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RELATIONS AND FUNCTIONS

KEY NOTES

¢ Functions (Mappings) : A relation R from a set A to another set B is called a
function or mapping if it satisfies the following conditions
(i) Every element in A should have an image in B
(if) For any element in A, there should not be more than one image in B
Eg : Consider the sets A={1,2,3} and B={4,5,6,7} . Let R be a relation from A to

B such that R={(1,4), (2,5), (3,6)}. The arrow diagram of the above relation is
given by

The relation R is a function since every element in A has image and no
element has more than one image.

Here, domain = {1,2,3} and Range = {4,5,6} , co-domain is {4,5,6,7}
Note :

If the elements of a set A of a given function are x;, x,, -+ -+ X, , the
images are represented by f(x;), f(xy), -+ f(xn)

¢ Types of functions
» One-one function
A function f : A — B is said to be one-one if different elements have different
images
i.e., if x; and x, are different then f(x,) and f(x,) are different.
In other words, if f(x;) and f(x,) are same, then x; and x, must be same.
or

f(x1) =f(x) = %1 = x3
» Many-one function
A function which is not one-one is called many one function.
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» On-to function
If every elements in B have a preimage in A, then the mapping is said to be on-to.
In an on-to mapping; Range of f = co-domain

» In-to function
A function which is not on-to is called into function.
In an in-to mapping; Range of f c co-domain

» Bijective function
A function which is both one one and onto is called bijective function

¢ To find out whether a function is one-one or not, we use the following method
(i) Draw the graph of the function
(i) Draw lines parallel to x-axis
(iii) If any of the above line intersects the function at more than one point, it is not
a one-one function.
(iv) If all the lines intersect the curve in at least one point, the function is on-to

** Inverse of a function
If f: A — Bisabijective function, then f~1 : B — A is the inverse of the f
defined by f~1(y) = x ifand only if f(x) = y
e Functions having inverse are called invertible functions
e A function is invertible if and only if it is bijective
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QUESTIONS AND ANSWERS

1.  Consider the set A={1, 2, 3,4}
B={a,b,c,d, e f}Letf:A — Bbe
a function defined by
f{(1,a),(2,b),(3,d),(4c)}

(a) Is f one one or onto

(b) Does £~ exists? Explain

Sol:
(a) Let us draw the arrow diagram of the

function
A B

-

'

-0 o 00 o

f :A—B
in-to mapping

Here, every element in A has different
image in B. Hence the  mapping is
one-one

Range of f ={a, b, c,d}

Codomain= {a,b,c,d,e, f}

Range of f # Co domain

=~ The mapping is not onto

(b) f~does not exists “-f is not bijective

2. Consider the function
f:{1,2,3} = {4,5} defined by
f={14),(24),(3,5)}

(a) Is f one one or onto
(b) Does f~1 exists? Explain
Sol:

A B

T
(@) Here f(1) =4 and f(2) =4

Hence f is not one one.
Co domain = {4,5} = Range

=~ fis onto
(b) f~1does not exists -f is not bijective
3. LetA={23,45},B={7,911,13}.
Consider the function f : A — B defined
by f(2) =7,f(3) =9,
f(4) =11and f(5) =13

(a) Show that f is one- one and onto
(b) Find f71

Sol:
f=1{02,7),(3)9),(4,11),(513)}.

(a) Here, every element in A has different
image in B. Hence the mapping is one-
one

Co domain ={7,9,11,13}=Range
Range of f = Co domain
=~ fisonto =f is bijective

(b) 7 ={(7,2),(9,3), (11,4), (13,5)}

4. Show that the function f: N— N defined
by f(x) = 2x is one one but not onto
Sol:
Let f(x1) = f(xz)
= 2x; = 2x,
= Xy = x, = f isone one
Yy
2
Wheny =1,x = % ¢ N (Domain)
ie 1e Co domain has no pre image in
Domain
=~ f is not onto

Let y=2x=>x=
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5. Let f: R — R be a function defined by
f(x) =4x + 3.
(a) Show that f is bijective
(b) Find 1.
Sol:
(@) Let  f(x1) =f(x2)
= 4x;+3=4x,+3

= 4-x1 = 4x2

= xl =x2

+ Composition of function

= f is one one
Let y=4x+3
4x =y —3
X = yT_?’ € R(Domain)
for all y € R(Co domain)
=~ Range of f = Co domain

=f is bijective

(b) = fly) =%

Letf:A - Band g : B — C be two functions then the composition of f and g

denoted by gof : A — C defined as gof(x) = g(f(x))

A B C
a
1 3
2 > b
4
3 = C
4 d 5
f.:A—= B g:B—=C

e fog(x) =f(g(x)

A C
1 3
2
4
3
4 5
gof :A—=C

o fog(x) =gof(x) =x= f'(x) = g(x) and g7*(x) = f(x)

o fof)=x=fl=f
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1. Find fog and gof of the following
(@) f(x) =sinx, g(x) = |x|
() f(x) = cosx, g(x) = 3x?
©) f(x) =8x%, g(x) =x3
Sol :
@) fog(x) =f(g(x)) = f(lx]) = sin|x]|
gof (x) = g(f(x) = g(sinx)|=|sin x|

(b) fog(x) = f(g(x))
= f(3x%) = cos(3x?)
gof(x) = g(f(x))
= g(cosx) = 3cos®x
(©) fog(x) = f(g(x)) ;
=f(x'?) = 8(x§)
gof(x) = g(f(x) o
= g(8x®) = (8x°)5 = 85 (x*)3
= 2x
2. Iff(x) =2x+1,find fof(x)
Sol: f(x)=2x+1
fof (x) = f(f(x))
= FQx +1)
=2CQx+1)+1
=4x+2+1

= 8x

=4x+3

1.  Consider the sets A ={1,2,3,4,5 },
B={1409 16,25 } and a function
f:A - Bdefinedby f(1) = 1,f(2) = 4,
f(3)=9,f(4) =16and f(5) = 25
(a) Show that £ is bijective
(b) Find f~1
2. Show that the following functions
are invertible. Also find f~1
(@) f:R —= Rgivenby f(x) =5x + 2
(b) f:R = Rgivenby f(x) =2x+1

(©) f:R - Rgivenby f(x) ===

QUESTIONS AND ANSWERS

PRACTICE PROBLEMS

3. Letf:{1,3,4} - {3,45}and g :
{3,4,5} — {6,8,10} be functions defined
by f(1) =3,fB)=4f(4) =5,
g3)=6,9(4) =38, g(5) =10, Find

gof
Sol :
f g
TN N
1 3 6
3 4 8
4 5 10

gof

gof =1{(1,6),(3,8),(4,10)}
[gof(D) =g(f(D)=gB)=6;
gof(3) = g(f(®)) =g(4) =8;
gof(4) = g(f(5)) = g(5) = 10]

3. Showthat f:[—1,1] — R given by
flx) = xx? is one-one
4. If f(x) =ﬁ,x¢ 1
(@) Find fof (x)
(b) Find the inverse of f
5. Find fog and gof of the following
@) f() = Ix|, g(x) =5x +2
(b) f(x) =sinx, g(x) = cosx
(€) f(x) = 27x% g(x) = x*/3
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INVERSE TRIGONOMETRIC FUNCTIONS

KEY NOTES
% If sinx =6 ,thenx = sin™ 160
Properties :

v sin?! G) =cosec 'x ;cosec”! G) =sin"lx

v cos™ ! G) =sec lx ssec™ ! G) =cos lx

v tan~?! G) =cot™1x s cot™?t G) =tan 1 x
1.sin"1(—x) = —sin"'x ; x €[-1,1]
2.tan"!(—x) = —tan"!'x ; X €R
3.cosec” (—x)=—cosec”lx ;x| =1

1.cos i} (—x)=m — costx ;x€[-1,1]
2.sec”i(—x)=m— sec’lx ;|x|=>1

3.cot™(=x)=m— cot™lx ;x€ER

'\ J

R _ T
1.sin"1 x + cos 1x=; ;X € [-1,1]
2.tan‘1x+cot‘1x=§ - XER
— _ s
3.csclx+seclx== x>1
?

o

l.tan"'x +tan"'y=tan™?! (1’:3;) xy<1

2.tan"'x-tan"!y =tan~?! (x_y) Xy >1
1+xy
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1.2tan ' x =sin™! —;
1+x
_ _11-x2
2.2tan 1x =cos™!
14+x2
_ _ 2Xx
3.2tan ' x =tan™! —;
1-x

~

Vlx] < 1

;Xx=0

X <1

)

QUESTIONS AND ANSWERS

1. Provethat sin"'x +cos™tx ==
Sol :
Let sin"lx =6 ...... (1)
x =sin@
X = CoS (g — 6)
cosTlx=2-6
2
coslx+ 0 = %
cos™lx +sin"lx = g (from eqn (1))
-1 -1 -1 x+y
2. Provethattan™'x + tan™'y = tan (1_—xy)
Sol :

Lettan'x =fandtan"ly =0
Thenx =tanf and y = tan @
We know that

_ _tanbttand
tan(f + @) = 1-tan §-tan @
_ x+y
=Ty
—1( xty
6+ @ = tan (—)
1-xy

tan"!x + tan"ly = tan?! (x—+y)
1-xy

Bl w

_11 1 2 _
3. Prove that tan 15 + tan™?! T =tan 1
Sol :

tan~11 4+ tan—1 2 = tan~? (
2 1

tan__]_(1><11+2><2)
2X11-1x2

=tan~ ! (;—i) = tan~?!

3
4

—_ — T
4. Solve:tan~12x + tan 13x=z
Sol :
- — T
tan"12x + tan™13x = .
_1 [ 2x+3
=>tan1( ad x)=E
1-2x.3x 4
5
X —tanZ=1
1-6x2
= 5x =1 — 6x?
= 6x°+5x—1=0
X __ —5+V52-4x6x71
- 2X6
_ —5+V49 _ -5%7
T o120 T 12
2 1
= X=—0r x=——
12 12
1
= x =< or x =-1

x = —1 does not satisfy the equation
as LHS of the equation becomes
negative.

|-
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5. Find the value of cos(sec™! x + cosec™! x)
Sol :

cos(sec™! x + cosec™x) = cosg =0
(By property)

6. Ifsin [sin_1 G) + cos™?! x] =1, find

the value of x.
Sol :

sin [sin_1 G) + cos™! x] =1
G) +cos™1x

- 1 _ T
sin 1(E)+cos 1x—5

sin™!

. - T
sin"11 =-
2

L ox =

[N R

since sin"'x+cos™lx = g

7. Provethat 2 tan~1 % +tan™?

N

Sol:
41 i1
2tan 1=+ tan"1-=
2 7

= tan

—131

17

11 11 11
=tan !=+4+tan =4 tan"1=
2 2 7
1 1

- 273 11

= tan~! 2121>+tan 12

__)(E 7
1X24+1x2 1
= tan~! ) +tan"1-=
2x2—1x1 7

PRACTICE PROBLEMS

1. Provethattan ™ 'x + cot™lx = g

tan

2. Provethattan 2 + tan~1 L~ =
11 24

3. Provethatsec™'x 4 cosec™lx = %

Vi+x2-1

X

4. Express tan™? ( )x # 01in

the simplest form

5. Solve tan™? (i—i) = %tan‘1 x, x> 0.

. 43 . _48
6. Show that sin 1g—sm 1;= cos

_1 84
85
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MATRICES

KEY NOTES
% Matrix is an array of objects arranged in rows and columns.
¢ If a matrix has ‘m’ rows and ‘n’ columns, its order is m X n (read as m by n)
% General form of an m X n matrix.

a1 Qqp A13 e veeen Qg e een i aAin
a21 a22 a23 TR azj ......... azn
aj1  Qpp Ai3 e ven s al-j ......... Ain
laml amz am3 TEERT T Clm] ......... aan

% Types of matrices
(i) Row matrix : Matrix having only one row.
Eg:A=[1 2 3 4]
(it) Column matrix  : Matrix having only one column.

