Remesh’'s Mathiematics [DIFFERENTIAL EQUATION]

9. DIFFERENTIAL EQUATION

An equation involving differential coefficient is known as differential equation. In other words,
an equation involving derivative or derivatives of dependent variable(s) with respect to independent
variable is known as differential equation.

Degree
Degree of a differential equation is the degree of the highest derivative occurs in it, when differential

coefficients are made free from radicals and fractions.

Order
Order of a differential equation is the order of the highest derivative occurs in it.
E.g.:
Differential equation Degree Order
2
d—Z:4x+l
dx 1 2
dy dy 2
= — l —
YT J{dx] 2 1
d3y d2y ? dy
—2_ax —2| +2y—2L=0
dx? [dxzj T K 1 3
%
dy )’ d?y
1+ — =5——
( J{dx) ] e 2 2
3
d?y _(dy
— | +3sin| —=|=0 -
( dx? dx 2 Not defined.

Formation of a differential equation

To form a differential equation from a given equation with n constants, differentiate n times and
eliminate the constants using the n equations (equations formed in each step of differentiation) with the

given equation.

Working rule:
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i.  Write the given equation

ii. Count the number of arbitrary constant(s)

iii. Differentiate the given equation successively as many times as the number of arbitrary constant(s)

iv. Eliminate the arbitrary constant(s) by using the given equation obtained in (iii) or the equations in (i)

and (ii) and so is the required differential equation.
1. Find the differential equation of all straight lines in the XY plane.

Let the equation is y=mx+c
Differentiating y w.r.t. X

ﬂ:mxl+0
dx

dy _
dx

m

Differentiating again w.r.t. x

2
% =0 is the required differential equation.
X

2. Find the differential equation of all straight lines passing through the origin.
Let the equationis y=mx ............... (1

Differentiating y w.r.t. X

ﬂzmx1=m
dx

Yy

in (1) we have, y=ﬂx:>x -
dx dx

y =0 s the required differential equation.

3. Find the differential equation of all circles passing through the origin and centre lies on the x axis.
Equation is (x—a)* +y? =a’
Differentiating w.r.t. x

Y _ 0= yﬂ— x+a=0 is the differential equation.
dx dx

2 (x—a)+2yg—i:0:>x—a+y

Solution or primitive of a differential equation
Solution is a functional relation between the variable(s) involved and it satisfies the given

differential equation. A solution of a differential equation is called general solution or complete solution.
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A general solution may contain one or more arbitrary constant(s) and it depends upon the order of the

differential equation.

E.g. ﬂ+ex‘y =0

dx
ﬂ = _ex_y = _i
dx ey
e¥dy =—e*dx

integrating with respect to x we have,
[e¥dy =—[eXdx

e¥ =—e*+C=¢e*+e¥ =C is known as general solution of the differential equation.

Particular Solution.
The solution obtained by particular value(s) of the arbitrary constant(s) in the general solution is called

particular solution. In a particular solution, there is no arbitrary constant(s).

E.g. ﬂ+ex‘y =0, y(0)=0
dx

ﬂ:_ex_y :_e_
dx ey
eYdy = —e*dx

integrating with respect to x we have,

[e¥dy =—[e*dx

ey =—e*+C=e"+e¥=C

when x=0, y=0, we have e? +e® =C=C=1+1=2

. e +e¥ =2 is the particular solution.

Methods of finding the solution

1. Variable Separable: A differential equation of the form Mdx+ Ndy =0, where M is a function of x

and N is a function of y. Then solution of such differential equation is obtained by integrating on both

sides w.r.t. the specified variable.

E.g.: Solve sec® xtan ydx +sec’® y tan xdy =0

WWW.HSSLIVE.IN I For any suggestions/help , please feel free to write at : rchciit@gmail.com



sec® x tan ydx +sec’ y tan xdy =0
dividing by tan xtany

2 2
C X g 4 2 ydy:O is in VS
tan x tany

integrating we have,

2 2
Isec xdx+Jsec ydy:C
tan x tan y

log|tan x|+ log [tan y| = log C
log|tan x tan y| = log C

=tanxtany=C is the solution.

_ 2
2. Solve ﬂ+ 1 X2
dx \1-y

=0

dy  [1-x*  \1-X

dx \/1— y -y
\/1— y2dy =+/1—x2dx is in variable separable.

Integrating we have, j J1-yidy = J.«/l— X2 dx

3(1_ yz)zx 1 2(1—x2)3xi+c

3 2y 3 2%
(1- yz)zx_iy=(1—x2)§x_ix+c
X))
y =C
X y

2
3. Solve ﬂh’l—yzzo
dx V1-x

ﬂ_\/l—yz _ 1y
dx V1-x* Jf1-¢

is in variable separable.

dy __ dx
Ji-y2 1-x?

