97 INFINITE GPAND ITS SUM

The geometric progressnon of the form a, ar, ar, .

1
Consider the GP. 1,

---------------

1
Herea=1,r= E which is less than 1.

------

is called in Infinite G.P.

q _(1)" |
a(l1-r") 2 ( 1 )"

. = = =2|11-|—
- Sum to n terms, S_ a-r 1;(1) [ 5

2 |

,. | (1Y
The following table shows, the value of (5) fqr larger values of n.
n I 2 3 10 20
(%) | 0.5 0.25 0.125 0.000965 0.00000095

| (1
From the table, we observe that for larger values of , (

n
5) becomes sufficiently small or .



. o Ly

tends to 0, i.e., whenn —)m’ﬂlen'(i) -0
Theabovesumbecoméssumofaninﬁnitedf(il’.asntgndstoco
Se=2(1-0)=2 -

; . - ad—-r") _a ar
ForaGeomemcprogresswna,m',ar’,'...., S = - I
Then 7 tends to 0 as 7 tends 0 oo
.'.Sumtoin_ﬁhityisdenotedbyswors

. s a _
S =127 _
Example 49 -
Find the sum to infiniy : 1,%,%, .........
Solution
, s 2
'l‘hisis_aninﬁniteGPwitha=l,_r=~§
Since |r|<]_,_-S=lfr' = _13= i =3
3 3
Example 50 ‘
' 1 1 1 .
Evaluate 1+— +——+— ,,,,,,,
2 2.2
Solution '
This is an infinite geometric series with a= 1,r=-;—
~S=—2_ since <1
—
1 1
=108
1-— |2
. 2 2
Example 51 '
Evaluate 1—1+L—L+
2 22 237
Solution |
 Thisisan mﬁmte geometric series with a=1l,r= _21

s=-2
' 1

, since |rj<1



. -
1- 2 2 2
ole 52
Fn;l;d the summinﬁmty 6,12,024, ...
L
The first tel
Solutic 12
i Herea=6,r="g" =02
finity Soo = a 6
Sum to infinity S = 7757 1702
0.8 ’
i Giventhata=2andSx=6
a
__——-_-'6
:>1—r'
2

:>————6:>2 6—6r

Find the sum to infinity in each of the

following Geometric Progression (Questions,

1to4)
Lo Lo
3 9
Solution
H 1 :
ere a = =
"7 3
§=-2 , since |r|<1
1-r

2. 6,1.2,0.24, ...

Solution
Refer Solution to Example 52(i)
3. 5, zg, &, ......
7 49
Solution .
here a5, ro
erea=5,r=7
S= , since |r|<1
-r
I )
4303
7 7



5. Prove that 35x32x3§x ...... .=3

1 I 1

LHS=32x3%x38x..=3248" (1)
C ) 'd l+l+_l-+
onsider >+ -+t
Thisisa GP with g =+, =1
_ o 2 "2
-1
: l+—1—+l+..-;.‘.=i,since |r|<1
2 4 8 « 1
2
L
-2 _
=1 1’
2
11 1
~(1) gives 32 x34x38x.....=3" =3
6. Letx=1+a+ad+...;|a<Il
= y=1+b+b+ ... ; |b|<1
) . 4

ooooo

Prove that 1 + ab + a?b* +

Lad,..... form an infinite GPy,
1,b,0, ... form an infinite Gp " -,
1, ab, @b’ ...... form an i, nhlb”‘

labl<1, since |aj<1 & |pj<j. :>[ab{<l; Wi
x=l+ag+ @+

-----

x=—]—':>1—a=l:>a=|_l

—

l-a
X x

.. 1 ]
Similarly y=—— —1_3_1

—
-

R y
Now | +ab+ap+ = 1
_ 1
1—(1—1J(1—l)
X y
_ 1
Xy
_ xy Xy

—.xy—(xy—x—y+l)—x+y—1



SUM TO n TERMS OF SPECIAL SERIES

school boy. the German mathematician Carl Friedrich Gauss calculated the sum of the

0.8

2:;]00“3“"81 numbers, i.e.,1 + 2+ 3+ .. +99+ 100 in a simple way as given below
+ 2+ 1 F vt + ‘18 +99 + 100
| 101 ' l
. 101
101

In this way of addition by grouping terms, we get 50 sums of 101
~ ——> Number of terms

— (100
ie,1+2+..+99+100=(50) 101 ( )11——>Sum0fl and last term

This formula can be extended to any number of natural numbers.

Sum of first # natural numbers.