1
.12
Eg: 3
4
(iii) Square matrix  : Matrix in which number of rows = Number of columns

a1 A1z A13
Eg:C = [(121 25 %) azs]
az1 dzz sz
Here, a4, a,,, a5 are called diagonal elements
(iv) Diagonal matrix : A square matrix in which all non-diagonal elements are
Zero
(v) Scalar matrix . A diagonal matrix in which all diagonal elements are
same
(vi) Identity matrix  : A diagonal matrix in which all diagonal elements are
unity. It is denoted by I

1 0 0
12=[(1) 2 =0 1 0]
0 0 1
(vii) Zero matrix - A matrix in which all elements are zero.
It is denoted by O
¢ Equality of matrices : Two matrices are said to be equal if

() They are of the same order
(b) Each element of A = Corresponding element of B
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% Operations on matrices

Addition
(A+B)

A and B should be of the same order
A+ B is obtained by adding the
corresponding elements of A and B

Subtraction
(A-B)

A and B should be of the same order
A-B is obtained by subtracting the
corresponding elements of A and B

Scalar multiplication

For any scalar k, kA is obtained by

(kA) multiplying each element of A by k
AB exists only when number of
columns of A = Number of rows of B
(i, j)th element of AB is the sum of
Multiplication the product of elements in i*" row
(AB) of A and i column of B.

Amxp X Bpxn = (AB)mxn

X/
X4

L)

"=1
Transpose of a matrix

X/ K/
L X EIR X

53

AS

Symmetric matrix
Skew-symmetric matrix

R/ X/ X/ R/ X/
R X X IR X S X IR XS

symmetric matrix.

A2=A-A,A3=A%2-A=A-A-Aandsoon.

- It is the matrix obtained by interchanging the rows and
columns of the original matrix. Transpose of A is

denoted by A’ or AT

If order of A ism x n , then order of A" willbe n x m
(A =A,(A+B) =A"+B ,(A-B) =A"—B',(kAd) = kA", (AB) =B'A’
: A square matrix is said to be symmetric if A’ = A

: A square matrix is said to be skew symmetric if A’ = —A
All diagonal elements of a skew symmetric matrix are zero
Every square matrix can be expressed as the sum of a symmetric and a skew

A=%(A+A’)+%(A—A’)

Symmetric part of A

=2(A+4)

Skew symmetric part of A = % (A-A4")
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[ QUESTIONS AND ANSWERS ]

1. (a) Construct a 2x2 matrl-x A = [ay] 2 1o [_14 _22 g] e F ?1; g
whose elements are given by 2 1
a;j=2i+j AB and BA. Show that AB + BA

(b) Find A2 Sol :
: 2 3
Sola;) Consider the matrix 4 = [a“ alz] = [_14 _22 g] e E i]
Az1 A2

Ax2)+(-2%x4)+B3x2) (1x3)+(-2x5)+(3Bx1)

AB:[(—4><2)+(2><4)+(5><2) (—4x3)+(2x5)+(5x1)

Given aij = 2i +]

a11:2X1+1:3;a12:2X1+2:4

[2—8+6 3—10+3
—-8+8+10 —-12+10+5

a21=2><2+1=5,a22=2><2+2=6 [0 _4]
10 3

3 4
N A= 2 3 _
5 ol BA = |4 5][_1 ; g
(b)A2= 3 4][3 4] (2x1)+(%x—41) 2x-2)+(3x2) (2x3)+(3x5)
5 6ll5 6 =[(4><1)+(5x—4) (4%x-2)+(5x%2) (4x3)+(5x5)]
_[B3%X3)+(4X5) (3x4)+(4x6) ExD+Ax—4) @x-D+Ax2) @x3)+Ax5)
_[(5><3)+(6><5) (5x4) + (6 x6) [2—-12 —-4+6 6+15
29 36 =14—-20 —-84+10 12425
A% = [2—-4 —-4+2 6+5
[45 56 —10 2 21
M 2 3 73 -1 3 =|-16 2 37
2. If_A_[2 3 1]andB_[_1 0 2 5 5 11
Find 24 — B Clearly AB # BA
Sol: .
4. Ifa=| show that
2 3 713 -1 3 1 2],
A_[z 3 1]'3_[—1 0 2] ,
2A=2[1 2 3]=[2><1 2%x2 2%3 A" —=54+71=0
2 3 1 2x2 2x3 2x1 Sol -
2 4 6
= 3 1
[4 6 2 A—[_l 2]
_L_2 4 6] _[3 -1 3 . 13 1113 1
2A=B=], ¢ 2] [—1 0 2 A —AXA—[_l 2] 1 2

[2-3 4-—1 6-3 _[—1 5 3]
5 6 0

— — _[3x3+1x-1 3x1+1x2
4—"1 6-0 2-2 ]

A? =
—1x34+2%x-1 —-1Xx14+2x%x2
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>4 =5 [—i ;] - Eg 150]
71 = [(7) g]
@ A2 —54+71
=2 315 o 7

- -

5. Consider the matrix A = [3 —2

4 =2
(a) Find A?
(b) Find k so that A2 = KA — 21

Sol :
@a=[; 7|

2 _[3 —21[3 -2

= [4 -2

3X3+-2%X4 3Xx-2+-2x-2
4 X3+ -2%x4 4x-2+-2x-2
1 =2

4 —4

(b) A2 = KA —2I

KA = A% + 21

£ P el R R
v o=l 2

= 3K =3

= K=1

]

2z 4
x,y and z

6. 1| F3 2]:[2 yfl],ﬁnd

Sol:

Given [x2+Z3 ﬂz[g yil]

= the corresponding elements are equal

= x+3=0, 2z2=6, and4=y—-1

7. () FindXand Y if X + Y = [g g] and

x-v=[ °]

0 -1
(b) Find x and y if x [g] +y [‘ﬂ - [12

Sol :

(a)X+Y=[(5) S ...... )
X—Y= [g _i] ...... 2)
(1)+(2)=>2X=[g g

—x=[y 3
Substituting in (1) ,

o =[5 3l
r=ls ol-[o 4
r=[y 74

®) x[5]+v[71] =[5
[l + 5] =[1]

53] =13
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2x—y=10...... (1)
3x+y=15........ (2)
D+(2)=5x=25=x=5
1)=10-y=10=y=0
8.(a) If a matrix has 24 elements, what are
the possible orders it can have.
(b) Find the value of x,y and z if

x+y+z 9
XxX+z 2[5]
y+z 7

Sol :
(a) The possible orders are 1 x 24,24 x 1
2%X12,12%x2,3%x8,8%x3,4%x6,
x+z

6 X4
9
= |5
y+z 7

(b)
Equating the corresponding elements,
x+y+z=9...(01)
x+z=5....(2)
y+z=7...0)
1D-2=y=9-5=4
Substitutingin (3) ,4+z =7

xX+y+tz

z=7—4=3
1= x+4+3=9
x=9-7=2

x=2,y=4,z=3
9. Ifx[g] +y[_ﬂ = [éO] find x& y

5] =15

2x —y =10
3x+y=5
5 +0=15

x=—;x=3
5

2x—y=10=>2%x3 -y =10
6—y=10>6—-10=y

y=—4

10. (a) If A is a matrix of order 2 x 3, then AT
will be of the order ..........

(b) IfAz[(Z) i ‘;] Find ATand

show that (AT)T = A
Sol :
(@) 3x2
2 3 -1
® A=l 1
2 0
AT=[3 1]
-1 7
2 3 -1
@nt =1y 1 7]:‘4
11. For the symmetric matrix
2 x 4

5 3 8],findthevaluesofx
4 vy 9

A=

andy
Sol :

For a symmetric matrix, A = A’
2 x 4 2 5 4
5 3 8 x 3 y
4y 9 4 8 9
A=A"=x=5andy =38

Here A = ; Al =

12.  Consider a2 x 2 matrix 4 = [a;;] with
(a) Construct A
(b)FindA+ A and A — A’

(c) Express A as the sum of a symmetric and
skew-symmetric matrix.

allzwesd] | @aeln])0o £ aloOWOD




Sol :

ap»
a) Consider a 2 x 2 matrix, A = [ 1 ]
(a) Y
Givena;; = 2i +j
a11:2><1+1:3,a12:2x1+2:4

a21=2X2+1=5;a22=2X2+2=6

o
onf
ava=[g [y ¢
=573 rel=ls 1l
el
£ 0
@@+ =3[ )

= It is Symmetric
1 n __ l O _1
;A4—-4) =3 [1 O]
= It is skew-symmetric

“(A+A)+5(4—-4A)

1[9 12]+ [O _1]

=[5 6]=A
13.  (a) IfA=[8 (1)],B=[(1) 8],then
find BA

(b) Write A = [i

symmetric and a skew-symmetric

5
_1] as the sum of a

matrix.
Sol :
@ 4=, é'B=[é o
=84=[y olly ol
_ [0 1]
L0

) a=[; o=l _i]

Sl )

=3 6 —2]

%(A+A)=—(

= It is symmetric

o1 (] R P )
:E[—4 o]

= It is skew symmetric

-(A A) =

%(A+A’)+l (A— A"

1[6
216 —2]+ [— o]
1 —1]=A
14. (a) Let A = [ai]-]zx3, where aj; = i +]j.
Construct A.

(b) Find AA’ and hence prove that AA’ is
symmetric.

(c) For any square matrix A, prove that

A+ A’ is symmetric.
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Sol :

11 Q12 Qg3
(2) Let A_[a21 azz a23]

Given a;; =i+
a11=1+1=2 a12=1+2=3 a13=1+3=4
a21=2+1=3 a22=2+2=4 a23=2+3=5

A=[3 4 s
2 3
a2 3 4 u_ ]
(b) [3 4 5] 223;*
|
wor <[ 3

- AA’is symmetric.
) A+A)Y =A+@A")
=A+A=A+A
s~ A+ A’ is symmetric

15. (a) Construct a 3 x 3 matrix A, whose
@i, )™ elementis a;; = 2i — j
(b) Express A as the sum of a symmetric
and a skew-symmetric matrix.
Sol :
(a) Consider 3 x 3 matrix
a1 A1z Qg3
A=A Ay a23]
az1 43z dz3
Givena;; = 2i —j

a1 =2Xx1—-1=1;a,=2%x1-2=0;
a13:2X1—3:_1;a21:2X2—1=3
a22=2><2—2=2;a23=2><2—3=1
a31=2><3—1=5;a32=2><3—2=4
a33:2><3_3:3

1 0 -1

~A=|[3 2 1]

5 4 3
1 0 -1 1 3 5
byA=(3 2 1, A"=| 0 2 4]
5 4 3 -1 1 3

1 1/[1 0 -1 1 3 5
E(A+AT)=§<[3 2 1|+l 0 2 4])
5 4 3 -1 1 3
L 2 3 4
=5[3 4 5| is Symmetric matrix
4 5 6
1 1/[1 0 -1 1 3 5
E(A—A)T=§<[3 2 1{+] 0 2 4])
5 4 3 -1 1 3
) 0 -3 -6
=5[3 0 —3|isskew symmetric
6 3 0
Now, ~(A+A4) +-(A—A)
L 2 3 4 L 0 -3 -6
=5[3 4 5 +E 3 0 —3]
4 5 6 6 3 0
1 0 -1
= [3 2 1|=4
5 4 3
16. (a) The value of k such that the
matrix[_%c Iﬂ is symmetric is
(i) 0 (i) 1
(i) -1 (iv) 2

_ [ cos@ sinf
(b) T A= [— sinf cos 9]’ then

cos260 sin26
prove that 4% = [— sin260 cos?2 9]

Sol :
(@) ())or0
6 sin@
b A:[ cos
(b) —sinf@ cosf@
A2=[ cos@ sinf [ cos 0 sin@]
—sin@ cosB@ll—sin@ cos6

:[c0590059+sin9‘sin9 cosHsin9+sin9c059]
—sinf cosO + cosf~sinf —sinfsinb + cosb cos b

Z[COSZB—sinZB ZSinB.COSH]
—2sin@.cos cos?6 —sin*0

:[ cos 20 sinZG]
—sin20 cos 20

Hence Proved.
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17. IfA=| 4|andB=[1 3 -6]
5
Verify that (AB)' = B'A’
Sol :
-2
A=| 4|,B=[1 3 -6]
5
-2 -2 -6 12
AB=| 4|[1 3 —6]=[4 12 -—-24
5 5 15 =30
-2 4 5
(AB)’=[—6 12 15]
12 —-24 =30

PRACTICE PROBLEMS

1. (a) Construct a 2 x 2 matrix A = [a;;]
whose elements are given by
ajj=1i+j
(b) Find A?

