lllnstl‘ﬂﬁ"n S
0, x<0

Consider the function fix) = sin( 1 ), s
\x

Thé graph is given in fig. 13.7. From the graph we -
ohserve that when x approaches to zero from the left

m

of zero, the value of f{x) remains zero.

lim f(x)=0
x—=0-
When x approaches to zero from the right of zero

illates between — 1 and 1.

the graph oscil ' _ |
ie., the vall_ie of f{x).is not approaching to a finite
qumber. Therefore xl—i>T+ f(x) does not exist. |
Also 0)=0 '
[lustration 6
' | kY x<0
~ Consider the function f{x) = |x| ’
L x, x=0°

From the graph (fig.13.8), we observe that
x approaches to zero through the left of zero

when
- the value of f{x) never approaches to a finite
' 2
number. So lirgl f(x) does not exist
_ s 0
'1i%1 f(x)=0. Alsof(0)=0. |
x—0+ i
Tllustration 7
‘Consider the function f{x) = S X 0.
_Lét us draw the graph Qf the function. |
T3 =2 =1]1] 2 |3 [09]06]0.504)0.3 —0.9-0.6/|-0.5(-0.4 |-0.3
J’=.l—033 _050|—1[1 (050033 1.1 167| 2 25| 33 |- L1 [-1.67 -2 |25 |-33|.
X ; -




From the graph we observe that when x approachcs
to zero from the left of zero, the value of fx) never
approaches to a finite number. Therefore the left hand

limit of fat x.= 0 does not exist.
l:m f (x) does not exist.

When % approaches to zero from the nght of zero,
the value of f{x) never approaches to a finite number

i.e., lim f(x) does not exist.
x—0+

4150 f{0) does not exist.
From the above illustrations we observe the fdllbwing Fig. 13.9
i. ‘Both left hand and right hand limits exist and are équal _ (Illustratibn 1,2)
ii. ‘Both left hand and right hand limits exist and are not equal ‘ (INlustration 3, 4)
'iii. Left hand limit exists and right hand limit does not exist . (Illistration 5)
. Lefthand limit does not exist and right hand limit ex1sts - (Illustration 6)
v.. Both left hand rlght hand limits do not exist ' * (INustration 7) .

If both the left hand and right hand limit exist and are equal, the common value is defmed as'
the Ilmtt of the functlon. _ :

Existence of limit of fat x=a
I the left hand and right hand Imnts at x = a exist and | =|', then the limit of f atx =a

_exzsts and is equal to l.  i.e., llm f (x)=1
The value of a function and the llmlt of a function at X=a:

If Jlgt‘l] f(x) and fla) exist, then there are two pOSSlbllltleS.

‘i._ lmf(x) =j(a)' ' | - ‘ii. limf(x)if(a) -



1 Algebra of limits

1‘%..
(pation
]”“e(; nsider the function ﬂl) =1,
i The L_,-qph of the function is gwcn in Fig. 13.10.
prom the graph we get lim f)= lim(]) =1 N
Limit of a constant is the const'mt itself

Consider the function fix) =x .

. The graph ofthe function is glven in Fig. 13. ] 1

From the graph, we get }‘1_[1}, JSGy = ll_fg(x) =3

lim(x)=a

x—=>a

Consider the function j(x) x+1

The graph of the function is given in Fig. 13. 3

From the graph we get hng f(x)= h_rg(x +1) =4

From (i) and (i), .we get_!vi_rg(x) 5 Ll_rg(l) =3 +1 ="4‘__

- Thus l_im(x;g = 1irr31(x)+li£}(l)

' iv.l ConSJder the functnon Ax)y=x—1.

The graph of the function is given in Fig. 13 12

From the graph we get llm f(x)= llm(r 1) 2
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From (i) and (ii), we get llm(x)— hm(l) = 3 =1= 2

"~ Thus llm(x—l) = llm(x)—-hm(l)
. x>3 x—3 x—3

v. Consider the function j(x) 3x°

- The graph of the function is given in Fig. 13.13
From the graph, we get -lx_)n} f(x)= Lllg (3x)=9

From (i) and (i), we get lim (3). lim(x) =3 x3=0
) e ¥ . ’ e

' Thus lim(3x)=3lim() -

=1 O
—] g
2ol Fig. 13.12
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Vi.

vil.

o =0

Consider the function f{x) = x* + x. .
The graph of the function is given in Fig. 13.14

—_ WA ) 00 O

From the graph we gét lim f(x)= ll_lg(’fz +x_) =12 -' . = g
from (1) and (ii), we get !N hmx i‘_‘;‘g (x+1) =3 x 4= 12 ' . Fig. I3.14
This limaGe+D) = i Jimee )+ A
' 9
8

x =1 41 Flg 13. 15
Consider the function flx)=4 ,_1* *
- 3, x=1

The graph of the function is given Fig. 13.4

' From the graph we get l1m f(x) = x-+3 (,\ D =4

) The graph of the functlon x*—1is given in Fig. 13.15.
_ lim(x* -1) - 3
From Fig 13 12 and Fig. 13.15 we get %3“;(717 =5 =4

e lim(x"-1) - _ _
Thus lim ] = , since hng(x -D#0
x— x> )

x—>3 lim(x—1)
x—>3

From Illustration 8 (iii to vii), we arrive at the following theorem.

Fd



iil.

iv.

13.3.2 Limits of

(Stntements only)
g be two functions such that both lim f(x) and lim g(x) exist, then
x=>a x—=a ?

