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RELATIONS AND FUNCTIONS 

KEY NOTES 

❖ Functions (Mappings) : A relation R from a set A to another set B is called a 

function or mapping if it satisfies the following conditions  

     (i) Every element in A should have an image in B 

(ii) For any element in A, there should not be more than one image in B 

Eg : Consider the sets A={1,2,3} and B={4,5,6,7} . Let R be a relation from A to 

B such that R={(1,4), (2,5), (3,6)}. The arrow diagram of the above relation is 

given by 
BA

1

2

3

4

5

6

7

The relation R is a function since every element in A has image and no 

element has more than one image. 

Here, domain = {1,2,3} and Range = {4,5,6} , co-domain is {4,5,6,7} 

Note : 

If the elements of a set A of a given function are 𝑥1, 𝑥2, ⋯⋯𝑥𝑛 , the 

images are represented by 𝑓(𝑥1), 𝑓(𝑥2),⋯⋯𝑓(𝑥𝑛) 

❖ Types of functions 

➢ One-one function 
 A function 𝑓 ∶ 𝐴 → 𝐵 is said to be one-one if different elements have different 

images 

i.e., if 𝑥1 and 𝑥2 are different then 𝑓(𝑥1) and 𝑓(𝑥2) are different.

In other words, if 𝑓(𝑥1) and 𝑓(𝑥2) are same, then  𝑥1 and 𝑥2 must be same. 

or 

𝒇(𝒙𝟏) = 𝒇(𝒙𝟐) ⟹ 𝒙𝟏 = 𝒙𝟐

➢ Many-one function 

A function which is not one-one is called many one function. 

1 



4 
വിജയഭേരി , മലപ്പുറം ജിലലാ പഞ്ചായത്ത്

➢ On-to function 

If every elements in B have a preimage in A, then the mapping is said to be on-to. 

In an on-to mapping; Range of 𝒇 = co-domain 

➢ In-to function 

A function which is not on-to is called into function. 

In an in-to mapping; Range of 𝑓 ⊂ co-domain 

➢ Bijective function 

A function which is both one one and onto is called bijective function 

• To find out whether a function is one-one or not, we use the following method

(i)  Draw the graph of the function 

(ii) Draw lines parallel to x-axis 

     (iii) If any of the above line intersects the function at more than one point, it is not      

a one-one function. 

      (iv) If all the lines intersect the curve in at least one point, the function   is on-to 

❖ Inverse of a function 

If  𝑓: A →  B is a bijective function, then 𝑓−1 ∶ 𝐵 → 𝐴 is the inverse of the 𝑓

defined by 𝑓−1(𝑦) = 𝑥 if and only if 𝑓(𝑥) = 𝑦

• Functions having inverse are called invertible functions

• A function is invertible if and only if it is bijective
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1. Consider the set A = {1, 2, 3,4}

B= {a, b, c, d, e, f} Let 𝑓 ∶ 𝐴 → 𝐵 be

a function defined by

𝑓: {(1, 𝑎), (2, 𝑏), (3, 𝑑), (4, 𝑐)}
(a) Is f one one or onto 

(b) Does 𝑓−1 exists? Explain

Sol: 

(a) Let us draw the arrow diagram of the 

function

A

B

:

A

B

1

2

3

f

in-to mapping

4

a

b

c

d

e

f

Here, every element in A has different 

image in B. Hence the  mapping is 

one-one 

Range of 𝑓 = {𝑎, 𝑏, 𝑐, 𝑑} 
Co domain =  {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓} 
Range of 𝑓 ≠ Co domain 

∴ The mapping is not onto  

(b) 𝑓−1does not exists ∵f is not bijective

2. Consider the function

𝑓: {1,2,3}  →  {4, 5} defined by

𝑓 =  {(1,4), (2,4), (3,5)}.

(a) Is f one one or onto 

(b) Does 𝑓−1 exists? Explain

Sol:  
BA

1

2

3

4

5

(a) Here 𝑓(1) = 4 𝑎𝑛𝑑 𝑓(2) = 4 

Hence 𝑓 is not one one.   

Co domain =  {4,5} = Range 

∴ f is onto  

(b) 𝑓−1does not exists ∵f is not bijective

3. Let A = { 2, 3, 4,5} , B = {7,9,11,13}.

Consider the function 𝑓 ∶ 𝐴 → 𝐵 defined

by 𝑓(2) = 7, 𝑓(3) = 9,
𝑓(4) = 11 𝑎𝑛𝑑 𝑓(5) = 13  

(a) Show that f is one- one and onto 

(b) Find     𝑓−1

 Sol: 

𝑓 = {(2,7), (3,9), (4,11), (5,13)}. 

(a) Here, every element in A has different 

image in B. Hence the mapping is one-

one 

  Co domain ={7,9,11,13}=Range 

 Range of 𝑓 = Co domain 

       ∴ 𝑓 is onto ⇒𝑓 is bijective  

(b) 𝑓−1 = {(7,2), (9,3), (11,4), (13,5)}

4. Show that the function f : N→ N defined

by 𝑓(𝑥) = 2𝑥  is one one but not onto

Sol: 

     Let   𝑓(𝑥1) = 𝑓(𝑥2)
⇒ 2𝑥1 = 2𝑥2

⇒ 𝑥1 = 𝑥2  ⇒ 𝑓 is one one

Let    𝑦 = 2𝑥 ⇒ 𝑥 =
𝑦

2

When 𝑦 = 1 , 𝑥 =
1

2
∉ 𝑁 (𝐷𝑜𝑚𝑎𝑖𝑛) 

      ie  1∊ Co domain has no pre image in 

      Domain  

∴ 𝑓 is not onto 

QUESTIONS AND ANSWERS 
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5. Let f : R → R be a function defined by

𝑓(𝑥) = 4𝑥 + 3. 

(a) Show that f is bijective 

(b) Find 𝑓−1.

Sol: 

(a) Let  𝑓(𝑥1) = 𝑓(𝑥2)

⇒ 4𝑥1 + 3 = 4𝑥2 + 3

⇒ 4𝑥1 = 4𝑥2

⇒  𝑥1 = 𝑥2 

⇒ 𝑓 is one one

Let     𝑦 = 4𝑥 + 3 

 4𝑥 = 𝑦 − 3 

𝑥 =
𝑦−3

4
∊ 𝑅(Domain) 

 for all 𝑦 ∊ 𝑅(Co domain) 

∴ Range of 𝑓 = Co domain 

⇒𝑓 is bijective

(b)   ∴ 𝑓−1(𝑦) =
𝑦−3

4

❖ Composition of function 

Let 𝑓: 𝐴 → 𝐵 and 𝑔 ∶ 𝐵 → 𝐶 be two functions then the composition of 𝑓 and 𝑔 

denoted by 𝑔𝑜𝑓 ∶ 𝐴 → 𝐶 defined as 𝒈𝒐𝒇(𝒙) = 𝒈(𝒇(𝒙))

f A B:

A B C

1

2

3

4

a

b

c

d

3

4

5

g B: C gof A:

A C

1

2

3

4

3

4

5

C

• 𝒇𝒐𝒈(𝒙) = 𝒇(𝒈(𝒙))

• 𝒇𝒐𝒈(𝒙) = 𝒈𝒐𝒇(𝒙) = 𝒙 ⟹ 𝒇−𝟏(𝒙) = 𝒈(𝒙) and 𝒈−𝟏(𝒙) = 𝒇(𝒙)

• 𝒇𝒐𝒇(𝒙) = 𝒙 ⟹ 𝒇−𝟏 = 𝒇
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1. Find 𝑓𝑜𝑔 and 𝑔𝑜𝑓 of the following

(a) 𝑓(𝑥) = sin 𝑥 , 𝑔(𝑥) = |𝑥|
(b) 𝑓(𝑥) = cos 𝑥 , 𝑔(𝑥) = 3𝑥2

(c) 𝑓(𝑥) = 8𝑥3 , 𝑔(𝑥) = 𝑥
1

3

Sol : 

(a)  𝑓𝑜𝑔(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓(|𝑥|) = sin |𝑥| 
𝑔𝑜𝑓(𝑥) = 𝑔(𝑓(𝑥) = 𝑔(sin 𝑥)|=|sin 𝑥| 

(b) 𝑓𝑜𝑔(𝑥)  = 𝑓(𝑔(𝑥)) 

= 𝑓(3𝑥2)  = cos(3𝑥2)

  𝑔𝑜𝑓(𝑥)  = 𝑔(𝑓(𝑥)) 

 = 𝑔(cos 𝑥) = 3 cos2 𝑥

(c) 𝑓𝑜𝑔(𝑥)  = 𝑓(𝑔(𝑥)) 

= 𝑓(𝑥1/3 )  = 8 (𝑥
1

3)
3

= 8𝑥 

   𝑔𝑜𝑓(𝑥)  = 𝑔(𝑓(𝑥)) 

 = 𝑔(8𝑥3) = (8𝑥3)
1

3 = 8
1

3 (𝑥3)
1

3

 = 2𝑥  
2. If 𝑓(𝑥) = 2𝑥 + 1 , find 𝑓𝑜𝑓(𝑥)
Sol :    𝑓(𝑥) = 2𝑥 + 1 

   𝑓𝑜𝑓(𝑥) = 𝑓(𝑓(𝑥)) 

= 𝑓(2𝑥 + 1)  

= 2(2𝑥 + 1) + 1 

= 4𝑥 + 2 + 1  

= 4𝑥 + 3 

3. Let 𝑓 ∶ {1,3,4} → {3,4,5} and 𝑔 ∶

{3,4,5} → {6,8,10} be functions defined

by 𝑓(1) = 3, 𝑓(3) = 4, 𝑓(4) = 5 ,

𝑔(3) = 6, 𝑔(4) = 8, 𝑔(5) = 10, Find

𝑔𝑜𝑓

Sol : 

1

3

4

3

4

5

6

8

10

f g

gof

𝑔𝑜𝑓 = {(1,6), (3,8), (4,10)} 

[ 𝑔𝑜𝑓(1) = 𝑔(𝑓(1)) = 𝑔(3) = 6 ; 

 𝑔𝑜𝑓(3) = 𝑔(𝑓(4)) = 𝑔(4) = 8 ;  

𝑔𝑜𝑓(4) = 𝑔(𝑓(5)) = 𝑔(5) = 10] 

1. Consider the sets A ={1,2,3,4,5 } ,

 B = { 1, 4, 9, 16, 25 } and a  function    

𝑓: 𝐴 → 𝐵 defined by 𝑓(1) = 1,𝑓(2) = 4, 

𝑓(3) = 9, 𝑓(4) = 16 and 𝑓(5) = 25 

(a) Show that 𝑓 is bijective  

(b) Find 𝑓−1

2. Show that the following functions

are invertible. Also find  𝑓−1

(a)  𝑓: 𝑅 → 𝑅 given by 𝑓(𝑥) = 5𝑥 + 2 

(b) 𝑓: 𝑅 → 𝑅 given by 𝑓(𝑥) = 2𝑥 + 1 

(c)  𝑓: 𝑅 → 𝑅 given by  𝑓(𝑥) =
3𝑥+4

2

3. Show that 𝑓: [−1,1] → 𝑅 given by

 𝑓(𝑥) =
𝑥

𝑥+2
 is one-one 

4. If 𝑓(𝑥) =
𝑥

𝑥−1
 , 𝑥 ≠ 1 

 (a) Find 𝑓𝑜𝑓(𝑥) 

 (b) Find the inverse of 𝑓 

5. Find 𝑓𝑜𝑔 and 𝑔𝑜𝑓 of the following

(a) 𝑓(𝑥) = |𝑥| ,  𝑔(𝑥) = 5𝑥 + 2 

(b) 𝑓(𝑥) = sin 𝑥 , 𝑔(𝑥) = cos 𝑥 

(c) 𝑓(𝑥) = 27𝑥3, 𝑔(𝑥) = 𝑥1/3

PRACTICE PROBLEMS 

QUESTIONS AND ANSWERS 
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INVERSE TRIGONOMETRIC FUNCTIONS 

KEY NOTES 

❖ If  sin 𝑥 = 𝜃 , then 𝑥 = 𝑠𝑖𝑛−1𝜃

Properties : 

✓ sin−1 (
1

𝑥
) = cosec−1 𝑥 ; cosec−1 (

1

𝑥
) = sin−1 𝑥

✓ cos−1 (
1

𝑥
) = sec−1 𝑥 ; sec−1 (

1

𝑥
) = cos−1 𝑥

✓ tan−1 (
1

𝑥
) = cot−1 𝑥 ; cot−1 (

1

𝑥
) = tan−1 𝑥

1. sin−1(−𝑥)  =    −sin−1 𝑥     ;  x  ∈ [-1, 1]

2. tan−1(−𝑥)  =    − tan−1 𝑥    ;  x  ∈ R

3. cosec−1(−𝑥) = −cosec−1 𝑥    ; |x| ≥ 1

1. cos−1(−𝑥) = 𝜋 − cos−1 𝑥   ; x ∈ [-1, 1]

2. sec−1(−𝑥) = 𝜋 − sec−1 𝑥   ; |x| ≥ 1

3. cot−1(−𝑥) = 𝜋 − cot−1 𝑥   ; x ∈ R

1. sin−1 𝑥 + cos−1 𝑥 = 
𝜋

2
    ;  x ∈  [-1, 1] 

2. tan−1 𝑥 + cot−1 𝑥 = 
𝜋

2
   ;  x ∈ R 

3. csc−1 𝑥 + sec−1 𝑥 = 
𝜋

2
   ; |x| ≥ 1 

1. tan−1 𝑥 + tan−1 𝑦 = tan−1 (
𝑥+𝑦

1−𝑥𝑦
) ; xy < 1  

2. tan−1 𝑥 - tan−1 𝑦 = tan−1 (
𝑥−𝑦

1+𝑥𝑦
) ; xy > 1 

2 
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1. Prove that  sin−1 𝑥 + cos−1 𝑥 =
𝜋

2

Sol : 

Let  sin−1 𝑥 = 𝜃 …… (1)

   𝑥 = sin 𝜃 

𝑥 = cos (
𝜋

2
− 𝜃) 

cos−1 𝑥 =
𝜋

2
− 𝜃 

cos−1 𝑥 +  𝜃 =
𝜋

2

cos−1 𝑥 + sin−1 𝑥 =
𝜋

2
 (from eqn (1)) 

2. Prove that tan−1𝑥 + tan−1𝑦 = tan−1 (
𝑥+y

1−𝑥y
) 

Sol : 

Let tan−1 𝑥 = 𝜃 and tan−1 𝑦 = ∅

 Then 𝑥 = tan 𝜃 and 𝑦 = tan∅ 

We know that 

 tan(𝜃 + ∅) =
 tan 𝜃+ tan ∅

1− tan 𝜃⋅ tan ∅

=
𝑥 + 𝑦

1 − 𝑥𝑦

𝜃 + ∅ = tan−1 (
𝑥+y

1−𝑥y
) 

tan−1𝑥 + tan−1𝑦 = tan−1 (
𝑥+y

1−𝑥y
) 

3. Prove that 𝑡𝑎𝑛−1 1

2
+ 𝑡𝑎𝑛−1 2

11
= 𝑡𝑎𝑛−1 3

4

    Sol : 

tan−1 1

2
+ 𝑡𝑎𝑛−1 2

11
= tan−1 (

1

2
+

2

11

1−
1

2
×

2

11

) 

=  tan−1 (
1×11+2×2

2×11−1×2
) 

= tan−1 (
15

20
) = 𝑡𝑎𝑛−1 3

4

4. Solve : tan−12𝑥 + tan−13𝑥 =
𝜋

4

 Sol : 

tan−12𝑥 + 𝑡𝑎𝑛−13𝑥 =
𝜋

4

⇒ 𝑡𝑎𝑛−1 (
2𝑥+3𝑥

1−2𝑥.3𝑥
) =

𝜋

4

⇒ 
5𝑥

1−6𝑥2 =  𝑡𝑎𝑛 
𝜋

4
= 1

⇒ 5𝑥 = 1 − 6𝑥2

⇒ 6𝑥2 + 5𝑥 − 1 = 0

𝑥 =
−5± √52−4×6×−1

2×6

=
−5±√49

12
=

−5±7

12

⇒ 𝑥 =
2

12
or  𝑥 = −

12

12

⇒ 𝑥 =
1

6
  or  𝑥 = −1 

𝑥 = −1 does not satisfy the equation 

as LHS of the equation becomes 

negative. 

∴  𝑥 =
1

6

QUESTIONS AND ANSWERS 

1. 2 tan−1 𝑥 = sin−1 2𝑥

1+𝑥2
  ; |𝑥|  <  1  

2. 2 tan−1 𝑥 = cos−1 1−𝑥2

1+𝑥2
  ; x ≥ 0 

3. 2 tan−1 𝑥 = tan−1 2𝑥

1−𝑥2
  ; |x| < 1 
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5. Find the value of cos(sec−1 𝑥 + cosec−1 𝑥)
Sol : 

cos(sec−1 𝑥 + cosec−1 𝑥) = cos
𝜋

2
  = 0

(By property) 

6. If sin [sin−1 (
1

5
) + cos−1 𝑥] = 1, find

the value of 𝑥.

Sol : 

sin [sin−1 (
1

5
) + cos−1 𝑥] = 1

sin−1 (
1

5
) + cos−1 𝑥 = sin−1 1 = 

𝜋

2

sin−1 (
1

5
) + cos−1 𝑥 = 

𝜋

2

∴  𝑥 =
1

5

since  sin−1 𝑥 + cos−1 𝑥 = 
𝜋

2

7. Prove that 2 𝑡𝑎𝑛−1 1

2
+ 𝑡𝑎𝑛−1 1

7
= 𝑡𝑎𝑛−1 31

17

Sol: 

2 tan−1 1

2
+ tan−1 1

7

= tan−1 1

2
+ tan−1 1

2
+ tan−1 1

7

= tan−1 (
1

2
+

1

2

1−
1

2
×

1

2

) + tan−1 1

7

= tan−1 (
1×2+1×2

2×2−1×1
) + tan−1 1

7

= tan−1 4

3
+ tan−1 1

7

= tan−1 (
4

3
+

1

7

1−
4

3
×

1

7

) 

= tan−1 (
4×7+3×1

3×7−4×1
) 

= tan−1 (
31

17
) 

1. Prove that tan−1 𝑥 + cot−1 𝑥 =
𝜋

2

2. Prove that 𝑡𝑎𝑛−1 2

11
+ 𝑡𝑎𝑛−1 7

24
= 𝑡𝑎𝑛−1 1

2

3. Prove that sec−1 𝑥 + cosec−1 𝑥 =
𝜋

2

4. Express 𝑡𝑎𝑛−1 (
√1+𝑥2−1

𝑥
) , 𝑥 ≠ 0 in 

the simplest form 

5. Solve tan−1 (
1−𝑥

1+𝑥
) =

1

2
tan−1 𝑥, 𝑥 > 0.

6. Show that  sin−1 3

5
− sin−1 8

17
= cos−1 84

85

PRACTICE PROBLEMS 
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MATRICES 

KEY NOTES 

❖ Matrix is an array of objects arranged in rows and columns. 

❖ If a matrix has ‘𝑚’ rows and ‘𝑛’ columns, its order is 𝑚 × 𝑛 (read as 𝑚 by 𝑛) 

❖ General form of an 𝑚 × 𝑛 matrix. 

[

𝑎11 𝑎12
𝑎13 …… . . 𝑎1𝑗 ……… 𝑎1𝑛

𝑎21 𝑎22
𝑎23 …… . . 𝑎2𝑗 ……… 𝑎2𝑛

…………………………………………… .
…………………………………………… .
𝑎𝑖1 𝑎𝑖2

𝑎𝑖3 …… . . 𝑎𝑖𝑗 ……… 𝑎𝑖𝑛
…………………………………………… .…………………………………………… .

𝑎𝑚1 𝑎𝑚2
𝑎𝑚3 …… . . 𝑎𝑚𝑗 ……… 𝑎𝑚𝑛]

❖ Types of matrices 

(i) Row matrix : Matrix having only one row. 

Eg : 𝐴 = [1 2 3 4] 

(ii) Column matrix : Matrix having only one column. 

Eg : [

1
2
3
4

] 

(iii) Square matrix : Matrix in which number of rows = Number of columns 

Eg : 𝐶 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

Here, 𝑎11, 𝑎22, 𝑎33 are called diagonal elements 

(iv) Diagonal matrix  : A square matrix in which all non-diagonal elements are 

Zero 

(v) Scalar matrix  : A diagonal matrix in which all diagonal elements are 

same  

(vi) Identity matrix  : A diagonal matrix in which all diagonal elements are 

unity. It is denoted by 𝐼 

𝐼2 = [
1 0
0 1

]  , 𝐼3 = [
1 0 0
0 1 0
0 0 1

] 

(vii) Zero matrix : A matrix in which all elements are zero. 

It is denoted by O 

❖ Equality of matrices : Two matrices are said to be equal if 

(a) They are of the same order 

(b) Each element of A = Corresponding element of B 

3 
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❖ Operations on matrices  : 

Addition 

(𝐴 + 𝐵) 

𝐴 and 𝐵 should be of the same order  

𝐴 + 𝐵 is obtained by adding the 

corresponding elements of 𝐴 and 𝐵 

Subtraction 

(𝐴 − 𝐵) 

𝐴 and 𝐵 should be of the same order  

A-B is obtained by subtracting the 

corresponding elements of 𝐴 and 𝐵 

Scalar multiplication 

(𝑘𝐴) 

For any scalar 𝑘, 𝑘𝐴 is obtained by 

multiplying each element of 𝐴 by 𝑘 

Multiplication 

(𝐴𝐵) 

𝐴𝐵 exists only when number of 

columns of 𝐴 = Number of rows of 𝐵 
(𝑖, 𝑗)th  element of 𝐴𝐵 is the sum of 
the product of elements in 𝑖th row 
of A and 𝑖th column of 𝐵. 

𝐴𝑚×𝑝 × 𝐵𝑝×𝑛 = (𝐴𝐵)𝑚×𝑛 

. 

❖ 𝐴2 = 𝐴 ∙ 𝐴 , 𝐴3 = 𝐴2 ∙ 𝐴 = 𝐴 ∙ 𝐴 ∙ 𝐴 and so on.