2. Express the matrix
2 -2 -4
-1 3 4
1 -2 -3
symmetric and skew symmetric
matrices.

A=

] as the sum of a

3. IfX+ Y:[Z (5’

(@) Find X and Y
(b) Find 2X +Y

],X—Y:[g g]then

|

4.

5.

7.

Now

A'=[-2 4 5]andB' =

|
N W
[E——

BIAI=

1 -2 4 5

3 ][—2 4 5]=[—6 12 15}
-6 12 —-24 =30
= (AB) . hence verified

2 4
LetA = [1 _3] and
1 -1 5
B_[o 2 6
(a) Find AB

(b) Is BA defined? Justify your answer

If A and B are symmetric matrices of the
same order, show that AB + BA is
symmetric and AB — BA is skew

symmetric.
Find the values of a, b, ¢ and d from the
equation :
a—b 2a+c _ [—1 5]
2a—b 3c+d 0 13

Consider A = [g 2] and B = [3 _2]

4 -2

(a) Find AB and BA
(b) Verify that (AB)' = B'A’
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DETERMINANTS 4

Determinant of A = [a;1]1x1 IS |aq1| = aq1

. a1 Aq127. . a;; Ag
DetermlnantofAz[ ]IS iven by |A =| |=a ayy — Aq0
Ay, Gyl 'SY y 1Al A1 Qo 11022 — Q12423
a1 A12 dp3
Determinant of A = (@21 Q22 QA3 is given by
az; dzz dsz
IA| = a |a22 a23| —a |a21 a23| a |a21 a22|
Hlas, as3 12laz; as3 Blaz; as;
Minor :
ay;; A4qz Qg3 a
. 22 Q23
Let A = [az1 azz azsz|then, minorofa,;; = My; = | |
a3 dsz
asz; dzz; dsz
. a1 dzs
minor of a;, = M, = | |
12 12 a31 a33
. az1 QApp
minor of a3 = M, = | |
13 13 a31 a32
Co factor :

Signed minor is called cofactor

a1 Q412 Qg3
If =|az21 a2z az3|,thencofactorof a;; = 4;; = My,
az1 dszz dsz

cofactor of a,, = A1, = —M;,
cofactor of ay3 = A13 = M43
Adjoint of a square matrix is the transpose of the cofactor matrix, denoted by adj A
A(adjA) = (adjA)A = |A|l
A square matrix is said to be singular if |A] = 0 and non-singular if |A] # 0
If AB = BA = I, then B is called the inverse of A and we write B = A~

A square matrix A has inverse if and only if |[A] # 0

o A=A 4120
4]
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X/
L X4

1. (@) Evaluate [ ]| 3. Findthevalueof xif |2 %= |2 1]
(b) If |916 )16| = 15, then find values of x Sol : w4
Soz:) |5 1:|6 xl
a
|i _i|=(3><—1)—(4><3)=—15 2—-20=2x*-24
—18 = 2x%2 — 24

x 1

(b) |1 x|=15
=>x2-1=15 2x2=6=>x2=§=3
>x’=16=>x= 14

2. Evaluate |

The system of linear equations,
ax+byy+cz=d,
a,x + by +cz=d,

aszx + b3y + c3z = d can be written as AX = B

aq bl C1 X dl
Wherezlaz b, c, ,X:ly , B =|d,
as b3 C3 VA d3

Unique solution of AX = B is given by X = A~1B, where |A| # 0

A system of equations is consistent or inconsistent according as its solution exists
or not.

Short cut to find adjA for a 2 X 2 matrix.

Interchange the position of the diagonal elements and change the sign of the
off diagonal elements.

If = [‘Cl Z] ,then adj A = [_‘Cl _g]

[ QUESTIONS AND ANSWERS ]

cosfd —sinf
sin @ cos @

Sol :
cosf —sinb|_ 2, .2
|sin9 cos 6 |_COS 0 = (=sin"0)
= cos?6 + sin?0 = 1
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4.

2 3
ifa=[5 3l
(@) Find |A|
(b) Find adjA
(c) verify that A(adjA) = |A|1

Sol :

_[2 3].
A= [4 —1] ’
@) |Al=2x—-1)—(4x3)=-14
o [-1 =3
(0) “dJA‘[—zL 2]
[Diagonal elements interchanged and

sign of off diagonal elements changed]

© RHS=|A1 = —14[> ]
:[_104 —104]
LHs=a@in=[; |2, 7

_ 2X—-1+4+3%x—-4 2><—3+3><2]
4xXx—-1+-1%x—-4 4x-3+-1%x2

14 01 _
_[ 0 —14] =RH.S
L.H.S=R.H.S.
Hence Proved
] . _[2 -6
5. Find the mverseofA—[1 _y
Sol :

=11 2l

adjA = :i g]
A= ﬁade
-3 ¢

e[
_E 1
1 -1 1
6. IfA=|2 1 =3| Find|A]
1 1 1
Sol

a=afy =l el

=1(14+3)+12+3)+1(2-1)=10

2 -3 5
7. IfA=|3 2 —4],
1 1 -2
(@) Find |Al.
(b) Find cofactor matrix of A
(c) Find A71

(d) Use A~ from part (c) and solve system
of equations.

2x —3y+5z=11
3x + 2y —4z=-5
x+y—2z=-3

Sol :

@ A=|3 2 —4
1 1 -2

|A] = 2(—4—"4)—"3(-6—"4) + 5(3 - 2)

2 -3 5]

=2X04+3x"24+5x1=-1
A =2, Az =1,

Ay =9, Ayz =5,
Az, = 23, Az3 =13

0 2 1
Cofactor matrix=1—-1 -9 -5
2 23 13

() AdjA = (cofactor matrix)”
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0 2 117
adjA =|-1 -9 —5]

| 2 23 13
[0 -1 2
=(2 -9 23]
1 -5 13
1 1o -1 2
WAL =Wad]A=_—12 -9 23
1 -5 13

0 1 -2
Atl=]-2 9 =23
-1 5 -13
(d) The system can be written as AX = B

Where
2 -3 5] 11 X
A=1|3 2 -4, B=|-5|X=|y
1 1 -2l -3 Z
[ 0 1 -2
Frompart(c) A" =[-2 9 -23
-1 5 —-13
Solutionis X = A™'B
X 0 1 -=-217[11
yl=|-2 9 -23||-5
Z -1 5 -1311-3

—2%X114+9x—-54+-23x -3
—1%x11+5%x—-54+—-13x -3

)l

~x=1y=2,z=3

O0xX11+1x-54+-2 X —3]

8.  Using matrix method solve
following system of linear equations.

x+y+2z=4
2x—y+3z=9

Ix—y—z=2

Sol :

4 X

1 1 2

2 -1 3|;B=|9 y

3 -1 -1 2 z

Al =1(1 - -3) = 1(-2-9) + 2(-2 — —3)
=17

A= X =

Cofactor matrix =1—-1 -7 4

L 5 1 -3
(4 -1 5]

[ 4 11 1]

adjd =11 -7 1
1 4 -3

) 74 -1 s
Al=—~adjd==|11 -7 1

T lal
1 4 -3
) 4
X=—=[11 -7 1f|9
1 4 =3112

) '4><4+—1x9+5x2]

X=A"1B
4 -1 5]

=—[11X4+-7%X9+1%2
1 X4+4X9+—-3X%X2

) [ 17 1
| 34 2

x=1L,y=-1,z=2

9.  Examine the consistency of the system
of equations x + 2y =2 ,2x+3y =3
Sol :
xX+2y=2
2x+3y =3
1 2
Here, A = [2 3l
|A|=3—-4=-1%#0
=~ A™1 exists. Hence the given system is

consistent
10. IfA= [_xl ﬂ is singular, find x.
Sol :
Aissingular = |A| =0
—4-2x=0
2x = —4
x=-2
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1.  The value of | x ox-= 1| is
x+1 X
2. |If |’1C }16| = 15, then find the values

of x.

3.  Find the inverse of the matrix

0 1 2
0 1 1]
1 0 2

. A=[§ g

(a) Find adj A
(b) Find A
(c) Using A, solve the system of
equations
2x+5y=13x+2y=7

1 2 4
5. LetA=] 1 1 3

3 2 3
(a) Find |A

(b) Find adj A
(c) Verify that A. adj.A = |A|l

PRACTICE PROBLEMS

Solve the following system of equations
3x—2y+3z=8,;
2x+y—z=1;
4x -3y +2z=4

Solve the system of equations using the
matrix method :

x+y+z=1
2x+3y—z=6
x—y+z=-1

ifA=[_) 3]then

(a) show that A2 — 54 + 101 = 0
(b) Hence find A1

Using matrix method solve
following system of linear equations.

x+y+2z=4
2x—y+3z=9

3x—y—z=2
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D)

1.

CONTINUITY AND DIFFERENTIABILITY

S

» CONTINUITY

» Continuity at a point : fis a real function on a subset of the real numbers and let
¢ be a point in the domain of f. Then f is continuous at ¢ if

lim £(x) = (¢)

> Iffis discontinuous at ¢ then c is called a point of discontinuity of f.

» Continuous function : A real function f is said to be continuous if it is continuous
at every point in the domain of f.

» Standard continuous function :

(1) Constant function
(i1) Polynomial function
(iii) Modulus function

(iv) Trigonometric functions in its domain

[ QUESTIONS AND ANSWERS ]

Check the continuity of the function f
givenby f (x) = 2x + 3atx = 1.

Sol :

2.

Sol :

J]Z.I_I;Iil flx) = }lci_rpl(Zx + 3)
=(2x1)+3=5
f)=2x1)+3=5
Here iiinl fx)=f1)
Hence, f is continuous at x = 1.

Show that the function f given by

x>+3 if x+0,
f(x)—{ 1 if x:0|snot
continuous at x = 0.
X3+3 x3+3

g¥

o—1

3.

Sol :

Lim f(x) = lim (x* +3)
=0+3=3

f(0)=1

Here chig(l) f(x) # f(0)

Since the limit of f at x = 0 does not
coincide with f (0), the function is not
continuous at x =0
Examine whether the function defined by
x4+ 5, if x<1
f(x)_{x—S, if x>1
is continuous or not.

X+5 X-5

<
)
e

oY

- -

x+5,
x—5,

ifx<1
f(x)={ if x>1

xh_r)r11+f(x) =9161_rg(x—5) =1-5

= —4
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lim f(x) = lim(x +5)
x -1 x -1
=1+5=6
Jim, f(x) # lim f(x)
i.e., f is not continuous at x = 1

Also, f is a polynomial in x at all
other points and hence continuous

4. Find the value of k if the function

st
IS continuous at x = 5.
Sol :
B kx+1 | 3x-5 _
- 5| -

Given f(x) is continuous at x = 5

= S0 =i f0

= lim(3x — 5) = lim (kx + 1)
x -5 x -5

= (3%x5)—-5=5%xk+1

= 10=5k+1
=5k=9
=k = 2
5
5. Find ‘@’ and ‘b’ such that the function
defined by
10, x<3
_Jax+b, 3<x<4
f& =195 x >4

is a continuous function

Sol :
10 ax+b 20

| |
! I
3 4

8A
sY

lim f(x) = lim 10 =10
x -3~ x -3

xll_)n31+ flx) = J1611313 (ax + b)

=3a+b
Since f is a continuous function,
RHL = LHL
3a+b=10.......... (1)
lim f(x) = lim(ax + b)
X >4~ X -4
=4a+b
xh_)rﬁl+f(x) = ,ICI_IE; 20 =20
LHL = RHL
4a+b=20...... ... (2)
3a+b=10.......... (1)
2)-(1) = a=10
3a+b=10
30+b =10
b=-20

Find all points of discontinuity of f
where f is defined by

_(2x+3,ifx<2
f(")‘{Zx—3, if x> 2

B 2X+3 2x -3 _
—_ | s
2
2x+3, x<2
f(x)_{Zx—?), x> 2

If <2, f(x) =2x+ 3, whichisa
polynomial and hence continuous.
If > 2, f(x) =2x —3,whichisalso a
polynomial and hence continuous.