1.
Yn=1+2+3+..+n,an AP with a=1,d =1
+1) _ -
142+ n= g(n—;-]) - "("2 ) (September 2012, March 2014)

& STUDY TIP

2. Sum of squares of first n natural numbers.
Consider the identity
P-(x—-1P=3x"-3x+1
Putx =1, 2, 3, ... n successively we get

E=0’ = 3(1)’

21 = 3(2))

3-2 = 3(3)

(n-—l) —(n 2)’ ——3(11—1) — 3(n-1) + 1

n —(n=1) =3(n’) — 3n + 1
Adding we get, nw=31+2"+ ... +n']- 31+2+.....+nl+n

\~____.V—-__/
ie.,n= 3%n = 3Xn + n

e, m’ =3Xn* -3 n+n Ban:n3+3n(n+l)—

a2 +3r(;1+1)—2n _n(n+ 1)2(2n+ D 5,2 nD@n+)
6



: +1
e, P+22 432 +.o+n’= n(n+lzs(2n )
3. Sum of cubes of first » natural numbers
Consider the identity
X—-(x-1)y =4 -6x>+4x—-1
Putx= 1, 2, 3, .... n successively we get,

F-0' =4(1 )’ - :5(1)2 +4(1) -1
-1 =42y -6y +4@) -1
R = 4(3) - 6(3) +43) -1
(n 1) (n 2)'=4(n - 1) —6(n—1) +4(n-1)—1
n' —(n l) = 4(n’) —6n’ + 4n -1

] [ | |

K v v

Adding we get, n' = 4Zn’ —6Xn’ . +4XZn -n

LAY =n'+6Xn* —-4Xn+n
=n‘+n(n+1)(2n+1)—2n(n+‘1)+n
=n[wr+2rn*+2n+n+1-2n—-2n+1]j
=n[m+2n*+n)= nz(n2+2n+l)

= (n+ 1)
.z'n3=n (n+1)2 _ n(fl+]) 2
. 7 -
' 2
e, P+2°+ 3P 4ot =[n(n2+ 1)]
Example 53

Find the sum to » terms of the series whose #™ term is n(n + 3).

Solution .
a=nn+3)=n"+3n

Sum to » terms = X.a,
=3>(n* +3n)
=Yn*+3Xn

_n(n+1)2n+1) i 3n(n+1)
= z : 5

' (March 2015)




[ 2r+l 3
2-(.+l)_ 3 5]
=(n+l)—$2—n-ﬂ)—]
L 6
=7(n+l)2(n+5)
6
=n(n+l)(n+5)
3
Example 54
Find the sum to n terms of the series -
[x2+2x3+3x4+4x5+ | (NCERT)
Solution
Let a_ be the n™ term.
_‘.a.=(n"tﬁm0fA.Pl, ) (>term of AP2.3.4, .)=n(m+ 1= w+n

Sum to 7 terms =Z(nz+n)
Y +En = n(n+)(2n+D)  nn+D) _ n@n+1) [.n+1 1]
6 2 2 3

_ m(n+1)2n+4) _ nn+n+2)
6 3

Example 55
L Fmdthen"'termofthesenes”X3+a><4+4XS+ ............. .

i Fmdthesmnofﬁrstntennsofﬂussencs (March 2010)
Solution ‘
i Leta, be the n™ term.
~a, —(rFtennoftheAPlB 4 e ) (#* term of the AP 3,4, 5 ocvvvens )
=sm+1D)@+2)= m+3n+2

i Sum ton terms = (P +3n+2)=5En" +3En+ 250

n(n+l)(..n+l) 3n(n+l) i
6 2

%[(n+l)(2n+l)+9(n+l)+l2]=~(2n°+l 2n +22)

!

= —(mr+6n+ll)

w



Example 56
Find the sum to # terms of the series 3 x 124+ 5x 22+ 7 x 3+ ... (NCERT)
Solution
Let a, be the n" term. : |
soa,=(@"termof AP3,5,7,..) (" term of 12,22, 3%, ...) = (Z2n +1) (") =2 + 2

| [n(n-{-l)]z , Anxh@n+D
2

. Sumtonterms= 2Xn +on’ =2 p

_ n(n+l) 2(n(n+l))+2n+] .zln(n+1) \:3n(n+1)+2n+11
2 2 3 2 3

_n(n+1) |37’ +3n+2n+1| _ n(n+1) 3n® +5n+1
2 3 2 3

n(n+1)3n’ +5n+1)

6
Example 57 : )
Find the sum to » terms of the series whose n" term is n(n + 1) (n + 4) (NCERT)
Solution '

a=nn+1)n+4)=nn+5n+4) =n’+ 50>+ 4n

. Sumtonterms= yn +5Xn* +4%n

_ [n(n-&-l)]Z L St @n+l) | An(ntl)  nn+1) [n(n+])+5(2n+l)+4:\
2 6 2 2 2 3

_ n(ml)[.@n(u+1)+10(2n+|)+24]'= n(n+l){3n2 +3n+20n+]0+24]
2 6 2 6

n(n+l)(3n2 +23n+34J _ n(n+)

5 - - (B +23n+34)



gxample 58
Find the sum to # terms of the series 5+ 11+ (9 + RT)
29+ 41 +
...... (NCE

