Remesh’s Maths Coaching
11. THREE DIMENSIONAL GEOMETRY

Direction Ratios s
Let 7=ai +bj+ck be the position vector of a point then a,b,c are called direction ratios of that point.
E.g.: If f=2i+3j+5k,thendr’sare2,3,5
Direction Cosines
If o.B,y are the angles which a vector OP makes with the positive directions of the

coordinate axes OX, OY and OZ respectively, then cosa.cosp.cosy are known as the

direction cosines of gp and are denoted by 1,m.n respectively.i.e., 7 = cosa , m =cosp
and n=cosy

Let P(x,y.z) be a point in space such that F(: O_P')= ai + bj+ck and their direction cosines

{,m,n then

a b C
a. €=~.m=|7,n=—
T

0 I
b. Hence the dr’s are a,b,c
c. 2+m?+n’=1
d. cos’a+cos’B+cosiy=1

e. sin®o+sin®P+sin’y=2 ey
Note:
Direction ratios are abbreviated by dr’s and direction-Cosines by dc¢’s.
&

The angles «.p.y are called direction angles and lie between [0.7] .

s

dc’s of x-axis | ¢os 0.cos %, cos: 1,0,0
dc’s of y-axis cog-‘%,cbﬂﬂg@a\?% 0,1,0
dc’s of z-axis cos X cos % cos0 0,0,1

Let P(x.y.z) be a point in space such that r'(: 0_[5)= ai + bj+ck and their direction
cosines ,m.n then

a.

. Hence the dr’s are a,b.c

2 +m?+n? =1

b
Cc
d. cos’a+cos’P+cos’y=1
€

. sinztx+sin2|3+sin2'y=2
Direction ratios of the line joining two given points

Let A(x.y1,z) and B(x,,y,.2z,) be two given points then
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a. dr's of ABare x;—xj.y,-y.2y -7

; i.b
Note: For finding the angle between the vectors, we can use the formula, cos0= a —.
o]
Angle between two vectors in terms of their direction cosines ¢,.m,.n;and ¢,,m,,n, respectively, then
cosB=/((,+mm,+nn,
If two vectors are perpendicular, ¢,(, +m;m,+n;n, =0
fp _m _ng
If two vectors are parallel, I, my; ny
Angle between two vectors in terms of their direction ratios a;.bj.c;and a,.bs.c, respectively, then

d41a, +bybsy +¢ic
cosf = B Bl e

\/a|2 +bl2 +C12 af + bgz +r:32
a) If two vectors are perpendicular, a;a, +bb, +¢jc, =0

a _b_g
b) If two vectors are parallel, b

—_— Xa—X Y9 =Y Ly —7T
¢) de’s of ABare —2—L, 23 _+1 =2 <

PQl PG [PQ

d) If two vectors are parallel, then its dr’s and dc’s are equal.

e) Projection of ron x-axis = (|f|. Projection of F on y-axis =m|f| and Projection of  on z-axis = n|f|.
The parametric equations of the line are x =x, +Xa;y=y, +Ab;z=z +ic , where % is any parameter.

Vector equation of a line passing through two points with position vectors and b is r = 4 + l(}i - 5)

Cartesian equation of a line passing through two points A(x;.y,.z) and

=% . ¥Z¥1 L 2

X2=X Y2= ¥ Z3-%

B(Xg.}"g.lz) is
Cartesian equation of a line passing through a fixed point A(x,.y,.z) and

X=Xi _Y=¥i _Z-=%

b o

having dr’sa, band ¢ is

STRAIGHT LINES

Vector equation of a line passing through a fixed point with position vector

a and parallel to a given vector bis F=d+2b

A(xl.y;.z
The parametric equations of the lineare x =x, +ha;y =y, +Ab:z=2,+Ac,

where i is any parameter.

Vector equation of a line passing through two points with position

vectors and bis r=a+ A(fu - ‘ci) o
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=% YN z-%

H7X% Yo=Y 27

Cartesian equation of a line passing through two points A(x;.y;.z;) and B(x.y5.2,) is

Cartesian equation of a line passing through a fixed point A(x,.y,.z;) and having dr’s a, b and ¢ is®

X=X, _¥Y-¥ _Z-%
a b c

Angle between two lines (Vector form): Let 7 =d, +Ab, and 7 = d, +pb, be two lines. Then angle between the lines

].Ej

b

= S

is cosf=

=
a

0=cos” ﬂ
e

If two lines are parallel, b, =b,, where } is any scalar.

