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8.1 INTRODUCTION

We have already learnt how to multiply a
binomial by another binomial or a binomial by itself.
Finding squares and cubes of a binomial by actual
multiplication is not difficult. For example,

(a+ by =(a+ b)(a+b)=a+2ab+ b

(a+ by = (a+ b)(a+ bP =@ + 3a°b +3ab* + b*
But the process of finding higher powers of

binomials such as (a + b)’, (a +b)*°, (a + b)'® etc.,

becomes more difficult. Therefore, we look for a

general formula which will help us in ﬁnding higher
powers of a binomial.

In this chapter, we shall study Binomial Theorem,
which gives us a general method for finding the
expansion of (@ + b)", where the index n is a positive
integer. '



8.2 BINOMIAL THEOREM FOR POSITIVE INTEGRAL INDICEg

The expansion of (a + b)" for different positive integers 1.2, 3. ...are obtained by actual mu“ip"cati
on

as follows
We know that (@ + 5)° = 1,
(a+ b)y=a*+2ab+ b*,
(a+ b)*=a*+ 4a’b + 6a*b* + 4ab’® + b*
(a+ b)*=a® + 5a°b + 10a°b? + 10a?b* + Sab* + b° and so on

(a+b)'= a+b
(a + b)’= @+ 3a’*b +3ab* + p

The coefficients of the expansions are arranged as follows:

Index Cocefficients

0 1

1 ] 1

2 1 2 1

3 1.3 31

4 1 4 6 4 1

5 1 ] 10 10 5 1

Fig. 8.1

From the pattern of coefficients, we observe the following.
i.  The number of coefficients is 1 more than the index. .

ii. The first and last coefficient in each row is 1.
Except the first and last entry, any coefficient in a row is the sum of two coefficients in the

_preceding row, one on the immediate left and one on the immediate right. Proceeding like this
we can write the coefficients in the expansion of (a + 5)'°, we have to write all 10 rows, since
the coefficients in each row is obtained from its preceding row. The above pattern is known
as Pascal’s triangle. ‘ | . _

The concept of combination makes us to write the coefficients in each row of a Pascal’s

triangle in terms of "C . The Pascal’s triangle is re-written as

Index Coefficients : Coefficients
- : 0
0 1 C,
1 1
.1 1 1 -C, Cl
2 2 2
2 1 2 1 Co C, C,
3 3 3 3
3 1 3 3 1 C, C, C, C,
4 4~ 4 4 4

4 1 4 6 4 1 C, (358 C, C, C,
5 1- 5 10 10 5 1 ¢, e Yo, e P, °C,



From this pattern, we can directly write the coefficients for any index without writing the

preceedings rOws.

For example, the coefficients of (a + 5)'° are “C, 'éc; 16C
y s snisvsanes

Pascal’s triangle

The pattern given in Fi.g. 8.‘1- gives the coefficients in the expansion of (a + b)",
" ,=0,1,2,... .The patter:n looks h.ke atriangle with 1 on the top vertex. This pattern of coefficients
is known as Pascal’s triangle. Fig. 8.2 gives the Pascal’s triangle by using "C .

~ Now the expression given above can be rewritten as

@+b° = °C,

(@+b)} = 'Ca+'Ch

(@+ b} =7Ca*+7?Cab+ Cp*

(@+by = Cga®+°Ca%h +'C,ab? + °C,?

(@a+b)y- = Catd 'Cab+ 4C.zavzb2 + 4C3arb3 +HC B

(a+by = SCoas» + S.Cla“b + 5C2a3f)2 = 5C3a2f)3 + 5C4ab4 +5C5b5 and so on

Continuing this way, we can easily write the expansion of (a + b)", where n is a positive
integer. This is given in the following theorem known as Binomial Theorem.
(August 2014)

Theorem 1 For any positive integer 7,
(@ + b)" ="Ca" + "Ca~'b + "C,a™?b* + "Coa™b + ............ + "C_,ab™'.+"C b"
n!
for0 < r < nand ”Cr= m
Proof
We can prove the result by the principle of Mathematical Induction
Let P(») be the statement: '
(@+ by ="Cga" + "C,a"'b + "Ca™?b? + "C,ab* + ... + 'C,_ab™ +'C "
First, we verify the truth of P(1) .
. Taking n = 1, the statement P(l) is (a + b)' = 'Cja+ 'C.b=a+ b.

Thus P(l) is true.
Now, suppose that P(k) is true for some positive integer k. We shall prove that P(k + 1) is true.

Now (a + b)*' = (a + b)(a + b)! _
= (a + B)['C,d + *C,a'b + *C a2p* + “CBaHbj L +%C, .abF +C b |
- - (- P(k) is assumed to be true)



=‘c g +'Ciatb +'Cd'b? +4C,a 2 + ... + 'C @b HCabt +'C
+ kC ab* + ﬁC b**' (by actual multip;
ICat;

Aoy
;

‘C 1+ AC a-2b + J‘c a3bt + ...
. + ['C, + ‘C la'h + ['C, + ‘C,Ja"'b? +['C, + C,Ja*%* +............
+['C, +C,_,lab* +"C,b*! (by grouping like te,
HIC g+ HICath +IC,a 1 +1C, a2 ... +1C abk + “1C,, b+ "
,='C,=1 and 'C,+'C_ ="c;

[Since *'C,="C, =1, *e,,
This proves that P(k + 1) is true if P(k) is true. Therefore, by the Prmc1ple of Mathemay
Induction, P(n) is true for each posmve mteger n. This proves the theorem. 1Ce|
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1. The Binomial Theorem 1s also true when n 0

T T e TN T A S AN SR A A
Kl =

7

2. Abbreviated form of the Bmomxal Theorem is (a + b)” _Z {s ab
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Observatlons in the expansion of (a + b)
The expansion contains r + 1 terms. (March 2013)

+C,3)°

[
m Inthe expansion, the index of ‘a’ goes on decreasing by 1, starting from n, and ending with zero
m The index of ‘A’goes on increasing by 1, starting from 0, and ending with n.
® In every term the sum of indices of ‘@’ and ‘b’is equal to n.
The binomial coefficients can be remembered with the help of the Pascal’s Triangle.
Example 1 ' |
. , 2n
The number of terms in the expansion of (x —é) iS coveeinnn :
a.n+1 b. n c.2n+1 - d.2n+2 (Mai'ch 2015)
 Solution
If n is a positive mteger then the number of terms is one more than the index.
~.Number of terms = 2n + 1
~.(¢) is the correct option.
_Exainple
Expand the expressmn (2x - 3)°. _ ' (NCERT) .
Solution : :
(2x — 3)° = 9C(2%)° — °C (22 (3) + C,(20)'(3)? — C,(2xP(3) + C2xF ()" ~ CL20C)



— 1(64x%) — 6(32x°)(3) + 15(16x%) (9) — 20(8x) (27) + 15(4x%) (81) — 6(2x) (243) + 1(729)
= 64x5 — 576x° + 2160x* — 4320x° + 4860x* — 2916x + 729

Example 3
2 | | o
2 x : o '
Expand the followmg (x_ +;) e , ~ (March 2008)
Solution ' - ~
"By Bmorr.ual Theorem,

[x2+%)4 = 4C &)+ 9C (x»2)~ [ " 2:2 2 | : 23 | N
%/ x)+ C,(x?) [x) ff‘C3(?€2)(;) +4C, (;)

A = 2 3 ” 4 -
. 2 - (2
= x*+ 4x° (z) + 6x* (—) + 4x* (%) + (—) = x4+ 85 + 24x2 +£ +—1£

X x : x X x'



