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SYSTEM OF PARTICLES AND ROTATIONAL MOTION

Important Points:

1. Centre of Mass:

It is the imaginary point at which the total ma$she system is supposed to be concentrated.
2. There need not be any mass at the centre of mass

Ex.: Hollow sphere, ring etc.
3. Internal forces cannot change the position ofreeot mass.
4. The algebraic sum of moments of masses of @lp#rticles about the centre of mass is zero.
5. Centre of Gravity:

An imaginary point at which the total weight oéthystem is supposed to be concentrated is

called centre of gravity.

6. For small objects Centre of mass and Centreanfity coincide but for large or extended objects

like hills, buildings they do not coincide.
7. If r, andr, be the distances of the particles of massesnd m, from their centre of mass
respectively, then
mr, =myr,
8. Co-Ordinates of Centre of Mass:

Let us consider a system of n particles of masses,, ....... m, whose co-ordinates are

(% Y121 s (%0 Yir Z,) wevee (x,.Y,,2,), respectively. Then co-ordinates of their ceofrenass are

- M, + MX, +....+ M X
m+m, +...+m

_ My Fmy, A my,
m+m,+..+m,

Yom

www.sakshieducation.com



www.sakshieducation.com

And 7, = mz +m,z,+.....+mz,
m+m,+...+m,

9. Velocity of Centre of Mass:

V. = m\71+ m2\72+ ..... +m\V,
m+m,+...+m,

cm

10. Momentum of Centre of Mass:

— - —

MV, =mV,+m\V,+...+mV,

11. Acceleration of Centre of Mass:

S nléi+mzajz+----+nL5n
" m+m,+....+m

12. Vector or Cross Product:

a) The vector product of two vectors is a gegthich is the product of their magnitude and sine

of the angle between them.

AxB = ABsin@f, wherei is the unit vector perpendicular to plane contl:g'li!i xB.

b) The direction of cross product of two westis always perpendicular to the plane formed by
those vectors

c) Vector productioes not obey commutative latvx B # B x A

d) Vector product obeys distributive law
z\x[é+éj=(z\x é}(z\xéj
e)i xj=jxj=kxk=0
ixj=k jxi=-k
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Jxk=i KXj=-i

kxi=j  ixk=-j

f) If A=Aj+A,j+AkandB=B,i+B,]+Bk
i -j k
Then AxB =|A; A, A,
Bl BZ B3
=i (AB;—AB,) — i (AB3-AB)) +k(AB, - AB))

13. Moment of Inertia;

a) Moment of inertiaof a body about an axis is defined as the sumeptioducts of the masses

and the squares of their distances of differentigg@s from the axis of rotation.
b) I=nmr2+mr2+ ... +mr2z or I=
Unit:  kg.n?
Dimensional formula: M4LT°
c) For arigid body | = nikvhere K is called radius of gyration.
d) Radius of Gyration:

It is the effective distance of all particlestioé body from the axis of rotation.

e) Ml depends on the mass, distribution of médmesaxis of rotation, shape, size and

temperature of the body.

f) MI opposes the change in the rotary motion.
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14. Moment of Inertia of Different Bodies:

a) Uniform Rod - axis passing through its centre and perpendit¢alds length

M2
12

M = mass andl= length

b) Rectangular plateaxis passing through its center and perpendic¢aldre

MI 2 sz]
—t

lane | =
P ( 12 12

Where M = mass,= length and b = breadth

c) Uniform Circular Disc axis passing through its centre and perpendit¢alar

MR?

its plane | =

2
d) Solid Cylinder - about its natural axig = X

e)Uniform Circular Ring- about an axis which is perpendicular to its plame passing

through its centre i$ = MR?

15. Theorems of Moment of Inertia

a) Perpendicular Axes Theorem:

Moment of inertia of a plane laminar about an geagpendicular to its plane passing through a
point is equal to the sum of moments of inertiatleé lamina about any two mutually

perpendicular axes in its plane and passing threagie point.
L, =1L+,
b) Parallel axes Theorem:

Moment of inertia of a rigid body about any axss aqual to the sum of its moment of
inertia about a parallel axis passing through @stie of mass and the product of the mass of

the body and square of the perpendicular distaateden the two axes.