If two lines are perpendicular, b,.b,=0

If two lines are perpendicular, then a,a, +b,b, +¢,c, =032.

If two lines are parallel, 2L LN “a )
a.z bl c: S L P
: : 5”{ i 1 P ETER Y= z-7
Angle between two lines (Cartesian form): Let the equations of the two lines be 1 - e e and
e I | I

G

az b2 02 e o s
e
¢ a,a, +bb,+cc
cosh= ‘-.3 ’|211:2 :
=
\/al'+b|“+c,'\/az'+b2 +cy°
i a4, + bibs +g,ch

\{alz Fhy 2 éjz V{azz +.b22 ¥e,?
If two lines'are perpendicular, then a;a, +b;b, +¢,c, =0

- If two lines are parallel, L =ﬂ o B
| a, by ¢

Coplanarity of linesLet 7 — 3 +Ap and F =a+ub be any two lines. Let 4 and

¢ be the position vectors of the fixed points A and C respectively.

If AC.b and d are coplanar, [¢- bd]=0 or (¢-a)(bxd)=0

If two lines intersecting or parallel, then [¢—a b d]=0
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Shortest distance between the lines (Vector Equation)
Let theequations of two linesbe 7 = g, + A5, and 7 =d, +ub, is

d =|(Bl XEz)—(Ez —ﬁl)‘
e

Cartesian Equation: The shortest distance between the lines

Pt W ey S KTXp Y=¥a 2Z-%

L Land 1,; : .
" a b, ¢ " a, b, ¢ © ‘
X —x1 Y_Y‘u Z_Z|
a a, a;
b, b, b,
'J(blcz ~byc, ) +(cia, —c,a, ) +(a;b, —a,b, )
Distance between parallel lines: P ©.
Let 7=a,+ Ab and 7 = dy + pb be any two paralle lines. Then the distance o z) between
the parallel lines is et ’
d:—bx(a%-a,) v P fid
‘b ‘ ) 0
PLANE

If the line joining any two arbitrary points on the locus is the part of the locus, then the locus is called a plane.

1. The Carteé.iéﬁ'equation of a plane is
(li_.-t-_ .mj'+ nl:c)(x; + y] + zﬁ)= d

i
Ay =i +my +nz =d
R §

is the general equation of the plane.
2. Equation of a plane in the normal form is nr = d
Note: Skew lines are non-intersecting and non parallel.

3. Eqaution of a plane passing through a fixed point whose position vector 7 and

perpendicular to a given vector n .

a Vector Equation: 1i.(f —1;) =0

b. Cartesian equation: 'z
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a(x—x;)+bly -y, )+c(z-2)=0is the cartesian equation.

4. Equation of a plane passing through three non collinear points A(xl SR ] B(x; ¥2.25 ) and
Clx3.y3.23).
Let P{x,y, z) be a general point on it. Then

- =+ =
a. Vector equation is AP ABAC|=0

X=% ¥=N 2=
b. Cartesian equationis [*2 ~ X1 Y2=¥ Z2=%|= 4
X3=X Ya—Y1 &3 4

T :
5. Intercept form of a plane is ;+‘g+:=| .

6. Angle between the planes

a. Vector Equation: Let the equation of the planes be r.n; =d; and 1.0y =d5.
ny.n 4| np.n
Then vector equation is €050 =—-—2—and 6=cos™'| —L—2— _ ]
BN EH iy 52 | :
b. Cartesian Equation: Angle between the planes a;x +bjy +¢;z = d; and a;x + byy + ¢z =';§k;;‘,is

a8y +b|b2 +Cjca ”— :

cos = and
Jalz +l:||2 +cl?' azz +b22 +c22
2 aja, + byby + ¢pc - N
s cog 182 + 0105 + C,C3 =
Ja,z + h,z +c|1 Ja;z + bf + czl >
'K 2
ik
d .
Note: If two planes are perpendicular, a2, +bybs +¢i¢; =0

« £

e

. bl ¢ o
Iftwo planes are parallel, =181l g
4 by ¢

9. a) Vector equation of a plane ﬁ'érallel toagivenplane ri=d is rn=k,
where k be any scalar.