Letx =2
xLerqr fx) = )lcl_rg(Zx —3)
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=2x2-3=1
xL_igl_ fx) = )lci_rg(Zx + 3)
=2X2+3=7
i.e., xli_)rr;f(x) * xli_)rgl_f(x)
=~ f is not continuous at x = 2
=~ f is continuous at all points

exceptat x = 2

7. Find a relationship between a and b
if the function f defined by
_(ax+1ifx<3
f(x)_{bx+3, if x >3
Is continuous

x<3
x> 3

ax+1,
f(x):{bx+3,

Given that f is continuous

= fiscontinuous at x = 3
= e = i e
= lim(bx + 3) = lim(ax + 1)

X —3 X —3
= 3b+3=3a+1

3a—3b =2
Prove that the function defined by
f(x) = cos(x?) is continuous
function
Sol :

Let (x) = cosx , h(x) = x?
Both g(x) and h(x) are continuous
functions.
= their composite function
g(h(x)) = cos(x?) is also continuous

PRACTICE PROBLEMS

Sol :
B ax +1 . bx+3 _
e l s
3
1. Consider
(3x—8 ifx <5 _
f(x)—{ 2k ifx>5 . Find the

value of k if f(x) is continuous at x = 5
2. The function

5 x <2
f(x)=4ax+b 2<x<10is
21 x =10

continuous. Find a and b

3.

Prove that the function defined by

f(x) = |sinx | is a continuous function.
Find all points of discontinuity of f,
where f is defined by

fo =033

x<2
x> 2
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<+ DIFFERENTIABILITY
SOME STANDARD RESULTS

d d d (1\ _ -1
1)@ =0 2 =1 (3)5(;) ==
d 1 d _ d, .
(4) — (Vx) = - (5) -~ (x™) = nx™ 1 (6) — (sinx) = cos x
(7) <2 (cosx) = —sinx (8) 2 (tanx) = sec %2 x 9) <2 (cotx) = —cosec?x
dx dx dx
(10) :—x (secx) =secxtanx (11) ;—x (cosec x) = —cosec xcot x (12) % (sin"lx) = 1ix2
d _ -1 d _ 1 d _ -1
(13) - (cos Ix) = — (14)_(tan 1x) = — (15) — (cot Tx) = —
(16) = (sec™ x) = —= (17) < (cosec™1x) = —— (18) £ (a¥) = a*loga
dx xVx2—1 dx xVx2-1 dx 8
d d 1
(19) - (e*)=¢e* (20) - (logx) = -

Chain Rule (Function of a function rule)
Ify = f(g(0)) then 2 = f'(g(x)) - (9(x))

Derivatives Of Implicit Functions
Consider one of the following relationship between x and y :
X-y-m=0
X+sin(xy) —y=0
In the first case, the relationship between x and y is expressed in a way that it
is easy to solve for y and write y =f (x). Thus we say that y is given as an explicit

function of X . In the second case, it is implicit that y is a function of x and we say
that the relationship  of the second type , above given function implicitly

Mean Value Theorem

Let f : [a,b] = R be acontinuous function on [a, b] and differentiable on (a, b) .

Then there exists some c¢ in (a,b) such that f'(c) = %.

Rolle ’S Theorem
Let f : [a,b] = R Dbe continuous on [a, b] and differentiable on (a, b), such that

f(a) = f(b), where a and b are some real numbers. Then there exists some c in (a, b)
suchthat f'(c) = 0.
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[ QUESTIONS AND ANSWERS ]

1. Find derivative of y =+ tan x
Sol :

y = Vtanx
dy 1 2
—_— = .Sec™x
dx 2./tanx

2. Find Z—z if y = log (cos(e*))
Sol :
y = log(cos(e*))

y' = ——(cos(e¥))

cos(e¥) dx
r— Y Goox). Lo
y = cos(e¥) Sln(e ) dx(e )
y' = —tan(e*) - e*

3. FindZ ify = esinx
dx

Sol :
d - d , .
2 = esinx 2 (5inx)
dx dx
= eS1"¥ cosx

4.  Find Z—z if y = cos/x
Sol :
dy . e
— = —sinvVx —(Vx)
i)

5. Find Z—z, if y +siny = cosx.
Sol :
We differentiate the relationship
directly with respect to x,

. dy d . _ i
le.—+— (siny) = ™ (cosx)

dy dy .
— 4+ cosy— = —sinx
dx ydx
d .
2+ cosy) = —sinx
dx
dy _ —sinx

dx 1+cosy

6. Find X, ifx? +y? + xy = 100
Sol :
x% +y% +xy =100
24+ 2yZ 4 xZypy=o
x ydx xdx y=

2y +x)3—z =—2x+y)

dy _ —(2x+y)

dx 2y+x

7. Find % of sinx + cos?y =1
Sol:

sinx + cos?y =1
Differentiating with respect to x
2sinx cosx + 2cosy(—siny)% =0

sin 2x — sin ZyZ—z =0

. . d
sin2x = sin 2y ﬁ

dy _ sin2x
dx  sin 2y

8. Verify Mean Value theorem for the
function f(x) = x> — 4x — 3 inthe
interval [1,4]

Sol :

f(x) =x?—4x—3,x €[1,4]
(i) being a polynomial f(x) is continuous
in [1,4]
(ii) f'(x) = 2x — 4 existin (1, 4)
f)=1-4-3=-6
f(4) =16 —-16 — 3= -3
Then by MVT there exist a point
¢ € (1,4) such that
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f’(C) — f4)-f(1)

4-1
4-1
2e—4="=
3
2c—4=1
2c=5
c=2€(1,4)

Hence MVT is verified

9. Verify Rolle’s Theorem for the
function f(x) = x? + 2x — 8,
xe[—4,2]
Sol :
fx) =x*+2x—-8, x € [—4,2]

being a polynomial f(x) is continuous
in [—4, 2]

f'(x) = 2x + 2 existin (—4,2)
f(-4)=16-8-8=0
f2)=4+4-8=0

f(=4) =1(2)
then by Rolle’s theorem there exists a
point ¢ € (—4,2) suchthat f'(c) =0

2c+2=0

2c = -2

c=-1€(-42)

Hence Rolle’s theorem is verified.

PRACTICE PROBLEMS

. dy . _

1. Find — ify =logx,x >0
ind & ify = o

2. Flnddxlfy—a

3. FindZify =sin (x* +7)
4. Find Zif x2/3 4+ y23 =2

5. Findz—zif x2+2xy+y*=5

6.

Verify Mean Value Theorem for the
function f(x) = x +§ in the interval
[1.3]

Verify Rolle’s Theorem for the function

f(x) = x* — 6x + 8 in the interval [2, 4]
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APPLICATION OF DERIVATIVE

KEY NOTES
¢ RATE OF CHANGE OF QUANTITIES

% = Rate of change of y with respectto x .

% INCREASING AND DECREASING FUNCTIONS

A function f is said to be
(a) Increasing on an interval (a, b) if f'(x) > 0 for each x in (a, b)
(b) Decreasing on (a, b) if f'(x) < 0 for each x in (a, b)
(c) Strictly increasing on an interval (a, b) if f'(x) > 0 for each x in (a, b)
(d) Strictly decreasing on (a, b) if f'(x) < 0 for each x in (a, b)

% TANGENTS AND NORMALS
The equation of the tangent at (x,,y,) tothe curve y = f(x) isgiven by

- _
y—Yo= dx] - (x = xo)
Equation of the normal to the curve y = f(x) ata point (xy,y,) IS given by
Yy—Yo =g — (X —Xo)

o
dxl(xg .yo)

[ QUESTIONS AND ANSWERS ]

1. Find the rate of change of the area of a of 4cm per second. At the instant, when
circle per second with respect to its radius the radius of the circular wave is 10 cm,
r whenr=5cm. how fast is the enclosed area increasing?
Sol : Sol :
The area A of azcwcle with radius r is The area A of a circle with radius r is
given by A = mr=. Therefore, the rate of given by A = 72 Therefore, the rate of
change of the area A with respect to its change of area A with respect to time t is
; P aA _ d 2y _ dA d dr
radius r is given by (mre) = 2nr Y=L mrd) =2mrE
ar. . dr at  dt dt

Whenr=5cm, % = 107 cm? /cm 4
. r . It is given that == 4cm/s
2. A stone is dropped into a quiet lake dt

. . dA
and waves move in circles at a speed e 2nr X 4 = 8mr cm?/s
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3.  Find the interval in which the function

f(x) =x*+2x-5 is  strictly
increasing or decreasing
Sol :
f(x) =x*+2x-5
f'(x) =2x+2
flx)=0=>2x+2=0
= x=-1
< | -
=~ The intervals
are (—oo, —1)and (—1, )
Interval f'(x) f(x)
(—o0,—1) <0 Strictly decreasing
(=1,0) | >0 Strictly increasing

4. Show that the function f is given by
f(x)=x3-3x?>+4x,x ER
is strictly increasing?
Sol :

fx) =x3—3x%+ 4x

fl(x) =3x*—6x+4
=3x?—-6x+3+1
=3x*2—-2x+1)+1

=3(x—-1)2+1>0
~ f(x) is strictly increasing in R

5. Find the interval in which

2x* +9x* +12x —1is strictly increasing?
Sol :

flx)=2x3+9x2+12x — 1
f'(x) = 6x% + 18x + 12
=6(x%+ 3x +2)
=6(x+1)(x+2)
flfx)=0=26(x+1Dx+2)=0

x+Dxx+2)=0
= x=-1,-2

< ] |
<€

- 1

o0
~ The intervals are
(=00,-2),(—=2,—-1)&(—1, )

f'(x) = 6x* +

Interval 18x + 12 fx)

(—0,—2) >0 Strictly
increasing

(-2,-1) <0 Strictly
decreasing

(—1, ) >0 Strictly
increasing

6. Prove that the function given by
f(x) =cosxis
(a) Strictly decreasing in (0, )
(b) Strictly increasing in (m, 2m), and
(c) Neither increasing nor decreasing in
(0, 2m).

Sol :
f'(x) =-sinx

(a) Since foreach x € (0,m),sinx > 0, we
have f '(x) < 0andso f is strictly
decreasing in (0, ).

(b) Since for each x € (m, 2m), sinx <0,
we have f '(x) > 0andso fis strictly
increasing in (m, 2m).

(c) Clearly by (a) and (b) above, f is neither
increasing nor decreasing in (0, 27).

7. Find the slope of the tangent line to the
curvey =x*>—-2x+1?

Sol :
y =x%—2x+1,
L ox—2
dx

Slope of tangent = 2x — 2

8.  Find the equation of tangent and normal

to the curve y = x3at (1,1)

Sol : y = x3
d
& = 3x2
dx
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At (1,1), slope of tangent(m) = Z_i =3
Equation of tangent is

y—y1=m(x—x)
y—1=3(x-1)

y—1=3x-3
Slope of normal = —+ = —2
m 3

Equation of normal is
1
y_)’lz_;(x_xﬂ
1
y—1l=-2@x-1)
3y—3=—x+1
x+3y—4=0

9. Find the equation of the tangent to the
2 2

curvexs +ys =2 at(1,1)?

PRACTICE PROBLEMS

4.

1. The radius of a circle is increasing at the
rate of 2 cm/s. Find the rate at which area
of the circle is increasing when radius is 6
cm.

2. A spherical bubble is decreasing in
volume at the rate of 2cm®sec. Find the
rate of which the surface area is
diminishing when the radius is 3 cm

3. The length x of a rectangle is decreasing
at the rate of 5 cm/min. and the width y is
increasing at the rate of 4 cm/min. when x
=8 cm and y = 6 cm. Find the rate of
change of
(a) Perimeter
(b) Area of the rectangle

10. Find the equation of tangent and normal

11. Find the equation of the tangent to the

Sol :
. 2 2
Given x3 + y3 = 2

Differentiating w.r.t. x,
Lay

2 1 o2
>-x3+-y 3—==0
3 +3y dx
2 _1/.d 2 _1
— _y /3_y:__x /3
3 dx 3
1 1
= y_ /Sd—yz—x_ /3
dx

dy x _1/3 y 3
R —_ _ (Y 3
~2=-() "=-()
Slope of tangent,
_ —
m= dxat(l,l) =-1
At (1, 1), Equation of tangent is

Y=y =m(x —x)
>y—1=-1x—-1)=>x+y=2

Find the intervals in which the function
x% — 2x + 5 is strictly increasing

Show that the function x® — 6x2 + 15x + 4
is strictly increasing in R.

