=(z—a)(x—b) >a+b=—-6ab=k
(a—b)?=(a+b)?—4ab— (a—b)%=(-6)2—4xk
(a —b)? = 36 — 4k.
If & > 9 then (a — b)2become a negative number,it is not possible. If & > 9 no first
degee factor exist.

d) Ifk =8thenp(z) =22 + 6z +8 =22 +4x+22 +8=x(x+4) +2(z +4) =
(x +4)(z+2)
First degree factors are (z + 4), (z + 2)

5) Consider the polynomial p(x) = azx? — 2bx + ¢

a) If x — 1 is a factor of p(a:) prove that a, b, ¢ are in an arithmetic sequence.
b) Write twp polynomials in the form ax? — 2bx + ¢ such that a, b, c are in an arithmetic sequence .

¢) If 22 — 1 is a factor of p(z) then what is a + b 2

Answers

a) If x — 1 is a factor then p(1) = 0.
ax1>2—-2bx14+c=0,a—2b+c=0
a+c=2ba+c=b+b—>b—a=c—b— a,b,c are in an arithmetic sequence .

b) If a = 4,b = 3,c = 2then 422 — 62 + 2.

)22 —1=(z—1)(x+1),x— 1,2+ 1 are the factos p(1) =0 — a —2b+c =0
p(-1)=0—=a+2b+c=0
adding these equations 2a + 2c = 0,a+c =10
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1) Consider the polynomial p(z) = 2% + 422 + x — 6

a) Find p(1).Is z — 1 a factor of this polynomial ?
b) What is the quotient when p(z) is divided by  — 1?
¢) Write the quotient as the product of two first degree factors

d) Find the solution of the equation p(z) = 0
or

Write 23 + 422 + = — 6 as the product of three first degree factors .Also solve the equation 3 +
422 + z — 6 =0.

Answers

a)p(1)=13+4x124+1-6=1+4+1-6=0
Since p(1) = 0 we can write (z — 1) is a factor

b) Let ax? + bx + c is the quotient.r® + 422 + 2z — 6 = (z — 1)(ax? + bx + c)
w3 +4z? +x—6 = z(ax? +br+c)— (ax? +bx+c) = ax3+(b—a)z?+(c—b)z—c
Equating the coefficientsa = 1,b—a=4 —>b=4+a=4+1=5,c—b=1—
c=14+b=14+5=6
Quotient is x2 + 5z + 6

0 22+524+6=22+224+3c+6=x(x+2)+3(z+2)=(z+2)(z+3)

d) p(z) = (x+1)(x+2)(x+3) ,p(x) =0 = (x+1) = Oor(z+2) = Oor (x+3) =0
z=-1,-2.—3

2) Consider the polynomial p(z) = az* + bx® + cx? +dx + e

a) Write a fourth degree polynomial having z — 1 a factor
b) If x 4+ 1 is a factor what is the relation between the coefficients of p(x)

¢) Using these conditions write a fourth degree polynomial having z2 — 1 as a factor.

Answers

a) If x — 1 is a factor then p(1) = 0.That is sum of the coefficients is 0.
p(z) = z% + 223 + 322 + 42 — 10

b) Since z + 1 is a factor p(—1) = 0.
a—b+c—d+e=0Thatisa+c+e=b+d
Choose five numbers as coefficients . a = 1,b=2,c=3,d=4,e =2
q(z) = z* + 223 + 32% + 4z + 2

¢) Combining the conditions a +b+c+d+e =0and a + c+ e = b+ d, we can write
2(b+d)=0,b+d=0,b=—d
Alsoa+c+e=0
Example r(x) = 4z* + 523 + 32% — 5z — 7.

3) In the second degree polynomial p(z) p(3) = 0, p(3) = 0, constant term 4.



a) If p(x) = ax? + bz + 4 then find a, b 2

b) Write the polynomial .What should be added to this polynomial to get another polynomial in which

x — 1 a factor.

Answers

(3)=0,a(3)* +b(3) +4=0
+2=—-—4,a+2b=-16
(3)2+b(3)+4=0,2+5=—-4a+3b=-36

Solving the equations a + 2b = —16,a + 3b = —36 we get a = 24,b = —20

a)

SENERS
N

b) p(z) = 24z% — 20z + 4
p(1) = 8, —8 should be added

4) Consider the polynomial 22+ kx+6

a) If z — 1 is a factor what is k?
b) Write other first degree factor.

¢) Find the solution of 22 — 7z 4+ 6 = 0
a) If x — 1 is a factor sum of the coefficients willbe 0 . £ = —7

b) 2 — Tz +6 =22 -z —6x+6 =x(x— 1) —6(x — 1) = (z — 1)(z — 6). Other

factorisx — 6

gzrx=1z2z=6

5) Consider the polynomial p(z) = (z + 1)(z +2)(x +3) + k

a) If p(—1) = 10then what is k ?
b) Write the polynomial using the number &

c) Change the constant term only to make the x — 1 a factor of the polynomial

Answers

a) p(—1)=10— k=10
b) p(z) = (x + 1)(z +2)(z +3) + 10 = 22 + 622 + 112 + 6

c) 6 should be changed to —18
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