' 11.5.4 Standard equation of an ellipse

In this section, we consider the equation of the ellipse with centre-at the origin and focj al ong
the coordinate axes. - | | )

First we derive the equatlon of the ellipse with focii along the x-axis. Let F and F, be the foc;
and O be the midpoint of the line segment F F,. Choose
O as the origin. Draw the horizontal and vertical lines oY
through O as x and y axes.

Take F|F, = 2c l _

Then F is the point (—, 0) and F, is (c 0) o A’ , : +

Let P(x, y) be any point on the ellipse such that the K @ _ X
sum of the distances from P to the two foci be 2a. e

PF,+PF,=2a L e I

By using distance formula we get, - .
' Fig 11.23

'\/(x+c)2+(y.—0)2 +\/(x—c)2.+(y—0)2 =2a

J(x+c)2 +y? = 2ar—.\/(x—'-c)2 +y?

Squaring both sides, we get, (x + c)* + )2 = 4a’ —4aJ(x )2 +3? +(x=c)* + 5}

le x2+20x+cz+y2 4a’ —4a\/(x c) +y +x2 —2cx+c + 3



2 2
Aex = 4a’ —4aJ(x—C) +y

i.6s
G gm0ty -0 +yt=a -
lve! 0 2
a i a
. 2 .
: cx
gquaring We get, (x—cf'+ )i = | a T a
. : Cz
i-33 xz-'ZCx"’r‘ Cz +}’2 == az— ZCx + ?xz
c’ 2 | 2 2
e, X|l=—g:|+¥ =2 ¢ )
a -
2 2 '
a =c .
ie x? — | % Y = (a® —c?)
@ :
2 2
x Y
ie. —+ =]
2y _ : .
—2—+—7=1,wherec?=a2-.-b2 -
a ‘ b . = . - .
Any poinf (x, y) on the ellipse satisfies the ‘equation
2 P - — A 2 )
?f—b—=1 and converse-ly if any point satisfies ;?"_'*‘ —=1,
then the point (x, y) lies on the ellipse. Y
- T lo.a
Thus the standard equation of the ellipse is —2—+b—2 =1
7 a
‘ (0, ¢)

_ 2
In the equation of the ellipse 7 +b_2 =1 whe

Fig 11.24

re a> b, the major axis is the x-axis.



. 2
_ _ o then the equation of the ellipse takes the form *
If we choose the major axis as y-axis, then the equation o p form 7

which is given in Fig 11.24

OBSERVATIONS: 4
e For any point P(x, y) on the ellipse, —a<x<a.-

@ Flhpsc is symmetric with respect to both the coordmalc axces.

@ The foci always lie on the major axis.

@ The major axis is along the x-axis if x? has the Ial;:,er denommator o

The major axis is along the y-axisif y”has .the_la_l ge;_deno!ﬁln%@l}',
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11.5.5 Latus rectum

. .. c i e
The eccenticity e of an ellipse is given by e=— ..c=ae
a

" Hence the foci are (— ae, 0) and (ae, 0).

The equation of the latus rectum are x = —ae and x = ae

Let the length ofAF be /. X
Then the coordmates of A are (c, /), i.e., (ae [) |
C—"

y’l

2 " 2 '
xv y,:l;wehave /
a. b : < L

F )
L - 2 | l : |
(aeﬂ) = -1 ]—221—(32 :>[2=.b2(]—€2) \ /
P - D 7; '
2 ('12 _b2 ' b2 .
Bute*= — = C e /’
» = . B Fig 11.25
2 .
Hence 1—¢° =b—n.
a" .
_ bt b’
Therefore P = —, ie., 1= —
- a° a

Since the ellipse is symmetric with respect to y-axis,. AF. =F B.

2b*
Length of the latus rectum is —




Example 23

Find the coordinates of the foci, the vertices, the length of major axw, the minor ayjs s the

cccentricity and latus rectum of the following cllipses (N(«FRT,
2yt

Y i X2 =1 (March 2008

i %;4-{)—:1 (March 2013, 2014) AT I (Ma ))

iii. 4x*+ 9y* =36 (March 2011)

Solution .
i. Since 1hc denominator of x2 is greater than the denominator of %, the equation of the ellipse s

-;iz- + %}2— =1. .. The equation of the ellipse is -;c-:;- + -J-:)i =1 .
n@=25andb*=9 " ra=5andb=3 C Ly

= —b? =\25-9=6=4 I
- Foci (£c, 0) = (44, 0) or (4, 0) and (~4, 0) . C
Vertices (+a, 0)= (%5, 0) or (5, 0) and (=5, 0)