Limit of sum of two functions is sum of the limits of the functions,
(o, HmLF(0)+gE)] = lim£(x)+ lim g(x) o
x—ra : X—=a X=»d

Limit of difference of two functions is difference of the limits of the functions,

lim[f(x)—g(x)] = lim f (x) —'lifﬁ 1 g(x)

A—+a

Limit of scalar product of a furiction is the scalar pro

jiCu
duct of the limit of the function, _

je., If ¢ is a constant, then- lim e f (%) =clim f(x).
. X—da Jx—oa L

mit of pfodut:t of two functions is produ‘ct of the limits of the functions,

lim[f(x)- g(x)] = lim f(x). 11m g(x)

Li

1.8
x—>d
Limit of quotient of two functlons is quotient of the limits of the functions (wheneve_r the
lim f (x)
) - xat T prov1ded lim g(x) #0

the denominator is non zero), i-e., lim="—=
| | =vag(x) limg(x) x>
xX—a :

polynomials and rational functions

Limit of pelynomial functions

We have lim(x)=a
x—=>a

- lim(x%) = lim(x).lim(x);— a.a=d

xa -

< lim(x’) = llm(x ). llm(x) =.a=a

X—=d

In a similar way, ‘we. get llm(x ) =q"

+ax", a,# 0 and as are real numbers, be a pqunomial '

Let fix) = a, + ax+axtt
function
lim f(x)= lim [a, + ax * PR + ax’] ,
X—a 3 ‘ .
+a hm(x")

= llm(ao) +a llm(x) + a2 hm(x )
x—=d

= aO + ala + azaz + "': """ + aﬂan =‘ﬂa) 3



Example 1
Find lin} x(x+1)
Solution

limx(x+1)=limx. lim(x+1)
x—3 =3 153 _

=3x4=12
Example 2
~  Findthe limits , S |
i lim(x® = X2 | ii. Jim(l+x+x"+
i. ll_n}(,x -X +l)(NCERT) n ii }1{1_11(] X
Solution

i 1im(x3-x2+1) =(1P-1R+1=1 -

------

i, :121_11(1+x+), Fonkx' ) =14 (—li)_+-(~1)?f ----- (=1
o | B2 S B BSS E +1#1
7 Limit of rational functions ._ e ,-
Consider the rational ﬁm-ction fx) = g(x). = x4 g
{ - B o h(x). x-2
Here /(3) =~ 3 and liin g'(x) 2 lim(x2 “axy= g —43)=-3
Also lim/i(x) = lim(x - 2) 3-2=1 L h(3)= 1
| ,]3_'3 f) = l‘fg EX) g3 3

i () - h(3) A

Hence we can conclude that, if f(x) = g( )

hx) and h(a);zEO then llm f (x)=

COﬂSldel‘ j(x) = ‘Z((x)) ~ 3x]+ -
. X X —

|

Marg gy, |

+x") (NCERT,

~g@3)==3

h()

_hmg(x)—hm(x ~3x+2)=g(1)=0and hmh(x)-—hm(x ~1)= h(1)=0

1
j( )= "% does not exist

Hence we cannot evaluate 11m if (x) dlrectly

We observe that g(x) and #A(x) hnve (x —-1as
common factor D . | | .

-

g(a) _




3 ) 2_3x+2 _ (x-1)(x—2) _ x—2
LX) = x ==& (x—=D(x+1) x+1
y x=2) 1
]Imf(l) x+] - 2 -
' g(x) x=2 | o _
C""s'derﬂx) h(x) x 32t —-4x+8 Lo g(2) 0 and #(2)=0

j(2) --_h—g;- dogs not exist.

Hende we cannot evaluate lim f(x) directly.

We observe that g(x) and h(x) have (x 2) as common factor-

x— 2.

x-2) - . 1

)= 3 22 —4x+8

lim £ ()= M G+ 2)

(x— ~2)(x— 2)(x+ 2)

T (x— m@+m

does not exist, since lim(x — 2) =0
_ x—2

If h(a) '”o and g(a) o then f(x) =

: g(a

i (a_).

(Jf a) gl(X)
( 5 a) hx ()

°f'm,>~ n, then llmf(x) 0

Example' 3

4x+3
2x—1

Evaluate lim
x—)O

Solutmn

4x+3
S =1

=0 2x—1

.2(0)-1

_ 40)+3 _ 3 _

P (Marcli 2011)'



Example 4
x2-5x+6

.x—l

Evaluate lim
. x—-1

Solution
x*-5x+6 _

14546

12
=6

) 1P =S(D)+6 _
im -1 ,

x—»-1

x-1 -2

Example 5

J_+J_

Evaluate lim—————
~ x—a x+a
Solution

«/_+J—

x+a

_2Ja _ 1

Ja++a

a+a

-

Ex'ample.ﬁ -

. _ P |

Given fAx)= ‘x+ , find lim f (x).
- Solution

lim £ (x) = lim>

-0 x+2

-1

(0) -1_-1
2

0+2

Example 7
Evaluyate hm }_x_;{ﬁ
x°—4

Solution .

E.valuating‘tiie function at x = 2, we get it of the form %

i 3’ —x-10 _ . 3x% —6x+5x—10 3x(x~2)+5(x=2)
T4 e x-2r e (-D+2)
o * X5 x —2)(x+2)
_ lim(3xfsj _3@+s5_11
2| x42 2+2 4
Ex_ample 8
x»2 x +3x+2
Solution -
x +5x+6 x+2)(x+3) x+3 —-2+43 1.
-2+1 1

x>2:x% +3x+2 a2 (x+2)(x+1)

-2

x>-2 x+1

(NCERT)

. '(x—2)(§'x+5)

2 (-2)(x+2)