Sa[uﬂ'lm
LetS,=5+]l +]9+29+....+a_1+a

Again S, =5+ 11+19+..+a +a _+a

Substracting, we get

O.-__—S;f-6+8+10+.... to(n—1) terms —a

_..a”=5+6+8+ 10 +....ton— 1 terms
—5+[6+8+10+..ton—1terms]

n—1 ' '
=5+ (——2—] [2 x 6 + (n—2)2], Since 6, 8, 10, .... is an AP witha=6,d=2

=5+(n—l)(12+2n—4) ,
5 :
=5+(n—1)(2n+8)
2
=5+(@n—1)n+4)
=5+n*+3n—4

=n2+3n+]
- Sum to n terms = 2.4,

=Y +3n+1)

=Y’ +3Xn+21

_ n(n+1)(2n+1) +3n(n+l) ip
6 2

(942 +3n+1 3n+3

=n + +1

6 2

_nF2n2+3n+l+9n+9+6:|
6

B n[2n2 +12n+16]
6
_ n[n” +6n+8] _ n(n+2)(n+4)
3 B 3




Find the sum to n terms of each of the
series in Questions 1 to 7.
1. 1 %x242x34+3x44+4x5+ .
(March 2013, March 2014)
Solution
Refer example 54
2. 1%x2%x342x3x4+43x4x5+ ...
| (August 2014)
Solution
Let a_be the " term
a =(n"termof AP 1,2,3,..)
x (m"term of AP 2,3,4, ..)
x (m™term of A.P 3,4, 5, ..
=mn+1)(n+2)
=(m+n)(n+2)
=pn 4+ 2+ n*+ 2n
=mn +3n+ 2n

- Sum to n terms = Y.(n° +3n* +2n)
=Yn +3¥Xn’ +2%n

|:n(n+l):|z . 3[n(n+l)(2n+1)
2 6

+' 5 (n(n; I))

= n(n +1) l:"(”+l)+(2n+l)+2].
2 2

_ n(n+1) 'n(n+1)+2(2n+1)+4]
2 2

n(n+l)_n2+n+4n+6]
2 2
n(n+1) [ n* +5n+6
2 | 2 ]
n(n+1)(n+2)(n+3)
- 4
3. 3x1245x22+Tx3+ .

Solution
Refer example 56

1 I I
- - +
4 %2 T 2x3 7 3x4

Solution
Leta”betherf”term
A
1.6 G nn+l) n  n+l
_11 _1.1
4“=172 27273
_1!
$=37 4
| 1
a, =———-

" n n+l
Sum= a, ta,+...%+a,
1 1 1 1 1 1 1

=]—-—= ——— e ———

2 3 3 4

1 n

=] ———=—
n+l n+l
5. 52 4+62+ 7+ ... +20°

Solution
Sum=(12+2?+ .. +209) (1 + 22+ 3°+ &)

_ 2020 +1)(40+1)

6
17220
- e —30=2870-30=2840

n n+l

30

6. 3x8+6x11+9x14+ .
(September 2012)
Solution
Let a_ be the n* term
a= (n"termof3,6,9..)
% (n"term of 8, 11, ...)
=B+ (m-1)3][8+(n-1)3]
=3nBn+5)=92+ 15n

Sum=9% 4% +15%n



) Q(Mﬂ) +15 (n(n;l))

6
) i;1’-(1'_11_;'(2"4.1) N ISH(;+])

; ﬂ%ﬂl [3@n+1) + 15)]

_’_'Slzi-l—)—(ﬁn-!—lS)

= n(n+ 1) (31 +9)
=3ﬂ(n+ ])(n+3)
1:+(12+22)+(12+22+32)+...

—

y 4
Solution

Let a, be the n™ term

g =12+22+32+ _+n?

~ n(n+1)(2n+1) _ l
= 6 6
+ Sum to »n terms

(2r* + 3n° + n)

e %[22)13 +3Xn’ +Zn]

Il

| =

Fz(n(n+1))2 L7+ )@n+D) | n(n+])
2 6 2

[[(n+ D) L An+D@n+1) | A(n+1)
2 2 2

N | =

_ i(%l_)[n(n+l).+(2n+l)+l]

- Matl) (n2 +n+2n+2)
12 '

_ n(n+1)

(n* + 3n+2)

_nn+D)(n+1)(n+2)
- 12
_ n(n+1)> (n+2)

12

Find the sum to n terms of the series in
Questions 8 to 10 whose n™ terms is given
by

8. n(n+1)(n+4

Solution  Refer example 57

9. w42

Solution
Let a = n? +27

. Sum to n terms = X + 32"

_n(n+1)(2n+1)
B 6
_ n(n+DQ@n+1l) 2(2" 1)
6 2-1

_ n(n+l)6(2f1+1) + 22— 1)

+ [2+2242° +..... to n terms]

10. (2n— 1)

Solution _
Leta = (2n— 1) = 4n*> — 4n +1
~. Sum to n terms
— 4’ —4Tn+3(0)

_ An(+D@ntl)  An(rsD)
6 2 -

n C4(n+1)(2n+1)
2 3

=

_4(n+1)+2]

n[4@n® +3n+])—12n-—12+6}
2 3

-
=.'61[8n2+l'2n+4—12n—6]
= %(81?2 —2)

_ 2(4',,2 —1) = Z@n+@n-1)

W