❖ 𝐼𝑛 = 𝐼
❖ Transpose of a matrix : It is the matrix obtained by interchanging the rows and 

 columns of the original matrix. Transpose of A is 

denoted by 𝐴′ or 𝐴𝑇

❖ If order of A is 𝑚 × 𝑛 , then order of 𝐴′ will be 𝑛 × 𝑚 

❖ (𝐴′)′ = 𝐴 , (𝐴 + 𝐵)′ = 𝐴′ + 𝐵′ , (𝐴 − 𝐵)′ = 𝐴′ − 𝐵′ , (𝑘𝐴)′ = 𝑘𝐴′ , (𝐴𝐵)′ = 𝐵′𝐴′
❖ Symmetric matrix  : A square matrix is said to be symmetric if 𝐴′ = 𝐴
❖ Skew-symmetric matrix  : A square matrix is said to be skew symmetric if 𝐴′ = −𝐴
❖ All diagonal elements of a skew symmetric matrix are zero 

❖ Every square matrix can be expressed as the sum of a symmetric and a skew 

symmetric matrix. 

𝑨 =
𝟏

𝟐
(𝑨 + 𝑨′) +

𝟏

𝟐
(𝑨 − 𝑨′) 

Symmetric part of   A = 
𝟏

𝟐
(𝑨 + 𝑨′) 

Skew symmetric part of A = 
𝟏

𝟐
(𝑨 − 𝑨′) 
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1. (a) Construct a 2x2 matrix  𝐴 = [𝑎𝑖𝑗]

whose elements are  given by 

𝑎𝑖𝑗 = 2𝑖 + 𝑗 

(b) Find 𝐴2.

Sol : 

 (a) Consider the matrix 𝐴 = [
𝑎11 𝑎12

𝑎21 𝑎22
]

Given 𝑎𝑖𝑗 = 2𝑖 + 𝑗 

 𝑎11 = 2 × 1 + 1 = 3; 𝑎12 = 2 × 1 + 2 = 4 

      𝑎21 = 2 × 2 + 1 = 5; 𝑎22 = 2 × 2 + 2 = 6 

∴ 𝐴 = [
3 4
5 6

] 

(b) 𝐴2 = [
3 4
5 6

] [
3 4
5 6

] 

= [
(3 × 3) + (4 × 5) (3 × 4) + (4 × 6)

(5 × 3) + (6 × 5) (5 × 4) + (6 × 6)
] 

𝐴2 = [
29 36
45 56

] 

2. If  𝐴 = [
1 2 3
2 3 1

] and 𝐵 = [
 3 −1 3

−1  0 2
] 

Find 2𝐴 − 𝐵 

Sol: 

 𝐴 = [
1 2 3
2 3 1

] , 𝐵 = [
 3 −1 3

−1  0 2
] 

        2𝐴 = 2 [
1 2 3
2 3 1

] = [
2 × 1 2 × 2 2 × 3
2 × 2 2 × 3 2 × 1

] 

= [
2 4 6
4 6 2

] 

2𝐴 − 𝐵 = [
2 4 6
4 6 2

] − [
 3 −1 3

−1  0 2
] 

= [
2 − 3 4−−1 6 − 3
4−−1 6 − 0 2 − 2

] = [
−1 5 3
 5 6 0

] 

3. If = [
1 −2 3

−4 2 5
] , 𝐵 = [

2 3
4 5
2 1

]. Find  

𝐴𝐵 and BA. Show that 𝐴𝐵 ≠ 𝐵𝐴 

Sol : 

𝐴 = [
1 −2 3

−4 2 5
]  , 𝐵 = [

2 3
4 5
2 1

]. 

𝑨𝑩 = [
(𝟏 × 𝟐) + (−𝟐 × 𝟒) + (𝟑 × 𝟐) (𝟏 × 𝟑) + (−𝟐 × 𝟓) + (𝟑 × 𝟏)
(−𝟒 × 𝟐) + (𝟐 × 𝟒) + (𝟓 × 𝟐) (−𝟒 × 𝟑) + (𝟐 × 𝟓) + (𝟓 × 𝟏)

] 

= [
2 − 8 + 6 3 − 10 + 3

−8 + 8 + 10 −12 + 10 + 5
] 

= [
0 −4
10  3

] 

𝐵𝐴 = [
2 3
4 5
2 1

] [
 1 −2 3

−4  2 5
]   

= [

(𝟐 × 𝟏) + (𝟑 × −𝟒) (𝟐 × −𝟐) + (𝟑 × 𝟐) (𝟐 × 𝟑) + (𝟑 × 𝟓)

(𝟒 × 𝟏) + (𝟓 × −𝟒) (𝟒 × −𝟐) + (𝟓 × 𝟐) (𝟒 × 𝟑) + (𝟓 × 𝟓)

(𝟐 × 𝟏) + (𝟏 × −𝟒) (𝟐 × −𝟐) + (𝟏 × 𝟐) (𝟐 × 𝟑) + (𝟏 × 𝟓)

] 

= [
2 − 12 −4 + 6 6 + 15
4 − 20 −8 + 10 12 + 25
2 − 4 −4 + 2 6 + 5

] 

= [
−10 2 21
−16 2 37
−2 −2 11

]  

Clearly 𝐴𝐵 ≠ 𝐵𝐴 

4. If 𝐴 = [
 3 1

−1 2
], show that 

𝐴2 − 5𝐴 + 7𝐼 = O

Sol : 

      𝐴 = [
 3 1

−1 2
] 

𝐴2 = 𝐴 × 𝐴 = [
  3 1
−1 2

] [
 3 1

−1 2
] 

 𝐴2  = [
3 × 3 + 1 × −1 3 × 1 + 1 × 2

−1 × 3 + 2 × −1 −1 × 1 + 2 × 2
] 

QUESTIONS AND ANSWERS 
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  = [
 8 5

−5 3
] 

  5𝐴 = 5 [
 3 1

−1 2
] = [

15 5
−5 10

] 

   7𝐼 = [
7 0
0 7

] 

∴ 𝐴2 − 5𝐴 + 7𝐼

= [
 8 5

−5 3
] − [

15 5
−5 10

]+[
7 0
0 7

] 

= [
0 0
0 0

] = O 

5. Consider the matrix 𝐴 = [
3 −2
4 −2

] 

(a) Find 𝐴2

(b) Find k so that 𝐴2 = 𝐾𝐴 − 2𝐼

Sol : 

 (a) 𝐴 = [
3 −2
4 −2

] 

 𝐴2 = [
3 −2
4 −2

] [
3 −2
4 −2

] 

  = [
3 × 3 + −2 × 4 3 × −2 + −2 × −2
4 × 3 + −2 × 4 4 × −2 + −2 × −2

] 

    = [
1 −2
4 −4

]  

(b) 𝐴2  = 𝐾𝐴 − 2𝐼

𝐾𝐴 = 𝐴2 + 2𝐼

  𝐾 [
3 −2
4 −2

] = [
1 −2
4 −4

] + [
2 0
0 2

] 

[
3𝐾 −2𝐾
4𝐾 −2𝐾

] = [
3 −2
4 −2

] 

⇒ 3𝐾 = 3

⇒  𝐾 = 1 

6. If [
𝑥 + 3 2
2𝑧 4

] = [
0 2
6 𝑦 − 1

] , find 

𝑥, 𝑦 and 𝑧 

Sol: 

         Given [
𝑥 + 3 2
2𝑧 4

] = [
0 2
6 𝑦 − 1

] 

      ∴ the corresponding elements are equal 

⇒ 𝑥 + 3 = 0,   2𝑧 = 6, 𝑎𝑛𝑑 4 = 𝑦 − 1

⇒ 𝑥 = 0 − 3 = −3

𝑧 =
6

2
= 3

 𝑦 = 4 + 1 = 5 

7. (a) Find 𝑋 and 𝑌 if 𝑋 + 𝑌 = [
5 2
0 9

] and 

𝑋 − 𝑌 = [
3 6
0 −1

] 

(b) Find 𝑥 and 𝑦 if 𝑥 [
2
3
] + 𝑦 [

−1
 1

] = [
10
15

] 

Sol : 

 (a) 𝑋 + 𝑌 = [
5 2
0 9

] ……   (1) 

 𝑋 − 𝑌 = [
3  6
0 −1

] …… (2) 

 (1) + (2) ⟹ 2𝑋 = [
8 8
0 8

] 

⟹ 𝑋 = [
4 4
0 4

] 

 Substituting in (1) , 

[
4 4
0 4

] + 𝑌 = [
5 2
0 9

] 

𝑌 = [
5 2
0 9

] − [
4 4
0 4

] 

𝑌 = [
1 −2
0  5

] 

(b)  𝑥 [
2
3
] + 𝑦 [

−1
 1

] = [
10
15

] 

[
2𝑥
3𝑥

] + [
−𝑦
 𝑦] = [

10
15

] 

          [
2𝑥 − 𝑦
3𝑥 + 𝑦

] = [
10
15

] 
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2𝑥 − 𝑦 = 10 …… (1) 

 3𝑥 + 𝑦 = 15 …….. (2) 

(1) + (2) ⟹ 5𝑥 = 25 ⟹ 𝑥 = 5 

(1) ⟹ 10 − 𝑦 = 10 ⟹ 𝑦 = 0 

8.(a) If a matrix has 24 elements, what are 

the possible orders it can have. 

(b) Find the value of 𝑥, 𝑦 and  𝑧 if 

[

𝑥 + 𝑦 + 𝑧
𝑥 + 𝑧
𝑦 + 𝑧

] = [
9
5
7
] 

Sol : 

(a) The possible orders are 1 × 24 , 24 × 1 

2 × 12 , 12 × 2 , 3 × 8 , 8 × 3, 4 × 6 , 

6 × 4 

(b) 

[

𝑥 + 𝑦 + 𝑧
𝑥 + 𝑧
𝑦 + 𝑧

] = [
9
5
7
] 

Equating the corresponding elements, 

𝑥 + 𝑦 + 𝑧 = 9 ….. (1) 

       𝑥 + 𝑧 = 5 ….. (2) 

       𝑦 + 𝑧 = 7 ….. (3) 

(1) - (2) ⟹ 𝑦 = 9 − 5 = 4 

Substituting in (3) , 4 + 𝑧 = 7 

𝑧 = 7 − 4 = 3 

(1) ⟹  𝑥 + 4 + 3 = 9 

𝑥 = 9 − 7 = 2 

𝑥 = 2, 𝑦 = 4, 𝑧 = 3 

9. If 𝑥 [
2
3
] + 𝑦 [

−1
 1

] = [
10
5

] find 𝑥& 𝑦 

        [
2𝑥
3𝑥

] + [
−𝑦
 𝑦

] = [
10
5

] 

     2𝑥 − 𝑦 = 10 

3𝑥 + 𝑦 = 5 

      5𝑥 + 0 = 15 

𝑥 =
15

5
  ; 𝑥 = 3  

 2𝑥 − 𝑦 = 10 ⇒ 2 × 3 − 𝑦 = 10 

     6 − 𝑦 = 10 ⇒ 6 − 10 = 𝑦  

  𝑦 = −4 

10. (a) If A is a matrix of order 2 × 3 , then 𝐴𝑇

will be of the order ………. 

(b) If 𝐴 = [
2 3 −1
0 1  7

]  Find 𝐴𝑇and

show that (𝐴𝑇)𝑇 = 𝐴

Sol : 

(a) 3 × 2 

(b)        𝐴 = [
2 3 −1
0 1  7

]. 

𝐴𝑇 = [
2 0
3 1

−1 7
] 

(𝐴𝑇)𝑇 = [
2 3 −1
0 1  7

] = 𝐴 

11. For the symmetric matrix

𝐴 = [
2 𝑥 4
5 3 8
4 𝑦 9

] , find the values of x 

and y 

Sol : 

For a symmetric matrix, 𝐴 = 𝐴′

 Here  𝐴 = [
2 𝑥 4
5 3 8
4 𝑦 9

] ;  𝐴′ = [
2 5 4
𝑥 3 𝑦
4 8 9

] 

𝐴 = 𝐴′ ⇒ 𝑥 = 5 and 𝑦 = 8 

12. Consider a 2 × 2 matrix 𝐴 = [𝑎𝑖𝑗] with

𝑎𝑖𝑗 = 2𝑖 + 𝑗.

 (a) Construct A 

 (b) Find 𝐴 + 𝐴’ and 𝐴 − 𝐴’ 

(c) Express 𝐴 as the sum of a symmetric and 

skew-symmetric matrix. 
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     Sol : 

(a) Consider a 2 × 2 matrix, 𝐴 = [
𝑎11 𝑎12

𝑎21 𝑎22
]

Given 𝑎𝑖𝑗 = 2𝑖 + 𝑗 

𝑎11 = 2 × 1 + 1 = 3 ; 𝑎12 = 2 × 1 + 2 = 4 

  𝑎21 = 2 × 2 + 1 = 5 ; 𝑎22 = 2 × 2 + 2 = 6 

∴ 𝐴 = [
3 4
5 6

] 

 (b) 𝐴′ = [
3 5
4 6

] 

𝐴 + 𝐴′ = [
3 4
5 6

] + [
3 5
4 6

] 

= [
3 + 3 4 + 5
5 + 4 6 + 6

] = [
6 9
9 12

] 

  𝐴 − 𝐴′ = [
3 4
5 6

] − [
3 5
4 6

] 

= [
3 − 3 4 − 5
5 − 4 6 − 6

] = [
0 −1
1  0

] 

(c) 
1

2
(𝐴 + 𝐴′) =

1

2
[
6 9
9 12

] 

⇒ It is Symmetric

1

2
(𝐴 − 𝐴′) =

1

2
[
0 −1
1  0

] 

⇒ It is skew-symmetric

1

2
(𝐴 + 𝐴′) +

1

2
(𝐴 − 𝐴′) 

=
1

2
[
6 9
9 12

] +
1

2
[
0 −1
1  0

] 

 = [
3 4
5 6

] = 𝐴 

13. (a) If 𝐴 = [
0 1
0 0

] , 𝐵 = [
1 0
0 0

], then 

find BA 

(b)  Write 𝐴 = [
3  5
1 −1

] as the sum of a 

symmetric and a skew-symmetric 

matrix. 

Sol : 

(a)   𝐴 = [
0 1
0 0

] , 𝐵 = [
1 0
0 0

] 

∴ 𝐵𝐴 = [
1 0
0 0

] [
0 1
0 0

] 

 = [
0 1
0 0

] 

(b)   𝐴 = [
3  5
1 −1

] 𝐴′ = [
3  1
5 −1

] 

1

2
(𝐴 + 𝐴′) =

1

2
([

3  5
1 −1

] + [
3  1
5 −1

]) 

=
1

2
[
6  6
6 −2

] 

⇒ It is symmetric

1

2
(𝐴 − 𝐴′)  =

1

2
([

3  5
1 −1

] − [
3  1
5 −1

]) 

=
1

2
[

 0 4
−4  0

] 

⇒ It is skew symmetric

1

2
(𝐴 + 𝐴′) +

1

2
 (𝐴 − 𝐴′)

=
1

2
[
6  6
6 −2

] +
1

2
[

 0 4
−4  0

] 

= [
3  5
1 −1

] = 𝐴 

14. (a) Let A = [aij]2×3
, where aij = i + j.

 Construct A. 

(b) Find 𝐴𝐴’ and hence prove that 𝐴𝐴’ is 

 symmetric. 

(c) For any square matrix A, prove that 

A + A′ is symmetric.
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 Sol : 

 (a) Let  A = [
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
]

 Given  𝑎𝑖𝑗 = 𝑖 + 𝑗 
𝑎11 = 1 + 1 = 2 𝑎12 = 1 + 2 = 3 𝑎13 = 1 + 3 = 4
𝑎21 = 2 + 1 = 3 𝑎22 = 2 + 2 = 4 𝑎23 = 2 + 3 = 5

 A = [
2 3 4
3 4 5

] 

(b) 𝐴 = [
2 3 4
3 4 5

] , A′ = [
2 3
3 4
4 5

] 

AA′ = [
2 3 4
3 4 5

] [
2 3
3 4
4 5

] = [
29 38
38 50

] 

(AA′)′ = [
29 38
38 50

] = AA′

∴  𝐴𝐴’ is symmetric. 

(c)  (A + A′)′ = A′ + (𝐴′)′

= A′ + A = A + A′

∴  A + A′ is symmetric

15. (a) Construct a 3 x 3 matrix A, whose

(𝑖, 𝑗)𝑡ℎ element is 𝑎𝑖𝑗 = 2𝑖 − 𝑗

(b) Express A as the sum of a symmetric 

and a skew-symmetric matrix. 

Sol : 

(a) Consider 3 × 3 matrix 

 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

Given 𝑎𝑖𝑗 = 2𝑖 − 𝑗 

 𝑎11 = 2 × 1 − 1 = 1 ; 𝑎12 = 2 × 1 − 2 = 0;

𝑎13 = 2 × 1 − 3 = −1;𝑎21 = 2 × 2 − 1 = 3

𝑎22 = 2 × 2 − 2 = 2; 𝑎23 = 2 × 2 − 3 = 1

𝑎31 = 2 × 3 − 1 = 5; 𝑎32 = 2 × 3 − 2 = 4

𝑎33 = 2 × 3 − 3 = 3

∴ 𝐴 = [
1 0 −1
3 2    1
5 4  3

] 

(b) 𝐴 = [
1 0 −1
3 2  1
5 4  3

],  𝐴𝑇 = [
 1 3 5

  0 2 4
−1 1 3

] 

1

2
(𝐴 + 𝐴𝑇) =

1

2
([

1 0 −1
3 2  1
5 4  3

] + [
 1 3 5

  0 2 4
−1 1 3

]) 

=
1

2
[
2 3 4
3 4 5
4 5 6

] is Symmetric matrix 

1

2
(𝐴 − 𝐴)𝑇 =

1

2
([

1 0 −1
3 2  1
5 4  3

] + [
 1 3 5

  0 2 4
−1 1 3

]) 

=
1

2
[
0 −3 −6
3  0 −3
6  3  0

] is skew symmetric 

Now , 
1

2
(𝐴 + 𝐴)𝑇 +

1

2
(𝐴 − 𝐴)𝑇

= 
1

2
[
2 3 4
3 4 5
4 5 6

] +
1

2
[
0 −3 −6
3  0 −3
6  3  0

] 

=  [
1 0 −1
3 2  1
5 4  3

] = 𝐴 

16. (a) The value of k such that the

matrix[
 1 𝑘

−𝑘 1
] is symmetric is 

(i)  0 (ii)    1 
(iii)    −1 (iv)   2 

(b) If 𝐴 = [
   𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

], then 

prove that  𝐴2 = [
    𝑐𝑜𝑠 2 𝜃 𝑠𝑖𝑛 2 𝜃
−𝑠𝑖𝑛 2 𝜃 𝑐𝑜𝑠 2 𝜃

] 

Sol : 

(a) (i) or 0 

(b) 𝐴 = [
   𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
] 

    𝐴2 = [
   𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

] [
   𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

] 

= [
cos𝜃 cos𝜃 + sin 𝜃− sin𝜃 cos𝜃 sin 𝜃 + sin 𝜃 cos𝜃

−sin𝜃 cos𝜃 + cos𝜃− sin 𝜃 −sin𝜃 sin𝜃 + cos𝜃 cos𝜃
] 

= [𝑐𝑜𝑠2 𝜃 − 𝑠𝑖𝑛2 𝜃 2 𝑠𝑖𝑛 𝜃 . 𝑐𝑜𝑠 𝜃
−2 𝑠𝑖𝑛 𝜃 . 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠2 𝜃 − 𝑠𝑖𝑛2 𝜃

] 

 = [
    𝑐𝑜𝑠 2𝜃 𝑠𝑖𝑛 2𝜃
−𝑠𝑖𝑛 2𝜃 𝑐𝑜𝑠 2𝜃

] 

Hence Proved. 
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17. If 𝐴 = [
−2
 4
 5

 ] and 𝐵 = [1 3 −6] 

Verify that (𝐴𝐵)′ = 𝐵′𝐴′
Sol : 

𝐴 = [
−2
  4
 5

 ] , 𝐵 = [1 3 −6] 

         𝐴𝐵 = [
−2
  4
 5

 ] [1 3 −6] = [
−2 −6  12
  4 12 −24
 5 15 −30

] 

(𝐴𝐵)′ = [
− 2  4  5
 − 6  12  15
 12 −24 −30

] 

Now 

 𝐴′ = [−2 4 5] and 𝐵′ = [
1
3

−6 
 ] 

 𝐵′𝐴′ = [
1
3

−6   
 ] [−2 4 5] = [

− 2  4  5
 − 6  12  15
 12 −24 −30

] 

= (𝐴𝐵)′ . hence verified 

1. (a) Construct a 2 x 2 matrix 𝐴 = [𝑎𝑖𝑗]

   whose elements are given by 

       𝑎𝑖𝑗 = 𝑖 + 𝑗 

(b) Find 𝐴2

2. Express the matrix

 𝐴 = [
2 −2 −4

−1 3 4
1 −2 −3

] as the sum of a 

symmetric and skew symmetric 

matrices. 

3. If 𝑋 + 𝑌=[
7 0
2 5

], 𝑋 − 𝑌 = [
3 0
0 3

] then  

(a) Find 𝑋 and 𝑌 

(b) Find  2𝑋 + 𝑌 

4. Let 𝐴 = [
2 4
1 −3

] and 

𝐵 = [
1 −1 5
0 2 6

] 

(a) Find AB  

(b) Is BA defined? Justify your answer 

5. If A and B are symmetric matrices of the

same order, show that 𝐴𝐵 + 𝐵𝐴 is 

symmetric and 𝐴𝐵 − 𝐵𝐴  is skew 

symmetric. 