Prove that the function f(x) = log sinx is

strictly increasing in (0, %) and strictly
- - T
decreasing in (E'”)
Find the slope of the tangent to the curve
y=(x—-2)atx=1
The slope of the tangent to the curve y =

x3—1at x = 2is ...........
Find the slope of the normal to the curve

y=sin9at9=%

to the parabola y? = 4 x at (1,1)

curve y = 3x2 at (1,2)
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INTEGRALS

KEY NOTES

¢ Indefinite Integrals

If = f(x) = g(x)

% Important Integrals
1. [x"dx = jln—:+C (n#-1)

2. f%dx=10g|x|+C

3. [e*dx= e*+C
x _a
4. [a*dx = lOga+C
5. [sinxdx= —cosx +C
6

Jcosx dx=sinx +C
7. [tanxdx=log|secx|+C
8. [cotxdx=log|sinx|+C

9. [secxdx=log|secx +tanx|+C

11. [ sec® x dx= tan x+C
12. [ cosec* x dx= — cot x+C

13. [ secx tanx dx=secx + C

14. [ cosecx cotx dx= —cosec x + C
SPECIAL FUNCTIONS
1 1
15. [ 2 2+ Z—atan ()+C
16. f

—Zilog |— +C

a+x

x2 a2

x=—10

+C

= sin 1( )+C

dx =1og|x+m|+6
=log |x + Vx2 + a?| + C

d
18. f—\/ﬁ
19. f—\/ﬁ

dx
0.

: f(ax + b)"d

: f ax+b

_feax+bdx =_eax+b +C
a

10. [ cosecx dx=log | cosecx — cotx |+ C:

, then g(x) is called an antiderivative or primitive of f(x).
o [ g(x)dx = f(x) + C, where C is an arbitrary constant.

__ 1 (ax+b)"*?
o n+1

+Cifn#1

dx ——log|ax+b| +C

: | sin(ax + b) dx= —lcos ax+b)+C
a
: [ cos(ax + b) dx= lsin ax+b)+C
a

: [ tan(ax + b) dx= % log | sec(ax + b) | + C
: f cot(ax + b) dx=%log | sin(ax + b) | + C
: [ sec(ax + b) dx= ilog | sec(ax + b) + tan(ax + b) | +C
[ cosec(ax + b) dx=1 log | cosec(ax + b) — cot(ax +b) | +C

: [ sec? (ax + b) dx=%tan (ax + b)+C

: [ cosec? (ax + b) dx= —%cot (ax + b) +C
: [ sec(ax + b) tan(ax + b) dx= % sec (ax +b) +C

: [ cosec(ax + b) cot(ax +b) dx= —%cosec (ax +b)+C

21. f\/ﬁ =sin"tx+C
22. f\/;d% =cos'x+C
23. f1+ > =tan"'x+C
24. f;i; =cot™tx+C
25. fxxz =sec lx+C
26. [ \;dL =cosec ' x+C
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% Basic theorems on integration

JIf G £ g()]ldx = [ f(x)dx [ g(x) dx
[C f(x)dx =C [ f(x)dx ,where C is a constant

% Most frequently used results
1. fdx=x+C

2. fxdx=§+€
3. fxzdx=£+C
3
3
4, fﬁdx=§x5+C
5. [Zdx=2Vx+C
6. [dx==+C

X

% Integration by substitution

> [ f(ax+ b)dx. [Putax + b = t]
> [f(g(x)g'(x)dx [Put g(x) = t]
> J(F)f'(x) dx [Put f(x) = t]

> [feredx =2 c

> L9 < 10g|f(x)+C

f®

f1(x) _
> fmdx—z f(x)+C

[ QUESTIONS AND ANSWERS ]

Evaluate the following :
1. [(x*+3x%2—8x+7)dx
Sol :

5 3 2
= +3--8Z+7x+C
5 3 2

_x> 3 4.2
[(x*+3x% —8x+ 7)dx S AT

= [x*dx + [3x%dx — [8xdx+ [7d
Jatde+ [3xPdx— [8xdx+ [7dx 2. [(2x — 3 cosx + e*) dx

= [x*dx+3[x?dx—8[xdx+7[1dx | Sol:
[(2x — 3 cosx + e*) dx

afleweer]  atln|d0o £1Q ~leRUIDOD

34



=2X xz—2—3sinx+ex+C
= x> —-3sinx+e*+C
3. [(x+ D(x + 2)dx
Sol :
[(x+ 1D(x + 2)dx
= [(x?+2x+ 1x + 2) dx
= [(x? +3x+ 2)dx
=T+ Zp+C
4,  [tan’xdx
Sol :
[ tan?x dx = [(sec?x — 1)dx
=tanx—x+C

5. [secx(secx + tanx) dx
Sol :
[ secx (secx + tanx) dx
= [(sec?x + secx tan x)dx
=tanx +secx + C
6. [e*t3dx
Sol :
2043 4

ax+b +C

1
[e?**3dx = Se

. 1
Since [ e™tbdx ==¢
a

sin(tan™! x)

7. Integrate — —

Sol:

1
1+4x2

dx

Putt =tan lx = dt =

sin(tan™! x) _
f ————dx =fsmtdt
14 x?
=—cost+C
= —cos(tan"1x) + C

1+log x)?
8.  Integrate &

Putt=1+logx=>dt=§dx

2
f (1+l(})ch) dx =

_ (1+logx)?
- 3

+C

S X
9. Integrate N

— ein—1 _
Put t = sin x:dt—mdx

2

SNTX = [rar=Stc
X = = —
V1—x2 2
(sin~1x)?
=== 4
> +
10.
Sol :
f1+ ~dx =log|1 + x*| +C
i fr) _
Slnceff(x) log|f(x)| +C
11. Evaluate [——
Sol :
fli(::x dx =log|1 + sinx| + C
Slnceff(x) log |f(x)| + C
sinx
12.  Evaluate fm x
Sol:
f Sinx _ f —sinx
\/1+cosx - \/1+cosx
= —-2vV14+cosx+C
since [Z2 gx =2./f(x) + C

ie)

2 t3
Jtrdt =<+

C
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dx
x%+4

13. Evaluate |
Sol :

dx dx
vl bever

= Ztan~? (f) +C
2 2
1
a

: d
Since [ 5~ =— tan™! (f) +C

a

PRACTICE PROBLEMS

sec? x dx
14. Evaluate [ ———dx
Sol :
Putt = tanx = dt = sec?xdx
J-seczxdx dx—f dt
VtanZ? x+4 T Vezg22
= log|t +VtZ2 + 22|+ C
= log |tanx ++/tan?x + 4| +C
Integrate the following :
1. 2x3
2. x3—x2+1
3. xz+5x—4+l—i3
X X
1-sinx
4. cos? x

5. sec7xtan7x

tan"1x

6 e

1+x2

7. xcos(x?)

log x)?
8.(g)
X
1
9. x+xlogx

15.

J

dx
16. Evaluatef ﬁdx
2x —x? = —(x? —2x)

11.

12.

13.

14.

15.

16.

17.

1

Evaluate | ———

x2+2x+2=(x+1?-1%2+2
=(x+1)*+1°

L __dx = [————dx

X242x+2 (x+1)2+12

x+1

_1 -1
= -tan ( T )+ C

=tan"!(x+1)+C

=—(x?-2x+1-1)
=—((x-1)*-1)
=1—(x—1)?

1 1
“_fggifjﬁctx —-Jnjif?;f?;§dx
=sini(x—1)+C

9—x2
1
x2+5
1
Vi6-4x2
1
x2—-6x+13

1
V3—-2x—x?2

dx

xX+2
2x24+6x+5
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¢ Definite integral
[ fG)dx = F(x), then [7 f(x)dx = [F(x)]} = F(b) — F(a)

x3]3 33 23] 27 8 __ 19
2

Eg: [; x?dx =%

T L3 3

3 3 3

[ QUESTIONS AND ANSWERS ]

S e — Mlog? — loat
1 f e*dx = 2[1og? logg]
Sol : )
5 1[, 1 1] _ 1 2
J e¥dx=1[e*]; =e®—e* = [log; - log;] ~2 llog (?)l
31 1 3
2 fyax =3 [e(3)]
Sol : .
- Sinx
fjidx = [log |x|]§ S. fOZ 1+cos?x x
3 Sol :
=log3 —log2 = log?
o8 o8 8% Putt = cosx
11 dt = —sinx dx
3. ——dx
fo 1t Whenx =0, t=cos0=1
Sol :
1 1 . _r — n_

Js 7—dx = [sin 1 x]3 Whenx =-, t=cos; =0
=sin"?1 —sin"10 L o
zg_o :% Jeapdx = [ zdx

3 dx 1 ady
4. J‘2 x2-1 = fo 14t2 dx
Sol : 3 ~ [tan—t ]!
3 dx 1 x—1
)3 X2-1  2x1 [log x+1 ]2 =tan"'1—tan"10
1 3-1 2-1 =I_o==2
=5 [log 37— log 25 s 4
PRACTICE PROBLEMS
20.3 2 1 1
1. [[(x®—x*+1)ax 3. |, —dx
T 1tan™!
2. [3tan’xdx 4. |, j‘lxzx
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APPLICATION OF INTEGRALS

KEY NOTES

R xn+1
% fx"dx=m+c

(ax+b)?
2a

& [Vxdx = %x\/}+c
2
< f\/az—xzdx=§\/a2—x2+a7sin‘1(§)+c

< [sinx dx =—cosx +C

% [(ax+b)dx = +C

X/

< [cosxdx =sinx +C

< Area under simple curves

The area of the region bounded by the curve = f(x) , x- axis and the line

x=aandx = b (b > a) is given by:Area:f:ydx =f:f(x) dx

The area of the region bounded by the curve = g(y) , y- axis and the line

y=candy =d (d > c) is given by : Area :fcdx dy = fcdg(y)dy
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1.

Sol :

QUESTIONS AND ANSWERS

Find the area of the region bounded by
the curve Y’ =x, x-axis and the lines
x =1, x = 4in the first quadrant

Yaoa 4

y¥ ¥ ¥omi

Giveny? =x =y =+/x

Area of the region bounded by the curve
y2 =x,linesx =1&x = 4inthe 1%
quadrant is = Area of shaded region

= J}ydx

= Jiax = [ =Sl

= 2[4VE-1VT] =2[8 - 1]

= % sg. units

Note : Area of the region bounded by
the curve y2 = x, linesx =1 & x = 4 is
2 X 13—4 = 23—8 sg. units. [~ the curve is
symmetric with respect x - axis, the

area below and above x axis are equal]

Find the area enclosed by the curve
x2 + yz = a2

3.

Given, x? + y2 = a? = y? = a® — x*
=y =+vVa?—x?

Required Area = 4 area of shaded region
= 4f0ay dx
= 4f0amdx

A= s 2 (2

a

0

4 [(O + a?zsin‘l(l)) - 0]

= ma? sq units.

2
4xL x
2

SIE

Find the area of the region bounded by the
curve x2 = 4y and the linesy =2, y = 4
and the y- axis in the 1% quadrant

Given x? = 4y = x =,/4y = 2,/y and
the linesarey =2& y =4

Required area = f;x dy

4
= [y 2Jydy =233y,
=307, =3 [E - 2v7]

= %[8 - 2\/5] Sq units
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4. Find the area of the region bounded by
the curve y = x? and the line y = 4

Giveny =x?=x = [y
Required area = 2 f04x dy
=2[;\ydy
2 4 4
= 2[5 5 [wE-o]
= %[8 —-0] = 33—qu units

5. Find the area of the parabola
y? = 4ax bounded by its latus rectum

Given curve is y? = 4ax
= y =+V4ax = 2\JaVx
The required area 2 ["y dx

=2 [ 2vax dx
- wafons]
=2Va [xx];

3

:E\/a[

3 a—O]

8a? .
= T Sq units

6.

Find the area of the region bounded by the

i x2  y2? _
ellipse =t = 1

x? Y -1
25 ' 16

2 2
Y _1_x
16 25
2 _ 25—x2
y _16( 25 )
y=§v25—x2

Area of the region bounded by ellipse

=4 x Area of shaded region

5
=4 Ig\/25—x2dx

5
_16 5\/ﬂ+§sin‘15
2 27 5],

=4 X 57 = 20 7 sq. units
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7.

