MATHEMATICS

ALLEN
1. @B
2. (©
3. (©
4. (B)
5. (B
6. (D)
7. (O
8. A
9. D)
10. (B)
11. f'log!
12. a=38
13. Symmetric
14. y+x=0
OR

41 cm’/sec

s 323
OR

Proportional
16. |A|=0
17. a=2
18. %xs’z Iogx—gx3’2+C

OR

sec x —cosec x + C
19. loglsinx +cos x|+ C
20. j—i +;(—:; =0,

SOLUTION (SET-1)

Section - A
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Section - B

. 3
21. cos(tan!x) = sm[cot’l Zj
O . (m 43
= cos(tan x) =sm| ——tan —
2 4

_1 —l 3
or cos(tan x) = COS [tan Z]

= tan 'x=tan"'

AW

3

or x=
OR
Let x € A which is related to 2 by given relation.
xR2 = |x-2|is amultiple of 5
= [x-2/=0,5,10,15
= x=2,7,12
Hence equivalence class of [2] = {2, 7, 12}.

x+1 Ax
22. Lety= sinl( 2 3 J
1+(36)"

2.6)° )
= y=sin Ll +(6%) J

Put 6% = tan0; 0 = tan16*

~  y=sin® ( 2.tan26 )
1+tan" 0

or y=sinl(sin20) = y=20

or y=2(tan'6¥)

dy _

dx 1+(36)

x 6" log, 6

dy 2
23, X2:32y:>&:% and y2:4X:>_y:_

dx vy
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ALLEN MATHEMATICS
24. Let ABCD be the parallelogram with

— AB=2i-4j+5kand AD =i -2j -3k
NOW,EZE+§C=E+E
=(2i-4]+5k)+ (1 -2j-3k)=31 - 6] + 2k
— 1 —
Hence, a unit vector parallel to AC = —(AC)
AC|
1

= \/32 e < (31 -6+ 2k)

1 ~ A ~ 3~ 6~ 2
=—(Bi-6]+2k)==i——j+=
7( J ) - zl+s

= Area of parallelogram ABCD = AB x AD

lond

i)k
=magnitudeof 2 -4 5
1 -2 3

=[1(12+10)— j(-6—5)+ k(-4 +4)|
=227 +11]]

=@27 + (1) + 07 = A’ + @ x11)

=11 \/g square units.

OR

Let vector € =ai + b] +ck

Given dxC=Db,

A ~

=0i+j-k

(@) —_— X

]
= 1 1
a b

= i(c-b)-j(c-a)+k(b-a)=0i+]j-k
Equating the coefficient on both the sides, we get

c—b=0 ... (i), a-c=1 ..... (i), b—a=-1 ........ (111)
Now a.c=3
=  (i+j+k).(ai+bj+ck)=3
or atb+c=3 ... (iv)
On solving equations (1), (i1), (iii), (iv), we get
5
a=_—,b=c= z
3 3

— 5 ° . 'S
So the required vector C=—1+—j+—=K
3 3 3
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25. Given lines can be written as

x-1 y-2 z-3

(=

3 p/7 2
x-1 y-5 z-6
T = =
T3 1 S
7

* £, and /, are perpendicular to each other (given)

So,aa, +bb,+cc,=0

-3
= (3) (—pj + [Bj x 142 x(-5)=0
7 7
= p=7
Now, equation of a line passing through a point (3, 2, —4) and parallel the line ¢, is
Xx-3 y-2 z+4
31 2
26. Let events A and B are as defined below

A : Events of exactly 2 girls on the committee

B : Event of at least one girl on the committee

8
C 70 14
= Now PB)=5t=—=—
C, 495 99
or PB)=1-2_.%
99 99

°C,.'C, 6x28 56
2c, 495 165

and P(ANB)=P (2 boys and 2 girls) =

PANB)_ 56 9 168

Hence P(A/B)= =
P(B) 165 85 425

Section - C
27, f(x) = X3
3x+4
. . 4
(i) For one-one function : we have f(x) = f(x9) V x1,xp e R — {—g}

4, +3 4%, +3
3x, +4 3x, +4
12x1x9 +16X] + 9%y + 12 = 12x1Xy + 9x1 + 16xy + 12

U

U

7X1 77X2:0:>X1 =X

function is one-one.