6. Find the values of a, b, c and d from the

equation :

[
𝑎 − 𝑏 2𝑎 + 𝑐
2𝑎 − 𝑏 3𝑐 + 𝑑

] = [
−1 5
0 13

] 

7. Consider 𝐴 = [
3 4
5 6

]  and 𝐵 = [
3 −2
4 −2

] 

(a) Find 𝐴𝐵  and   𝐵𝐴 

(b) Verify that (𝐴𝐵)′ = 𝐵′𝐴′

PRACTICE PROBLEMS 
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DETERMINANTS 

❖ Determinant of 𝐴 = [𝑎11]1×1 is |𝑎11| = 𝑎11

❖ Determinant of 𝐴 = [
𝑎11 𝑎12

𝑎21 𝑎22
] is given by |𝐴| = |

𝑎11 𝑎12

𝑎21 𝑎22
| = 𝑎11𝑎22 − 𝑎12𝑎21

❖ Determinant of 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] is given by 

|𝐴| = 𝑎11 |
𝑎22 𝑎23

𝑎32 𝑎33
| − 𝑎12 |

𝑎21 𝑎23

𝑎31 𝑎33
| + 𝑎13 |

𝑎21 𝑎22

𝑎31 𝑎32
|

❖ Minor : 

Let 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] then , minor of 𝑎11 = 𝑀11 = |
𝑎22 𝑎23

𝑎32 𝑎33
|

minor of 𝑎12 = 𝑀12 = |
𝑎21 𝑎23

𝑎31 𝑎33
|

minor of 𝑎13 = 𝑀13 = |
𝑎21 𝑎22

𝑎31 𝑎32
|

❖ Co factor : 

Signed minor is called cofactor 

If = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] , then cofactor of 𝑎11 = 𝐴11 = 𝑀11

cofactor of 𝑎12 = 𝐴12 = −𝑀12 

 cofactor of 𝑎13 = 𝐴13 = 𝑀13 

❖ Adjoint of a square matrix is the transpose of the cofactor matrix, denoted by adj A 

❖ 𝐴(𝑎𝑑𝑗𝐴) = (𝑎𝑑𝑗𝐴)𝐴 = |𝐴|𝐼 

❖ A square matrix is said to be singular if |𝐴| = 0 and non-singular if |𝐴| ≠ 0 

❖ If 𝐴𝐵 = 𝐵𝐴 = 𝐼 , then B is called the inverse of A and we write 𝐵 = 𝐴−1

❖ A square matrix A has inverse if and only if |𝐴| ≠ 0 

❖ 𝐴−1 =
𝑎𝑑𝑗 𝐴

|𝐴|
, |𝐴| ≠ 0 

, 

. 

4 
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❖ The system of linear equations, 

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 𝑑1 

𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 𝑑2 

𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 = 𝑑3 can be written as 𝐴𝑋 = 𝐵 

Where = [

𝒂𝟏 𝒃𝟏 𝒄𝟏

𝒂𝟐 𝒃𝟐 𝒄𝟐

𝒂𝟑 𝒃𝟑 𝒄𝟑

] , 𝑿 = [
𝒙
𝒚
𝒛
] , 𝑩 = [

𝒅𝟏

𝒅𝟐

𝒅𝟑

] 

❖ Unique solution of 𝐴𝑋 = 𝐵 is given by 𝑿 = 𝑨−𝟏𝑩, where |𝐴| ≠ 0

❖ A system of equations is consistent or inconsistent according as its solution exists 

or not. 

❖ Short cut to find adjA for a 𝟐 × 𝟐 matrix. 

Interchange the position of the diagonal elements and change the sign of the 

off diagonal elements. 

If = [
𝒂 𝒃
𝒄 𝒅

] , then 𝒂𝒅𝒋 𝑨 = [
 𝒅 −𝒃

−𝒄  𝒂
] 

 

1. (a) Evaluate |
3  3
4 −1

| 

(b) If |
𝑥 1
1 𝑥

| = 15, then find values of x 

Sol : 

 (a) 

|
3  3
4 −1

| = (3 × −1) − (4 × 3) = −15 

    (b)    |
𝑥 1
1 𝑥

| = 15 

⇒ 𝑥2 − 1 = 15
⇒ 𝑥2 = 16 ⇒ 𝑥 = ±4

2. Evaluate |
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

| 

Sol : 

         |
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

| = 𝑐𝑜𝑠2𝜃 − (−𝑠𝑖𝑛2𝜃)

= 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 = 1

3. Find the value of 𝑥 if |
2 4
5 1

| = |
2𝑥 4
6 𝑥

| 

Sol : 

|
2 4
5 1

| = |
2𝑥 4
6 𝑥

| 

2 − 20 = 2𝑥2 − 24

−18 = 2𝑥2 − 24

2𝑥2 = 6 ⇒ 𝑥2 =
6

2
= 3 

         𝑥 = ±√3 

QUESTIONS AND ANSWERS 
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4. If 𝐴 = [
2  3
4 −1

], 

(a) Find |A| 

(b) Find adjA 

(c) verify that 𝐴(𝑎𝑑𝑗𝐴) = | 𝐴 | 𝐼 

  Sol : 

   𝐴 = [
2  3
4 −1

] ;   

(a)  |𝐴| = (2 × −1) − (4 × 3) = −14 

(b)   𝑎𝑑𝑗𝐴 = [
−1 −3
−4  2

] 

[Diagonal elements interchanged and 

sign of off diagonal elements changed] 

 (c)  R.H.S = |A| I  =  −14 [
1 0
0 1

] 

  = [
−14  0

 0 −14
]  

L.H.S = 𝐴(𝑎𝑑𝑗 𝐴) = [
2  3

4 −1
] [

−1 −3

−4  2
] 

= [
2 × −1 + 3 × −4 2 × −3 + 3 × 2

4 × −1 + −1 × −4 4 × −3 + −1 × 2
] 

= [
−14  0

 0 −14
]  = R.H.S 

 L. H. S = R. H. S. 

Hence Proved 

5. Find the inverse of 𝐴 = [
2 −6
1 −2

] 

Sol : 

 𝐴 = [
2 −6
1 −2

]  

|𝐴|  = −4−−6 = 2 ≠ 0

 𝑎𝑑𝑗𝐴 = [
−2 6
−1 2

] 

∴ 𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝐴 

=
1

2
[
−2 6
−1 2

] 

𝐴−1 = [
−1 3

−
1

2
1]

6. If 𝐴 = [
1 −1  1
2  1 −3
1  1  1

], Find |𝐴| 

  Sol : 

 |𝐴| = 1 |
1 −3
1  1

| −−1 |
2 −3
1  1

| + 1 |
2 1
1 1

| 

   = 1(1 + 3) + 1(2 + 3) + 1(2 − 1) = 10 

7. If 𝐴 = [
2 −3  5
3  2 −4
1  1 −2

], 

(a) Find |𝐴|. 
(b) Find cofactor matrix of A 

(c) Find 𝐴−1

(d) Use 𝐴−1 from part (c) and solve system

of equations. 

2𝑥 − 3𝑦 + 5𝑧 = 11  

3𝑥 + 2𝑦 − 4𝑧 = −5 

     𝑥 + 𝑦 − 2𝑧 = −3 

Sol : 

(a)  𝐴 = [
2 −3  5
3  2 −4
1  1 −2

] 

|𝐴| = 2(−4−−4)−−3(−6−−4) + 5(3 − 2) 

= 2 × 0 + 3 ×− 2 + 5 × 1 = −1

(b) 𝐴11 = 0,  𝐴12 = 2,      𝐴13 = 1, 

𝐴21 = −1,     𝐴22 = −9, 𝐴23 = −5, 

 𝐴31 = 2,  𝐴32 = 23,    𝐴33 = 13 

  Cofactor matrix = [
 0  2  1

−1 −9 −5
 2 23 13

] 

(c) 𝐴𝑑𝑗𝐴 = (cofactor matrix)𝑇
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    𝑎𝑑𝑗𝐴 = [
 0  2  1

−1 −9 −5
 2 23 13

]

𝑇

= [
0 −1 2
2 −9 23
1 −5 13

] 

∴ 𝐴−1    =
1

|𝐴|
𝑎𝑑𝑗𝐴 =

1

−1
[
0 −1 2
2 −9 23
1 −5 13

] 

𝐴−1 = [
   0 1 −2  
−2 9 −23
−1 5 −13

] 

(d) The system can be written as 𝐴𝑋 = 𝐵 

Where 

 𝐴 = [
2 −3  5
3  2 −4
1  1 −2

] , 𝐵 = [
 11
−5
−3

] , 𝑋 = [
𝑥
𝑦
𝑧
] 

From part (c) 𝐴−1 = [
   0 1 −2  
−2 9 −23
−1 5 −13

] 

Solution is 𝑋 = 𝐴−1𝐵

 [
𝑥
𝑦
𝑧
] = [

   0 1 −2
−2 9 −23
−1 5 −13

] [
11
−5
−3

] 

  = [
   0 × 11 + 1 × −5 + −2  ×  −3
−2 × 11 + 9 × −5 + −23 × −3
−1 × 11 + 5 × −5 + −13 × −3

] 

[
𝑥
𝑦
𝑧
] = [

1
2
3
] 

∴ 𝑥 = 1, 𝑦 = 2, 𝑧 = 3 

8. Using matrix method solve

following system of linear equations.

  𝑥 + 𝑦 + 2𝑧 = 4 

2𝑥 − 𝑦 + 3𝑧 = 9 

  3𝑥 − 𝑦 − 𝑧 = 2 

Sol : 

 𝐴 = [
1  1  2
2 −1  3
3 −1 −1

] ; 𝐵 = [
4
9
2
]; 𝑋 = [

𝑥
𝑦
𝑧
] 

  |𝐴| = 1(1 − −3) − 1(−2 − 9) + 2(−2 − −3) 

            = 17 

Cofactor matrix = [
 4 11  1

−1 −7  4
 5  1 −3

] 

     𝑎𝑑𝑗𝐴 = [
4 −1  5
11 −7  1
1  4 −3

] 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝐴 =

1

17
[
4 −1  5
11 −7  1
1  4 −3

] 

𝑋 = 𝐴−1𝐵

𝑋 =
1

17
[
4 −1  5
11 −7  1
1  4 −3

] [
4
9
2
] 

           [
𝑥
𝑦
𝑧
] =

1

17
[
4 × 4 + −1 × 9 + 5 × 2

11 × 4 + −7 × 9 + 1 × 2

1 × 4 + 4 × 9 + −3 × 2

] 

=
1

17
[

 17
−17
 34

] = [
 1

−1
 2

] 

𝑥 = 1, 𝑦 = −1, 𝑧 = 2 

9. Examine the consistency of the system

of equations 𝑥 + 2𝑦 = 2 , 2𝑥 + 3𝑦 = 3
Sol : 

𝑥 + 2𝑦 = 2  

2𝑥 + 3𝑦 = 3 

Here, 𝐴 = [
1 2
2 3

], 

|𝐴| = 3 − 4 = −1 ≠ 0 

∴ 𝐴−1 exists. Hence the given system is

consistent 

10. If 𝐴 = [
−1 2
𝑥 4

] is singular, find 𝑥. 

Sol : 

A is singular ⟹ |𝐴| = 0 

  −4 − 2𝑥 = 0 

2𝑥 = −4 

  𝑥 = −2 
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1. The value of |
𝑥 𝑥 − 1

𝑥 + 1 𝑥
| is 

2. If  |
𝑥 1
1 𝑥

| = 15, then find the values 

of 𝑥. 

3. Find the inverse of the matrix

[
0 1 2
0 1 1
1 0 2

] 

4. 𝐴 = [
2 5
3 2

] 

(a) Find adj A 

(b) Find A-1  

(c) Using A-1 , solve the system of 

equations 

2𝑥 + 5𝑦 = 1 ,3𝑥 + 2𝑦 = 7 

5. Let 𝐴 = [
−1 2 4
 1 1 3
 3 2 3

] 

(a) Find |A| 

(b) Find adj A 

(c) Verify that 𝐴.  𝑎𝑑𝑗. 𝐴 = |𝐴|𝐼 

6. Solve the following system of equations

3𝑥 − 2𝑦 + 3𝑧 = 8  ; 

 2𝑥 + 𝑦 − 𝑧 = 1 ; 

 4𝑥 − 3𝑦 + 2𝑧 = 4 

7. Solve the system of equations using the

matrix method :

   𝑥 + 𝑦 + 𝑧 = 1 

2𝑥 + 3𝑦 − 𝑧 = 6 

  𝑥 − 𝑦 + 𝑧 = −1  

8. If 𝐴 = [
 1 3

−2 4
] then 

(a) show that  𝐴2 − 5𝐴 + 10𝐼 = 0

(b) Hence find 𝐴−1

9. Using matrix method solve

following system of linear equations.

  𝑥 + 𝑦 + 2𝑧 = 4 

2𝑥 − 𝑦 + 3𝑧 = 9 

3𝑥 − 𝑦 − 𝑧 = 2  

PRACTICE PROBLEMS 
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CONTINUITY AND DIFFERENTIABILITY 

❖ CONTINUITY 
➢ Continuity at a point :  f is a real function on a subset of the real numbers and let   

c be a point in the domain of f. Then f is continuous at c if 

lim
𝑥 →𝑐

𝑓(𝑥) = 𝑓(𝑐) 

➢ If f is discontinuous at c then c is called a point of discontinuity of f. 

➢ Continuous function : A real function f is said to be continuous if it is continuous 

at every point in the domain of f. 

➢ Standard continuous function : 

(i) Constant function 

(ii) Polynomial function 

(iii) Modulus function 

(iv) Trigonometric functions in its domain 

1. Check the continuity of the function f

given by 𝑓 (𝑥)  =  2𝑥 +  3 at 𝑥 =  1.

Sol : 

Lim
𝑥 →1

𝑓(𝑥) = lim
𝑥 →1

(2𝑥 + 3) 

         = (2 × 1) + 3 = 5 

𝑓(1) = (2 × 1) + 3 = 5 

Here lim
𝑥 →1

𝑓(𝑥) = 𝑓(1) 

Hence, 𝑓 is continuous at 𝑥 =  1. 

2. Show that the function f given by

𝑓 (𝑥)  = {
𝑥3 + 3 𝑖𝑓 𝑥 ≠ 0

1, 𝑖𝑓 𝑥 = 0
 is not 

continuous at x = 0. 

Sol : 

88

0

x3+3 x3+3

Lim
𝑥 →0

𝑓(𝑥) = lim
𝑥 →0

(𝑥3 + 3)

= 0 + 3 = 3 

𝑓(0) = 1 

Here lim
𝑥 →0

𝑓(𝑥) ≠ 𝑓(0) 

Since the limit of f at x = 0 does not 

coincide with f (0), the function is not 

continuous at x = 0 

3. Examine whether the function defined by

 𝑓(𝑥) = {
𝑥 + 5,  𝑖𝑓  𝑥 ≤ 1
𝑥 − 5,        𝑖𝑓   𝑥 > 1

  is continuous or not. 

Sol : 

88

x+5 x - 5

1

 𝑓(𝑥) = {
𝑥 + 5 , 𝑖𝑓 𝑥 ≤ 1
𝑥 − 5 , 𝑖𝑓 𝑥 > 1

lim
𝑥 →1+

𝑓(𝑥) = lim
𝑥 →1

(𝑥 − 5) = 1 − 5 

      = −4 

QUESTIONS AND ANSWERS 

5 
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lim
𝑥 →1−

𝑓(𝑥) = lim
𝑥 →1

(𝑥 + 5) 

       = 1 + 5 = 6  

lim
𝑥 →1+

𝑓(𝑥) ≠ lim
𝑥 →1−

𝑓(𝑥) 

i.e., 𝑓 is not continuous at 𝑥 = 1

Also, 𝑓 is a polynomial in 𝑥 at all 

other points and hence continuous

4. Find the value of 𝑘 if the function

 𝑓(𝑥)={
𝑘𝑥 + 1  if 𝑥 ≤  5 
3𝑥 − 5  𝑖𝑓 𝑥 > 5

is continuous at 𝑥 = 5. 

Sol : 

88

kx+1 3x - 5

5

Given 𝑓(𝑥) is continuous at 𝑥 = 5 

⟹  lim
𝑥 →5+

𝑓(𝑥) = lim
𝑥 →5−

𝑓(𝑥) 

⟹ lim
𝑥 →5

(3𝑥 − 5) = lim
𝑥 →5

(𝑘𝑥 + 1) 

⟹ (3 × 5) − 5 = 5 × 𝑘 + 1 

⟹ 10 = 5𝑘 + 1 

⟹ 5𝑘 = 9 

⟹ 𝑘 =
9

5

5. Find ‘a’ and ‘b’ such that the function

defined by

  𝑓(𝑥) =  {

10  ,                 𝑥 ≤ 3
𝑎𝑥 + 𝑏 ,   3 < 𝑥 < 4
20  ,                 𝑥 ≥ 4

is a continuous function 

Sol : 

88

3 4

10 ax+b 20

lim
𝑥 →3−

𝑓(𝑥) = lim
𝑥 →3

10 = 10 

lim
𝑥 →3+

𝑓(𝑥) = lim
𝑥 →3

(𝑎𝑥 + 𝑏) 

      = 3𝑎 + 𝑏 

Since 𝑓 is a continuous function, 

RHL = LHL 

3𝑎 + 𝑏 = 10 ………. (1) 

lim
𝑥 →4−

𝑓(𝑥) = lim
𝑥 →4

(𝑎𝑥 + 𝑏) 

      = 4𝑎 + 𝑏 

lim
𝑥 →4+

𝑓(𝑥) = lim
𝑥 →4

20 = 20 

LHL = RHL 

4𝑎 + 𝑏 = 20 …… …  (2) 

     3𝑎 + 𝑏 = 10 ……. … (1) 

  (2) − (1)  ⟹     𝑎 = 10 

3𝑎 + 𝑏 = 10 

30 + 𝑏 = 10 

    𝑏 = −20 

6. Find all points of discontinuity of  f

where f is defined by

   𝑓(𝑥) = {
2𝑥 + 3, 𝑖𝑓 𝑥 ≤ 2
2𝑥 − 3,   𝑖𝑓 𝑥 > 2

Sol : 

88

2x+3

2

2x - 3

 𝑓(𝑥) = {
2𝑥 + 3, 𝑥 ≤ 2
2𝑥 − 3, 𝑥 > 2

If < 2,  𝑓(𝑥) = 2𝑥 + 3, which is a 

polynomial and hence continuous. 

If > 2,  𝑓(𝑥) = 2𝑥 − 3, which is also a 

polynomial and hence continuous. 

Let 𝑥 = 2 

Lim
𝑥 →2+

𝑓(𝑥) = lim
𝑥 →2

(2𝑥 − 3) 
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   = 2 × 2 − 3 = 1 

Lim
𝑥 →2−

𝑓(𝑥)  = lim
𝑥 →2

(2𝑥 + 3) 

 = 2 × 2 + 3 = 7 

i.e., lim
𝑥 →2+

𝑓(𝑥) ≠ lim
𝑥 →2−

𝑓(𝑥) 

∴ 𝑓 is not continuous at 𝑥 = 2 

∴ 𝑓 is continuous at all points 

except at 𝑥 = 2 

7. Find a relationship between 𝑎 𝑎𝑛𝑑 𝑏

if the function 𝑓 defined by

𝑓(𝑥) = {
𝑎𝑥 + 1, 𝑖𝑓 𝑥 ≤ 3
𝑏𝑥 + 3,   𝑖𝑓 𝑥 > 3

 is continuous  

Sol : 
88

ax +1

3

bx+3

𝑓(𝑥) = {
𝑎𝑥 + 1 , 𝑥 ≤ 3
𝑏𝑥 + 3 , 𝑥 > 3

Given that 𝑓 is continuous 

⟹ 𝑓 is continuous at 𝑥 = 3 

⟹ lim
𝑥 →3+

𝑓(𝑥) = lim
𝑥 →3−

𝑓(𝑥) 

 ⟹     lim
𝑥 →3

(𝑏𝑥 + 3) = lim
𝑥 →3

(𝑎𝑥 + 1) 

⟹      3𝑏 + 3 = 3𝑎 + 1 

3𝑎 − 3𝑏 = 2 

8. Prove that the function defined by

𝑓(𝑥) = 𝑐𝑜𝑠(𝑥2) is continuous

function

Sol : 

Let (𝑥) = cos 𝑥 , ℎ(𝑥) = 𝑥2

Both 𝑔(𝑥) and ℎ(𝑥) are continuous 

functions. 

∴ their composite function  

𝑔(ℎ(𝑥)) = cos(𝑥2) is also continuous

1. Consider

𝑓(𝑥)={
3𝑥 − 8  𝑖𝑓 𝑥 ≤  5 

2𝑘  𝑖𝑓 𝑥 > 5
. Find the 

value of 𝑘 if 𝑓(𝑥) is continuous at 𝑥 = 5 

2. The function

 𝑓(𝑥) = {
5 𝑥 ≤ 2

𝑎𝑥 + 𝑏 2 < 𝑥 < 10
21 𝑥 ≥ 10

  is 

continuous. Find 𝑎 and 𝑏 

3. Prove that the function defined by

𝑓(𝑥) = | sin 𝑥 | is a continuous function.

4. Find all points of discontinuity of  f ,

where f is defined by

𝑓(𝑥) = {
2𝑥 + 3 , 𝑥 ≤ 2
2𝑥 − 3 , 𝑥 > 2

PRACTICE PROBLEMS 
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❖ DIFFERENTIABILITY 

SOME STANDARD RESULTS 

(1) 
𝑑

𝑑𝑥
(𝑐) = 0   (2) 

𝑑

𝑑𝑥
(𝑥) = 1   (3) 

𝑑

𝑑𝑥
(

1

𝑥
) =

−1

𝑥2

(4) 
𝑑

𝑑𝑥
(√𝑥) =

1

2√𝑥
  (5) 

𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛𝑥𝑛−1    (6) 

𝑑

𝑑𝑥
(sin 𝑥) = cos 𝑥 

(7) 
𝑑

𝑑𝑥
(cos 𝑥) = −sin 𝑥   (8) 

𝑑

𝑑𝑥
(tan 𝑥) = 𝑠𝑒𝑐 2 𝑥   (9) 

𝑑

𝑑𝑥
(cot 𝑥) = −𝑐𝑜𝑠𝑒𝑐2𝑥 

(10) 
𝑑

𝑑𝑥
(sec 𝑥) = sec 𝑥 tan 𝑥  (11) 

𝑑

𝑑𝑥
(𝑐𝑜𝑠𝑒𝑐 𝑥) = −𝑐𝑜𝑠𝑒𝑐 𝑥𝑐𝑜𝑡 𝑥 (12) 

𝑑

𝑑𝑥
(sin−1 𝑥) =

1

√1−𝑥2

(13) 
𝑑

𝑑𝑥
(cos−1 𝑥) =

−1

√1−𝑥2
(14) 

𝑑

𝑑𝑥
(tan−1 𝑥) =

1

1+𝑥2     (15) 
𝑑

𝑑𝑥
(cot−1 𝑥) =

−1

1+𝑥2

(16) 
𝑑

𝑑𝑥
(sec−1 𝑥) =

1

𝑥√𝑥2−1
     (17) 

𝑑

𝑑𝑥
(𝑐𝑜𝑠𝑒𝑐−1𝑥) =

−1

𝑥√𝑥2−1
 (18) 

𝑑

𝑑𝑥
(𝑎𝑥) = 𝑎𝑥 log 𝑎 

(19) 
𝑑

𝑑𝑥
(𝑒𝑥) = 𝑒𝑥  (20) 

𝑑

𝑑𝑥
(log 𝑥) =

1

𝑥

Chain Rule (Function of a function rule) 

If 𝑦 = 𝑓(𝑔(𝑥)) then 
𝑑𝑦

𝑑𝑥
= 𝑓′(𝑔(𝑥))

𝑑

𝑑𝑥
(𝑔(𝑥)) 

Derivatives Of Implicit Functions 

Consider one of the following relationship between  x  and  y  : 

   x – y – 𝜋 = 0 

 x + sin(xy)  − y = 0 

In the first case, the relationship between  x  and  y  is expressed in a way that it 

is easy  to solve for  y  and write  y = f (x). Thus we say that  y  is given as an explicit 

function of  x . In the second case, it is implicit that  y  is a function of  x  and we say 

that the relationship  of the  second type , above given function implicitly 

Mean Value Theorem 

Let  𝑓 ∶ [𝑎, 𝑏] → 𝑅 be a continuous function on [𝑎, 𝑏] and differentiable on (𝑎, 𝑏) . 