Integrating we have,
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dy dx
J.\/l_yz +J.\/1—X2 =C

sinty+sin'x=C

Homogeneous differential equation

A differential equation is of the form j—i= ;((:;/)) , where f(x,y) and ¢(x,y) are functions of

the same degree is known as homogeneous differential equation.

Working rule:
Put y=wx

Differentiating w.r.t. X

d—y=v+xdv
dx dx
Then,
dv_ f(xw)__dv_ f(Lv) dv_ f(Lv)-ve(Lv)
V+de_¢ix,vxi_xdx_¢il,vi P T #(L, V)
#(L.v)

dv= ax is in variable separable and hence can be evaluated.
fil,vi—v¢il,vi X

E.g.: Check whether the following differential equation is homogeneous, if so, solve it:

1. y’:u
X
q x(1+ yj
:>_y=x+y= X =1+X
dx X X X

Since the R.H.S is of the form g (Xj and so it is a homogeneous of degree zero.
X

puty:vx:v:l
X
and d—y:v+xy
dx dx
v+x—V:l+v
dx
xﬂzl
dx
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dx . . .
dv =— is in variable separable.
X

dx

A fav=[Z

Jov=]5

v=log|x|+C
%:Iog|x|+C:>y:xlog|x|+Cx

Hence, y = xlog |x|+ C(say)

2. (1+ey]dx+ey (1—§]dy:0
y

ey(l—ﬁde:— 1+e’ |dx
y
dx _ Y)_ y

dv X\ x
d —(1+eyJ {1+eyJ

. . X . .
The RHS is a function of the form g [—j and is a homogeneous function of degree zero.
y

e[ X1
x__\y )

putv=5

dx dv
= x=vyand —=v+y—
dy dy

(1) becomes
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dv e’ (v-1)

y@_ (l+ev)

av e'(v-1) _eV(v—l)—v(1+eV)
Yoy T (e) | (1ee)
dv _ve'-e'-v-ve' —(ev +V)
YoyT T (re)  (1ve)
((:VV+1)) dv:—%y IS inVS

+V

(ev+1) _¢dy
J-(ev+v)dv__'|‘7
IogeV+v‘:—Iog|y|+IogC
Ioge‘x’+§+log|y|:logc
log ye§+x y=IlogC = yeyy+x =C
ye§+ ;

X y:J_rC:>ye§+x=Cl

yey + X =C s the required solution.

Linear differential equation

A differential equation is of the form j—y+ Py =Q, where P and Q are constants or functions of X,
X

is known as linear differential equation.

Note: In a linear differential equation, the coefficient of g—y must be 1. Otherwise divide the equation by
X
- dy .
the coefficient of i to make the coefficient 1. Then,
X
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1. Let P =aconstant or a function of x and Q = a constant or a function of x.

2. Find J.de

3. Find e/P*
4. Find Qel™
5. Find erjdedx

6. Solution is yejpdx :erjdedx+C

[ Pdx

Notel: Here the quantity e is known as integrating factor.

Note2: €'} — £ (x) and loge'™ = f (x)

E.g.

1) Solve: ﬂ+ ycot X =sin x
dx

Let P=cotx and Q=sinx
Ide=jcotxdx:Iogsinx

logsinx

elP™ — g =sinx

d . . .
QeIp " =sinxsinx =sin? x

.[erpdxdx :.[sin2 xdx :jm%dx :%(x+sin X)

Solution is yeIpdx :IQeIpdxdx+C

ysinx=%(x+sin x)+C

2) Solve the differential equation: cos x? +ysinx =tan® x
X
. dy -
To make the coefficient of d_ one, dividing by cos X
X

dy . sinx _ tan’ x
dx COSX COSX
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d
Y, y tan X = tan® xsec x
dx

p=tanx; Q =tan® xsecx
[ pdx = [ tan xdx = log|sec |
e.[ pdx _ elog\secx\ —secx

d
erp " = tan? xsec Xsec X

d

IQeIp “dx = Itan2 xsec? x dx
Put tan X =u = sec® xdx = du

tan® x
3

+C

IQeIdedx :qudu :u—33+C =

Solution is yeIpdx =IQeIdedX+C

tan® x

ysSecx = +C

3) Find the solution of the differential equation: <x+3y2) g
X

dy
3y )Y _y(y>0
(x+3y )dx y (y>0)
dy _y j%:x+3y2
dx (x+3y2) dy y

% 1 x =3y is a linear differential equation iny.

dy vy

1
p=-=:Q=3y
y
dx 1
———X=3y
dy 'y
1 1
jpdy:—j—dy:—log|y|:log —‘
y y
o _ oo _ 1
y

er“’"y =J‘3yx% dy =3[ dy =3y

Solution is xej "= J.er pdydy +C [note this]

WWW.HSSLIVE.IN I For any suggestions/help , please feel free to write at : rchciit@gmail.com



x.%=3y+C:>x:3y2+Cy

x =3y® +C(say) is the required solution.
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