Length of the major axis 2a=2 % 5= 10 P B

Eccentricity ¢ = — =~

5
26> 2x9 18 ‘ -
Length of the latus rectum —— =———=— ,
' a 5 5
: x2y
Equation of the ellipse is — + —— =1
25 100
Since the denominator of y? is greater than the denominator of x2, the equation of the ellipse is
2 2 , . _
X
-[72— -+ —'ZT =1,

a* =100 and b* = 25 ,-',a=10and'b=5

h
poraxt (=0 O w s
Length of the minor axis 2b =2 x3=6 ’
_ . c 4 ' \‘/
| = | |
{ .



e aib® = \100-25 = V75 "F((o |
. O

FOCi arc (O, i\[‘ﬁ)

vertices are (0. +10)
Length of the major axis = 2a =20

of the minor axis =25 =10 ' C ' >
Legth — ool o &0 %
'c'tve=£= 75 =5‘/§=‘[5k
EccentriCit) a 10 0 - 2 0, —
oo

0, ¢)

2 2x2 .
Length of the latus rectum = Lyl 2 =5 (0, —a)
h a 10 : o Y
5+ = =1
b a

= The equation of the ellipse is 4x2 + 9)* =36
. 2 3?2

A N .
Dividing by 36, we get = + <~ = 1. Since the denominator of x° is greater than that of .

_ - 2 2
- 5 - . - x~ ~
37, the equation of the ellipse is —+ ;;7 =1
: a” -

F=9and b*=4 -a=3and b=2

C=. /az__bl = /9__ =J§ )
- Foci are (;{:JE , 0) and the vertices are (33, 0)

The length of the major axis =2a =6
‘The length of the minor axis =25 =4

. c 5
Eccentricity e = = |
: . 262 2x4 8
The length of the latus rectum = = = —
7 a 3 3
Example 24 .
Find the equation of the ellipse whose ,
Vertices-(£ 5, 0), foci (= 4, 0) ii. Vertices (0, = 13), foci (0, £ 5) (NCERT)
Solution S ' : '
The vertices are (& 5, 0) and foci are (£4,0) : '
: 2
Since the vertices are on x-axis, the equation of ellipse is -22— + :ZT =1
~a=5andc=4 _ S
Hence ¢?=a? — b =16 =25-5b* ~.b*=9
| : T L
. Equatjon of the ellipse 1s 25 + Tl 1



Wi

‘ c
Hence eccentricity, ¢ = ; =

Example 30 _ .
An ellipse whose major axis as x-axis and the centre (0, 0) passes through (4, 3) and (- .
i. Find the equation of the ellipse. ' ’

ii. Find its eccentricity. 7 (March 2019
Solution ' ; )
| _ PR
Since the major axis is along x-axis, the equation of the ellipse is — -r--gz— =1 S (N
a . ’
: e , 4> 3 16 9
Since (4, ?) 1s a point on the ellipse, we get ?+?— 1 or ar—2+b—,2 S aiemsesnorsononnas, )
e . D 4 L 16
Since (-1, 4) is a point on the ellipse, we get " +b—2_ 1 or -a—2+b—2— | R ererans 3)
S ' 256 9 :
‘Multiplying (3) by 16 and subtracting (2), we get. i e 16-1
. 247 o247 |
—_— y JP e
1..e, e 15 or b T o
| ] 16 16 . 16x15 247-240 7
@ > 7 =5 247 247 247 247
‘ 15 ' !
o Lo T a2
2?2477 7
H . x2 'yZ T
—is P — ] 2 =
ence (1) —» 247 +£ | or 7x*+ 15)°=247
7 15

c2¥ 247 247 _ 8(247) [8x247
"‘ 7 15 15x7. °T\Tsx7
' . 8x247

c Visx7 _ /_3_

Eccentricity e = i 47 15

7

Example 31

A rod AB of length 15 cm rests in between two f:oordinate axes in such a way that the end |
point A lies on x-axis and end poin; B lies on y-axis. A point P(x, y) is taken on the rod in such



(NCERT)

g way that AP =6 cm. Show that the locus of P is an ellipse.

Solution T X
be the rod making an angle 9 with OX as

Let AB . "
nin figureand P (x, ) the point on it such that

sh(}“
AP = 6 cm.
Since AB = 15 cm, we have PB =9 cm.

From P. draw PQ and PR perpendicular on y-axis
and x-axis, respectively. _

X
From APBQ, cos©6 =—9- _

From APRA sin © =%~

¥
+
7N
|'<
%
ﬂ.
S
b,
+
=
|

gince cos?0+sin’B=1 we get [g)
Thus the locus of P is an ellipse.