Then  there exists some  𝑐  in (𝑎, 𝑏)  such that 𝑓′(𝑐) =
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
 . 

Rolle ’S Theorem 

      Let  𝑓 ∶ [𝑎, 𝑏] → 𝑅  be continuous on [𝑎, 𝑏] and differentiable on (𝑎, 𝑏), such that 

 𝑓(𝑎) = 𝑓(𝑏), where 𝑎 and 𝑏 are some real numbers. Then there exists some  𝑐 in (𝑎, 𝑏) 

such that 𝑓′(𝑐) = 0 .
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1. Find derivative of  y = √ tan 𝑥

Sol : 

 𝑦 = √𝑡𝑎𝑛𝑥 
𝑑𝑦

𝑑𝑥
= 

1

2.√tanx
. sec2𝑥

2. Find 
𝑑𝑦

𝑑𝑥
if 𝑦 = log (cos(𝑒𝑥)) 

Sol : 

𝑦 = log(cos(𝑒𝑥))

𝑦′ =
1

cos(𝑒𝑥)

d

dx
(cos(𝑒𝑥))

𝑦′ =
1

cos(𝑒𝑥)
∙ − sin(𝑒𝑥) ∙

𝑑

𝑑𝑥
(𝑒𝑥)

𝑦′ = − tan(𝑒𝑥) ∙ 𝑒𝑥

3. Find 
𝑑𝑦

𝑑𝑥
if 𝑦 = 𝑒sin𝑥

Sol : 
𝑑𝑦

𝑑𝑥
= 𝑒sin𝑥  ×

𝑑

𝑑𝑥
(sin 𝑥) 

= 𝑒sin𝑥  cos 𝑥

4. Find 
𝑑𝑦

𝑑𝑥
   if 𝑦 = cos√𝑥 

Sol : 
𝑑𝑦

𝑑𝑥
= −sin√𝑥

𝑑

𝑑𝑥
(√𝑥) 

= −sin√𝑥 (
1

2√𝑥
) 

5. Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 + sin 𝑦 = cos 𝑥. 

Sol : 

We differentiate the relationship 

directly with respect to x,  

i.e.,
𝑑𝑦

𝑑𝑥
+

𝑑

𝑑𝑥
(sin 𝑦) =

𝑑

𝑑𝑥
(cos 𝑥) 

𝑑𝑦

𝑑𝑥
+ cos 𝑦

𝑑𝑦

𝑑𝑥
= −sin 𝑥 

𝑑𝑦

𝑑𝑥
(1 + cos 𝑦) = −sin 𝑥 

𝑑𝑦

𝑑𝑥
=

−sin𝑥

1+cos𝑦

6. Find 
dy

d𝑥
, if x2 +y2 + 𝑥y = 100

Sol : 

𝑥2 + 𝑦2 + 𝑥𝑦 = 100

2𝑥 + 2𝑦
𝑑𝑦

𝑑𝑥
+ 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

(2𝑦 + 𝑥)
𝑑𝑦

𝑑𝑥
= −(2𝑥 + 𝑦) 

𝑑𝑦

𝑑𝑥
= 

−(2𝑥+𝑦)

2𝑦+𝑥

7. Find
𝒅𝒚

𝒅𝒙
of 𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑦 = 1

Sol: 

𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑦 = 1

   Differentiating with respect to 𝑥 

2 sin 𝑥 cos 𝑥 + 2 cos 𝑦 (−sin 𝑦)
𝑑𝑦

𝑑𝑥
= 0 

sin 2𝑥 − sin 2𝑦
𝑑𝑦

𝑑𝑥
= 0 

sin 2𝑥 = sin 2𝑦
𝑑𝑦

𝑑𝑥

𝑑𝑦

𝑑𝑥
=

sin2𝑥

sin2𝑦

8. Verify Mean Value theorem for the

function 𝑓(𝑥) = 𝑥2 − 4𝑥 − 3  in the

interval   [1,4]

Sol : 

𝑓(𝑥) = 𝑥2 − 4𝑥 − 3 , 𝑥 ∈ [1, 4]
(i) being a polynomial 𝑓(𝑥) is continuous    

     in [1,4]  

(ii) 𝑓′(𝑥) = 2𝑥 − 4 exist in (1, 4)

𝑓(1) = 1 − 4 − 3 = −6 

𝑓(4) = 16 − 16 − 3= −3 

Then by MVT there exist a point  

 𝑐 ∈ (1,4) such that 

QUESTIONS AND ANSWERS 
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𝑓′(𝑐) =
𝑓(4)−𝑓(1)

4−1

2𝑐 − 4 =
(−3)−(−6)

4−1

2𝑐 − 4 =
3

3

 2𝑐 − 4 = 1 

 2𝑐 = 5 

𝑐 =
5

2
∈ (1, 4) 

Hence MVT is verified 

9. Verify Rolle’s Theorem for the

function 𝑓(𝑥) = 𝑥2 + 2𝑥 − 8,

 𝑥𝜖[−4,2] 

Sol : 

𝑓(𝑥) = 𝑥2 + 2𝑥 − 8 , 𝑥 ∈ [−4, 2]

being a polynomial 𝑓(𝑥) is continuous 

in [−4, 2]  

𝑓′(𝑥) = 2𝑥 + 2 exist in (−4, 2)

    𝑓(−4) = 16 − 8 − 8 = 0 

𝑓(2) = 4 + 4 − 8 = 0  

           𝑓(−4) = 𝑓(2)  

then by Rolle’s theorem there exists a 

point 𝑐 ∈ (−4, 2) such that 𝑓′(𝑐) = 0

2𝑐 + 2 = 0 

2𝑐 = −2 

 𝑐 = −1 ∈ (−4, 2)   

Hence Rolle’s theorem is verified. 

1. Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑙𝑜𝑔𝑥, 𝑥 > 0 

2. Find 
𝑑𝑦

𝑑𝑥
if 𝑦 = 𝑎𝑥

3. Find 
𝑑𝑦

𝑑𝑥
if 𝑦 = sin (𝑥3 + 7)

4. Find 
𝑑𝑦

𝑑𝑥
if  𝑥2/3 + 𝑦2/3 = 2

5. Find 
𝑑𝑦

𝑑𝑥
if  𝑥2 + 2𝑥𝑦 + 𝑦2 = 5

6. Verify Mean Value Theorem for the

function 𝑓(𝑥) = 𝑥 +
1

𝑥
 in the interval 

[1,3] 

7. Verify Rolle’s Theorem for the function

𝑓(𝑥) = 𝑥2 − 6𝑥 + 8 in the interval [2, 4]

PRACTICE PROBLEMS 
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APPLICATION OF DERIVATIVE 

KEY NOTES 

❖ RATE OF CHANGE OF QUANTITIES 

𝒅𝒚

𝒅𝒙
=  Rate of change of  𝒚  with respect to  𝒙  . 

❖ INCREASING AND DECREASING FUNCTIONS 

A function 𝑓 is said to be 

(a) Increasing on an interval (𝒂, 𝒃) if 𝒇′(𝒙) ≥ 𝟎 for each 𝒙 in (𝒂, 𝒃)

(b) Decreasing on (𝒂, 𝒃) if 𝒇′(𝒙) ≤ 𝟎 for each 𝒙 in (𝒂, 𝒃)

(c) Strictly increasing on an interval (𝒂, 𝒃) if 𝒇′(𝒙) > 𝟎 for each 𝒙 in (𝒂, 𝒃)

(d) Strictly decreasing on (𝒂, 𝒃) if 𝒇′(𝒙) < 𝟎 for each 𝒙 in (𝒂, 𝒃)

❖ TANGENTS AND NORMALS 

The equation of the tangent at  (𝑥0 , 𝑦0)  to the curve  𝑦 = 𝑓(𝑥)  is given by

𝒚 − 𝒚𝟎 =
𝒅𝒚

𝒅𝒙
]
(𝒙𝟎 ,𝒚𝟎)

 (𝒙 − 𝒙𝟎)

Equation of the normal to the curve  𝑦 = 𝑓(𝑥)  at a point (𝑥0 , 𝑦0)  is given by

𝒚 − 𝒚𝟎 =
−𝟏

𝒅𝒚

𝒅𝒙
]
(𝒙𝟎 ,𝒚𝟎)

(𝒙 − 𝒙𝟎)

1. Find the rate of change of the area of a

circle per second with respect to its radius

r when r = 5 cm.

Sol : 

The area A of a circle with radius r is 

given by 𝐴 =  𝜋𝑟2. Therefore, the rate of

change of the area A with respect to its 

radius r is given by 
𝑑𝐴

𝑑𝑟
=

𝑑

𝑑𝑟
(𝜋𝑟2) = 2𝜋𝑟

When r = 5 cm, 
𝑑𝐴

𝑑𝑟
= 10𝜋 𝑐𝑚2/𝑐𝑚

2. A stone is dropped into a quiet lake

and waves move in circles at a speed

of 4cm per second. At the instant, when 

the radius of the circular wave is 10 cm, 

how fast is the enclosed area increasing? 

Sol :

The area A of a circle with radius r is 

given by A = 𝜋𝑟2 Therefore, the rate of

change of area A with respect to time t is 
𝑑𝐴

𝑑𝑡
=

𝑑

𝑑𝑡
(𝜋𝑟2) = 2𝜋𝑟

𝑑𝑟

𝑑𝑡

It is given that 
𝑑𝑟

𝑑𝑡
= 4cm/s 

𝑑𝐴

𝑑𝑡
= 2𝜋𝑟 × 4 = 8𝜋𝑟 𝑐𝑚2/𝑠

QUESTIONS AND ANSWERS 

6 
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3. Find the interval in which the function

𝑓(𝑥) = 𝑥2 + 2𝑥 − 5 is strictly 

increasing or decreasing

Sol : 

𝑓(𝑥)  = 𝑥2 + 2𝑥 − 5
𝑓′(𝑥) = 2𝑥 + 2
𝑓′(𝑥) = 0 ⇒ 2𝑥 + 2 = 0
⇒ 𝑥 = −1

88

-1

∴ The intervals 

are (−∞,−1)and (−1,∞) 

Interval 𝒇′(𝒙)  f(x) 

(−∞,−1) <0 Strictly decreasing 

(−1,∞) >0 Strictly increasing 

4. Show that the function f is given by

𝑓(𝑥) = 𝑥3 − 3𝑥2 + 4𝑥, 𝑥 ∈ ℝ

is strictly increasing? 

Sol : 

𝑓(𝑥) = 𝑥3 − 3𝑥2 + 4𝑥
𝑓′(𝑥) = 3𝑥2 − 6𝑥 + 4

= 3𝑥2 − 6𝑥 + 3 + 1
= 3(𝑥2 − 2𝑥 + 1) + 1
= 3(𝑥 − 1)2 + 1 > 0

     ∴ 𝑓(𝑥) is strictly increasing in ℝ 

5. Find the interval in which
3 22 9 12 1x x x+ + − is strictly increasing?

Sol : 

𝑓(𝑥) = 2𝑥3 + 9𝑥2 + 12𝑥 − 1

𝑓′(𝑥) = 6𝑥2 + 18𝑥 + 12

= 6(𝑥2 + 3𝑥 + 2)

= 6(𝑥 + 1)(𝑥 + 2)  

𝑓′(𝑥) = 0 ⇒ 6(𝑥 + 1)(𝑥 + 2) = 0 

  (𝑥 + 1)(𝑥 + 2) = 0 

⇒      𝑥 = −1,−2 

88

-2 -1

∴ The intervals are 

(−∞,−2), (−2,−1)&(−1,∞) 

Interval 
𝒇′(𝒙) = 𝟔𝒙𝟐 +

𝟏𝟖𝒙 + 𝟏𝟐 
𝒇(𝒙) 

(−∞,−2) > 0    Strictly 

increasing 

(−2,−1) < 0 Strictly 

decreasing 

(−1,∞) > 0 Strictly 

increasing 

6. Prove that the function given by

f (x) = cos x is

(a) Strictly decreasing in (0, 𝜋) 

(b) Strictly increasing in (𝜋, 2𝜋), and 

(c) Neither increasing nor decreasing in 

(0, 2𝜋). 

Sol : 

𝑓 ′(𝑥)  = –  𝑠𝑖𝑛 𝑥 

(a) Since for each 𝑥 ∈  (0, 𝜋), 𝑠𝑖𝑛 𝑥 >  0, we 

have 𝑓 ′(𝑥)  <  0 and so 𝑓 is strictly 

 decreasing in (0, 𝜋). 
(b) Since for each 𝑥 ∈  (𝜋, 2𝜋), 𝑠𝑖𝑛 𝑥 < 0, 

we have 𝑓 ′(𝑥)  >  0 and so 𝑓 is  strictly 

increasing in (𝜋, 2𝜋). 

(c) Clearly by (a) and (b) above, f is neither 

 increasing nor decreasing in (0, 2𝜋). 

7. Find the slope of the tangent line to the

curve 2 2 1y x x= − +  ? 

Sol : 

𝑦 = 𝑥2 − 2𝑥 + 1,
𝑑𝑦

𝑑𝑥
= 2𝑥 − 2 

Slope of tangent = 2𝑥 − 2 

8. Find the equation of tangent and normal

to the curve 𝑦 = 𝑥3𝑎𝑡 (1,1)

Sol : 𝑦 = 𝑥3

𝑑𝑦

𝑑𝑥
= 3𝑥2
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At (1,1), slope of tangent(m) =
𝑑𝑦

𝑑𝑥
= 3 

 Equation of tangent is 

 𝑦 − 𝑦1 = m (𝑥 − 𝑥1) 

   𝑦 − 1 = 3(𝑥 − 1) 

   𝑦 − 1 = 3𝑥 − 3 

3𝑥 − 𝑦 − 2 = 0 

Slope of normal = −
1

𝑚
= −

1

3

 Equation of normal is 

𝑦 − 𝑦1 = −
1

𝑚
 (𝑥 − 𝑥1) 

𝑦 − 1 = −
1

3
(𝑥 − 1) 

 3𝑦 − 3 = −𝑥 + 1 

   𝑥 + 3𝑦 − 4 = 0  

9. Find the equation of the tangent to the

curve 𝑥
2

3 + 𝑦
2

3 = 2     at (1,1) ? 

Sol : 

 Given 𝑥
2

3 + 𝑦
2

3 = 2 

 Differentiating w.r.t. x, 

⇒
2

3
𝑥−

1

3 +
2

3
𝑦−

1

3
𝑑𝑦

𝑑𝑥
= 0 

⇒ 
2

3
𝑦−1

3⁄
𝑑𝑦

𝑑𝑥
= −

2

3
𝑥−1

3⁄

⇒ 𝑦−1
3⁄

𝑑𝑦

𝑑𝑥
= −𝑥−1

3⁄

⇒ 
𝑑𝑦

𝑑𝑥
= −(

𝑥

𝑦
)
−1

3⁄

= −(
𝑦

𝑥
)

1

3

Slope of tangent, 

𝑚 =
𝑑𝑦

𝑑𝑥
at (1, 1) = −1 

    At (1, 1), Equation of tangent is     

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

⇒ 𝑦 − 1 = −1(𝑥 − 1) ⇒ 𝑥 + 𝑦 = 2

1. The radius of a circle is increasing at the

rate of  2 cm/s. Find the rate at which area

of the circle is increasing when radius is 6

cm.

2. A spherical bubble is decreasing in

volume at the rate of 2cm3/sec. Find the

rate of which the surface area is

diminishing when the radius is 3 cm

3. The length 𝑥 of a rectangle is decreasing

at the rate of 5 cm/min. and the width 𝑦 is

increasing at the rate of 4 cm/min. when 𝑥

= 8 cm and 𝑦 = 6 cm. Find the rate of

change of

(a) Perimeter

(b) Area of the rectangle

4. Find the intervals in which the function

𝑥2 − 2𝑥 + 5 is strictly increasing

5. Show that the function 𝑥3 − 6𝑥2 + 15𝑥 + 4

is strictly increasing in R.

6. Prove that the function 𝑓(𝑥) = log 𝑠𝑖𝑛𝑥 is

strictly increasing in (0,
𝜋

2
) and strictly

decreasing in (
𝜋

2
, 𝜋) 

7. Find the slope of the tangent to the curve

𝑦 = (𝑥 − 2)2 at 𝑥 = 1

8. The slope of the tangent to the curve 𝑦 =

𝑥3 − 1at  𝑥 =  2 is  ………..

9. Find the slope of the normal to the curve

𝑦 = sin 𝜃 at 𝜃 =
𝜋

4

10. Find the equation of tangent and normal

to the parabola 𝑦2 = 4 𝑥  at (1,1)

11. Find the equation of the tangent to the

curve 𝑦 = 3𝑥2 at (1,2)

PRACTICE PROBLEMS 
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INTEGRALS 

KEY NOTES

❖ Indefinite Integrals 

If 
𝑑

𝑑𝑥
𝑓(𝑥) = 𝑔(𝑥)  , then 𝑔(𝑥) is called an antiderivative or primitive of 𝑓(𝑥). 

 ∴ ∫𝑔(𝑥)𝑑𝑥 = 𝑓(𝑥) + 𝐶 , where C is an arbitrary constant. 

❖ Important Integrals  

1. ∫𝑥𝑛 𝑑𝑥 =
𝑥𝑛+1

𝑛+1
+C (𝑛 ≠ −1) : ∫(𝑎𝑥 + 𝑏)𝑛 𝑑𝑥 =

1

𝑎

(𝑎𝑥+𝑏)𝑛+1

𝑛+1
+ 𝐶 if 𝑛 ≠ 1 

2. ∫
1

𝑥
 𝑑𝑥 = log |𝑥| + C : ∫

1

𝑎𝑥+𝑏
𝑑𝑥 =

1

𝑎
log |𝑎𝑥 + 𝑏| + 𝐶 

3. ∫ 𝑒𝑥 𝑑𝑥 =  𝑒𝑥+ C : ∫ 𝑒𝑎𝑥+𝑏𝑑𝑥 =
1

𝑎
𝑒𝑎𝑥+𝑏 + 𝐶

4. ∫𝑎𝑥 𝑑𝑥 =
𝑎𝑥

log 𝑎
+C :  

5. ∫ sin 𝑥 𝑑𝑥=  −𝑐𝑜𝑠𝑥 + C : ∫ sin(𝑎𝑥 + 𝑏) 𝑑𝑥=  −
1

𝑎
cos (𝑎𝑥 + 𝑏) + C 

6. ∫ cos𝑥 𝑑𝑥= sin 𝑥 + C : ∫ cos(𝑎𝑥 + 𝑏) 𝑑𝑥=  
1

𝑎
sin (𝑎𝑥 + 𝑏) + C 

7. ∫ tan 𝑥 𝑑𝑥= log | sec 𝑥 | + C : ∫ tan(𝑎𝑥 + 𝑏) 𝑑𝑥= 
1

𝑎
 log | sec(𝑎𝑥 + 𝑏) | + C 

8. ∫ cot 𝑥 𝑑𝑥= log | sin 𝑥 | + C : ∫ cot(𝑎𝑥 + 𝑏) 𝑑𝑥= 
1

𝑎
 log | sin(𝑎𝑥 + 𝑏) | + C 

9. ∫ sec𝑥 𝑑𝑥= log | sec 𝑥 + tan 𝑥 | + C : ∫ sec(𝑎𝑥 + 𝑏) 𝑑𝑥= 
1

𝑎
 log | sec(𝑎𝑥 + 𝑏) + tan(𝑎𝑥 + 𝑏) | + C 

10. ∫ cosec𝑥 𝑑𝑥= log | cosec 𝑥 − cot 𝑥 | + C : ∫ cosec(𝑎𝑥 + 𝑏) 𝑑𝑥= 
1

𝑎
 log | cosec(𝑎𝑥 + 𝑏) − cot(𝑎𝑥 + 𝑏) | + C 

11. ∫ 𝑠𝑒𝑐2 𝑥 𝑑𝑥= tan 𝑥+C : ∫ 𝑠𝑒𝑐2 (𝑎𝑥 + 𝑏) 𝑑𝑥= 
1

𝑎
 tan (𝑎𝑥 + 𝑏)+C 

12. ∫ 𝑐𝑜𝑠𝑒𝑐2 𝑥 𝑑𝑥= − cot 𝑥+C : ∫ 𝑐𝑜𝑠𝑒𝑐2 (𝑎𝑥 + 𝑏)  𝑑𝑥= −
1

𝑎
 cot (𝑎𝑥 + 𝑏) +C 

13. ∫ sec𝑥 tan 𝑥 𝑑𝑥= sec 𝑥 + C : ∫ sec(𝑎𝑥 + 𝑏)  tan(𝑎𝑥 + 𝑏)  𝑑𝑥= 
1

𝑎
 sec (𝑎𝑥 + 𝑏)   + C 

14. ∫ cosec𝑥 cot 𝑥 𝑑𝑥= −cosec 𝑥 + C : ∫ cosec(𝑎𝑥 + 𝑏)  cot(𝑎𝑥 + 𝑏)  𝑑𝑥= −
1

𝑎
 cosec (𝑎𝑥 + 𝑏) + C 

SPECIAL FUNCTIONS 

15. ∫
𝑑𝑥

𝑥2+ 𝑎2 =
1

𝑎
tan−1 (

𝑥

𝑎
) + 𝐶 

16. ∫
𝑑𝑥

𝑥2− 𝑎2 =
1

2𝑎
log |

𝑥−𝑎

𝑥+𝑎
| + 𝐶 

17. ∫
1

𝑎2−𝑥2 𝑑𝑥 =
1

2𝑎
log |

𝑎+𝑥

𝑎−𝑥
| + 𝐶 

18. ∫
𝑑𝑥

√𝑎2−𝑥2
= 𝑠𝑖𝑛−1 (

𝑥

𝑎
) + 𝐶 

19. ∫
1

√𝑥2−𝑎2
𝑑𝑥 =log |𝑥 + √𝑥2 − 𝑎2| + 𝐶 

20. ∫
𝑑𝑥

√𝑥2+𝑎2
=log |𝑥 + √𝑥2 + 𝑎2| + 𝐶 

21. ∫
𝑑𝑥

√1−𝑥2
= 𝑠𝑖𝑛−1 𝑥 + C 

22. ∫
−𝑑𝑥

√1−𝑥2
= 𝑐𝑜𝑠−1 𝑥 + C 

23. ∫
𝑑𝑥

1+𝑥2  = 𝑡𝑎𝑛−1 𝑥 + C 

24. ∫
−𝑑𝑥

1+𝑥2  = 𝑐𝑜𝑡−1 𝑥 + C 

25. ∫
𝑑𝑥

𝑥√𝑥2−1
= 𝑠𝑒𝑐−1 𝑥 + C 

26. ∫
−𝑑𝑥

𝑥√𝑥2−1
= 𝑐𝑜𝑠𝑒𝑐−1 𝑥 + C 

7 
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❖ Basic theorems on integration 