Find the area bounded by the curve
y = sinx between x = 0 and x = 2@

Required area = 4 area of shaded region

PRACTICE PROBLEMS

Find the area bounded by the curve
y? =9x and the linesx = 2,x = 4
and the x axis in the 1% quadrant

Find the area of the region bounded by
the ellipse x + g 1

16 9
Find the area bounded by the curve

y =cosx betweenx =0andx =

4.

=4[2y dx =4 [?sinx dx
= 4[—cosx]g

= —4[cosg — cos 0]

= —4[0 — 1] = 4 sq units

Find the area bounded by the curve
y = |x| between x = —2 and x = 2

Find the area of the region in the 1%
quadrant enclosed by the x-axis,
the line y = x , and the circle x? +

y? =32
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DIFFERENTIAL EQUATIONS

KEY NOTES
'(x) n L+l
f’;(—x)dleoglf(x)|+c [x dx=——+C
Je*dx=e*+C Slope of tangent at any point (x,y) = %

dx _ -1
Jz=tan'x+C

Differential Equations

An equation involving derivatives of dependent variables with respect to
independent variables is known as a differential equation

Order and Degree Of a Differential Equation

Order of a differential equation is the order of the highest order derivative
occurring in the differential equation

Degree of a differential equation is the highest power of the highest order derivative in it.
Note: Degree of a differential equation is defined if it is a polynomial equation in its
derivative

. . d?y | (dy\* _
Eg: Consider Zﬁ + (5) =0

Here highest order derivative is ZZTZ, which is 2" order.
=~ Order of the d.e is 2

Power of highest order derivative is 1. .. Degree of the d.eis 1
Solution of a Differential Equation

A function which satisfies the given differential equation is called its solution.
The solution which contains as many arbitrary constants as the order of the
differential equation is called a general solution and the solution free from
arbitrary constant is called particular solution.

Variable Separable Form

e  Write the given differential equation in the form Ndy = M dx
where N is function of y and M is a function of of x.

e Integrate both sides and add an arbitrary constant on one side, gives the general
solution.

Eg: Consider Z—Z =1 +x)1+y?)
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dy = (1+x3)(1+ y?)dx

dy _ 2 —
T (1+x%)dx [ Ndy = M dx form]
Now integrating both sides , f% = [(1+x%)dx

3
Stanly =x+ x? + C which is the general solution

Note: To get particular solution from the general solution , find the value of
arbitrary constant C using given values of x and y .

QUESTIONS AND ANSWERS
i . S . d?
L ch;Inlg\;[:i(ra\grcjdiigeiggtidaﬁgergﬁac:{;:: (c) Highest order derivative in d.e is d—xﬁ.
4%y 2 a3 ady - order =2
(@) xy (@) +x (E) —y.=0 Power of highest order derivative is 1.
=~ degree =1
ds\* d?s
b) (=) +35s=—==0
(b) (dt) S ar (d) Highest order derivative in d.e is%
2 3
(©) x4% =1+ (Z—i) «. order =3
a3y 2 W Here given d.e is not a polynomial
(d) (ﬁ) + cos (—x) =0 . i
equation (~ cos (E) is present)
"2 3 "4 5 _
€ ")+ O+ 4y =0 = Degree is not defined
) y" +y>+e’ =0 (e) Highest order derivative ind.eis y"’
Sol = order =3
ol :
Power of highest order derivative is 2 .
2
(a) Highest order derivative in d.e is %. ~. degree =2
- order =2 (f) Highest order derivative ind.eis y'"’.
Power of highest order derivative is 2 ~ order =3
=~ degree =2
(b) Highest order derivative in d.e is Z—zj : Here given d.e’ Is nota polynomial
- order =2 ‘ equation (- e” is present)
Power of highest order derivative is 1. ~ Degree is not defined.
~ degree =1
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2. Solve the following differential

equations.
(8) = —y
dx

(d) sec? x tany dx + sec?y tanxdy =0
(e) ylogy dx —xdy =0

Sol :

dy _ x+1
()dx_z—y

(2—-y)dy = (x+ 1)dx
Integrating both sides
J@=y)dy=[(x+1)dx
y:_x?
2y - 7 =3 +x+C )

which is the general solution

dy _ 1+y?
(b) dx  14x2

dy dx

14y2  1+x2

Integrating both sides

dy dx
f1+y2 - f1+x2

tan~'y = tan~1x + C, which is the

general solution

d —
© E=e
dx
dy _e*
dx  e¥
e¥dy = e* dx

Integrating both sides

e¥ = e* 4+ C, which is the general

solution

(d) sec’?xtanydx + sec’ytanxdy =0

= sec’xtanydx = —sec? ytanx dy
sec?x _ —secty
tan x ~ tany

Integrating both sides,

f sec?x dx = _f seczyd

tanx tany

= log|tanx | = —log|tany | + log |C]|
= log|tanx | +log|tany | = log |C]|
= log|tanxtany | = log|C]|

= tanxtany =C
(e) ylogydx —xdy =20

ylogy dx =xdy
dy _E
ylogy  x

1
. ] =dy
Integrating both sides, [ K)E = %

= log|logy | = log|x| + log|c|
= log|logy| = log |Cx|
= logy =Cx

.y = e® is the general solution

3. Find the particular solution of the
differential equation Z—i = —4xy? ,given

thaty = 1,whenx =0

Sol:
d
d—i = —4xy?
% = —4x dx
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Integrating both sides,

f—i—f = [ 4x dx

1 x?

5= 4 +C
1 _95.2

~=2x“+C

y

Giventhat y =1,whenx =0

=>%=2><02+C >C=1

-~ particular solution is
l=2x%41
y

1

= = —
y 2x2+1

PRACTICE PROBLEMS

1.  Find the order and degree of the 5. Find the equation of the curve passing

following

2d%y _ady | ¢ _
(8) 2x222-3245=0

dZ
(0) “2ty=0
© y'+»)+2y=0
dy 2 dy ) _
(d) (E) +———sin®y =0
2. Solvex?Z_—2xy=0
dx
3. Solve
e*tany dx + (1 —e*)sec’y dy =0

4. Solve%=(xy+y+x+1)

through the point (—2,3), given that the

slope of the tangent to the curve at any
point (x,y) is j}—;c

Find the equation of curve passing through
the point (0,2)given that at any point
(x,y) on the curve, the product of slope of
its tangent and y coordinate of the point is

equal to the x coordinate of the point
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VECTOR ALGEBRA

KEY NOTES
% Addition of vectors
(i) Triangular law (ii) Parallelogram law
B B c
OA+AB = OB /.
7 OAtOB
0 A Y 4 f

Let C_l=a1i+b1j+clk;5=a2i+b2j+C2k
a+ E = (al + az)i + (bl + bz)_] + (Cl + Cz)k
a—b=(a;—ay)i+ (b —by)j+ (c1 — )k

¢+ Scalar multiplication
Let a be any vector and k any scalar
Case—1:Ifk>0
ka is a vector whose magnitude is k times |a| and direction along a
Case—1l:1fk <0
ka is a vector whose magnitude is k times |a| and direction opposite of a

a is parallel to b = a = Ab , A being a scalar
Leta = a,i + byj + c1k, then ka = (ka,)i + (kby)j + (kcy)k
[al = (a)? + (az)? + (a3)?

e Unit vector in the direction of @ =

|$D|

o

e Vector in the direction of @ having magnitude k = k (%)
% Vector joining A(x4,y1,2z1)and B(x;,y,,23) is
AB = Position vector of B — Position vector of A
Or

AB = (xy —x)i+ (¥2 — y1)j + (22 — 21k
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< Product of vectors

Dot product/ Scalar product Cross product/ Vector product
e a-b=|allb|cos@ e axb=]|al|lb|sin@-7,wherefi,a
e @-b=aya,+bib,+cicy unit vectoriJ_ tojbothkﬁ and b
° cos 0 = ﬁ'Bb L] C_lXEZ aq b1 Cq
|lal|b| a, b, c,
e iti=jj=k k=1 e |axb|=al|b|sin6
o ij=jk=ki=0 e sing =22
T |allb]
e alb=ab=0 e vector perpendicular to both
i.e., aa, + ble +cicp = 0 E&E = ax E
e G||boa=iboY- ? _a e Unit Vecg)r perperalfécular to
@2 "2 a botha&b , n = Tax|
— _ & _ab
e Projectionof@aonb = M e The area of a parallelogram with
adjacent sides @ and b = |a x b|
e Area of A with adjacent sides @ and b
1T
=3 |a X bl
QUESTIONS AND ANSWERS
1.  Consider d = 31 + 2j + 2k. _3i+2j+2k
(a) Find the magnitude d V17
(b) Find a unit vector in the direction of d (c) Vector in the direction of - & having
. . . . > . _ ay _ 3i+2j4+2k
(c) Find a vector in the direction of a magnitude 10 = 10 (Idl) = 10( Neri )
having magnitude 10
Sol: 2. Ifd=20+j+3kand b=30—-2j+k,
(@ a=31+2j+2k. Find
il = VaZ + b2 + c2 S S
laf =Va® +b%+c @a+banda—»b
=V3 427422 =V17 (b) Find a unit vector in the direction of
. . . . — a
(b) Unit vector in the direction of a = @ i+l
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Sol:
(@ d=2i+j+3k

3.

b=3i-2j+k Sol:
d+b=Q+3)i+0+2f+ @+ 1DE (@) AB = p.v (B) — p.v(4) A
S =40+ 4R)— @+ 3j+3R)
=St—jtak =3i-3j+k
d—-b=Q2-3)i+01-"2j+G-Dk AC = p.v (C) = p.v(A) X
. . —~ =21+ 4j+2k)—(+ 3j+3k)
A = 31+ j- &
(b) Unit vector in the direction of (b) cos 6 = AB. AC
2 a+b 5i—j+4k |48 Jac]
d+bh=—= = ) (3 i-3j+k).(-31+ j- k)
a+b|  [s2+(-1)2+42 - 9\/%+91+1 VoFri+l
si-j+ak — D931
= ~ e
Consider ¢ =i+j—k&b=1—j+k ‘/1_9\/_1? s
(@) Find &.5 6 = cos (mm)A
(b) Find the angle between the @ and b. N i j ok
(c) AB x AC= |3 -3 1
-3 1 -1l
—9(3—1)— j(-3+3) + k(3—-9)

Sol:

=1x1+1x"1+71x1=-1

ld| = 12+ 12+("1)>2 =43
b| =12+ (-1)2+12 =3

—

ab=-1

cosO =

(S )

Ql

| |p] 3

_ 1
cos™ ! (— —)
3

The position vectors of three points A,

B, C are given to be i + 3j + 3k,
41 + 4k and —2i + 4f + 2k respectively

() Find 4B and AC
(b) Find the angle between AB and AC

(c) Find AB x AC

Q

. 9 =

4.

(d) Find a vector which is perpendicular to

both AB and AC having magnitude 9
units

=2i— 6k
(d) Vector having magnitude 9 units and
perpendicular to both AB and AC

= 9(—§X§
|AB" x AC|
_ 9< 21 -6k )
- T\ (-6
__ 181 -54k
Va0
Letd =1+j+kandb = 2i +mj + 3k, if

5.
d is perpendicular to b, find m

Sol :
Given vectors are k
and b= 2i+ m
Giventhat a 1
~d-b =
I1X24+1xXxm+1x3=0

j+3
b
0

X

=
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= 5+m=0
= m= —5
6. Ifda=30+2+2kb=10+2j—2k
(@) Findd +bandd—b
(b) Find a unit vector perpendicular to
both @ + b and d@ — b.
Sol :
(@) d+b =41+ 4] + 0k
Gd—b=2i+0j+ 4k
(b) Vector perpendicular to both d + b and
d—bis(d+b)x (5—13)

Jj k
(@+b)x (d—b) =

4 4 0
ZA 0 4
= 16{ — 16j — 8k
|(@+b) x (d&—b)|
=/(16)? + (-16)? + (=8)?
576
= 24
=~ Unit vector perpendicular to
bothd +bandd — b is
_ (a@+b)x(a-b)
~ |(@+b)x(a-b)|

16i—16j—8k
24
7. ifd=1+3jandb =3j+k,then
(a) Find @.b and d@ x b
(b) Find the projection of @ on b
(c) Find a unit wvector which is
perpendicular to both @ and b

+
&

(@) d=1+3+0k, b=

= a,a, + byb, + ¢4,
=1xXx0+3%x3+0x1=9

8.

