Remesh’'s Mathematics [DIFFERENTIAL CALCULUS]|

DIFFERENTIATION

Continuity and differentiability of a function
If a function is differentiable at a point, it is necessarily continuous at that point. But its converse it not

necessarily true. E.g.: the function f(x) = |x| is continuous at x =0, but it is not differentiable at x =0.

Differentiability at a point

Let f be a real valued function defined in the open interval (a, b) and letc (a,b) . Then f(x) is said to be

e . e F(x)—1(c)
differentiable or derivable at x =c iff lim ————~
X—C X—C

coefficient of the function f(x) at x =cand is denoted by f'(c).

exits finitely. This limit is called derivative or differential

Derivative of a function

A function f(x)is said to be derivable or differentiable if it is derivable at every points in its
domain.

Suppose f (x) =%. Domain of the function is R—{0}

f(x) is derivable at every point in R except 0.

Derivability of a function on an interval

i. A function f(x)is said to be a derivable function on the open interval (a,b), it is derivable at
every points in the open interval (a,b).

ii. A function f(x)is said to be a derivable function on the closed interval [a,b],
a. itis derivable at every points in the open interval (a,b),

b. itis derivable at x =afrom right
c. itisderivable at x =bfrom left

Standard results on differentiability

Every polynomial function is differentiable at each xeR.
Every constant function is differentiable at each xeR.
Every exponential function is differentiable at each xeR.

Every logarithmic function is differentiable at each point in its domain.
Trigonometric and inverse T-functions are differentiable in their domains.

The sum, difference, product and quotient two differentiable functions is differentiable.

N o g~ 0w

The composition of differentiable functions is a differentiable function.
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Differentiation

Let f(x)be a differentiable function on [a,b]. Then corresponding to each point x <|[a,b], we get
a unique real number equal to the derivative of f'(x) and are denoted by f’(x) or :y or Dy yjor y’,etc..

dx
dy _ o fx+h)-f(x) (on) S_){: jim (=)= f(x)

ie, —= K . The process of obtaining the derivative of
—0 -

dx h—0 h
a function is called differentiation.

Geometrical meaning of the derivative at a point

Consider the curvey = f(x). Let f(x)is differentiable atx=c. Let P[c, f(c)| be a point on the

curve and let Q be a neighbouring point on the curve. Then slope of the chord PQ =M . Taking

- . . flx)-f
limitas Q—> P i.e.,, x—>c,weget lim w .As Q> P, the chord PQ becomes tangent at P.
X—C -
AY
O
N d dy
Note: derivative of y w.r.t. x = =
y dx (y) dx
- d dy
derivative of y wrt. t = —(y)=—
g )=
derivative of x w.rt.t = i(x)=d—x , etc.
dt dt

Derivative of a function

Let y= f(x)is a finite, single valued function of x. Let Ax be a small increment in x and Ay be the
corresponding increment in y respectively.
Then y+Ay = f(x+Ax)

Ay = f(x+Ax)- f(x)

HSSLIVE.IN

Pagez



Remesh’'s Mathematics [DIFFERENTIAL CALCULUS]|

Ay _ f(x+ax)-f(x)

AX AX

taking limits we have,

fim &Y = fran)- 1)
AX—0 AX  Ax—0 AX

dy .,

Fol f'(x)

ie., di[f(x)]: f'(x).This is called derivative of y w.r.t xor differential coefficient of yw.r.t x. This
X

method is called first principles or delta (Aor ¢) method or differentiation by definition or ab initio.

Note: Other forms of j_y are f'(x), y', y;, Dy, etc..
X

Derivative of the functions using the first principles:

1. Let y= x2
Let A x be asmall incrementin x and Ay be the corresponding increment in y respectively.
y+Ay = (X+Ax)?
Ay = (x+Ax)* —y = (x+Ax)* —=x?

Ay (X+Ax)2 ~x2 _ x?2 +2xAx+(Ax)2 —x? _ 2xAx+(Ax)2

AX AX AX AX
AN .
lim 2L = fim (2x+Ax)
Ax—0 AX AX—0
d_y =2Xx+0=2x
dx
d (2
—Ix°) =2x
=)
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STANDARD RESULTS

f(%) f/(x)
sin x COS X
COS X —sinx
tan x SECZ X
COS eCX —C0S eCX Cot X
SEC X sec xtanx
cot x — cosec?x
x" nx" 1
eX eX
g% —e”
xX x* (1+1og x)
x& a.xaf1
aX a*.loga
3@ 0
Jx 1
2Jx
log x 1
X
X 1
x2 2X
1 1
Xn Xn+1
l 1
X X2
1 2
x2 x3
dy
Xy X&*‘Y
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y dy

dx
2 dy
y 2y =
y dx

[22_42 —X

a2 _y2
2 2

Note: Derivative of any trigonometric function starting with ‘co’ is negative.