2
5 ot Mr

C

www.sakshieducation.com



www.sakshieducation.com
16. Torque:

The turning effect of a force about the axis oftin is called moment of force or torque.
Torque = Force x Perpendicular distance of linaation of force from axis of rotation.
T=rxF andﬁ =rFsiné
17. Relation Betweem and | :
r=rF=rma=rm(ra)=mr’a=la
Wherea =angular acceleration

18. Angular Momentum (L):

Moment of linear momentum of a particle about aafsrotation is known as Angular

momentum

Angular momentum is an axial vector
[=rxP
L =rpsind

r = Position vector.

19. Law of Conservation of Angular Momentum

Angular momentum of a rotating body remains camstéhen no external torque acting on it.

@ =0= L is constant.

dt
Where L = lw, Ll w is constant
Il wl = I2&)2
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20. Rotational KE =%Ia)2

21. K.E of a Rolling Body:
K'Etotal =K 'Elranslatory +K 'Erotational

2
:lmvf+—1|a)2:£mvc2 1+K—2
2 2 2 R

Where V, =Velocity of C.M

K = radius of gyration

R =radius
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Very Short Answer Questions

Is it necessary that a mass should be presentthe centre of mass of any system?
No, it is not necessary that a mass should beeptes the centre of mass of any system.

Ex: For a uniform circular ring the centre of mass ki the centre of the ring where there is

NO mass.

What is the difference in the positions of a gircarrying a bag in one of her hands and

another girl carrying a bag in each of her two hand?

A girl with a bag in one of her hands, slighdgnds towards the side in which bag is located

due to more mass on that side.

A girl with a bag in each of her two hands, paositiof the body will not change, due to

uniform distribution of mass on each side.

Two rigid bodies have same moment of inertia alob their axes of symmetry. Of the two,

which body will have greater kinetic energy?

LZ
2

Rotational K .E :% |l =
Since the moment of inertia is sameE O L
A body of greater angular momentum will have gee&tnetic energy.

Why are spokes provided in a bicycle wheel?

The spokes to the cycle wheel increases the mbmkinertia due to the increase in the
distribution of mass. This opposes the changeenrdiiary motion of the wheel. Thus spokes

fitted to the cycle wheel gives a steady motion.

We cannot open or close the door by applying foe at the hinges. Why?

Torque(r) =rxF =rF sind

rsind Dé (- 7 = constan}
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If the force is applied at the hinge, thenr=10

Hence force required to rotate the door beconfestin

Why do we prefer a spanner of longer arm as conaped to the spanner of shorter arm?
Torque(r) =r xF =rF siné

If same force is applied both the spanméis , for a spanner of longer arm, r is more.

0 Torque produced by spanner of longer arm is muae that of spanner shorter arm.

By spinning eggs on a table top, how will you slinguish a hardboiled egg from a raw
egg”?

When the raw egg is rotated on a table toplithed in it move away from the axis of rotation
due to centrifugal force. Hence moment of inemieréases and angular velocity decreases It

comes to rest quickly. But the boiled egg rotatesenime.
Why should a helicopter necessarily have two ppellers?

If the helicopter had only one propeller, then thueonservation of angular momentum, the

helicopter itself would turn in the opposite diieat

If the polar ice caps of the earth were to meltwhat would the effect of the length of the

day be?

When the polar ice caps melt, water flows towgattte equator. Then moment of inertia of the

earth increases and angular velocity decreases.
| w= constant
L1 As | increasesw decreases

But, a):z—”
T

[0 The time period increases. Hence the lengthetidy increases.
Why is it easier to balance a bicycle in moti¢h

Due to law of conservation of angular momentumydie is balanced in motion.
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Short Answer

Questions

Distinguish between centre of mass and centre gfavity?