Example 32 . _ ,
An arch on a road is in the shape of semi-ellipse. The breadth of the road is 30 feet. A man 6

~ feet tall just touches the arch when he stands 2 feet from the side.
_i. Assuming the road level as x-axis (major axis). Find the point C.
& What is the maximum height of arch (minor axis)?

Solution
" i. Take O as the origin, Since OA= 15, C is the point (13, 6)
i Letthe equation of the ellipse be . :
' 2 yz ' YA
—4=—=1
2 p
The léngth of the major axis 2a = 30
- A= o e x A 0 &
Hence the equation of the ellipse 1s < 5 ,
’ 22 : .Y
JAN A A (1) |
152 I )
2 g2

Since (13, 6) is a point on (1), we get —],—5-2—+-b—2='1

6> 132 225-169 56 36 6x15 45

1 =— = 2 _ = b= = -
=t s 2ia 14 eet

R

1 225 225 56




In each of the Questions 1 to 9, find the Ea y_ 1
coordinates of the foci, the vertices, the ellipseis : b o

length of major axis, the minor axis, the ~ L .
eccentricity and the length of the latus - p*=4and @ b=2 and ass

'recmm of the ellipse. - ' = a® -b? = 1/25_ =27

2 2
x° oy
., —+=— = - 2 tc) ie, (0, +
36 T 16 1 _ , 'Foc1 are (O, c) ( \/27)
Solution - _ _ . = Vertices are (0, + a) i.e, (0, +5)
52 2 - Length of major axis is 2a= 10
The equation of the ellipse is % i 16 - ~ Length of minor axis is 25 =4
- Since the denominator of x2 is greater than : . . ey
) ., . S c 21
the denominator of y2, the equation of the The eccentricity e = ol et
2 2 '
Lo Xyt | , 2
ellipse is = * Ef =1 | Length of the latus rectum = e
A . ‘. 2 _
_a-=36andb-= SLa=6 andb—4 S S v C2x4 g
= Va? -p? = V36-16 =20 . Ry S .5
R I
- The foci are (—+/20, 0) and (/20 ), 0) 3. 6 * 9
Vertlces are (— 6, 0) and (6, 0) |” Solution
Length of major axis is 2a=2x6 = 12 o ' PR
Length of minor axis is2b=2x4=8 - The equation of the ellipse is 5 + 5 I
| . ¢ 420 . Since the denominator of x? is greater than
The eccenticity e = a 6 | denominator of 2, the equation of the
_ 2 .2
20> Cellipseis =y 2
Length of the latus rectum = i : S a? * B2 1
| | @=16,0°=9 . g=4,p=
216 16 a=4,b=3
6 3| e=Ada =V16-9 = 7
L2+y_2~ Foci are (+c 0) ie, (-)-f )
Solutiﬁn 25 . ‘ _ Vertices are (+a 0) i.e, (+4 0)
o 2 ‘Length of major axis is 2a = 8
The equation of the ellipse is 7 + 5% =]  Length of minor axis is 2b = 6

Since the denominator of )7 is greater than Bcosntriiiv . - € J7 -
- denominator of x? the equation Qf tl?e . | ty e= -

-




, 2b’
Length of the latus rectum = —

a
_2x9 9
4 2.
JI
_.-—- ""' —_—=
4 25 100
Solution
Refer- -Example 23(11)
T y2
x
oaBi i A |
5 29 36
Solution
5.1 yz
The equation ofthee]ll Se 18— b 2= =
reeq > 49 36

Since the denommator of x? is greater than

denominator of )7 the equation of the

y’

ellipseis — +=—=1
p aZ bZ

=49 and b* =36

.a=Tand b=06
c= «/aT—_bT \/Zg_— = 13
Foci are (£4/13, 0)
Verﬁces are (+7, 0)

Length of the major axis = 2a= 14
Length of the minor axis = 2b=12

e 4B
Eccentricity e = BT
| - 2b?
Lenth of the latus rectum = 0
2x36 72
7. 1
Y
100 400
Solution

The equation of the ellipse is

x2 y2

100 200 Since the denominator of

y? is greater than denominator of x?,

—_—

2 2

the equation of the ellipse is 2o
p? P

=400 and 2= 100
Sa=20and b=10
¢=+a® —b* = [400-100 =~/300
Le= 10J§ |
Foci are (0, £10+/3)
Vertices are (0, +20)
Length of the major axis = 2a=40
‘Length of the minor axis =25 =20