FUNDAMENTAL RESULTS OF DIFFERENTIATION

1. Differential coefficient of a constant is zero. i.e., di(c)= 0, where ¢ is a constant.
X

d d
E.g. —(5)=0, —(-10)=0, etc.
9: 360, & (-10)=0

2. If cisaconstant and u is a function of x then %(cu) = cj—x(u)

3. If uand vare functions of x, then i(uiv)=i(u)ii(v)
dx dx dx

d . d . d d . d 1
&(5SIH x+log x) = &(55”1 x)+&(log x)_S&(sm x)+&(log x)=5cos X+

i(Zex —tan x) = i(ZeX)—i(tan x)=21(ex)—i(tan x)=2eX —sec? x
dx dx dx dx dx

4. Product rule: If uand vare functions of x, then derivative of the product of two functions is equal to
first function x derivative of the second function + (plus) second function x derivative of the first

function.

. d d d
e, d—X(uv) = u.d—X(v)+ v.d—X(u)
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Eg. i y = eXsindx
g_y = e3xdi(sin 4x)+sin 4x.di(e3x) = e¥ cos 4x. 4+sin4xe®* 3 = e¥(4cos 4x+3sin4x)
X X X
ii. y = x tan x
Yy _ed

= x“ — (tan x)+ tan xi(xz)
dx dx dx

:x2 sec2 X+ tan x.2X :x2 sec2 X+ 2X tan X

Corollary of product rule:

Ifu, vand w are functions of x, then i(uvw) = uv.i(w)+vw.i(u)+ uw.i(v)
dx dx dx dx

E.g. y = x2eX tan x
% = xzexi(tan x)+e* tan x%(x2)+ x tan x%(ex)
= x2e¥ sec? x+eX tan x.2x+ x tan xe*
=xe* (xsec2 X+2tan x.+ X tan x.)z xe* (xsec2 x+(2+x)tan x.)

5. Quotient formula: If uand vare any two functions of x, then quotient of two functions is equal to

(2™ function x derivative of the 1% function minus 1% function x derivative of the 2" function)
divided by square of the 2™ function.

Vv

d d
. i(uj=v.dx(u)—u.dx(v)
" dx 2

. _ Sinx+Cosx
Eg. y = Smx+&0sx.
Sinx —Cosx
& (sinx—cos x).&(sinx +c0s x)— (sin x + cos x)&(sinx —cosx)
dx (sinx —cos x)?
_ (sinx—cos x)(cos x—sinx)— (sin x + cos x)(cos x +sin x)
(sinx — cos x)?

_ (sinx—cosx). = (sinx — cos x) - (sin x + cos x

_ (sinx—cosx)* — (sinx + cos x
(sinx —cos x? (sinx — cos x)?
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2 2

x—(sin2 X+ 2SiN X.C0S X + C0S2 X)
2

_ Sin“ X —2sin X.cos X + CoS

(sinx —cos x)

2y~ 2sinx.008 X + 0082 X —Sin2 X — 25in x.COS X — C0s2 X)

2

_sin

(sinx —cos x)

_ —2sinXx.cos X —2sinx.cos X _ —2.2sinX.cosXx _  —2sSin2x

(sinx —cos x)? (sinx—cosxf?  (sinx—cosx)

Function of a function

Lety=f(u), whereu=g(x), then the derivative or differential coefficient of y w.rt x is

dy _dy du
dx du dx
E.g.. y = v2x+3
put u=2x+3
Then y =Ju
@ 1
du  2u
d_u =2x1+0=2
dx

Short-cut method:

i.  Let us assume that the inside function be x.
ii. Find the derivative of the function in the standard form.
iii. Replace the value of x..

iv. Multiply it with derivative of the inside function.

The above question will be done using the short-cut method:

y = +J2x+3

i. Assume 2x+3as X
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Now the function becomes in the formy = Jx.

i, Find the derivative of y = Jx .ie, & -1
dx  2yx

. . 1
iv. Replace xby2x+3.i.e., ——
P y 242X +3

V. Find the derivative of 2x+3. i.e., 2x1+0=2
Vi, Find the product of steps iii and iv. i.e., y__ 1 x2= !
dx  2y2x+3 V2x+3

ii. y=e"

2 2
dy _-ax Xi(_axz):e—ax x—ax2X = —2axe "X

Note: If y= f[q)(x)] ,then %= fFLo(x) ]x¢'(x)