Centre of Mass

Centre of Gravity

1. Itis a point where the entire mass of the

system is concentrated.

1. Itis a point where the weight of the

system is concentrated.

2. It refers to the mass of the body.

2. It refers to the weight acting on all particl
of the body.

3. For small and regular bodies centre of m

and centre of gravity will coincide.

&d~or huge bodies centre of gravity and

centre of mass do not coincide.

4. It does not depend on acceleration due t

gravity.

p4. It depends on acceleration due to gravity.

es

Show that a system of particles moves under tlefluence of an external force as if the

force is applied at its centre of mass?

Consider a system of the particles of massmgr--- , m, moving with velocities YV,---

V.. Then M = m+ m, + ----- +m,
L e NP _
Velocity V,, :M(mvl+m2v2+———+mvn)
| — dv,, 1, dv, _ dy, dv,
Acceleration of center of massa, =—® =—(m —2+m,—2+--—+ n
B =g m Mg ™ ™

Or

1 = .
8, = -(ma+ma,+---+ma)

From Newton’s second lawg,, =ﬁ[E1+E2 +
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OMa_ =Y Fn=Foe
Hence the system of particles moves under tthgeimce of an external force as if the force is

applied at its centre of mass.

Explain about the Centre of mass of Earth - moosystem and its rotation around the

sun?

The earth -moon system rotates about the commatneceh mass. The mass of the earth is
about 81 times that of the moon. Hence the centrenass of the earth-moon system is
relatively close to the earth. The gravitationalaation of the sun is an external force that acts

on the earth-moon system. The centre of mass af@hta-moon system moves in an elliptical

path around the sun.
Define vector product .Explain the properties ofvector product with two examples?

Vector Product:

It is a vector which is the product of the magnési@f the two vectors and the sine of the

angle between them. The direction is perpendidol#iie plane containing the two vectors.

axb=absingd. n Wheren is a u nit vector alongxb.

(zx5)

o|

Q|

Properties:

I. Cross product of vectors do not obey commuéaliw.

AxBzBxA And AxB=-BxA
ii. Cross product obeys distributive law.

Ax(B+C)=AxB+A+C
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iii. The cross product of two parallel vectorsiaull vector. (i.e.) 18=0°, then

AxB=0

Examples:

1. Angular momentumL =r x p

2. Linear velocity/ = wxr

Define angular velocity ). Derive v=rw.

Angular velocity (w):

The rate of change of angular displacement of agiars called angular velocity.

w= a6 rad/sec
dt

To derivev=rw

Consider a particle be moving along a circle diua r. At any time t, let the angular
displacement of the particle 2. Let the particle is displaced through an angleitime

intervalot .

Instantaneous angular velociby Lum( 59) _dé

ot dt

Linear velocity of the particle is given by
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V= |_|mB_C: L|m@ :r% (59:%)
5-0 ot a-0 ot dt .
OV=rw

6. Defineangular acceleration and torque. Establish the relon between angular acceleration and torque.

A.  Angular acceleration:

Rate of change of angular velocity is called AngulAcceleration ). Its unit is rad 3.

_ changein angular velocity(dw)

time(dt)

Torque:

The turning effect of a force about the axis oftian is called moment of force or torque.

Torque = Force x Perpendicular distance of linaation of force from axis of rotation.
7=rxF and‘?‘ =rFsiné
Relation betweenrangular acceleration and torque
By definition, torquer =r xF

r=rxma=rm(ra)=mr’a=la

7.  Write the equations of motion for a particle roating about a fixed axis?

A:. The equations of rotator motion of a rigid body sirailar to the equations of linear motion.

They are given below

1) w=a +at
1 .
2) 9:%t+§a't

3) & -wt=2a6
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Whereq, is initial angular velocityw is final angular velocityg is angular acceleration and

@ is angular displacement

Derive expressions for the final velocity and tal energy of a body rolling without

slipping.
Final Velocity of Rolling Body:

Let us consider the rolling motion (with out slipg) of a circular disc on a level surface. Let

V.. Is the velocity of centre of mass. L\étis the rotational velocity.