1043 3 -

e c
Eccentricity e= — =
a

20 2
: . . 2b°
Length of the latus rectum = o
_ 2x100
| 20
7. 36x2+ 4= 144 -
Solution _
The equation of the ellipse is
- 36x7+4y* =144
Dividing by 144, we get
2 2 ,
14— +% = 1. Since the denominator of )*
* is greater than‘ denominator 'of x°, the -

= -

equation of the ellipse is P 1
' a

a2=36and b*=4
a=6andb=2

e \/a?—b"‘ = f36-4 = 32



Foci are (0, + J32 ) Length of the latus rectum = -%23_

Vertices are (0, +6) 2“
x|
Length of the major axis =2a=12 = s 1
Length of the minor axis=2b=4 9. 4x*+9y?=36 2
: Solution
.. c 32 42
Eccentricity e = P 6 6 . Refer Example 23(iii)
2 In each of the following Questiong 104,
= ‘ - 20, find the equation for the ellips, thay
3 352 satisfies the given conditions:
Length of the latus rectum = — 10. Vertices (£ 5, 0), foci (£ 4, 0)
%4 4 Solution
= 5 = 3 Refer Example 24(i)
8. 16X +32=16 : 11. Vertices (0, £ 13), foci (0, = 5).
Solution ' .| Solution.
The equation of the ellipseis . Refer Example 24(ii) -
162 +12 =16 ' o 12. Vertices (£ 6, 0), foci (£ 4, 0)

T ' P | - Solution ' g ‘
Dividing by 16, we get 1 + 16 =1. Vertices are ( 6, 0) and foci are (x4, 0).
Since the denominator of y? is greater than | Theweices lie onx-axis. .
denominator of x?, the equation of the The equation of the ellipse is 59_ + l,-'zl

2 2 : : a” .
ellipseis;—2+-y—2=l. N “a=6andc= 4 _
¢ . - c=a-bh = 16=36-5b
a#=16and »=1..a=4and b=1 | B =20
2.2
c= vJa®>-b* | Thg equation of the ellipse is g— + —;% =1

= JI6—1 = N5 - : L 13. Ends of major axis ( 3, 0),

‘ Foci are (0 + J13) ends of minor axis (0, % 2).
S Sqlutioh

Vertices are (0, £4)

Refer Example o
Length of the major axis =2a =8

' 14. Ends of major axis (0, ++/5),
Length of the minor axis =2b=2 ends of minor axis (£ 1, 0)

. c _ J15 | Solution
Eccentricity .= a 4 End points of m?.l: or axis are (0, + J§ )




s of minor axis are (=1,0)

En nd poll’ﬂ ' .
the major axis is y-axis, the equation
Since e J,Z
Jf the ellipse i ro 1
= =1
yerea= V5and .
- The equation of the ellipse is i + = =1

I5. Length 'of major axis 26, foci (% 5, 0)

Sohdlon
Since the foci lie on x-axis, the equatlon of
2 2
e X e Y
the ellipse is a_2 P s
The length of the major axis 2a = 26

a=13
The fociare (£¢c,0) . c= 5
c=a-=>bF=a-¢2, .

— 169 —25 = 144
2 2

* Y
li =]
. The equation of the el lpse is — 169 144

16. Length of minor axis 16, foci (0, % 6).
Solution |
Refer Example 27
17. Boei (&3, 0) a=4
Solution
Since the foci are on x-axis, the equafion

‘ 2 2

X
ofthe e]llpse is —7+°7 =1 |
Foci are (+ 3, 0). nc=3, a=4
LE=@FiB = B =d-c
=16-9=7
2 2

*.The equation of the ellipse is 'f‘g + _3’7_ -1

18. b=3, c=4, centre at the origin; foci on the
X axis.

Solution

Since the foci are on x-axis, the equation
2 2

ofthe ellipse is x—- + —;:—2— =]
Given b=3 and c=4
ct=a® - p?
= @=h+c = 16+9=25
2yt
. The equation of the ellipse is e + -;- =1

19. Centre at (0, 0), major axis on the y-axis
and passes through the pomts (3, 2) and
(1,6). -

Solution
Refer Example 28

20. Major axis on the x-axisand passes through
the points (4, 3) and (6, 2).

Solution |

Since major axis is on the x-axis, the

- 2 2
équation of the ellipse is = + ;J’—z =1
Since the ellipse passes through (4 3) and
(6, 2) we get

42‘ 32
;’{'Fb—z"l ...... ¢))
62 - 2‘2

Solving (1) and (2) we get

a*= 52 and b2= 13

PO
~.The equatlon of the elllpse R B 1