(ii)) For onto function : Let y = f(x)
_4x+3

v 3x+4

3xy+4y=4x+3

x(3y—4)=3 -4y

412 ¢ o
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ALLEN
= Xx= 34y eR—{—i},VyeR—{i}
3y—4 3 3
if 3y—4+0
Y;’Ei
3

= Every element of co-domain has its preimages in domain.
So range of f(x) = co-domain of f(x)
function is onto
Hence, f(x) is bijective since it it one-one and onto both.

(iii)) Inverseof f:Lety=fx)= x=1" l(y)

x="4
3y—-4
_ 3-4y
iy =—=
) 3y _4
3-4x
f'(x)=
) 3x—-4

(iv) (0= —%

flx)=2
3-4x
3x -4

=2 =3 -4x=6x-8 = 10x=11

i
10

28 ~gin”! 6X — 441 —4x°
.y s

= y=sin"' [%.2){ — %\/1 —(2x)? }

=cosd,

= X

put 2x=sinf, and

= O=sin!2x

nlh wn|w

=sin¢

=  y=sin"'[sinBcosp—cosOsin ]
or y = sin"'[sin(0 — ¢)]

= y=0—-9¢ (*. sin”' (sin x) =x)

. ., 4
or y=sin"2x—sin"’ r

= d_y = ;.2 -0
dx  1-4x>
Differentiating w.r.t. X, we have
dy ___ 2
dx  1-4x>
°
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OR
X = a(cos2t + 2tsin2t)
= z—)t( = a[—-2sin 2t + 2(2t cos 2t + sin 2t)]
Differentiating w.r.t. t, we have
or d—X=4at0032t ......... (D
dt
and y = a(sin2t — 2tcos2t)
Differentiating w.r.t. t, we have
S W a[ 2cos 2t — 2(-2tsin 2t + cos 2t) ]
dt
or dy =datsin2t ... )
dt
By chain rule,
dy _dy/dt _ 4atsin2t
dx dx/dt 4atcos2t
= dy = tan 2t
dx
2
t
= d—z/:ZSecZthd—
dx dx
d’y ) 1
or — =2SeC” 2t x —— from eq (1
dx® 4at cos 2t ( 1)
2
1
or d_)2/ =— xsec® 2t
dx® 2at
2 dy tan~! x
29. (I+x")—+y=e
dx
dy vy "7
dx 1+x> 1+x°
etan" X
© i z 1+x°

6/12

1
LF.= eIPdx = eIm — oG

.. Solution of D.E. is given as :

yxe

=

tan~ x

. etarf1 X '
= x e *dx +C

1+x°

tan”~! 2
yetan’I X _ J- (e X)
IED'S

dx +C

1
1+x

Puttan'x=t = dx =dt

2

yetan"x :J'etht

e2t

=—+C
2

2tan”! x
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30. Lt|:I§B:EE§
,  3+sin2x
- I_“J/f' sin X + COS X Put sinx—cosx =t
* 4 —(sin X —cos x)? o (cosx+sinx)dx =dt
S dt When x =0=t=-1, and
or sz N
SO Whenx:%:tzo
1, 2+t
= I==|log—
4l “2-t/,
1 1
| =—|logl-log—
or 4|: g g3:|
1 1 1
= I=-=log===log3
293779

31.

Let X = Sum of the numbers on the two drawn cards; then possible values of X are 4, 6, 8, 10 or 12.