Lot Tk N

axb =|1 3 o|=31—-j+3k
03 1 B
(b) The projection of don b = (IIT;T
_ 9 9
TV R E V0

(c) dxb=3i—j+3k
=Vo+1+9=+10

=~ Unit vector which is perpendicular to

|d@ x b|

both @ and b is

Consider the triangle ABC with vertices
A (1,2,3), B (—=1,0,4), C(0,1,2)
(a) Find AB and AC
(b) Find the area of triangle ABC
Sol:

(@ A(1,2,3),B(-1,04),C(0,1,2)
We have
AB = (2 —x)T+ (V2 —y)f + (22 — z1)k

AB = (—1-1)i+(0—2)j + (4 - 3)k

|

AB = -2i—2j+k
AC=0-1)i+1-2)j+2-3)k
AC= —1— j—k
(b) ABXAC =|-—2 -2 1
-1 -1 -1
=31— 3]+ 0k

|[AB x AC| = /32 + (—-3)2 = V18
Area of A ABC = —|4B x AC|
= @sq. units
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9. Cjonsider d=2i+j and 10. If @ and b are any two vectors, then prove
on n ~ -2
b=30+]+4k that |d x b| = a?b? — (a - b)?
(@) Findd x b Sol :

(b) Find the area of triangle for which |& % B| _ |&||E| sin
d&b are adjacent sides L o2 srg o o
(c) Find the area of parallelogram for | x b =a f sin “60 ;
which the vectors d&b are adjacent = 0222(1 —22(;5 92)9
Sol: = a’b* — (abcos6) ?
' R ) = a?bh? — (a- b)?
(@ a=2i+jandb =3i+j+ 4k
oo |t 7ok |11 ifada-b=12,1dl=10, |b| =2, then
axb=12 1 of=4-8j—k find |a x b|
314 ldl =10,|p|=2 d-b=12

(b) |d@xb| =42+ (—8)% + (—1)2 dxb| = a’b*—(a-b)?
:\/8_:9 =102X22—122

Area of triangle = =|d x b| =400 — 144 =256
] |d x b| = V256 = 16

NeJ

= sq.units

(c) Area of parallelogram = |d x b|

=9 sq units
PRACTICE PROBLEMS
1. Considerd = 31+ 4j + k (d) Find the area of triangle with adjacent
(a) Find the magnitude d sides @ and b

(b) Find a unit vector in the direction of a R . R
) ) o R Ifa=3i—j—5k;b=1-5]+ 3k,
(c) Find a vector in the direction of a @ G40 andd—h

having magnitude 8 . . . L Lo
g mag (b) Find a unit vector in the direction of a + b

2. Consider the vectors @ =i+ + 3k (c) Find a vector perpendicular to both d&b
andb =1+4j —k 4. Consider the triangle ABC with vertices
(a) Find d.5 and @ x b A(L11)B(1,23)and C(231)
(b) Find the projection of @ and b (@) Find AB and AC .
(c) Find the area parallelogram with (b) Find the angle between AB and AC
adjacent sides @ and b (c) Find the area of triangle ABC
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THREE DIMENSIONAL GEOMETRY 11

KEY NOTES
% Equation of a line passing through a given point and parallel to a given vector
Vector equation T=a+ b
Cartesian equation :x—ax1 =7 _by 1 - Z_C“

Here, a : Position vector of point on the line
b : vector parallel to the line
(x1,¥1,2,) : Point on the line
(a,b,c) :DR’softhe line
«  Equation of line passing through 2 points
Vector equation F=a+Ab—a)

Cartesian equation ; —L =221 771
X2—X1 Y2—y1 Z2—121

Here, aand b : Position vectors of point on the line
(x1,y1,271) and (x,y,,2,) :Points on the line
% Distance between two skew lines

Consider two lines in space,
7 =a; + Ab;
7 =a, + ub,

The shortest distance between these lines is given by
_ |@z-ay):(b1xb,)
SDh= |b1xba|

% Equation of a plane passing through a point and perpendicular to a vector.

Vector equation: (r —a) -m =0
Here, a : Position vectors of point on the plane
m : vector perpendicular to the plane
Cartesian equation :a(x —xq)+b(y—y1)+c(z—21) =0
Here, (x1,¥1,21) : Pointon the plane
(a,b,c) :DR’s of the normal to the plane
<+ Equation of a plane passing through the non collinear points
Vector equation : (F—a@) - [(b—a) x (c—a@)] =0
Here, @, b,c : Position vectors of point on the plane

X—X1 Y—V1 Z— 2

Cartesian equation : (X2 = X1 Y2 — Y1 Z2 —Z;
X3—=X1 Y3—)V1 Z3— 73

Where, (x1,¥1,21), (x3,¥2,22) and (x3, y3, z3) are the points on the plane.

=0
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1. Find the vector and cartesian equation of
the line through the point (5, 2, —4) and
is parallel to the vector 37 + 2j — 8k

Sol :

Given (x1,v1,21) = (5,2,—4)
b=3i+2j-8k
Vector equation, ¥ = a + Ab

= 5{+2j — 4k + A(3i + 2j — 8k)
Cartesian equation,

X=X1 _ Y™ _Z7Z
a b c
x=5 __y-2 __ z—(-4)
3 2 -8

x—5 y—2 z+4

-8

2. Find the equation of line in vector form
and cartesian form that passes through
the point with position vector 2i — j + 4k

and is in the direction of { + 2] — k.
Sol :

a=2i—j+4k= (x1,v1,z1) = (2,—1,4)
b=1i+2j—k=(ab,c)=(1,2-1)
Vector equation, ¥ = @ + Ab
=20—j+4k+2(+2/—k)

Cartesian equation,

X—X1 — Y—V1 — Z—Z
a b c
x-2 _y+1  z—-4
1 2 T 4

QUESTIONS AND ANSWERS

3.

Sol :

4.

Find the vector and cartesian equation of
the line passing through the points
(=1,0,2) and (3, 4, 6)

Given
(x1,¥1,21) = (=1,0,2) A
= a=-1+0j+ 2k
(x2,¥2,22) = (3,4,6) R
= b =31+ 4] + 6k
Vector equation,
F=a+ A(b— a)
—i40f + 2k + A[(3 + 4] + 6k) —
(-1 + 0f + 2k)]
—0+ 2k + A[(41 + 4] + 4k)]
Cartesian equation,

X—X1 _ Y=V1 _ Z—Z3

X2—X1 Y2—V1 2221

x—(-1) _y-0 _ z-2

3—(-1) 4-0 6—2

x+1 y z—2 x+1 y z—2

—_—_— = — Or —_—_— = —
4 4 4 1 1 1

The cartesian equation of a line is

+3 =5 _Z+6 i
X3 _ Y75 _ ZT Find its vector equation.

2 4

- vector equation is ¥ = a + Ab
= —31+ 5] — 6k + A(21 + 4] + 2k)
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5. The vector equation of a line is
7 = 5i — 4] + 6k + A(3i + 7] + 2k).
Obtain its cartesian equation.
Sol :
Given
7 =51 — 4 + 6k + A(31 + 7] + 2k)
(x1,¥1,21) = (5,-4,6)
(a,b,c) =(3,7,2)

Cartesian equation is

X—X1 _ Y=V1 _ 2771
a b ¢
x=5  y—(-4) z—6
3 7 T 2
xX— y+4 zZ—6
3 7 T 2

6.  Find the shortest distance between the
lines [; and [, whose vector equations
arer =1+j+Ai—j+k)and
7=204+]—k+u(3t—5j+ 2k).

Sol :
Here,
a,=1+j
b, =2i—j+k
a,=21+j—k
b, = 31 — 5] + 2k
a,—a, = 2i+j—k)—(@+J))
=i—k
o i k
byxb,=2 -1 1
3 -5 2
=i(—2+5)—j(4—3)+ k(=10 + 3)
=3i—j—7k
|by X by| = /32 + (—1)2 + (=7)2
=v9+1+49
=+/59

(@ —a) - (byxby)=(@{—-k)-(3i—j—7k)
=(1x3)+(O0x-1+(-1x-=7)
=10

(@,—a4):(b1xby)

~S.D= —
|b1Xb,|

10
~ V59

7. The cartesian equations of two lines are

x+1 _ y+1 _ z+1

d x-3 _y-5 __ z-7
7 -6 1 1 1

-2

(a) Write the vector equations
(b) Find the shortest distance between these
lines.
Sol :
@ 7F=(-t—-j—k)+A(T7i—6]+k)
7=(31+5/+7k)+u@—2j+k)

_ |@z-a).(b1 x b7)
(b) 8.0 = [P o (1)
G=—-1—j—k; b =71—-6+k

a, —a,; =41+ 6] + 8k
I L
(b1 X bz) =17 -6 1
1 -2 1
=i(—6+2)—j(7—-1) +k(-14+6
= —41— 6] — 8k
(1=
s p = |(4i+6j+8§).(—4i—6j—8k)
S V16+36+64
_ |—16—36—64|
a Vii6
_ s
~ Vit6
=116

allzwesd] | @aeln])0o £ aloOWOD



8. Find the wvector and cartesian
equations of the plane which passes
through the point (5, 2, -4) and
perpendicular to the line with

direction ratios (2, 3, -1)

Sol :
Given
(x1,¥1,21) = (5,2,—4)
a=>5i+2j—4k
m=2i+3]—k

Vector equation,
F—a)-m=0
(F—(5t+2j—4k))-(2t+3j—k )=0
Cartesian equation,
a(x —x) +b(y—y1)) +c(z—2,) =0
2c—=5)+3(y—-2)—-1(z+4) =0
2x—104+3y—-6—2z—4=0
2x+3y—z=20
9. Find the vector and cartesian equations

of the plane passing through (1, 0, -2)

and normal to the vector i + j — k.
Sol :

Point (1,0,-2) >a=1—2

&

Normal vector 7t = i+ j — k

Vector form: (# —a).n =0

> = -
>rn—an=20

By—-(1x1+4+0x1+
=2)(=1))=0

Cartesianform: x+y—-z—-3=0
10.  Find the equation of the plane passing
through the points (2, 5, -3) , (-2, -3, 5)
and (5, 3, -3)
Sol :
Given
(x1,¥1,21) = (2,5,—3)
(x2,¥2,22) = (=2,-3,5)
(x3,¥3,23) = (5,3,-3)
Equation of plane is

X=X Y=V Z—Z
Xo—=X1 Y2—=Y1 Z2—Z1| =0
X3—X1 Y3s—Y1 Z3—Z3
x—2 y—5 z+3
ie,|[-2—2 —-3-5 5+43|=0
5-2 3—5 =343
x—2 y—=5 z+3
—4 —8 8 |=0
3 -2 0

(x—=2)[0+16]—(y—5)[0—24]+ (z+3)[8+24] =0
16(x—2)+24(y—-5)+32(z+3)=0
2xc—2)+3(y—-5)+4(z+3)=0

2x —4+3y—15+4z+12=0
2x+3y+4z-7=0
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PRACTICE PROBLEMS

5.

1. Find vector and cartesian equations of
the line passes through (1,2,3) and is
parallel to the vector 3 + 2j — 2k

2. Find vector and cartesian equations of
the line that passes through origin and
(5,-2,3)

3. Find the vector equation of a line
whose cartesian equation is x3j =
y—4 _ z+8

5 6
4. Find the shortest distance between the

lines
F=0+2f+k)+2¢-j+k)
7= (20—j—k)+ui+j+2k)

Cartesian equations of two lines are
-1 -2 -3 —4 -5 -6
e

3

1 -3 2
(a) Write their vector equations
(b) Find the shortest distance between these
lines
Find vector and cartesian equations of
plane passing through (1,4,6) and the
normal vector to the plane is i — 2] + k
Find the equation of plane passing
through the points (3, —1,2), (5,2,4) and
(-1,-1,6)
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12

LINEAR PROGRAMMING PROBLEM
KEY NOTES

% Objective function
Linear function z = ax + by which has to be maximised or minimised is called
objective function
% Constraints
The linear inequalities in a LPP are called constraints.

X/
°

Solving an LPP is to find values of x and y which maximise or minimise the

objective function

% Steps to solve LPP graphically

1. Draw the graphs of the inequalities and identify the intersection region
which is called feasible region

2. Determine the coordinates of the corner points of the feasible region

3. Substitute the values of corner points in objective function, find the
maximum or minimum values of z = ax + by

.