∫[𝑓(𝑥) ± 𝑔(𝑥)] 𝑑𝑥 = ∫ 𝑓(𝑥) 𝑑𝑥 ± ∫𝑔(𝑥) 𝑑𝑥 

∫𝐶 𝑓(𝑥)𝑑𝑥 = 𝐶 ∫𝑓(𝑥) 𝑑𝑥  , where C is a constant 

❖ Most frequently used results 

1. ∫𝑑𝑥 = 𝑥 + 𝐶

2. ∫𝑥𝑑𝑥 =
𝑥2

2
+ 𝐶 

3. ∫𝑥2𝑑𝑥 =
𝑥3

3
+ 𝐶 

4. ∫√𝑥𝑑𝑥 =
2

3
𝑥

3

2 + 𝐶 

5. ∫
1

√𝑥
𝑑𝑥 = 2√𝑥 + 𝐶 

6. ∫
1

𝑥2 𝑑𝑥 =
−1

𝑥
+ 𝐶 

❖ Integration by substitution 

➢ ∫𝒇(𝒂𝒙 + 𝒃)𝒅𝒙. [Put 𝒂𝒙 + 𝒃 = 𝒕] 

➢ ∫𝒇(𝒈(𝒙))𝒈′(𝒙)𝒅𝒙 [Put 𝒈(𝒙) = 𝒕] 

➢ ∫(𝒇(𝒙))𝒏𝒇′(𝒙) 𝒅𝒙 [Put 𝒇(𝒙) = 𝒕] 

➢ ∫𝒇(𝒙)𝒇′(𝒙) 𝒅𝒙 =
[𝒇(𝒙)]𝟐

𝟐
+ 𝑪 

➢ ∫
𝒇′(𝒙)

𝒇(𝒙)
= 𝐥𝐨𝐠 |𝒇(𝒙)| + 𝑪 

➢ ∫
𝒇′(𝒙)

√𝒇(𝒙)
𝒅𝒙 = 𝟐√𝒇(𝒙) + 𝑪 

Evaluate the following : 

1. ∫(𝑥4 + 3𝑥2 − 8𝑥 + 7) 𝑑𝑥

Sol : 

∫(𝑥4 + 3𝑥2 − 8𝑥 + 7) 𝑑𝑥

= ∫𝑥4 𝑑𝑥 + ∫3𝑥2𝑑𝑥 − ∫8𝑥 𝑑𝑥 + ∫7 𝑑𝑥

= ∫𝑥4 𝑑𝑥 + 3∫𝑥2𝑑𝑥 − 8∫𝑥 𝑑𝑥 + 7∫1𝑑𝑥

=
𝑥5

5
+ 3

𝑥3

3
− 8

𝑥2

2
+ 7𝑥 + 𝐶 

=
𝑥5

5
+ 𝑥3 − 4𝑥2 + 7𝑥 + 𝐶

2. ∫(2𝑥 − 3 cos 𝑥 + 𝑒𝑥) 𝑑𝑥

Sol : 

∫(2𝑥 − 3 cos 𝑥 + 𝑒𝑥) 𝑑𝑥

QUESTIONS AND ANSWERS 
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= 2 × 
𝑥2

2
− 3 sin 𝑥 + 𝑒𝑥 + 𝐶

=  𝑥2 − 3 sin 𝑥 + 𝑒𝑥 + 𝐶

3. ∫(𝑥 + 1)(𝑥 + 2)𝑑𝑥

Sol : 

∫(𝑥 + 1)(𝑥 + 2)𝑑𝑥 

= ∫(𝑥2 + 2𝑥 + 1𝑥 + 2) 𝑑𝑥
= ∫(𝑥2 + 3𝑥 + 2) 𝑑𝑥

=
𝑥3

3
+ 

3𝑥2

2
+ 2𝑥 + 𝐶 

4. ∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥

Sol : 

∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥 = ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥

= tan 𝑥 − 𝑥 + 𝐶 

5. ∫ sec 𝑥 (sec 𝑥 + tan 𝑥) 𝑑𝑥

Sol : 

∫ sec 𝑥 (sec 𝑥 + tan 𝑥) 𝑑𝑥 

= ∫(𝑠𝑒𝑐2𝑥 + sec 𝑥 tan 𝑥)𝑑𝑥

= tan 𝑥 + sec 𝑥 + 𝐶   

6. ∫ 𝑒2𝑥+3 𝑑𝑥

     Sol : 

∫ 𝑒2𝑥+3 𝑑𝑥 =
1

2
𝑒2𝑥+3 + 𝐶

Since ∫ 𝑒𝑎𝑥+𝑏𝑑𝑥 =
1

𝑎
𝑒𝑎𝑥+𝑏 + 𝐶

7. Integrate
sin(tan−1 𝑥)

1+𝑥2

Sol: 

Put 𝑡 = tan−1 𝑥 ⇒ 𝑑𝑡 =
1

1+𝑥2 𝑑𝑥 

∫
sin(tan−1 𝑥)

1 + 𝑥2
𝑑𝑥 = ∫sin 𝑡 𝑑𝑡 

= −cos 𝑡 + 𝐶 

= −cos(tan−1 𝑥) + 𝐶

8. Integrate
(1+log𝑥)2

𝑥

Put 𝑡 = 1 + log 𝑥 ⇒ 𝑑𝑡 =
1

𝑥
𝑑𝑥 

∫  
(1+log𝑥)2

𝑥
𝑑𝑥 = ∫ 𝑡2𝑑𝑡 =

𝑡3

3
+ 𝐶 

=
(1+log𝑥)3

3
+ 𝐶 

9. Integrate
sin−1 𝑥

√1−𝑥2

Put 𝑡 = sin−1 𝑥 ⇒ 𝑑𝑡 =
1

√1−𝑥2
𝑑𝑥 

∫
sin−1 𝑥

√1 − 𝑥2
𝑑𝑥 = ∫ 𝑡 𝑑𝑡 =

𝑡2

2
+ 𝐶 

=
(sin−1 𝑥)2

2
+ 𝐶 

10. Evaluate ∫
2𝑥

1+𝑥2 𝑑𝑥 

Sol : 

∫
2𝑥

1+𝑥2 𝑑𝑥 = log|1 + 𝑥2| + 𝐶

Since ∫
𝑓′(𝑥)

𝑓(𝑥)
= log |𝑓(𝑥)| + 𝐶 

11. Evaluate  ∫
cos𝑥

1+sin𝑥
𝑑𝑥 

Sol : 

∫
cos𝑥

1+sin𝑥
𝑑𝑥 = log|1 + sin 𝑥| + 𝐶 

Since ∫
𝑓′(𝑥)

𝑓(𝑥)
= log |𝑓(𝑥)| + 𝐶 

12. Evaluate    ∫
sin𝑥

√1+cos𝑥
𝑑𝑥 

Sol: 

 ∫
Sin𝑥

√1+cos𝑥
𝑑𝑥 =

1

−1
∫

−sin𝑥

√1+cos𝑥
𝑑𝑥 

          = −2√1 + cos 𝑥 + 𝐶 

Since  ∫
𝑓′(𝑥)

√𝑓(𝑥)
𝑑𝑥 = 2√𝑓(𝑥) + 𝐶 
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13. Evaluate   ∫
𝑑𝑥

𝑥2+4
 

Sol :  

∫
𝑑𝑥

𝑥2+4
= ∫

𝑑𝑥

𝑥2+22   

  =
1

2
tan−1 (

𝑥

2
) + 𝐶   

Since ∫
𝒅𝒙

𝒙𝟐+ 𝒂𝟐 =
𝟏

𝒂
 𝐭𝐚𝐧−𝟏 (

𝒙

𝒂
) + 𝑪 

 

14. Evaluate ∫
sec2 𝑥 𝑑𝑥 

√tan2 𝑥+4
𝑑𝑥 

      Sol : 

 Put 𝑡 = tan 𝑥 ⇒ 𝑑𝑡 = sec2 𝑥 𝑑𝑥   

  ∫
sec2 𝑥 𝑑𝑥 

√tan2 𝑥+4
𝑑𝑥 = ∫

𝑑𝑡

√𝑡2+22
  

    = log|𝑡 + √𝑡2 + 22| + 𝐶  

= log |tan 𝑥 + √tan2 𝑥 + 4| + 𝐶 

 

 

 

15. Evaluate   ∫
1

𝑥2+2𝑥+2
𝑑𝑥     

 𝑥2 + 2𝑥 + 2 = (𝑥 + 1)2 − 12 + 2            

                         = (𝑥 + 1)2 + 12      

    ∫
1

𝑥2+2𝑥+2
𝑑𝑥 = ∫

1

(𝑥+1)2+12 𝑑𝑥  

           =
1

1
tan−1(

𝑥+1

1
) + 𝐶 

            = tan−1(𝑥 + 1) + 𝐶  

16. Evaluate ∫
𝑑𝑥

√2𝑥−𝑥2
𝑑𝑥 

     2𝑥 − 𝑥2  = −(𝑥2 − 2𝑥) 

   = −(𝑥2 − 2𝑥 + 1 − 1)   

 = −((𝑥 − 1)2 − 1) 

  = 1 − (𝑥 − 1)2  

      ∴ ∫
1

√2𝑥−𝑥2
𝑑𝑥  = ∫

1

√1−(𝑥−1)2
𝑑𝑥 

        = 𝑠𝑖𝑛−1( 𝑥 − 1) + 𝐶  

 

 
 

Integrate the following :  

1. 2𝑥3 

2. 𝑥3 − 𝑥2 + 1 

3. 𝑥2 + 5𝑥 − 4 +
1

𝑥
−

2

𝑥3
 

4. 
1−sin𝑥

cos2 𝑥
 

5. sec 7𝑥 tan 7𝑥 

6. 
𝑒tan−1 𝑥

1+𝑥2
 

7. 𝑥 cos(𝑥2) 

8. 
(log 𝑥)2

𝑥
 

9. 
1

𝑥+𝑥 log𝑥
 

10. 
sec2 𝑥

√𝑡𝑎𝑛𝑥
 

11. 
1

𝑥2−4
 

12. 
1

9−𝑥2 

13. 
1

𝑥2+5
 

14. 
1

√16−4𝑥2
 

15. 
1

𝑥2−6𝑥+13
𝑑𝑥 

16. 
1

√3−2𝑥−𝑥2
 

17. 
𝑥+2

2𝑥2+6𝑥+5
 

 

PRACTICE PROBLEMS 
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❖ Definite integral 

 ∫𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥), then ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= [𝐹(𝑥)]𝑎

𝑏 = 𝐹(𝑏) − 𝐹(𝑎) 

Eg :  ∫ 𝑥23

2
𝑑𝑥 = [

𝑥3

3
]
2

3

= [
33

3
−

23

3
] =

27

3
−

8

3
=

19

3

1. ∫ 𝑒𝑥𝑑𝑥
5

4

Sol :   

∫ 𝑒𝑥𝑑𝑥
5

4
= [𝑒𝑥]4

5    = 𝑒5 − 𝑒4

2. ∫
1

𝑥

3

2
𝑑𝑥 

Sol : 

∫
1

𝑥

3

2
𝑑𝑥 = [log |𝑥|]2

3

= log 3 − log 2 = log
3

2

3. ∫
1

√1−𝑥2

1

0
𝑑𝑥 

Sol : 

∫
1

√1−𝑥2

1

0
𝑑𝑥 = [sin−1 𝑥]0

1

= sin−1 1 − sin−1 0

=
𝜋

2
− 0 =

𝜋

2

4. ∫
𝑑𝑥

𝑥2−1

3

2

Sol : 

∫
𝑑𝑥

𝑥2−1

3

2
=

1

2×1
[log |

𝑥−1

𝑥+1
|]

2

3

=
1

2
[log

3−1

3+1
− log

2−1

2+1
] 

=
1

2
[log

2

4
− log

1

3
] 

=
1

2
[log

1

2
− log

1

3
] =

1

2
[log (

1

2
1

3

)] 

=
1

2
[log (

3

2
)] 

5. ∫
sin𝑥

1+𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

2
0

 

Sol : 

Put 𝑡 = cos 𝑥 

𝑑𝑡 = −sin 𝑥 𝑑𝑥 

When 𝑥 = 0,     𝑡 = cos 0 = 1 

When 𝑥 =
𝜋

2
,   𝑡 = cos

𝜋

2
= 0 

 ∫
sin𝑥

1+𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

2
0

= ∫
−𝑑𝑡

1+𝑡2 𝑑𝑥
0

1
 

= ∫
𝑑𝑦

1+𝑡2 𝑑𝑥
1

0
 

= [tan−1 𝑡]0
1

= tan−1 1 − tan−1 0

=
π

4
− 0 =

𝜋

4

1. ∫ (𝑥3 − 𝑥2 + 1)
2

1
𝑑𝑥 

2. ∫ 𝑡𝑎𝑛2𝑥
𝜋

4
0

𝑑𝑥 

3. ∫
1

1+𝑥2

1

0
𝑑𝑥 

4. ∫
tan−1 𝑥

1+𝑥2

1

0
𝑑𝑥

QUESTIONS AND ANSWERS 

PRACTICE PROBLEMS 
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APPLICATION OF INTEGRALS 

KEY NOTES 

❖ ∫𝒙𝒏 𝒅𝒙 =
𝒙𝒏+𝟏

𝒏+𝟏
+ 𝑪 

❖ ∫(𝒂𝒙 + 𝒃)𝒅𝒙 =
(𝒂𝒙+𝒃)𝟐

𝟐𝒂
+ 𝑪 

❖ ∫√𝒙𝒅𝒙 =
𝟐

𝟑
𝒙√𝒙+C 

❖ ∫√𝒂𝟐 − 𝒙𝟐 𝒅𝒙 =
𝒙

𝟐
√𝒂𝟐 − 𝒙𝟐 +

𝒂𝟐

𝟐
𝐬𝐢𝐧−𝟏 (

𝒙

𝒂
) + 𝑪 

❖ ∫ 𝐬𝐢𝐧 𝒙 𝒅𝒙 = − 𝒄𝒐𝒔𝒙 + 𝑪   

❖  ∫ 𝐜𝐨𝐬 𝒙𝒅𝒙 =𝐬𝐢𝐧 𝒙 + 𝑪 

❖ Area under simple curves 

The area of the region bounded by the curve = 𝑓(𝑥) , 𝑥- axis and the line 

𝑥 = 𝑎 and 𝑥 = 𝑏 (𝑏 > 𝑎) is given by : Area =∫ 𝒚 𝒅𝒙 
𝒃

𝒂
= ∫ 𝒇(𝒙) 𝒅𝒙 

𝒃

𝒂

The area of the region bounded by the curve = 𝑔(𝑦) , 𝑦- axis and the line 

 𝑦 = 𝑐 and 𝑦 = 𝑑 (𝑑 > 𝑐) is given by : Area =∫ 𝒙 𝒅𝒚 
𝒅

𝒄
= ∫ 𝒈(𝒚)𝒅𝒚 

𝒅

𝒄

8 
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1. Find the area of the region bounded by

the curve
2y x= , 𝑥-axis and the lines   

1, 4x x= = in the first quadrant

Sol :  

Given 𝑦2 = 𝑥 ⇒ 𝑦 = √𝑥

Area of the region bounded by the curve  

𝑦2 = 𝑥, lines 𝑥 = 1 & 𝑥 = 4 in the 1st

quadrant is  = Area of shaded region 

= ∫ 𝑦 𝑑𝑥 
4

1

=  ∫ √𝑥𝑑𝑥
4

1
= [

2

3
𝑥√𝑥]

1

4

=
2

3
[𝑥√𝑥]

1

4

=
2

3
[4√4 − 1√1] =

2

3
[8 − 1] 

=
14

3
  sq. units 

Note : Area of the region bounded by 

the curve 𝑦2 = 𝑥, lines 𝑥 = 1 & 𝑥 = 4 is

2 × 
14

3
=

28

3
  sq. units. [∵ the curve is

symmetric with respect 𝑥 - axis, the 

area below and above 𝑥 axis are equal]  

2. Find the area enclosed by the curve

𝑥2 + 𝑦2 = 𝑎2

Given,  𝑥2 + 𝑦2 = 𝑎2 ⇒ 𝑦2 = 𝑎2 − 𝑥2

⇒ 𝑦 = √𝑎2 − 𝑥2

Required Area = 4 area of shaded region 

= 4 ∫ 𝑦 𝑑𝑥 
𝑎

0

= 4 ∫ √𝑎2 − 𝑥2 𝑑𝑥 
𝑎

0

= 4 [
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
sin−1 (

𝑥

𝑎
)]

0

𝑎

= 4 [(0 +
𝑎2

2
sin−1(1)) − 0]

= 4 ×
𝑎2

2
×

𝜋

2
= 𝜋𝑎2 sq units.

3. Find the area of the region bounded by the

curve 𝑥2 = 4𝑦 and the lines 𝑦 = 2, 𝑦 = 4

and the 𝑦- axis in the 1st quadrant

Given 𝑥2 = 4𝑦 ⇒ 𝑥 = √4𝑦 = 2√𝑦 and

the lines are 𝑦 = 2 &  𝑦 = 4   

Required area = ∫ 𝑥 𝑑𝑦 
4

2

= ∫ 2√𝑦 𝑑𝑦 
4

2
= 2 [

2

3
𝑦√𝑦]

2

4

=
4

3
[𝑦√𝑦]

2

4
=

4

3
[4√4 − 2√2] 

=
4

3
[8 − 2√2] sq units 

QUESTIONS AND ANSWERS 
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4. Find the area of the region bounded by

the curve 𝑦 = 𝑥2 and the line 𝑦 = 4

Given 𝑦 = 𝑥2 ⇒ 𝑥 = √𝑦

Required area = 2 ∫ 𝑥 𝑑𝑦
4

0
 

 = 2 ∫ √𝑦 𝑑𝑦
4

0
 

= 2 [
2

3
𝑦√𝑦]

0

4

=
4

3
[4√4 − 0] 

=
4

3
[8 − 0] =

32

3
𝑠𝑞 𝑢𝑛𝑖𝑡𝑠 

5. Find the area of the parabola

𝑦2 = 4𝑎𝑥 bounded by its latus rectum

Given curve is 𝑦2 = 4𝑎𝑥 

⇒ 𝑦 = √4𝑎𝑥 = 2√𝑎 √𝑥

The required area  2∫ 𝑦
𝑎

0
𝑑𝑥 

= 2 ∫ 2√𝑎 √𝑥
𝑎

0
 𝑑𝑥 

= 4√𝑎 [
2

3
𝑥√𝑥]

0

𝑎

=
8

3
√𝑎 [𝑥√𝑥]

0

𝑎

=
8

3
√𝑎[𝑎√𝑎 − 0]

=
8𝑎2

3
 sq units 

6. Find the area of the region bounded by the

ellipse  
𝑥2

25
+

𝑦2

16
= 1 

𝑥2

25
+

𝑦2

16
= 1

𝑦2

16
= 1 −

𝑥2

25

𝑦2 = 16 (
25−𝑥2

25
)

𝑦 =
4

5
√25 − 𝑥2

Area of the region bounded by ellipse 

= 4 × Area of shaded region 

= 4  

5

2

0

4
25

5
x dx−

5

2 1

0

16 25
25 sin

5 2 2 5

x x
x − 

= − + 
 

=
16

5
[(0 +

25

2
(sin−1 1)) − (0 +

25

2
(sin−1 0))] 

=
16

5
[
25

2
×

𝜋

2
] 

= 4 × 5𝜋 = 20 𝜋  sq. units 
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7. Find the area bounded by the curve

 𝑦 = sin 𝑥 between 𝑥 = 0 and 𝑥 = 2𝜋 

Required area = 4 area of shaded region 

= 4 ∫ 𝑦
𝜋

2
0

 𝑑𝑥 = 4∫ sin 𝑥
𝜋

2
0

 𝑑𝑥 

= 4[−𝑐𝑜𝑠𝑥 ]0

𝜋

2

= −4[cos
𝜋

2
− cos 0]

= −4[0 − 1] = 4 sq units 

1. Find the area bounded by the curve

𝑦2  = 9𝑥 and the lines 𝑥 = 2, 𝑥 = 4

and the x axis in the 1st quadrant

2. Find the area of the region bounded by

the ellipse 
𝑥2

16
+

𝑦2

9
= 1 

3. Find the area bounded by the curve

𝑦 = cos 𝑥 between 𝑥 = 0 and 𝑥 = 𝜋

4. Find the area bounded by the curve

𝑦 = |𝑥| between 𝑥 = −2 and 𝑥 = 2

5. Find the area of the region in the  1st

quadrant     enclosed   by  the   𝑥-axis ,

the line 𝑦 = 𝑥 , and the circle 𝑥2 +

𝑦2 = 32

PRACTICE PROBLEMS 
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DIFFERENTIAL EQUATIONS 

KEY NOTES 

∫
𝒇′(𝒙)

𝒇(𝒙)
𝒅𝒙 = 𝒍𝒐𝒈 |𝒇(𝒙)| + 𝑪 ∫ 𝒙𝒏 𝒅𝒙 =

𝒙𝒏+𝟏

𝒏+𝟏
+ 𝑪

∫𝒆𝒙 𝒅𝒙 = 𝒆𝒙 + 𝑪 Slope of tangent at any point (𝒙, 𝒚) =
𝒅𝒚

𝒅𝒙

 ∫
𝒅𝒙

𝟏+𝒙𝟐 = 𝐭𝐚𝐧−𝟏 𝒙 + 𝑪 

Differential Equations 

An equation involving derivatives of dependent variables with respect to 

independent variables is known as a differential equation  

Order and Degree Of a Differential Equation  

Order of a differential equation is the order of the highest order derivative 

occurring in the differential equation   

Degree of a differential equation is the highest power of the highest order derivative in it. 