P(X = 4) = P((1, 3), 3, 1)) = é

P(X=6)=P((1,5), (5, 1)) = =
12
P(X=8)=P((3,5), (5, 3),(1,7),(7, 1)) = %
PX=10)=P(3, 7). (7.3) = =
2
P(X: 12) :P((Sa 7)a (7a 5)) = E
X | PX) | XPX) | X*P(X)
4|21 4 16
2 6| 6 6
6|21 & 36
2 6| 6 6
g |4 2| 16 128
12 6 6 6
o|2_1] 10 100
2 6| 6 6
|21 12 144
12 6 6 6
Mean of X = SXP(X)= 440,16, 10 12 48 ¢
6 6 6 6 6 6

Variance of X =2X*.P(X) - [E(X)]* = 424 384 = 40 = 20
6 6 6 3
OR
Let E; = Bulb is manufactured by factory A
E, = Bulb is manufactured by factory B
E; = Bulb is manufactured by factory C
and E = Bulb is defective

60 6
Here P(E) =60% =—— =—,
100 10

111
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30 3

P(E)) =30% = —=—,
(E2) ° 100 10

10 1
P(Es) = 10%=——" =—
100 10

1
P(E/E,) = 1% =——, P(E/ Ey) = 2% = —
(E/E) = 1% =150 PE/E) =2% =100

3
d P(E/Es) = 3% = ——
and P(E/E2) =3% = 140

By Baye's Theorem,
P(E,)P(E/E,)

P(E\/E) =
P(E,)P(E/E,)+P(E,)P(E/E,)+P(E,)P(E/E,)
6 1
B 10~ 100 __6 6 2
6 1 .3 2 1 3 6+6+3 15 5

— X —F——X——+—
10 100 10 100 10 100
32. Let merchant stock of desktop model be x units and that of portable model be y units.
Total profit to maximize Z = 4500x + 5000y
subject to constraints
X +y <250
25,000 x + 40,000 y < 70,00,000
= 5x+ 8y <1400

x20,y>0

Y' A(250,0)

Now, plot the straight lines on the graph

and find the corner points of feasible region.

X +y=250

5x + 8y = 1400

OAEC is feasible region

Corner Points Z =4500x+5000y
0 (0,0) 0

A(250,0) 11,25,000
E(200,50) 11,50,000
C(0,175) 8,75,000

Clearly maximum profit is 11,50,000 at (200,50)

i.e. when 200 desktop models and 50 portable models are in stock.

8/12 ¢ o
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Section - D
1 0 2
33. A=|0 2 1
2 0 3
1 0o 2]t o 2] [5 0 8
= A2=021021{245
2 0 3|2 0 3| |8 0 13
50 811 0 2] [21 0 34
and A3—A2.A—245021]—12823
8 0 13{/2 0 3| |34 0 55
Now A3 —-6A2+T7A+kI=0
21 0 34 50 8 1 0 2 1 00
= 12 8 23|-6/2 4 5|+7(0 2 1|+k[0 1 0
134 0 55 8 0 13 2 0 3 0 0 1
[2+k 0 0 000
or 0 2+k 0O |=/0 0 O
0 0 —2+k| [0 0 O
L —2+k=0
or k=2
OR
2 -3 5
Given, A=|3 2 -4
1 1 -2

A is invertible if |A] #0
Now, |A| =2x[-4+ 4] +3 X [-6+ 4] +5 X [3 2]
=2%x0+3%X(-2)+5x1=-1%0

T

0 2 1
= adj(A)=|-1 -9 -5
2 23 13

0O -1 2
=2 -9 23

1 -5 13
_ adj(A)
N

0O 1 -2
=1-2 9 -23

-1 5 -13

and A

Now, given equations are

¢ o 9/12
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2x —3y+5z=11
3x+2y—4y=-5
and x+y—-2z=-3

2 -3 b5 ||x 11
= |3 2 —4|ly|=|-5
1 1 -2|lz]| |-3
or AX=B
= X=A'B
[0 1 -2][11
or X=|-2 9 -23(-5
-1 5 -13|-3