Chain rule

Function of a function can be extended to more than two functions is called chain rule. If y = f (u), where

u=g(v) and v=g(x) then the derivative or differential coefficient of y w.r.t xis W _dy du dv
dx du dv dx

Eg.:y-= Iog(tan gj

Here y =log tan X \ u=tan>and v=2
2 2 2

dy 1 . du 2X.dv 1
WX w2
U tan 2

CoS —

1 1 1
dy _ 1 ee2X 1. : i = o = Cos ecx
du tani 2 2 sin> cos? ~ 2sinZcos~  SINX
2 2 2 2
(or)
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1
= COS €cX

Inverse Trigonometric Functions

. X X sinx
2sin—cos —
2 2

Consider a function y=f(x). If it is possible to write x as a function of y, we say x is an

inverse function of y, and is symbolically written as x = f‘l(y). There are six inverse trigonometric

1 1 1 1

functions viz. sin"~x, cos " x, tan "X, COSec”

X, Sec™

1y and cot_lx, etc.. The principle value of

sintx lies betweeni%, the principal value of cos L x lies between 0 and 7 and the principal value of

tan -1 x lies between + % .

1. ;—X(sin 1x)= 1_1)(2
2 d—(cos lx)=—\/1_l7
3 o(lj_x(ta ik 1+1x2
4 d_(COt_1X)=_1+1X2
5 d—(sec 1x)=#\/2__l

Eg. Find & if
dx

-1
1. acos “ X

y =¢

-1
d a1 1 62005 X
dy _ qacosTx o __

\/1—x2

dx ' \/1_)(2
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2 Y=Sin_1( ZXZJ
' 1+X

put x=tang ; 6 = tan ~1x

y =sin _1[ ﬂ} =sin"L(sin260)=20=2tan L x

1+tan? 6
dy 1 2
w® T 2T
dx 1+ X 1+ X

3 y:sin_l( ZXZJ
' 1+Xx
1

put x=tanfd =6 =tan ~ X

y =Sin —1(MJ _ sin~kin20 =20 = 2tan"L x

1+tan2 0
oy _, 1 2
dx 1+x2  1+x2

Implicit functions
When the two variables x and y are connected in a single relation such as f(x, y)=0, it is called an

implicit function. If is often difficult to find y explicitly. To find the derivative of an implicit function,

perform the following steps:

1. Differentiate the whole expression w.r.t. x
2. Keep j_y terms to one side and all other terms to the other side
X

3. Then obtaind—y }
dx
E.g.

Find & if
dx
1. x2+y2 Y

Given x? + y2 ~a’

Diff. w.r.t. x

Page 1 O
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dy

2y —=-2

ydx X
Ly _-2x X
Tdx 2y y

2. cos(x+y)=ysinx
diff. w.r.t x

—sin(x+y). 1+ﬂ =.C0S X+Sin x.ﬂ
dx dx

—sin(x+y).—sin(x + y)% = Vy.C0S X +5in x.%
X

X

—sin(x+ y)ﬂ—sin x.ﬂ =Y.C0S X +Sin(X+y)
dx dx

—[sin(x+ y) +sin x]% = y.C0S X +sin(X + )

ﬂ__[y.cos X+sin(x+ y)]
dx [sin(x+ y)+sin x]

Exponential functions

A function is of the form y=e* is known as an exponential function.

Derivative of e*

Let eX =1+5+—+—+ ........

Diff. w.r.t. x we have

sk oG55
|
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Logarithmic functions

A function of the formy =u", both uand v are functions of x. Then follow the following steps;
Taking ‘log’ on both sides
logy =logu
logy =vlogu
Diff. w.r.t. x

1dy
y

d d
=v.—(I | —
ix \Y; dX(ogu)+ ogu o v)

<

d d d vl d d
.. — =vy|v.—(logu) +logu.— (v =u'|v.—(logu)+logu.— (v
» y{ OIX( gu)+log OIX()} [ dx( gu)+log GIX()}

E.g.: Find & if
dx
1. y= Xsinx

log y = log x31"*

log y =sin xlog x

Diff w.r.t. x

1 dy .1

—.—— = sinx.= +logXx.cos x

y dx X
dy y[ﬂ + logx.cos x} =x5im{ﬂ +log x cos x}
dx X X

2. If xY =eX7Y , prove that ﬂ :LXZ
dx  (1+logx)

Given xY =X
Taking log on both sides,
logxY =loge*™ = ylogx=(x—y)loge = ylogx=x—y (- loge=1)

y+ylogx=x= y(l+logx)=x=y=
1+log x

Differentiating w.r.t. X we have
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(1+log x)i(x)— x.i(1+ logx) (1+logx)1- X[0+)1J 1+logx— x 1

dy _ dx dx _ _ x _1l+logx-1
dx (1+1og x)? (1+1og x)? (L+logx)?>  (1+logx)?
= IO&. Hence proved.
(1+1log x)?