Note: Degree of a differential equation is defined if it is a polynomial equation in its 

derivative    

Eg: Consider 2
𝑑2𝑦

𝑑𝑥2 + (
𝑑𝑦

𝑑𝑥
)
3

= 0 

Here highest order derivative is 
𝑑2𝑦

𝑑𝑥2, which is 2nd order. 

∴ Order of the d.e is 2 

Power of highest order derivative is 1. ∴ Degree of the  d.e is 1 

Solution of a Differential Equation 

A function which satisfies the given differential equation is called its solution. 

The solution which contains as many arbitrary constants as the order of the 

differential equation is called  a general solution and the solution free from 

arbitrary constant is called particular solution.    

Variable Separable Form 

• Write the given differential equation in the form  𝐍 𝒅𝒚 = 𝐌 𝒅𝒙 ,

where N is function of 𝒚 and M is a function of of 𝒙.

• Integrate both sides and add an arbitrary constant on one side, gives the general

solution.

Eg: Consider  
𝑑𝑦

𝑑𝑥
= (1 + 𝑥2)(1 + 𝑦2)

9 
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𝑑𝑦 = (1 + 𝑥2)(1 + 𝑦2)𝑑𝑥

𝒅𝒚

(𝟏+𝒚𝟐)
= (𝟏 + 𝒙𝟐)𝒅𝒙 [  𝐍 𝒅𝒚 = 𝐌 𝒅𝒙 form] 

Now integrating both sides , ∫
𝑑𝑦

(1+𝑦2)
= ∫(1 + 𝑥2)𝑑𝑥

⇒ tan−1 𝑦 = 𝑥 +
𝑥3

3
+ 𝐶  which is the general solution 

Note: To get particular solution from the general solution , find the value of 

arbitrary constant C using given values of 𝐱 and 𝐲 . 

1. Find the order and degree of the

following differential equations

(a)  𝑥𝑦 (
𝑑2𝑦

𝑑𝑥2)
2

+ 𝑥 (
𝑑𝑦

𝑑𝑥
)
3

− 𝑦
𝑑𝑦

𝑑𝑥
= 0 

(b) (
𝑑𝑠

𝑑𝑡
)
4

+ 3𝑠
𝑑2𝑠

𝑑𝑡2 = 0 

(c) 𝑥4 𝑑2𝑦

𝑑𝑥2 = 1 + (
𝑑𝑦

𝑑𝑥
)
3

(d) (
𝑑3𝑦

𝑑𝑥3)
2

+ 𝑐𝑜𝑠 (
𝑑𝑦

𝑑𝑥
) = 0 

(e) (𝑦′′′)2 + (𝑦′′)3 + (𝑦′)4 + 𝑦5 = 0

(f) 𝑦′′′ + 𝑦2 + 𝑒𝑦′
= 0

 Sol : 

(a)   Highest order derivative in d.e is  
𝑑2𝑦

𝑑𝑥2. 

 ∴ order =2  

Power of highest order derivative is 2  

∴ degree =2  

(b) Highest order derivative in d.e is  
𝑑2𝑠

𝑑𝑡2 . 

∴ order =2 

Power of highest order derivative is 1. 

 ∴ degree =1  

(c) Highest order derivative in d.e is     
𝑑2𝑦

𝑑𝑥2. 

 ∴ order =2  

Power of highest order derivative is 1. 

    ∴ degree =1 

(d) Highest order derivative in d.e is 
𝑑3𝑦

𝑑𝑥3

∴ order =3 

Here given d.e  is not a polynomial 

equation (∵ 𝑐𝑜𝑠 (
𝑑𝑦

𝑑𝑥
) is present ) 

∴ Degree is not defined 

(e) Highest order derivative in d.e is    𝑦′′′

∴ order =3 

Power of highest order derivative is 2 .    

∴ degree =2 

(f) Highest order derivative in d.e is    𝑦′′′.

∴ order =3 

Here given d.e  is not a polynomial 

equation (∵ 𝑒𝑦′
is present )

∴ Degree is not defined. 

QUESTIONS AND ANSWERS 
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2. Solve the following differential

equations.

(a) 
𝑑𝑦

𝑑𝑥
=

𝑥+1

2−𝑦

(b) 
𝑑𝑦

𝑑𝑥
=

1+𝑦2

1+𝑥2

(c) 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥−𝑦

(d) sec2 𝑥 tan 𝑦 𝑑𝑥 + sec2 𝑦 tan 𝑥 𝑑𝑦 = 0 

(e) 𝑦 log 𝑦  𝑑𝑥 − 𝑥𝑑𝑦 = 0 

Sol : 

(a) 
𝑑𝑦

𝑑𝑥
=

𝑥+1

2−𝑦

  (2 − 𝑦)𝑑𝑦 = (𝑥 + 1)𝑑𝑥 

Integrating both sides  

 ∫(2 − 𝑦) 𝑑𝑦 = ∫(𝑥 + 1) 𝑑𝑥 

2𝑦 −
𝑦2

2
=

𝑥2

2
+ 𝑥 + C  ,

which is the general solution 

(b) 
𝑑𝑦

𝑑𝑥
=

1+𝑦2

1+𝑥2

𝑑𝑦

1+𝑦2 =
𝑑𝑥

1+𝑥2

Integrating both sides 

 ∫
𝑑𝑦

1+𝑦2 = ∫
𝑑𝑥

1+𝑥2

tan−1 𝑦 = tan−1 𝑥 + 𝐶 , which is the

general solution  

(c) 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥−𝑦

𝑑𝑦

𝑑𝑥
=

𝑒𝑥

𝑒𝑦

 𝑒𝑦𝑑𝑦 = 𝑒𝑥 𝑑𝑥 

Integrating both sides 

𝑒𝑦 = 𝑒𝑥 + 𝐶 , which is the general

solution  

(d)  𝑠𝑒𝑐2 𝑥 𝑡𝑎𝑛 𝑦 𝑑𝑥 + 𝑠𝑒𝑐2 𝑦 𝑡𝑎𝑛 𝑥 𝑑𝑦 = 0

⇒ 𝑠𝑒𝑐2 𝑥 𝑡𝑎𝑛 𝑦 𝑑𝑥 = −𝑠𝑒𝑐2 𝑦 𝑡𝑎𝑛 𝑥 𝑑𝑦

 ⇒    
𝑠𝑒𝑐2 𝑥

tan𝑥
𝑑𝑥 =

−𝑠𝑒𝑐2 𝑦

tan𝑦
𝑑𝑦 

 Integrating both sides, 

∫
sec2𝑥

tan𝑥
𝑑𝑥 = −∫

sec2𝑦

tan𝑦
𝑑𝑦 

⇒ log | tan 𝑥 | = − log | tan 𝑦 | + log |𝐶|

⇒ log | 𝑡𝑎𝑛 𝑥 | + log | tan 𝑦 | = log |𝐶|

⇒ log | tan 𝑥 tan 𝑦 | = log|𝐶|

⇒ 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 = 𝐶

(e)     𝑦 logy 𝑑𝑥 − 𝑥𝑑𝑦 = 0 

   𝑦 log 𝑦   𝑑𝑥 = 𝑥 𝑑𝑦 

𝑑𝑦

𝑦 𝑙𝑜𝑔 𝑦
=

𝑑𝑥

𝑥

   Integrating both sides, ∫

1

𝑦
𝑑𝑦

log𝑦
= ∫

𝑑𝑥

𝑥

⇒ 𝑙𝑜𝑔| log 𝑦 | = log|𝑥| + 𝑙𝑜𝑔|𝑐|

⇒ log |log 𝑦| = log |𝐶𝑥|

⇒ log 𝑦 = 𝐶𝑥

∴ 𝑦 = 𝑒𝐶𝑥 is the general solution

3. Find the particular solution of the

differential equation 
𝑑𝑦

𝑑𝑥
= −4𝑥𝑦2 ,given

that 𝑦 = 1 , when 𝑥 = 0 

Sol: 

𝑑𝑦

𝑑𝑥
= −4𝑥𝑦2

𝑑𝑦

𝑦2 = −4𝑥 𝑑𝑥 
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Integrating both sides, 

∫−
𝑑𝑦

𝑦2 = ∫ 4𝑥 𝑑𝑥

1

𝑦
= 4(

  𝑥2

2
) + 𝐶 

1

𝑦
= 2𝑥2 + 𝐶

Given that    𝑦 = 1 , when 𝑥 = 0 

⇒ 
1

1
= 2 × 02 + 𝐶 ⇒ 𝐶 = 1

∴  particular solution is 

1

𝑦
= 2𝑥2 + 1

⇒ 𝑦 =
1

2𝑥2+1

1. Find the order and degree of the

following

(a)   2𝑥2 𝑑2𝑦

𝑑𝑥2 − 3
𝑑𝑦

𝑑𝑥
+ 5 = 0 

(b)   
𝑑2𝑦

𝑑𝑥2 + 𝑦 = 0 

(c)  𝑦′′ + (𝑦′)2 + 2𝑦 = 0 

(d)  (
𝑑𝑦

𝑑𝑥
)
2

+
𝑑𝑦

𝑑𝑥
− sin2 𝑦 = 0

2. Solve 𝑥2 𝑑𝑦

𝑑𝑥
− 2 𝑥𝑦 = 0 

3. Solve

𝑒𝑥 tan 𝑦 𝑑𝑥 + (1 − 𝑒𝑥) sec2 𝑦  𝑑𝑦 = 0

4. Solve 
𝑑𝑦

𝑑𝑥
= (𝑥𝑦 + 𝑦 + 𝑥 + 1) 

5. Find the equation of the curve passing

through the point (−2,3), given that the

slope of the tangent to the curve at any

point (𝑥, 𝑦) is 
2𝑥

𝑦2

6. Find the equation of curve passing through

the point (0,2)given that at any point

(𝑥, 𝑦) on the curve, the product of slope of

its tangent and 𝑦 coordinate of the point is

equal to the 𝑥 coordinate of the point

PRACTICE PROBLEMS 
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VECTOR ALGEBRA 

KEY NOTES 

❖ Addition of vectors 

(i) Triangular law (ii) Parallelogram law 

Let  �̅� = 𝑎1𝑖 + 𝑏1𝑗 + 𝑐1𝑘 ; �̅� = 𝑎2𝑖 + 𝑏2𝑗 + 𝑐2𝑘 

�̅� + �̅� = (𝑎1 + 𝑎2)𝑖 + (𝑏1 + 𝑏2)𝑗 + (𝑐1 + 𝑐2)𝑘

�̅� − �̅� = (𝑎1 − 𝑎2)𝑖 + (𝑏1 − 𝑏2)𝑗 + (𝑐1 − 𝑐2)𝑘

❖ Scalar multiplication 

Let �̅� be any vector and 𝑘 any scalar 

Case – I : If 𝑘 > 0 

 𝑘�̅� is a vector whose magnitude is 𝑘 times |�̅�| and direction along �̅� 

Case – II : If 𝑘 < 0 

𝑘�̅� is a vector whose magnitude is 𝑘 times |�̅�| and direction opposite of  �̅� 

�̅� is parallel to �̅� ⟹ �̅� = 𝜆�̅� , 𝜆 being a scalar 

Let �̅� = 𝑎1𝑖 + 𝑏1𝑗 + 𝑐1𝑘, then   𝑘�̅� = (𝑘𝑎1)𝑖 + (𝑘𝑏1)𝑗 + (𝑘𝑐1)𝑘 

|�̅�| = √(𝒂𝟏)𝟐 + (𝒂𝟐)𝟐 + (𝒂𝟑)𝟐

• Unit vector in the direction of   �̂� =
�̅�

|�̅�|

• Vector in the direction of   �̅� having magnitude 𝒌 = 𝑘 (
�̅�

|�̅�|
) 

❖ Vector joining 𝐀(𝒙𝟏, 𝒚𝟏, 𝒛𝟏)𝐚𝐧𝐝 𝐁(𝒙𝟐, 𝒚𝟐, 𝒛𝟐) is

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑷𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝑩 − 𝑷𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝑨

Or 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝒙𝟐 − 𝒙𝟏)�̂� + (𝒚𝟐 − 𝒚𝟏)𝒋̂ + (𝒛𝟐 − 𝒛𝟏)�̂� 

10 
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❖ Product of vectors 

Dot product/ Scalar product Cross product/ Vector product 

• �̅� ∙ �̅� = |�̅�||�̅�| 𝐜𝐨𝐬 𝜽

• �̅� ∙ �̅� = 𝒂𝟏𝒂𝟐 + 𝒃𝟏𝒃𝟐 + 𝒄𝟏𝒄𝟐

• 𝐜𝐨𝐬 𝜽 =
�̅�∙�̅�

|𝒂||𝒃|

• 𝒊 ∙ 𝒊 = 𝒋 ∙ 𝒋 = 𝒌 ∙ 𝒌 = 𝟏

• 𝒊 ∙ 𝒋 = 𝒋 ∙ 𝒌 = 𝒌 ∙ 𝒊 = 𝟎

• �̅�  ⊥  �̅� ⟹ �̅� ∙ �̅� = 𝟎

i.e., 𝒂𝟏𝒂𝟐 + 𝒃𝟏𝒃𝟐 + 𝒄𝟏𝒄𝟐 = 𝟎

• �̅� || �̅� ⟹ �̅� = 𝝀�̅� ⇒
𝒂𝟏

𝒂𝟐
=

𝒃𝟏

𝒃𝟐
=

𝒄𝟏

𝒄𝟐

• Projection of �̅� on �̅� = 
�̅�∙�̅�

|𝒃|

• �̅� × �̅� = |𝒂||𝒃| 𝐬𝐢𝐧 𝜽 ∙ �̂� , where �̂� , a

unit vector ⊥ to both �̅� and �̅� 

• �̅� × �̅� = |

𝒊 𝒋 𝒌
𝒂𝟏 𝒃𝟏 𝒄𝟏

𝒂𝟐 𝒃𝟐 𝒄𝟐

| 

• |�̅� × �̅�| = |�̅�||�̅�| 𝐬𝐢𝐧 𝜽

• 𝐬𝐢𝐧 𝜽 =
|�̅�×�̅�|

|𝒂||𝒃|

• vector perpendicular to both

 �̅�&�̅� =  �̅� × �̅� 

• Unit vector perpendicular to

both �̅�&�̅�  ,   �̂� =
�̅�×�̅�

|�̅�×�̅�|

• The area of a parallelogram with

adjacent sides �̅� and �̅� = |�̅� × �̅�|

• Area of ∆ with adjacent sides �̅� and �̅� 

= 
𝟏

𝟐
|�̅� × �̅�|

 

1. Consider  𝑎 = 3𝑖̂ + 2𝑗̂ + 2�̂�.

(a) Find the magnitude  𝑎  

(b) Find a unit vector in the direction of 𝑎  

(c) Find a vector in the direction of 𝑎  

having magnitude 10 

Sol: 

(a)   𝑎 = 3𝑖̂ + 2𝑗̂ + 2�̂�. 

|𝑎 | = √𝑎2 + 𝑏2 + 𝑐2 

= √32 + 22 + 22   = √17 

(b)  Unit vector in the direction of �̅� =
�̅�

|�̅�|

=
3𝑖̂ + 2𝑗̂ + 2�̂�

√17

(c) Vector in the direction of   �̅� having 

magnitude 10 = 10 (
�̅�

|�̅�|
) = 10 (

3�̂�+2�̂�+2�̂�

√17
) 

2. If 𝑎 = 2𝑖̂ + 𝑗̂ + 3�̂� and  �⃗� = 3𝑖̂ − 2𝑗̂ + �̂�,

Find  

(a) 𝑎 + �⃗�   and 𝑎 − �⃗�    

(b) Find a unit vector in the direction of 

𝑎 + �⃗� 

QUESTIONS AND ANSWERS 
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Sol: 

(a)   𝑎 = 2𝑖̂ + 𝑗̂ + 3�̂� 

�⃗� = 3𝑖̂ − 2𝑗̂ + 𝑘 ̂

 𝑎 + �⃗� = (2 + 3)�̂� + (1+−2)�̂� + (3 + 1)𝑘 ̂

= 5𝑖̂ − 𝑗̂ + 4𝑘 ̂

𝑎 − �⃗� = (2 − 3)�̂� + (1−−2)�̂� + (3 − 1)𝑘 ̂

= −𝑖̂ + 3𝑗̂ + 2𝑘 ̂

(b)  Unit vector in the direction of  

𝑎 + �⃗� =
�⃗� +�⃗� 

|�⃗� +�⃗� |
 =

5�̂�−�̂�+4𝑘 ̂

√52+(−1)2+42

=
5�̂�−�̂�+4𝑘 ̂

√𝟑𝟎

3. Consider  𝑎 = 𝑖̂ + 𝑗̂ − �̂� & �⃗� = 𝑖̂ − 𝑗̂ + �̂�.

(a) Find 𝑎 . �⃗�  

(b) Find the angle between the 𝑎  and �⃗⃗� .

Sol: 

    (a)    𝑎 = 𝑖̂ + 𝑗̂ − �̂� ,   �⃗� = 𝑖̂ − 𝑗̂ + �̂� 

𝑎 . �⃗�  = 𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 

 = 1 × 1 + 1 ×− 1+−1 × 1 = −1 

     (b)  |𝑎 | = √12 + 12+(−1)2  = √3 

|�⃗� | = √12 + (−1)2 + 12   = √3

 𝑎 . �⃗� = −1 

  cos 𝜃 =  
�⃗�  ∙ �⃗� 

|�⃗�  | |�⃗� |
 = 

−1 

3

∴   𝜃 =  cos−1 (−
1

3
) 

4. The position vectors of three points A,

B, C are given to be 𝑖̂ + 3𝑗̂ + 3�̂�,

4𝑖̂ + 4�̂� and −2𝑖̂ + 4𝑗̂ + 2�̂� respectively

(a) Find 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

(b) Find the angle between 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

(c) Find 𝐴𝐵⃗⃗⃗⃗  ⃗  ×  𝐴𝐶⃗⃗⃗⃗  ⃗

(d) Find a vector which is perpendicular to 

both 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗ having magnitude 9

units     

Sol: 

(a) 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑝. 𝑣 (𝐵) − 𝑝. 𝑣(𝐴)

 = (4 𝑖̂ +  4 �̂�) − (𝑖̂ +  3 𝑗̂ + 3 �̂�) 

     = 3  𝑖̂ −  3 𝑗̂ +  �̂� 

 𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑝. 𝑣 (𝐶) − 𝑝. 𝑣(𝐴)

    = (−2 𝑖̂ +  4 𝑗̂ + 2 �̂�) − (𝑖̂ +  3 𝑗̂ + 3 �̂�) 

 =  −3 𝑖̂ +   𝑗̂ −  �̂� 

(b) cos 𝜃 =  
𝐴𝐵 ⃗⃗⃗⃗⃗⃗  ⃗ .  𝐴𝐶⃗⃗⃗⃗  ⃗

|𝐴𝐵⃗⃗ ⃗⃗  ⃗ |  |𝐴𝐶⃗⃗⃗⃗  ⃗|

     = 
 (3  �̂�− 3 �̂�+ �̂�).(−3 �̂�+  �̂�− �̂�)

√9+9+1 √9+1+1

  =  
−9−3−1

√9+9+1 √9+1+1

  =  
−13

√19 √11

∴   𝜃 =   cos−1 (
−13

√19 √11
) 

(c)  𝐴𝐵⃗⃗⃗⃗  ⃗  ×  𝐴𝐶⃗⃗⃗⃗  ⃗ =  |
𝑖̂ 𝑗̂  �̂�
3 −3  1

−3 1 −1

| 

= 𝑖̂( 3 − 1) − 𝑗̂(−3 + 3) + �̂�(3 − 9) 

=  2 𝑖̂ −  6 �̂�  

(d) Vector having magnitude 9 units and 

perpendicular to both 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

=   9 (
𝐴𝐵 ⃗⃗⃗⃗⃗⃗  ⃗ ×  𝐴𝐶⃗⃗⃗⃗  ⃗

|𝐴𝐵 ⃗⃗⃗⃗⃗⃗  ⃗ ×  𝐴𝐶⃗⃗⃗⃗  ⃗|
) 

=  9 (
2 �̂�  −6 �̂�

√22+(−6)2
) 

=
18 �̂�  −54 �̂�

√40

5. Let 𝑎 = 𝑖̂ + 𝑗̂ + �̂� and �⃗� = 2𝑖̂ + 𝑚𝑗̂ + 3�̂�, if

𝑎  is perpendicular to �⃗� , find m     

Sol : 

Given vectors are  𝑎 =  𝑖̂ +   𝑗̂ +  �̂� 

and  �⃗� =  2 𝑖̂ +  𝑚  𝑗̂ + 3 �̂� 

Given that  𝑎   ⊥  �⃗� 

  ∴   𝑎⃗⃗⃗    ∙  �⃗�  = 0 

⇒ 1 × 2 + 1 × 𝑚 + 1 × 3 = 0
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⇒ 5 + 𝑚 = 0

⇒ 𝑚 = −5

6. If 𝑎 = 3𝑖̂ + 2𝑗̂ + 2�̂�, �⃗� = 𝑖̂ + 2𝑗̂ − 2�̂� 

(a) Find 𝑎 + �⃗�  and 𝑎 − �⃗� .  

(b) Find a unit vector perpendicular to 

both 𝑎 + �⃗�  and 𝑎 − �⃗� . 