[ 0x11+ (1) x(=5)+(-2) x (-3)
= X=|(-2)x11+9x(-5)+(-23) x (-3)
|(-1) x11+5x (=5) + (~13) x (~3)
X 1
= y|=|2
V7 3
= x=1y=2,z=3
34, y?<4x,4x?+4y?<9
or y=4x&4x>2+4y?=9 = x> +y>=(3/2) Y
For intersection points, we have (172,42)
4x2 + 4(4%) = 9 .
= 4x2+16x-9=0 c

or 4x2+18x—-2x—-9=0 = C (7201 (3/2,0) X

= 2x(2x+9)-12x+9)=0
or 2x—1=0o0r2x+9=0
= x=12o0orx=-9/2

/2x/_dx+3j2 (;j dex]

1/2

P
(1/2,-2)

Y
1

Total area =2 [2

\3/2
3/2 :)/2 X [3
+ — N —X + Sln
3 /2 2 2

2|45 (-3)- {— ;}'

1/2

= Q + 2[2 —sin”' l) = [Q +2 cos' %} $q. units

10/12 ¢ *
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35. Let ABCD be a rectangle and let the semi-circle be described on side AB as diameter.

Let AB =2x and AD = 2y. Let P be the perimeter and A be the area of the figure.

Then,
P =2x +4y + nx (Given) ...(1)

2
X

and, A=(2x)2y)+

2
= A=4xy+ —
Y 2

2
X

= A=x(P-2x-—mx)+ [Using (1)]
nx’
= A=Px-2x>—nx?+
nx’
= A=Px-2x*-
2
= %ZP—4x—nxand A =4-7
dx dx?
For A to be maximum or minimum , we must have
d—A:O = P-4x-mx=0 = x= P
dx n+4
‘A
Clearly, o =—4 -1 <0 for all values of x.
X
Thus, A is maximum when x =
n+4
Putting x = in (1), we gety =———
g (i), we gety = (+4)
. . P
So, dimensions of the figure are 2x = and 2y =
n+4 n+4
OR

Let each side of the square base be x and height by y, then
c? = total surface area of the box = 4xy + x>
Let V be the corresponding volume of the box, then

Volume of open box = Area of base x height
2

2
c’—X
V=x ZXZ[ )
Yy Ix X

or V=i(c2xx3),0<x<c

dv 1
= —=—(c*-3x%
dx 4
v 1 3
d —_ = — X _6 = _ —
an 0 1 (—6x) 5 X
For maximum value of volume V,
dv

1
— == (¢2-3x)=0
" 4(c x?)

= 2-3x=0=>x=

N

¢ o 11/12
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[dZV] _ 3, <
dx*/,_ < 2 3
B B

3

. . c . .
Therefore, V is maximum at X =— and maximum volume will be

NEY
vellp,e @) _1fo)
il NG 3J§J 4 Lsxjﬁ
3

= V= -"_ cubic units

6\3
Given equation of plane is
2x+y-2z+3=0 ... (1)

dr's of the plane are 2, 1, -2

dr's of line normal to plane are 2, 1, -2
= Equation of line PM is

x-1 y-2 z-4
21 =2

= A(say)

[. X=X, _¥y-y, :z—zl}
' a b c

Coordinates of M= (2A + 1, L +2, 2A + 4)
Since point M lies on the plane (1)

2L+ 1)+ (L +2)2(21+4)+3=0
= ANHF2+AF2+4N-8+3=0

or 9A—-1=0 :>X=é

Plane

2 2 -2
.. Foot of perpendicular =(— +1, —+2,—+ 4) o ﬁ]
9 9 9 9
and Length of perpendicular from (1, 2, 4)
o PM = 2()+2-2(4)+3| _[2+2-8+3|_ 1 it
Jari+4 | Jo 3
° °

P(1,2,4)