The following formulae will be found very useful in differentiation of logarithmic functions:

Lo

logab =loga+logb
2. Iog%: loga—Ilogb
ab
3. IogTz loga-+logb—logc

4. logm" =nlogm

5. logp =logy' log®

log™
6. logl = %

logp
7. Ioggzib

loga
8. log§ =1

9. —logx= IogE
X

10. %Iog X = Iog\/;
11. logl=0

logx _

Note: i.e X

ii. loge” =x

x2 X+1

.o dy.
E.g.: Find =Lif y =
J ax e3X tan x
y= XZ\/X+1
e3X tan x
Taking log on both sides,
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2 i1
logy = Iog{¢} logx2 +logv/x+1 (Ioge +Iogtanx)

3X tan x

2
logy = Iog—XJrl :2Iogx+£Iog(x+1)—3x|oge—|ogtanx
3 tan x 2
diff. w.r.t. x
1d
2 1+l 1 —3xx1-— sec? x
y dx X 2x+1 X

dy _ 2\/x+( 1 a1 J

dX  e3X tan x \ X 2(x+1) sin X cos X

Parametric functions

When the variables xand y are given as functions of a third variable, known as parameter, say

= f(t)and y = w(t), is called parametric functions. To find the derivative of such functions:

dy
W_dt ooy WA
dx  dx dx dt = dx
dt

E.g.: Find & if
dx

1. x=sin@; y=cosé

d — =cosf@ ﬂz—sine
do do
dy _ dy
dx do dH

:_ﬂ _tang

cos @
2 X=Ct;y=E

t
d_:C 1=cC ﬂ: d 1' = __1:_£
d dt dx \ t t2 t2
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Successive differentiation

Let y=f(x) is a function ofx. Then%: f'(x), is called first differential coefficient of y
X

. o dy d (dy) d d2y .
w.rt.x. It we differentiate -~ w.r.t x, we have —| == |=—[f'(x)]=—2 = f"(x), is called second
dx dxdx /) dx dx2

3 4 n
d g,d X,...,d y are
dx® dx dx"

differential coefficient of y w.r.t x. If we differentiate again and again we have

called 3" derivative, 4™ derivative,..., n" derivative of y w.rt x. The process of obtaining the

derivatives in succession is called Successive Differentiation.

Note: 1. Y f'(x)=yy =y =Dy
dx
d2 " "
2. —2y=f (x)=yy =y"=D?y
dx
R N
E.g.: 1. Find — if x=a(l+sing);y=a(l—cos o)
dx
E£=a®+a5®:aame ; Elzam——ﬁnwzadne
do deo
dy
d - -
ay _dé _ asing g
dx dx acosé@
dé
2
a% =i(ﬂ) =i(tan 0) = i(tan 0)% = sec? 19.L = lsec2 O.sec = lsec?’e
dx?2 dxldx/ dx do dx acosd a a
2.y = sin(msin_1 x)
- 1
Ll =cos(msin‘1x).i(msin ‘1x) =00s (msin 1x). m.
dx dx

1—x2

m cos (msin_1 X)

,/1—x2

1-x2. Yy = mcos (msin_lx)
dx
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Diff. again w.r.t x

J1-x2 _;’ 9 1 2x = m.—sin(msinLx).m. !

dX 2V1- x2 1-x2

l_y2 dzy_ X dy _ —m? sin(msin ~1x)
dX2 ’1—X2 dx \/1_)(2

gL )— - x% = —m? sin (msin_1 X) = fmzy xing by x2
(1 )— - x% +m2 y = 0. Hence proved.

Derivative of a function with another function.

du
If u and vare functions of then the derivative of u w.r.t. v is j—u E g—c
V
dx

E.g.: i. Find the Derivative of: sin X w.r.t. cos X.

Let u=sinx and V=cC0S X

du _ d(sinx) 7(Sin x) CoS X
dv  d(cos x) B

ii. derivative of sin(xz) W.r.t. cosx

W [sin(xz)} i cos(xz)xZX :_2xcos(x2) |

dv d(cosx) —sinx sin x
Note:
derivative of sinx w.rt. x = di(sin X) =cosx
X
- . _d, . dy
derivative of siny w.rt. X = —(siny)=cosy—>
dx dx
— . _d . dx
derivative of sinx w.rt. y = —(sin x):cosxd—
y

derivative of siny w.r.t. y i(sin y)=cosy

dy

The only way to learn Mathematics is to do Mathematics — P.R. HALMOS
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