QUESTIONS AND ANSWERS

1. Solvethe L.P.P The feasible region is shaded in the figure

B is the point of intersection of lines
3x+y=15.... 1 &

Subjectto x + 2y < 10 x+2y=10.. .. (2)

(2)X3=3x+6y=30....(3)

Maximize z = 3x + 2y

3x+y <15
B)-1)=5y=15=y=3
%y =0 Wheny = 3,(2) = x+2x3 =10
Sol: x + 2y =10 3x+y=15 x=10—-6=4
xl 0| 10 X 0 5 Bis (4,3)
y| 5 0 y 15 0 Corner points are O (0,0), A (5,0), B (4,3),
and C (0,5)
Points 2=3x+2y
0(0,0) z=3(0)+2(0)=0
A(5,0) z=3(5)+2(0) =15
B(4,3) z=3(4)+2(3) =18
C(0,5) z=3(0)+2(5) =10

Maximum value of Z is 18 at B (4, 3)
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2. Solve the LPP graphically
Maximize Z = 3x + 5y
The constraints are

x+3y<3
x+y<2
x,y =0
Sol:
x+3y=3 x+y=2
x [0 |3 x |0 |2
y |1 |0 y [2 |0

e
>

Shaded region OABC is the feasible
region B is the intersecting point of
the lines

x+3y=3.....(D

x+y =2.....(2)

W -@=2y=1=>y=
Wheny=%,(2)=> x+%

1 3
Sx=2—-=1

2
. 31
~Bis (E’E)
The vertices of the feasible region are
0(0,0),4(2,0),8(3,5),€(0,1)

” N |-

2

3. Solve the LPP given below graphically
Minimize z = —3x + 4y subject to

x+2y<8
3x+2y <12
x=20,y=0
Sol: x+2y=218 3x + 2y = 12
x |0 |8 X [0 |4
y |4 |0 y |6 |0

Feasible region is OABC,
B is the intersecting point of the lines

3x+2y =12 ... ... (2).
2)—-1)=22x=4=>x=2
Whenx =2,(1)= 2+2y =28

=>2y=8-2=6
=>y=3
=~ Bis(2,3)
The corner points of the feasible region
are: 0(0,0), A(4,0), B(2,3)and C(0,4)

Corner point Z = 3x + 5y Corner point Z=—-3x+4y
000,0) |[Z=3x0+5%x0=0 0(0,0) Z7=-3x0+4x0=0
AR20) [Z=3x2+5x0=6 A(4,0) Z=-3x4+4x0=-12
BC,;) |Z=3x2+5x-===7 |B(23) Z=-3%x2+4Xx3=6
C(01) |Z=3%x0+5%x1=5 C(0,4) Z=-3X04+4%x4=16

Maximum value of Zis 7 at B 5,1) ‘ =~ Minimum value of Z = —12 obtained at

22 A(4,0)
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4. Solve the LPP given below graphically
Minimize and maximize Z = 3x + 9y
subject to the constraints

x+3y <60
x+y=10
X<y

x,y =0

x+3y =90
0 |8 x |0 |8

The corner points of the feasible region

Solve the following LPP graphically
1.  Maximize Z=4x+y subject to the
constraints x+y <50
3x+y <90
x>0, y=>0

2.  Minimize Z=200x+500y subject to the
constraints x+2y=>10
3x +4y <24
x>0, y=0

are
A(0,10), (5,5), B(15,15)and D(0,20)

Corner point Z =3x+9y
A(0,10) 90
B(5,5) 60
C(15,15) 180
D(0,20) 180

Minimum value of Z 60 at B(5,5)

Maximum value of Z is 180 at all the
points on the line segment joining
C(15,15) and D(0,20)

PRACTICE PROBLEMS

Minimize and maximize
Z = 5x + 10y subject to the constraints
x+2y <120
x+y=60
x—2y=>0
x,y=0
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PROBABILITY

KEY NOTES

P(A) = % P(A) = 1 — P(A)

P(AorB) = P(AUB) = P(A) + P(B) — P(ANB)

P (A and B) = P(ANB) = P(A) + P(B) — P(AU B)

P(Aand notB) = P(ANnB’) = P(A— B) = P(A) — P(A N B)
* P(notAandnotB) =P(A’'NnB’)=1-P(AUB)

% P(notAornotB)=P(A’UB’)=1-P(ANB)

% P(exactly one of Aand B) = P(AUB) —P(ANB)

X/
°

X/
°

X/
°

X/
°

.

X/
*

% Conditional Probability
If A and B are two events, then the conditional probability of A given B is given by

__ P(ANB)
P(A/B) = P(B)
Note :
We can use the formula P(A/B) = —“fﬁ;f )

where n(A4 N B) is the number of elementsin A N B and
n(B) is the number of elements in B

%

% Independent Events
Two events are said to be independent if the occurrence or non-occurrence of one
event does not affect the occurrence of other.

ie P(A/B) = P(A) and P(B/A) = P(B)
Or
Two events A and B are independent if P(A n B) = P(A) x P(B)

Note:
If A and B are independent events, then
e A’and B are independent events
e A and B’ are independent events
e A’and B’ are independent events.
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1. IfP(4)==,P(B) = —and

P(AN B) = =, then find

(a) P(A/B)
(b) P(B/A)
(c) P(AUB)
Sol:  P(A) = 5:P(B) = ;P(ANB) =
(a) P(A/B) = % =t
_P(ANB) _ 13 _ 4
(b) P(B/A)="000 — % =1

(c) P(AUB) =P(A)+P(B)—P(ANB)
7,9 4 _ 12

13 ' 13 13 13

2. IfP(A)=0.6, P(B)=0.7 and
P(A U B) = 0.9, then find
(a) P (ANB)
(b) P(A/B)
(c) P(B/A)
Sol :

(a) P(AUB) = P(A) + P(B) — P(AN B)
0.9 =0.6+0.7—P(ANB)

P(ANB)=0.6+0.7—09 = 0.4

(b) P(A/B) P(AnB) 0.4 _ 4

P(B) 07 7

B/ \_P@nB) _04 _4_2
(C)P( /A)_ P(4) 06 6 3

QUESTIONS AND ANSWERS

3. IfP(4) = 0.8,P(B) = 05and
P(B|A) = 0.4, find
(i) P(ANB)
(i) P(A|B)
(iii) P(AU B)
Sol :
(i) P(A) =08, P(B) =
P(BJA) = 0.4,
P(ANB)
w0
P(ANB) = 0.4 x P(A)
=0.4x0.8=0.32
. P(ANB) 0.32 32 16
() PA/B) =G = %5 “5 "
(iii) P(AUB)=P(A)+P(B)—P(ANB)

=08+05-0.32=0.98

4.  Tencards numbered 1 to 10 are placed in
a box, mixed up thoroughly and then
one card is drawn randomly. If it is
known that the number on the drawn
card is more than 3, what is the

probability that it is an even number?

Sol :
Let A be the event ‘the number on the
card drawn is even’ and B be the
event ‘the number on the card drawn
is greater than 3°.

Then A = {2,4,6,8,10},&
= {4,5,6,7,8,9,10} and
ANB = {4,6,8,10}
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n(4) =5 n(B)=7 & n(AnB) =

Here we have to find P(A/B)

n(AnB) 4
P(A/B) = @ 7

5. Adie is thrown twice and the sum of

the numbers appearing is observed to

be 6. What is the conditional

probability that the number 4 has
appeared at least once?

Sol:

Let A be the event that ‘number 4
appears at least once’ and B be the
event that ‘the sum of the numbers
appearing is 6’.

Then,
A={(41), (4,2), (43), (44), (4,5),
(4,6),(1,4), (2,4), 3,4), (5.4), (6,4)}

B={(15), (2.4), (33), (4.2), 5.1)}
ANnB = {(24),42)}

n(A) =11, n(B) =5

n(AnNB) =2

Here we have to find P(A/B)

n(A NB) 2

P(A/B) = ®

6. Let A and B be events with P(A) =
P(B) =1—0 and P(AN B) =— . Ar
and B independent?

3
5
re

Sol:
P(A) =2 P(B)=— ,P(ANB) =
P(A) x P(B) % 13—0
=5¢P(AnB)

~ A and B are not independent

4

A

7. Given two independent events A and B
such that P(A)=0.3, P(B)=0.6 find

(i) P(AandB)

(i) P(A and not B)

(iii) P(A or B)

(iv) P(neither A nor B)

Sol :
Given P(A) =03 P(B) = 0.6

P(A)=1-P(A)=1-03=0.7,
P(B)=1-P(B)=1-0.6=04

(i) P(Aand B) =P(ANB)
= P(A).P(B) = 0.3 X 0.6
= 0.18

(i) P(Aand not B) =P(A N B’)
= P(A).P(B")
=03 x 04=0.12
[or P(ANB)=P(A—B)=P(A) —P(ANB)
=0.3-0.18=0.12 ]

(iii) P(AorB)= P(AUB)
= P(4) + P(B) — P(ANB)
=0.3+0.6—0.18 = 0.72

(iv) P(neither A nor B) =P(A’n B’)
= P(A").P(B)
= 0.7 X 0.4 = 0.28
[OrP(ANB)=1—-P(AUB)
=1-0.72=0.28]
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8.  Probability of solving a specific
problem independently by A and B are
1/2 and 1/3 respectively. If both try to
solve the problem independently then,

(i) Find the probability that both of
them solves the problem

(i) Find the probability that problem is
solved

(iii) Find the probability that exactly
one of them solves the problem

(iv) Find the probability that none of
them solves the problem

Sol:
Let A and B denote event that the
problem is solved by A and B
respectively.
1

P(A) =3;P(B) =

Since A and B are independent
11

P(Amf?)=P(A)><p(3)=%><3_g

(i) P(Both of them solves ) = P(A N B)
= P(A) x P(B)[+A &B are independent

1 1 1
=-X-=-
2 3 6

(if) P (Problem solved) = P(AU B)

= P(4) + P(B) — P(ANB)
1 1 1 5 1

_ _ _ 4
6

2 3 6 6 6
(iii) P (exactly one of them solves)
=P(AUB)—P(ANB)

4 1 3 1

6 6 2

(iv) P(none of them solved)= P(A U B)
4 2 1
=1-PAUB) =1-3=2=1

Sol :

10.

Sol :

A die is thrown. If E is the event ‘the
number appearing is a multiple of 3’ and
F be the event ‘the number appearing is
even’ then find whether E and F are
independent?

S =1{1,2,3,4,5,6}
Now E = {3,6},F = {2,4,6}and

ENnF = {6}
_nE _2_ 1,
Then(E)—n(S)—6—3,

n(F)_3_l

PIF) =5 =572
ENF 1
P(E N F) =";£)) =1

P(E) x P(F)=§><%=%=P(EHF)

Hence E and F are independent events

If A and B are two independent events,
then, prove that the probability of
occurrence of at least one of A and B is
given by 1- P(A)' P(B")

We have
P (at least one of Aand B) = P(A U B)
= P(A) + P(B) — P(A n B)
= P(A) + P(B) — P(A) P(B)
= P(A) + P(B) [1 - P(A)]
= P(A) + P(B).P(A)
= 1— P(4) + P(B) P(4)
= 1= P(A)[1- P(B)]
=1- P(4)P(B)
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1. Evaluate P(AUB), if
2P(4) = P(B) = —and P(A|B) =2

2. IfP(A) = 1;‘1 ,P(B) = %and
P(AUB) = ﬁ find
(i) P(ANB)
(ii) P(A|B)
(i) P(B|A)

3. Let A and B be independent events with
P (A) =0.3 and P(B) = 0.4. Find
(i) P(A n B)
(i) P(A U B)
(iii) P (A|B)
(iv) P (BlA)

PRACTICE PROBLEMS

4.

Events A and B are such that P(A) = 1/2,
P(B) = 7/12 and P(not A or not B) =%
State whether A and B are independent ?

If A and B are two independent events,
then prove that A and B’ are independent
events.

The probability that A solves a problem is
% and the probability that B solve the

problem is % If both try to solve the

problem  independently. Find the
probability, that :
(i) The problem is solved.
(i1) None of them solve the problem.
(iii)Exactly one of them solves the problem.

Two events E and F are such that

P(E) = 0.6, P(F) = 0.2 and
P(EUF)=10.68Are E and F
independent?
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