Sol : 

(a)  𝑎 + �⃗� = 4𝑖̂ + 4𝑗̂ + 0�̂� 

       𝑎 − �⃗� = 2𝑖̂ + 0𝑗̂ + 4�̂� 

(b)  Vector perpendicular to both 𝑎 + �⃗�  and 

           𝑎 − �⃗�  is (𝑎 + �⃗� ) × (𝑎 − �⃗� ) 

(𝑎 + �⃗� ) × (𝑎 − �⃗� ) = |
𝑖̂ 𝑗̂ �̂�
4 4 0
2 0 4

| 

= 16𝑖̂ − 16𝑗̂ − 8�̂� 

|(𝑎 + �⃗� ) × (𝑎 − �⃗� )| 

= √(16)2 + (−16)2 + (−8)2 

= √576 

= 24  

∴ Unit vector perpendicular to 

 both 𝑎 + �⃗�  and 𝑎 − �⃗�  is 

=
(�⃗� +�⃗� )×(�⃗� −�⃗� )

|(�⃗� +�⃗� )×(�⃗� −�⃗� )|

=
16�̂�−16�̂�−8�̂�

24

7. If 𝑎 = 𝑖̂ + 3𝑗̂ and �⃗� = 3𝑗̂ + �̂� , then

(a) Find  𝑎 . �⃗�   and 𝑎 × �⃗�    

(b) Find the projection of  𝑎  𝑜𝑛  �⃗�  
(c) Find a unit vector which is 

perpendicular to both 𝑎   and  �⃗� 

Sol: 

(a)   𝑎 = 𝑖̂ + 3𝑗̂ + 0�̂� ,   �⃗� = 0𝑖̂ + 3𝑗̂ + �̂� 

𝑎 . �⃗�  = 𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 

        = 1 × 0 + 3 × 3 + 0 × 1 = 9 

𝑎 × �⃗�   = |
𝑖̂ 𝑗̂ �̂�
1 3 0
0 3 1

| = 3𝑖̂ − 𝑗̂ + 3�̂� 

(b) The projection of  𝑎  𝑜𝑛  �⃗� =
�⃗� .�⃗� 

|�⃗� |

=
9

√02 + 32 + 12
=

9

√10

 (c)    𝑎 × �⃗� = 3𝑖̂ − 𝑗̂ + 3�̂� 

|𝑎 × �⃗� | = √9 + 1 + 9 = √19  

∴ Unit vector which is perpendicular to 

both 𝑎  and �⃗�  is 

 =
�⃗� ×�⃗� 

|�⃗� ×�⃗� |
=

3�̂�−�̂�+3�̂�

√19

8. Consider the triangle ABC with vertices

A (1,2,3), B (−1,0,4), C(0,1,2)

(a) Find 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

 (b) Find the area of triangle ABC 

Sol:  

(a) A (1,2,3), B (−1,0,4), C (0,1,2) 

We have  

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥2 − 𝑥1)𝑖̂ + (𝑦2 − 𝑦1)𝑗̂ + (𝑧2 − 𝑧1)�̂� 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (−1 − 1)𝑖 + (0 − 2)𝑗 + (4 − 3)𝑘

𝐴𝐵⃗⃗⃗⃗  ⃗ =  −2𝑖̂ −  2 𝑗̂ + 𝑘

𝐴𝐶⃗⃗⃗⃗  ⃗ = (0 − 1)𝑖 + (1 − 2)𝑗 + (2 − 3)𝑘

𝐴𝐶⃗⃗⃗⃗  ⃗ =  −𝑖̂ −   𝑗̂ − 𝑘

(b)   𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗   = |
𝑖̂ 𝑗̂ �̂�

−2 −2 1
−1 −1 −1

| 

 = 3𝑖̂ − 3𝑗̂ + 0𝑘     

|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| = √32 + (−3)2 = √18

Area of ∆ ABC  =
1

2
|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗|

=
√18

2
 sq. units 
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9. Consider    𝑎 = 2𝑖̂ + 𝑗̂   and

�⃗� = 3𝑖̂ + 𝑗̂ + 4�̂� 

(a) Find 𝑎 × �⃗�  
(b) Find the area of triangle for which 

𝑎 &�⃗�  are adjacent sides  

(c) Find the area of parallelogram for 

which the vectors 𝑎 &�⃗�  are adjacent 

sides  

Sol: 

(a) 𝑎 = 2𝑖̂ + 𝑗̂ and �⃗� = 3𝑖̂ + 𝑗̂ + 4�̂� 

         𝑎 × �⃗� = |
𝑖̂ 𝑗̂ �̂�
2 1 0
3 1 4

| = 4𝑖̂ − 8  𝑗̂ − �̂� 

(b) |𝑎 × �⃗� | = √42 + (−8)2 + (−1)2 

 = √81 = 9 

Area of triangle  =
1

2
|𝑎 × �⃗� | 

=
9

2
 sq. units 

(c) Area of parallelogram = |𝑎 × �⃗� | 

       = 9  sq units  

10. If 𝑎  and �⃗�  are any two vectors, then prove

that |𝑎 × �⃗� |
2

= 𝑎2𝑏2 − (𝑎 ∙ 𝑏)2

Sol : 

    |𝑎 × �⃗� | = |𝑎 ||�⃗� | sin 𝜃 

|𝑎 × �⃗� |
2

= 𝑎2𝑏2𝑠𝑖𝑛 2𝜃

= 𝑎2𝑏2(1 − 𝑐𝑜𝑠 2𝜃)
= 𝑎2𝑏2 − 𝑎2𝑏2𝑐𝑜𝑠2𝜃
= 𝑎2𝑏2 − (𝑎𝑏𝑐𝑜𝑠𝜃) 2

= 𝑎2𝑏2 − (𝑎 ∙ 𝑏)2

11. If 𝑎 ∙ �⃗� = 12 , |𝑎 | = 10 , |�⃗� | = 2, then

find |�̅� × �̅�|

|𝑎 | = 10 , |�⃗� | = 2     𝑎 ∙ �⃗� = 12 

|𝑎 × �⃗� |
2

= 𝑎2𝑏2 − (𝑎 ∙ 𝑏)2

= 102 × 22 − 122

   = 400 − 144 = 256 

  |𝑎 × �⃗� | = √256 = 16  

1. Consider 𝑎 = 3𝑖̂ + 4𝑗̂ + �̂� 

(a) Find the magnitude  𝑎  

(b) Find a unit vector in the direction of 𝑎  

(c) Find a vector in the direction of 𝑎  

having magnitude 8 

2. Consider the vectors 𝑎 = 𝑖̂ + 𝑗̂ + 3�̂�  

and �⃗� = 𝑖̂ + 4𝑗̂ − �̂� 

(a) Find 𝑎 . �⃗�   and 𝑎 × �⃗�    

(b) Find the projection of 𝑎  and �⃗�  
(c) Find the area parallelogram with 

adjacent sides 𝑎  and �⃗� 

(d) Find the area of triangle with adjacent 

sides 𝑎  and �⃗� 

3. If 𝑎 = 3𝑖̂ − 𝑗̂ − 5�̂�; �⃗� = 𝑖̂ − 5𝑗̂ + 3�̂�,

(a) 𝑎 + �⃗�   and 𝑎 − �⃗�    

(b) Find a unit vector in the direction of  𝑎 + �⃗� 

(c) Find a vector perpendicular to both 𝑎 &�⃗�  

4. Consider the triangle ABC with vertices

A (1,1,1) B (1,2,3) and  C (2,3,1)

(a) Find 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

(b) Find the angle between 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐴𝐶⃗⃗⃗⃗  ⃗

(c) Find the area of triangle ABC 

PRACTICE PROBLEMS 
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THREE DIMENSIONAL GEOMETRY 

KEY NOTES 

❖ Equation of a line passing through a given point and parallel to a given vector 

Vector equation : �̅� = �̅� + 𝝀�̅� 

Cartesian equation  : 
𝒙−𝒙𝟏

𝒂
=

𝒚−𝒚𝟏

𝒃
=

𝒛−𝒛𝟏

𝒄

Here, �̅� : Position vector of point on the line 

�̅� : vector parallel to the line 

(𝑥1, 𝑦1, 𝑧1) : Point on the line 

(𝑎, 𝑏, 𝑐)  : DR’s of the line  

❖ Equation of line passing through 2 points  

Vector equation : �̅� = �̅� + 𝝀(�̅� − �̅�) 

Cartesian equation  : 
𝒙−𝒙𝟏

𝒙𝟐−𝒙𝟏
=

𝒚−𝒚𝟏

𝒚𝟐−𝒚𝟏
=

𝒛−𝒛𝟏

𝒛𝟐−𝒛𝟏

Here, �̅� and �̅� : Position vectors of point on the line 

(𝑥1, 𝑦1, 𝑧1) and (𝑥2, 𝑦2, 𝑧2)   : Points on the line 

❖ Distance between two skew lines 

Consider two lines in space, 

�̅� = �̅�1 + 𝜆�̅�1 

�̅� = �̅�2 + 𝜇�̅�2 

The shortest distance between these lines is given by 

S.D = |
(�̅�𝟐−�̅�𝟏)∙(�̅�𝟏×�̅�𝟐)

|�̅�𝟏×�̅�𝟐|
| 

❖ Equation of a plane passing through a point and perpendicular to a vector. 

Vector equation : (�̅� − �̅�) ∙ �̅� = 𝟎 

Here,  �̅� : Position vectors of point on the plane 

�̅�  : vector perpendicular to the plane 

Cartesian equation  : 𝒂(𝒙 − 𝒙𝟏) + 𝒃(𝒚 − 𝒚𝟏) + 𝒄(𝒛 − 𝒛𝟏) = 𝟎 

Here, (𝑥1, 𝑦1, 𝑧1)  : Point on the plane 

    (𝑎, 𝑏, 𝑐)  : DR’s of the normal to the plane  

❖ Equation of a plane passing through the non collinear points 

Vector equation : (�̅� − �̅�) ∙ [(�̅� − �̅�) × (�̅� − �̅�)] = 𝟎 

Here,  �̅�, �̅�, �̅� : Position vectors of point on the plane 

Cartesian equation : |

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑥3 − 𝑥1 𝑦3 − 𝑦1 𝑧3 − 𝑧1

| = 0

Where, (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2) and (𝑥3, 𝑦3, 𝑧3) are the points on the plane. 

11 
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1. Find the vector and cartesian equation of

the line through the point (5, 2, −4) and

is parallel to the vector 3𝑖̂ + 2𝑗̂ − 8�̂� 

Sol : 

Given (𝑥1, 𝑦1, 𝑧1) = (5, 2, −4)

�̅� = 3𝑖̂ + 2𝑗̂ − 8�̂� 

Vector equation, �̅� = �̅� + 𝜆�̅� 

 = 5𝑖̂ + 2𝑗̂ − 4�̂� + 𝜆(3𝑖̂ + 2𝑗̂ − 8�̂� ) 

Cartesian equation, 
𝑥−𝑥1

𝑎
=

𝑦−𝑦1

𝑏
=

𝑧−𝑧1

𝑐

𝑥−5

3
=

𝑦−2

2
=

𝑧−(−4)

−8

𝑥−5

3
=

𝑦−2

2
=

𝑧+4

−8

2. Find the equation of line in vector form

and cartesian form that passes through

the point with position vector 2𝑖̂ − 𝑗̂ + 4�̂� 

and is in the direction of 𝑖̂ + 2𝑗̂ − �̂�.

Sol : 

Given 

 �̅� = 2�̂� − �̂� + 4�̂� ⟹ (𝑥1, 𝑦1, 𝑧1) = (2,−1, 4) 

�̅� = 𝑖̂ + 2𝑗̂ − �̂� ⟹ (𝑎, 𝑏, 𝑐) = (1, 2, −1) 

Vector equation, �̅� = �̅� + 𝜆�̅� 

= 2𝑖̂ − 𝑗̂ + 4�̂� + 𝜆(𝑖̂ + 2𝑗̂ − �̂� ) 

Cartesian equation, 

𝑥−𝑥1

𝑎
=

𝑦−𝑦1

𝑏
=

𝑧−𝑧1

𝑐

𝑥−2

1
=

𝑦+1

2
=

𝑧−4

−1

3. Find the vector and cartesian equation of

the line passing through the points

(−1, 0, 2) and (3, 4, 6)

Sol : 

Given 

(𝑥1, 𝑦1, 𝑧1) = (−1, 0, 2)

  ⟹ �̅� = −𝑖̂ + 0𝑗̂ + 2�̂� 

(𝑥2, 𝑦2, 𝑧2) = (3, 4, 6)

  ⟹ �̅� = 3𝑖̂ + 4𝑗̂ + 6�̂� 

Vector equation, 

�̅� = �̅� + 𝜆(�̅� − �̅�) 

= −𝑖̂ + 0𝑗̂ + 2�̂� + 𝜆[(3𝑖̂ + 4𝑗̂ + 6�̂�) −

(−𝑖̂ + 0𝑗̂ + 2�̂�)] 

= −𝑖̂ + 2�̂� + 𝜆[(4𝑖̂ + 4𝑗̂ + 4�̂�)] 

Cartesian equation, 
𝑥−𝑥1

𝑥2−𝑥1
=

𝑦−𝑦1

𝑦2−𝑦1
=

𝑧−𝑧1

𝑧2−𝑧1

𝑥−(−1)

3−(−1)
=

𝑦−0

4−0
=

𝑧−2

6−2

𝑥+1

4
=

𝑦

4
=

𝑧−2

4
 Or 

𝑥+1

1
=

𝑦

1
=

𝑧−2

1

4. The cartesian equation of a line is

𝑥+3

2
=

𝑦−5

4
=

𝑧+6

2
. Find its vector equation. 

Sol : 

Given 

𝑥+3

2
=

𝑦−5

4
=

𝑧+6

2

𝑥−(−3)

2
=

𝑦−5

4
=

𝑧−(−6)

2

∴ vector equation is �̅� = �̅� + 𝜆�̅� 

= −3𝑖̂ + 5𝑗̂ − 6�̂� + 𝜆(2𝑖̂ + 4𝑗̂ + 2�̂�) 

QUESTIONS AND ANSWERS 
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5. The vector equation of a line is

�̅� = 5𝑖̂ − 4𝑗̂ + 6�̂� + 𝜆(3𝑖̂ + 7𝑗̂ + 2�̂�).

Obtain its cartesian equation.

Sol : 

Given 

     �̅� = 5𝑖̂ − 4𝑗̂ + 6�̂� + 𝜆(3𝑖̂ + 7𝑗̂ + 2�̂�) 

(𝑥1, 𝑦1, 𝑧1) = (5,−4, 6)

  (𝑎, 𝑏, 𝑐) = (3, 7,2) 

Cartesian equation is 

𝑥−𝑥1

𝑎
=

𝑦−𝑦1

𝑏
=

𝑧−𝑧1

𝑐

𝑥−5

3
=

𝑦−(−4)

7
=

𝑧−6

2

𝑥−5

3
=

𝑦+4

7
=

𝑧−6

2

6. Find the shortest distance between the

lines 𝑙1 and 𝑙2 whose vector equations

are �̅� = 𝑖̂ + 𝑗̂ + 𝜆(2𝑖̂ − 𝑗̂ + �̂�) and

�̅� = 2𝑖̂ + 𝑗̂ − �̂� + 𝜇(3𝑖̂ − 5𝑗̂ + 2�̂�).

Sol : 

Here, 

�̅�1 = 𝑖̂ + 𝑗̂ 

�̅�1 = 2𝑖̂ − 𝑗̂ + �̂� 

�̅�2 = 2𝑖̂ + 𝑗̂ − �̂� 

�̅�2 = 3𝑖̂ − 5𝑗̂ + 2�̂� 

�̅�2 − �̅�1 = (2𝑖̂ + 𝑗̂ − �̂�) − (𝑖̂ + 𝑗̂ )

= 𝑖 − 𝑘 

�̅�1 × �̅�2 = |
𝑖 𝑗 𝑘
2 −1 1
3 −5 2

| 

= 𝑖(−2 + 5) − 𝑗(4 − 3) + 𝑘(−10 + 3) 

= 3𝑖̂ − 𝑗̂ − 7�̂� 

|�̅�1 × �̅�2| = √32 + (−1)2 + (−7)2

         = √9 + 1 + 49 

 = √59  

(�̅�2 − �̅�1) ∙ (�̅�1 × �̅�2) = (𝑖 − 𝑘) ∙ (3𝑖̂ − 𝑗̂ − 7�̂� )

= (1 × 3) + (0 × −1) + (−1 × −7) 

= 10  

∴ S.D = |
(�̅�2−�̅�1)∙(�̅�1×�̅�2)

|�̅�1×�̅�2|
| 

=
10

√59

7. The cartesian equations of two lines are

𝑥+1

7
=

𝑦+1

−6
=

𝑧+1

1
and 

𝑥−3

1
=

𝑦−5

−2
=

𝑧−7

1

(a) Write the vector equations 

(b) Find the shortest distance between these 

lines. 

Sol : 

(a)  𝑟 = (−𝑖̂ − 𝑗̂ − �̂�) + 𝜆(7𝑖̂ − 6𝑗̂ + �̂�)         

 𝑟 = (3𝑖̂ + 5𝑗̂ + 7�̂�) + 𝜇(𝑖̂ − 2𝑗̂ + �̂�) 

(b)  𝑆. 𝐷 = |
(𝑎2⃗⃗⃗⃗  ⃗−𝑎1⃗⃗⃗⃗  ⃗).(𝑏1⃗⃗ ⃗⃗  × 𝑏2⃗⃗ ⃗⃗ )

|𝑏1⃗⃗ ⃗⃗  × 𝑏2⃗⃗ ⃗⃗ |
| ……. (1) 

𝑎1⃗⃗⃗⃗ = −𝑖̂ − 𝑗̂ − �̂� ;     𝑏1
⃗⃗  ⃗ = 7𝑖̂ − 6𝑗̂ + �̂� 

𝑎2⃗⃗⃗⃗ = 3𝑖̂ + 5𝑗̂ + 7�̂�; 𝑏2
⃗⃗⃗⃗ = 𝑖̂ − 2𝑗̂ + �̂� 

 𝑎2⃗⃗⃗⃗ − 𝑎1⃗⃗⃗⃗ = 4𝑖̂ + 6𝑗̂ + 8�̂�   

(𝑏1
⃗⃗  ⃗ × 𝑏2

⃗⃗⃗⃗ ) = |
𝑖̂ 𝑗̂ �̂�
7 −6 1
1 −2 1

| 

   = 𝑖̂(−6 + 2) − 𝑗̂(7 − 1) + �̂�(−14 + 6) 

= −4𝑖̂ − 6𝑗̂ − 8�̂� 

  (1) ⇒ 

𝑆. 𝐷 = |
(4�̂�+6�̂�+8�̂�).(−4𝑖−6𝑗−8𝑘)

√16+36+64
| 

= |
−16−36−64

√116
|  

 =
116

√116

 = √116 
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8. Find the vector and cartesian

equations of the plane which passes

through the point (5, 2, -4) and

perpendicular to the line with

direction ratios (2, 3, -1)

Sol : 

Given 

(𝑥1, 𝑦1, 𝑧1) = (5, 2, −4)

 �̅� = 5�̂� + 2�̂� − 4�̂� 

�̅� = 2�̂� + 3�̂� − �̂� 

Vector equation,  

(�̅� − �̅�) ∙ �̅� = 0 

(�̅� − (5𝑖̂ + 2𝑗̂ − 4�̂� ) ) ∙ (2𝑖̂ + 3𝑗̂ − �̂�  ) = 0 

Cartesian equation,  

 𝑎(𝑥 − 𝑥1) + 𝑏(𝑦 − 𝑦1) + 𝑐(𝑧 − 𝑧1) = 0 

          2(𝑥 − 5) + 3(𝑦 − 2) − 1(𝑧 + 4) = 0  

2𝑥 − 10 + 3𝑦 − 6 − 𝑧 − 4 = 0  

2𝑥 + 3𝑦 − 𝑧 = 20 

9. Find the vector and cartesian equations

of the plane passing through (1, 0, -2)

and normal to the vector 𝑖̂ + 𝑗̂ − �̂�.

Sol : 

Point (1,0, −2) ⇒ 𝑎 = 𝑖̂ − 2�̂� 

Normal vector �⃗� = 𝑖̂ + 𝑗̂ − �̂�  

 Vector form :  (𝑟 − 𝑎 ). �⃗� = 0 

⇒ 𝑟 . �⃗� − 𝑎 . �⃗� = 0

𝑟 . (𝑖̂ + 𝑗̂ − �̂�) −. (�̂� − 2�̂�) ⋅ (𝑖̂ + 𝑗̂ − �̂�) = 0

 𝑟 . (𝑖̂ + 𝑗̂ − �̂�) −(1 × 1 +  0 × 1 + 

       (−2)(−1)) = 0 

𝑟 . (�̂� + 𝑗̂ − �̂�) − 3 = 0

        Cartesian form :     𝑥 + 𝑦 − 𝑧 − 3 = 0 

10. Find the equation of the plane passing

through the points (2, 5, -3) , (-2, -3, 5)

and (5, 3, -3)

Sol : 

Given 

(𝑥1, 𝑦1, 𝑧1) = (2, 5, −3)

(𝑥2, 𝑦2, 𝑧2) = (−2,−3, 5)

(𝑥3, 𝑦3, 𝑧3) = (5, 3,−3)

Equation of plane is 

|

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑥3 − 𝑥1 𝑦3 − 𝑦1 𝑧3 − 𝑧1

| = 0 

i.e., |
𝑥 − 2 𝑦 − 5 𝑧 + 3

−2 − 2 −3 − 5 5 + 3
5 − 2 3 − 5 −3 + 3

| = 0 

|
𝑥 − 2 𝑦 − 5 𝑧 + 3
−4 −8 8
3 −2 0

| = 0 

(𝑥 − 2)[0 + 16] − (𝑦 − 5)[0 − 24] + (𝑧 + 3)[8 + 24] = 0 

16(𝑥 − 2) + 24(𝑦 − 5) + 32(𝑧 + 3) = 0 

2(𝑥 − 2) + 3(𝑦 − 5) + 4(𝑧 + 3) = 0 

2𝑥 − 4 + 3𝑦 − 15 + 4𝑧 + 12 = 0 

2𝑥 + 3𝑦 + 4𝑧 − 7 = 0 
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1. Find vector and cartesian equations of

the line passes through (1,2,3) and is

parallel to the vector 3𝑖̂ + 2𝑗̂ − 2�̂� 

2. Find vector and cartesian equations of

the line that passes through origin and

(5,-2,3)

3. Find the vector equation of a line

whose cartesian equation is 
𝑥+3

3
=

𝑦−4

5
=

𝑧+8

6

4. Find the shortest distance between the

lines

𝑟 = (𝑖̂ + 2𝑗̂ + �̂�) + 𝜆(𝑖̂ − 𝑗̂ + �̂�)

 𝑟 = (2𝑖̂ − 𝑗̂ − �̂�) + 𝜇(2𝑖̂ + 𝑗̂ + 2�̂�) 

5. Cartesian equations of two lines are
𝑥−1

1
=

𝑦−2

−3
=

𝑧−3

2
and 

𝑥−4

2
=

𝑦−5

3
=

𝑧−6

1

(a) Write their vector equations 

(b) Find the shortest distance between these 

lines 

6. Find vector and cartesian equations of

plane passing through (1,4,6) and the

normal vector to the plane is 𝑖̂ − 2𝑗̂ + �̂� 

7. Find the equation of plane passing

through the points (3, −1,2), (5,2,4) and

(−1,−1,6)

PRACTICE PROBLEMS 
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LINEAR PROGRAMMING PROBLEM 

KEY NOTES 

❖ Objective function 

Linear function 𝑧 = 𝑎𝑥 + 𝑏𝑦 which has to be maximised or minimised is called 

objective function 

❖ Constraints  

The linear inequalities in a LPP are called constraints. 