n of a plane parallel to the given plane ax + by +cz=d is ax + by +cz=k

b) Cartesian

IO..-mgpg@fthe planes bisecting the angle between the planes ajx + byy +¢jz =d; and as;x+byy+ciz=ds is

a4+ by + ¢z —d, _ia2x+h2y+321+d2
f33|2'|-l.')]2'|-(:|:1 Jazl +b22+022

a.
11. Length of the perpendicular from a point with position vector g to the plane r.n =dis

ax; + by, +cz —d

2 2

Cartesian equation: PL = 2
a“+b°+c
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12. Reduction of general equation to normal form

a
a. Let ax + by + cz = d be the equation of the plane. Let its normal be Ix+my+nz=p.then I = 3
L= L
a“+b " +c
b b

C
m= : n= and p = ft———m-—,
;a2+b2+cz 1_.‘f:z+hz~1-c2 al+bl+¢?

Note: Ifd is positive, 1, m, n and p are +ve and

if d is negative, |, m, n and p are negative.

LINEAND A PLANE g
13. Angle between the line and a plane. ) 4
a. Let T=a+Ab bealineand i.F =d aplane sin = P—Ii and 0 =sin”' Pn

|o] 5] b

b. Letﬁ=a|€+bl:]:+6[§q E=b1_i-+b2‘j+b3];, ﬁ=n1f+n2:j-+n3]: and F=q?+r2]+r3ﬁ_,then |
x"@"‘g%%%.
dn0= bll'l.1 + bzﬂz + b3n3

S
; A g
h|2 + bzz +b32 Jﬂlz + I'lzz + 032

Notel:

=,

Ifa line and a plane are parallel, bjn; +byn; +b3n; =0

@

i, e
Vs 4
& Ww
e by by b, ¢
Note2: Ifalineand a plane are perpendicular, mg‘— === ;n-‘ :
Lo Ny 3
;a' = y;az = z;a3 lies entirely in the plane nyx + nyy +n3z=d is byn;+byn, + byn; =0 and
| 2 3

njay +nya; +nqay =d

14, Point of intersection of a line =4+ b and a planc i.F =d

a.  Vector equation is n (5 o+ 15): d

X—a Y—-a; Z—iaj
b.  Cartesian equation is |1 ~#1 Y1732 % —33= 0
by b, by

15. Equation of the plane passing through the point A(x,,y,.z,) and parallel to the lines ¥ =4+ Ab
and F=C+pd.
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b. Let d=aji+bj+ck, b=byi+byj+bsk. =m0 +ny)+nsK and F=fi+nj+nk then
b‘l'l| +b2n2 +b3n3

2
Jb,z +b22 + b_qz Jn,“ + "22 + n32

sinf =

Notel: Ifaline and a plane are parallel, byn; +byn; +bsny =0

Note2: [Ifalineand a plane are perpendicular, L.} =—==—

; X—a -a z-a; . : : :
Noted: The line 5 '=yb 2= 5 = lies entirely in the plane njx+ny+ns;z=d is bn +byny; +bsny; =0 and
1 2 3 '

na) +npa; +n3ay = d
14. Point of intersection of a line T=a+ b and a plane fi.F =d
a.  Vector equation is ﬁ.(ﬁ + }.5)= d

X—-ay Y—-a, Z—ay

b.  Cartesian equationis [1 ~21 Y1782 Z1—83 =0
by by by B b

15. Equation of the plane passing through the point A(x,, yl,z|} and ﬁa_ullef"f{f_;the lines F=a+Ab and f=c+pd.

Let P(x.v.z)be a general point on it. Then

- - i
a. Vector equation is | AP b d |=0 £ 9

b.Cartesian equation is

16. To find the distance between two parallel planes, take any point on one plane and find the length of the perpendicular from
that point to the plane.

I7. Equation of a plane passing through the point of intersection of other two planes
i, =djand 7.6, =d,.

“a. Vector equation is F.i; —d; +A(f.f; —dy)=0

b. Cartesian equation: Let ajx + by +¢jz=d; and a,x+b,yy+cyz=d; be the equations of
two planes.

Then equation is a;x +byy+¢;z—d; +Ma)x +byy +¢yz-dy)=0.,
Find the value of ; by substituting the given points and then obtain the equation.
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