❖ Solving an LPP is to find values of 𝑥 and 𝑦 which maximise or minimise the 

objective function  

❖ Steps to solve LPP graphically 

1. Draw the graphs of the inequalities and identify the intersection region

which is called feasible region

2. Determine the coordinates of the corner points of the feasible region

3. Substitute the values of corner points in objective function, find the

maximum or minimum values of 𝒛 = 𝒂𝒙 + 𝒃𝒚

1. Solve the L.P.P

Maximize 𝑧 = 3𝑥 + 2𝑦

Subject to  𝑥 + 2𝑦 ≤ 10

3𝑥 +  𝑦 ≤ 15  

 𝑥, 𝑦   ≥ 0 

Sol: 𝑥 + 2𝑦 = 10  3𝑥 + 𝑦 = 15 

The feasible region is shaded in the figure 

B is the point of intersection of lines 

3𝑥 + 𝑦 = 15 ……(1) & 

𝑥 + 2𝑦 = 10……(2)  

(2) × 3 ⇒ 3𝑥 + 6𝑦 = 30……(3)    

(3) − (1) ⇒ 5𝑦 = 15 ⇒ 𝑦 = 3 

When y = 3, (2) ⇒   x + 2 × 3 = 10 

       𝑥 = 10 − 6 = 4 

B is (4, 3) 

Corner points are O (0,0), A (5,0), B (4,3), 

and C (0,5) 

Maximum value of Z is 18 at B (4, 3) 

x 0 10 

y 5 0 

x 0 5 

y 15 0 

Corner 

Points 
𝑧 = 3𝑥 + 2𝑦 

O(0,0) 

A(5,0) 

B(4,3) 

C(0,5) 

 𝑧 = 3(0) + 2(0) = 0  

 𝑧 = 3(5) + 2(0) = 15 

 𝑧 = 3(4) + 2(3) = 18 

 𝑧 = 3(0) + 2(5) = 10 

QUESTIONS AND ANSWERS 

12 
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2. Solve the LPP graphically

Maximize  𝑍 = 3𝑥 + 5𝑦
The constraints are

𝑥 + 3𝑦 ≤ 3 

  𝑥 + 𝑦 ≤ 2 

      𝑥, 𝑦 ≥ 0 

Sol: 

𝑥 + 3𝑦 = 3            𝑥 + 𝑦 = 2 

Shaded region OABC is the feasible 

region B is the intersecting point of 

the lines  

𝑥 + 3𝑦 = 3…… . (1)     

𝑥 + 𝑦  = 2…… . (2) 

(1) − (2) ⇒ 2𝑦 = 1 ⇒ 𝑦 =
1

2

When 𝑦 =
1

2
, (2) ⇒   𝑥 +

1

2
= 2 

⇒ 𝑥 = 2 −
1

2
=

3

2

∴ B is (
3

2
,
1

2
)

The vertices of the feasible region are 

O(0,0) , 𝐴(2,0), 𝐵 (
3

2
,
1

2
) , 𝐶(0,1)

Maximum value of   𝑍 is 7 𝑎𝑡 B (
3

2
,
1

2
) 

3. Solve the LPP given below graphically

Minimize 𝑧 =  −3𝑥 + 4𝑦 subject to

𝑥 + 2𝑦 ≤ 8 

3𝑥 + 2𝑦 ≤ 12 

𝑥 ≥ 0, 𝑦 ≥ 0 

Sol:     𝑥 +  2 𝑦 =  8     3𝑥 +  2𝑦 =  12 

Feasible region is OABC, 

B is the intersecting point of the lines 

 𝑥 + 2𝑦 = 8……(1) 

       3𝑥 + 2𝑦 = 12……(2). 

(2) − (1) ⇒ 2𝑥 = 4 ⇒ 𝑥 = 2 

When 𝑥 = 2, (1) ⇒   2 + 2𝑦 = 8 

⇒ 2𝑦 = 8 − 2 = 6

⇒ 𝑦 = 3

∴ B is (2,3)  

The corner points of the feasible region 

are: O(0,0), A(4,0), B(2,3)and C(0,4) 

∴ Minimum value of  𝑍 = −12 obtained at 

𝐴(4,0) 

x 0 3 

y 1 0 

x 0 2 

y 2 0 

Corner point 𝑍 =  3𝑥 + 5𝑦 

O(0,0) 𝑍 = 3 × 0 + 5 × 0 = 0 

A(2,0) 𝑍 = 3 × 2 + 5 × 0 = 6 

B(
3

2
,
1

2
) 𝑍 = 3 ×

3

2
+ 5 ×

1

2
=

14

2
= 7  

C(0,1) 𝑍 = 3 × 0 + 5 × 1 = 5 

x 0 8 

y 4 0 

x 0 4 

y 6 0 

Corner point 𝑍 = −3𝑥 + 4𝑦 

O(0,0) 𝑍 = −3 × 0 + 4 × 0 = 0 

A(4,0) 𝑍 = −3 × 4 + 4 × 0 = −12 

B(2,3) 𝑍 = −3 × 2 + 4 × 3 = 6 

C(0,4) 𝑍 = −3 × 0 + 4 × 4 = 16 
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4. Solve the LPP given below graphically

Minimize and maximize  𝑍 = 3𝑥 + 9𝑦
subject to the constraints

𝑥 + 3𝑦 ≤ 60 

𝑥 + 𝑦 ≥ 10 

𝑥 ≤ 𝑦 

𝑥, 𝑦 ≥ 0 

 𝑥 + 3𝑦 = 90   𝑥 + 𝑦 = 10 

The corner points of the feasible region 

are 

         A(0,10), (5,5), B(15,15)and D(0,20) 

Minimum value of Z 60 at B(5,5) 

Maximum value of Z is 180 at all the 

points on the line segment joining 

C(15,15) and D(0,20) 

Solve the following LPP graphically 

1. Maximize Z=4x+y subject to  the

constraints 𝑥 + 𝑦 ≤ 50 
3𝑥 + 𝑦 ≤ 90  
𝑥 ≥ 0, 𝑦 ≥ 0 

2. Minimize Z=200x+500y subject to the

constraints  𝑥 + 2𝑦 ≥ 10 
3𝑥 + 4𝑦 ≤ 24 
𝑥 ≥ 0, 𝑦 ≥ 0   

3. Minimize and maximize

𝑍 = 5𝑥 + 10𝑦  subject to the constraints

𝑥 + 2𝑦 ≤ 120 

𝑥 + 𝑦 ≥ 60 

𝑥 − 2𝑦 ≥ 0 

𝑥, 𝑦 ≥ 0 

x 0 8 

y 4 0 

x 0 8 

y 4 0 

Corner point 𝑍 = 3𝑥 + 9𝑦 

 A(0,10) 90 

 B(5,5) 60 

 C(15,15) 180 

 D(0,20) 180 

PRACTICE PROBLEMS 
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PROBABILITY

KEY NOTES 

❖ 𝐏(𝐀) =
𝐧(𝐀)

𝐧(𝐒)
𝐏(𝐀′) = 𝟏 − 𝐏(𝐀)

❖ 𝐏(𝐀 𝐨𝐫 𝐁) = 𝐏(𝐀 ∪ 𝐁) = 𝐏(𝐀) + 𝐏(𝐁) − 𝐏(𝐀 ∩ 𝐁) 

❖ P (A and B) = P(A∩B) = 𝐏(𝐀) + 𝐏(𝐁) − 𝐏(𝐀 ∪ 𝐁) 

❖ 𝐏(𝐀 𝐚𝐧𝐝 𝐧𝐨𝐭 𝐁) = 𝐏(𝐀 ∩ 𝐁′) = 𝐏(𝐀 − 𝐁) = 𝐏(𝐀) − 𝐏(𝐀 ∩ 𝐁)

❖ 𝐏(𝐧𝐨𝐭 𝐀 𝐚𝐧𝐝 𝐧𝐨𝐭 𝐁) = 𝐏(𝐀’ ∩ 𝐁’) = 𝟏 − 𝐏(𝐀 ∪ 𝐁) 

❖ 𝐏(𝐧𝐨𝐭 𝐀 𝐨𝐫 𝐧𝐨𝐭 𝐁) = 𝐏(𝐀’ ∪ 𝐁’) = 𝟏 − 𝐏(𝐀 ∩ 𝐁) 

❖ 𝐏(𝐞𝐱𝐚𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝐨𝐟 𝐀 𝐚𝐧𝐝 𝐁) = 𝐏(𝐀 ∪ 𝐁) − 𝐏(𝐀 ∩ 𝐁) 

❖ Conditional Probability 

If A and B are two events, then the conditional probability of A given B is given by 

𝐏(𝐀/𝐁) =
𝐏(𝐀∩𝐁)

𝐏(𝐁)

Note : 

We can use the formula  𝐏(𝐀/𝐁) =
𝐧(𝐀∩𝐁)

𝐧(𝐁)

where 𝑛(𝐴 ∩ 𝐵) is the number of   elements in 𝐴 ∩ 𝐵 and 

 𝑛(𝐵) is the number of elements in B 

❖ Independent Events 

Two events are said to be independent if the occurrence or  non-occurrence of one 

event does not affect the occurrence of other. 

ie    𝐏(𝐀/𝐁) =   𝐏(𝐀) 𝐚𝐧𝐝 𝐏(𝐁/𝐀) = 𝐏(𝐁) 

Or  

Two events A and B are independent if 𝐏(𝐀 ∩ 𝐁) = 𝐏(𝐀) × 𝐏(𝐁) 

Note: 

If A and B are independent events, then 

• 𝐀’𝐚𝐧𝐝 𝐁 are independent events

• 𝐀 𝐚𝐧𝐝 𝐁’ are independent events

• 𝐀’ 𝐚𝐧𝐝 𝐁’ are independent events.

13 
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1. If 𝑃(𝐴) =
7

13
, 𝑃(𝐵) =

9

13
 and 

𝑃(𝐴 ∩ 𝐵) =
4

13
 , then find 

(a) P(A/B) 

(b) P(B/A)  

(c) P(A∪B) 

Sol:     𝑃(𝐴) =
7

13
; 𝑃(𝐵) =

9

13
; 𝑃(𝐴 ∩ 𝐵) =

4

13

(a)  𝑃(𝐴/𝐵) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
=

4

13
9

13

=
4

9

(b) 𝑃(𝐵/𝐴) =
𝑃(𝐴∩𝐵)

𝑃(𝐴)
=

4

13
7

13

=
4

7

(c) 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

=
7

13
+

9

13
−

4

13
=

12

13

2. If P(A) = 0.6, P(B)= 0.7 and

𝑃(𝐴 ∪ 𝐵) = 0.9, then find

(a) P (A∩B)    

(b) 𝑃(𝐴/𝐵)  

(c) 𝑃(𝐵/𝐴) 

 Sol : 

(a)  𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

        0.9 = 0.6 + 0.7 − 𝑃(𝐴 ∩ 𝐵) 

  𝑃(𝐴 ∩ 𝐵) = 0.6 + 0.7 − 0.9 = 0.4 

(b) 𝑃(𝐴 𝐵⁄ ) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
=

0.4

0.7
=

4

7

(c) 𝑃(𝐵 𝐴⁄ ) =
𝑃(𝐴∩𝐵)

𝑃(𝐴)
=

0.4

0.6
=

4

6
=

2

3

3. If 𝑃(𝐴)  =  0.8, 𝑃(𝐵)  =  0.5 and

𝑃(𝐵|𝐴) =  0.4, find

(i) 𝑃(𝐴 ∩ 𝐵) 

(ii) 𝑃(𝐴|𝐵)   

(iii) 𝑃(𝐴 ∪ 𝐵) 

Sol : 

(i)   𝑃(𝐴) = 0.8, 𝑃(𝐵)  =  0.5 

 𝑃(𝐵|𝐴) =  0.4, 

⇒ 
𝑃(𝐴∩𝐵)

𝑃(𝐴)
= 0.4 

𝑃(𝐴 ∩ 𝐵) = 0.4 × 𝑃(𝐴) 

= 0.4 × 0.8 = 0.32 

 (ii) 𝑃(𝐴/𝐵) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
=

0.32

0.5
=

32

50
=

16

25

 (iii) 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

= 0.8 + 0.5 − 0.32 = 0.98 

4. Ten cards numbered 1 to 10 are placed in

a box, mixed up thoroughly and then 

one card is drawn randomly. If it is 

known that the number on the drawn 

card is more than 3, what is the 

probability that it is an even number? 

Sol : 

Let A be the event ‘the number on the 

card drawn is even’ and B be the 

event ‘the number on the card drawn 

is greater than 3’.  

Then 𝐴 =  {2, 4, 6, 8, 10},& 

 𝐵 =  {4, 5, 6, 7, 8, 9, 10} and 

 𝐴 ∩ 𝐵 =  {4, 6, 8, 10} 

QUESTIONS AND ANSWERS 
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 𝑛(𝐴) = 5, 𝑛(𝐵) = 7  &  𝑛(𝐴 ∩ 𝐵) = 4 

Here we have to find 𝑃(𝐴/𝐵) 

𝑃(𝐴/𝐵) = 
n(A ∩B)

𝑛(𝐵)
=

4

7

5. A die is thrown twice and the sum of

the numbers appearing is observed to

be 6. What is the conditional

probability that the number 4 has

appeared at least once?

Sol: 

Let A be the event that ‘number 4  

appears at least once’ and B be the 

event that ‘the sum of the numbers 

appearing is 6’. 

Then,  

A= {(4,1), (4,2), (4,3), (4,4), (4,5),    

(4,6),(1,4), (2,4), (3,4), (5,4), (6,4)} 

 B = {(1,5), (2,4), (3,3), (4,2), (5,1)} 

𝐴 ∩ 𝐵 =  {(2,4), (4,2)} 

  𝑛(𝐴) = 11, 𝑛(𝐵) = 5 

  𝑛(𝐴 ∩ 𝐵) = 2         

Here we have to find 𝑃(𝐴/𝐵) 

𝑃(𝐴/𝐵) = 
n(A ∩B)

𝑛(𝐵)
=

2

5

6. Let A and B be events with 𝑃(𝐴) =
3

5

𝑃(𝐵) =
3

10
 𝑎𝑛𝑑 𝑃(𝐴 ∩ 𝐵) =

1

5
. Are A 

and B independent?

Sol: 

𝑃(𝐴) =
3

5
 𝑃(𝐵) =

3

10
, 𝑃(𝐴 ∩ 𝐵) =

1

5

𝑃(𝐴) × 𝑃(𝐵)   =
𝟑

𝟓
×

𝟑

𝟏𝟎

=
𝟗

𝟓𝟎
≠ 𝑃(𝐴 ∩ 𝐵) 

∴ A and B are not independent 

7. Given two independent events A and B

such that P(A)=0.3, P(B)=0.6 find

(i) P(A and B)   

(ii) P(A and not B)  

(iii) P(A or B)   

(iv) P(neither A nor B) 

   Sol :  

Given 𝑃(𝐴)  = 0.3 𝑃(𝐵) = 0.6 

𝑃(𝐴’) = 1 − 𝑃(𝐴) = 1 − 0.3 = 0.7, 

𝑃(𝐵’) = 1 − 𝑃(𝐵) = 1 − 0.6 = 0.4 

(i) P(A and B) =𝑃(𝐴 ∩ 𝐵) 

 = 𝑃(𝐴). 𝑃(𝐵) = 0.3 × 0.6 

        = 0.18   

(ii) P(A and not B) =𝑃(𝐴 ∩ 𝐵’) 

= 𝑃(𝐴). 𝑃(𝐵’) 

= 0.3 ×  0.4 = 0.12  

[𝑂r  𝑃(𝐴 ∩ 𝐵’) = 𝑃(𝐴 − 𝐵) = 𝑃(𝐴) − 𝑃(𝐴 ∩ 𝐵) 

= 0.3 − 0.18 = 0.12  ] 

(iii) P(A or B)=  𝑃(𝐴 ∪ 𝐵) 

         = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

 = 0.3 + 0.6 − 0.18  =  0.72  

(iv) P(neither A nor B) =𝑃(𝐴’ ∩ 𝐵’) 

=  𝑃(𝐴’). 𝑃(𝐵’) 

=  0.7 ×  0.4 =  0.28 

[Or 𝑃(𝐴’ ∩ 𝐵’) = 1 − 𝑃(𝐴 ∪ 𝐵) 

          = 1 − 0.72 = 0.28 ] 
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8. Probability of solving a specific

problem independently by A and B are

1/2 and 1/3 respectively. If both try to

solve the problem independently then,

(i) Find the probability that both of  

them solves the problem 

(ii) Find the probability that problem is 

solved 

(iii) Find the probability that exactly 

one of them solves the problem 

(iv) Find the probability that none of 

them solves the problem 

Sol: 

Let A and B denote event that the 

problem is solved by A and B 

respectively. 

𝑃(𝐴) =
1

2
; 𝑃(𝐵) =

1

3

Since A and B are independent 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) × 𝑃(𝐵) =
1

2
×

1

3
=

1

6

(i)    P(Both of them solves ) = 𝑃(𝐴 ∩ 𝐵) 

= 𝑃(𝐴) × 𝑃(𝐵)[∵A &B are independent] 

=
1

2
×

1

3
=

1

6

(ii)   P (Problem solved) =  𝑃(𝐴 ∪ 𝐵) 

     = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) 

=
1

2
+

1

3
−

1

6
=

5

6
−

1

6
=

4

6

(iii)  P (exactly one of them solves) 

 = 𝑃(𝐴 ∪ 𝐵) − 𝑃(𝐴 ∩ 𝐵) 

=
4

6
−

1

6
=

3

6
=

1

2

(iv)  P(none of them solved)= 𝑃(𝐴 ∪ 𝐵)′

= 1 − 𝑃(𝐴 ∪ 𝐵) = 1 −
4

6
=

2

6
=

1

3

9. A die is thrown. If E is the event ‘the

number appearing is a multiple of 3’ and

F be the event ‘the number appearing is

even’ then find whether E and F are

independent?

Sol : 

𝑆 =  {1, 2, 3, 4, 5, 6} 

Now 𝐸 =  { 3, 6}, 𝐹 =  { 2, 4, 6} and 

𝐸 ∩  𝐹 =  {6} 

Then (𝐸) =
𝑛(𝐸)

𝑛(𝑆)
=

2

6
=

1

3
 ; 

𝑃(𝐹) =
𝑛(𝐹)

𝑛(𝑆)
=

3

6
=

1

2

𝑃(𝐸 ∩ 𝐹) =
𝑛(𝐸∩𝐹)

𝑛(𝑆)
=

1

6

𝑃(𝐸) ×  𝑃 (𝐹) =
1

3
×

1

2
=

1

6
= 𝑃(𝐸 ∩ 𝐹) 

Hence E and F are independent events 

10. If A and B are two independent events,

then, prove that  the probability of

occurrence of at least one of A and B is

given by 1–  𝑃(𝐴)′ 𝑃(𝐵′)
Sol : 

We have  

P (at least one of A and B) =  𝑃(𝐴 ∪  𝐵) 

=  𝑃(𝐴) +  𝑃(𝐵) −  𝑃(𝐴 ∩  𝐵)  

=  𝑃(𝐴) +  𝑃(𝐵) −  𝑃(𝐴) 𝑃(𝐵) 

=  𝑃(𝐴) +  𝑃(𝐵) [1 − 𝑃(𝐴)]  

=  𝑃(𝐴) +  𝑃(𝐵). 𝑃(𝐴′)  

=  1 −  𝑃(𝐴′)  +  𝑃(𝐵) 𝑃(𝐴′)  

=  1 −  𝑃(𝐴′) [1 −  𝑃(𝐵)]  

=  1 −  𝑃(𝐴′) 𝑃 (𝐵′)  



63 വിജയഭേരി , മലപ്പുറം ജിലലാ പഞ്ചായത്ത്

1. Evaluate 𝑃(𝐴 ∪ 𝐵),  if

2𝑃(𝐴) = 𝑃(𝐵) =
5

13
and 𝑃(𝐴|𝐵) =

2

5

2. If 𝑃(𝐴) =
6

11
, 𝑃(𝐵) =

5

11
 and 

𝑃(𝐴 ∪ 𝐵) =
7

11
 , find 

(i) 𝑃(𝐴 ∩ 𝐵) 

(ii) 𝑃(𝐴|𝐵) 

(iii) 𝑃(𝐵|𝐴)  

3. Let A and B be independent events with

P (A) = 0.3 and P(B) = 0.4. Find

(i) 𝑃(𝐴 ∩  𝐵)

(ii) 𝑃(𝐴 ∪  𝐵)

(iii) 𝑃 (𝐴|𝐵)

(iv) 𝑃 (𝐵|𝐴)

4. Events A and B are such that  P(A) = 1/2,

P(B) = 7/12 and P(not A or not B) =¼

State whether A and B are independent ?

5. If A and B are two independent events,

then prove that 𝐴 𝑎𝑛𝑑 𝐵’  are independent

events.

6. The probability that A solves a problem is
1

5
and the probability that B solve the 

problem is 
1

3
. If both try to solve the 

problem independently. Find the 

probability, that :  

(i) The problem is solved.  

(ii) None of them solve the problem.  

(iii)Exactly one of them solves the problem. 

7. Two events E and F are such that

𝑃(𝐸)  = 0.6, 𝑃(𝐹) = 0.2 and

𝑃(𝐸 ∪ 𝐹) = 0.68. Are E and F

independent?

PRACTICE PROBLEMS 