V. =rw, where w is angular velocity.

The disc on rolling motion without slipping. Thesential condition is,, = Rw
Velocity of pointB, at the top of the disc,

Y =Vem TRO=2v

K.E of the Rolling Body:

The total K.E of the rolling body = K.E of transihal motion of centre of mass + K.E of

rotational motion.

K=K, +Kg

1 1
K ZEITNéM +—2|C()2

V,
Fromyv,, =Kw= w:% and| =mK?

Where | is moment of inertia and K is radius ofagion
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2
K :EmvéM +EmK2 Yem
2 ' 2 R

1 K?®
K ZEITN(Z:M (14'?]
Long Answer Questions

a) State And Prove Parallel Axes Theorem?

b) For a thin flat circular disk, the radius of gyration about a diameter as axis is k. If the
disk is cut along a diameter AB as shown in to equipieces, then find the radius of

gyration of each piece about AB?

B

&

A
a) Parallel Axes Theorem:

Statement:

The moment of inertia (I) of a rigid body aboutyaaxis is equal to the sum of moment of

inertia about a parallel axis passing throughétstie of mass () and the product of the mass
of the body (M) and the square of the perpendiadilstance (r) between the two parallel axes.

w 2
| =1,+ Mr

Proof:

Consider a rigid body of mass M. Let | ande the moments of inertia of the body about two

parallel axes AB and CD. The axis CD passes tlirdhg centre of mass of the body. Let ‘r

be the perpendicular distance between the AB and CD

Consider a particle P of mass m. Exte@add draw a perpendicular PQ on to OG

produced.
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|1-‘L
/ | }i}“ﬁ

|7
P h
g | |

Moment of inertia of the body about AB
| =Sm(OP)2

Moment of inertia of the body about CD
I, = Zm(GP)?

In the triangle OPQ,

OP? =0Q%+ PQ?=(0G +GQ)*+ PQ?
=0G*+GQ?*+20GGQ + PQ?
=0G*+GP*+20GGQ (- GQ*+PQ*=GP?)
01 = =m(OP)?

=M OG? +GP? +2.0G.GQ]
=>mr’ +ImGP?+Im20G GQ

O1=1,+Mr? (- Zm=M)

(ZmGQ =0.This is the sum of the moments of all masses aBbli)
b) Moment of inertial of circular disk

_ MR

| (About diameter)
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2
K= I_: MR :B
VM \V4Mm 2

If the disc is cut along the diameter AB into tequal pieces, then radius of gyration of each

piece about AB = K

2. a) State And Prove Perpendicular Axes Theorem?

b) If a thin circular ring and a thin flat circula r disk of same mass have same moment of

inertia about their respective diameters as axes.hen find the ratio of their radii
A. a) Perpendicular Axes Theorem:
Statement:

The moment of inertia of a plane lamina about)as perpendicular to its plane is equal to the
sum of the moments of inertia of the lamina about &xes perpendicular to each other in its
plane intersecting each other at the point throuwgiere the perpendicular axis passes.

O 1,=1,+1,.

-

o b

N ”/

—y—= P
");q ()

Proof:

Consider a particle of mass 'm’ at ‘P’ in the mdamina. Let X and Y axis lie in the plane of

the lamina and Z axis is perpendicular to the lamirLet the particle is at a

distance “r’ from the Z- axis. Let the momentsmértia of the plane lamina about X, Y and Z

axes ard ,,1, and |, respectively.
Ol,==my* and |, =¥mx’

IZ=Zmr2=Zm(x2+y2) (°,°r2:X2+y2)

www.sakshieducation.com



www.sakshieducation.com

O1,=1,+1,

Hence the theorem is proved.

2
b) Moment of inertia of a circular ring about diameter Mlle - @)

2
Moment of inertia of a circular disc about diamelter MZRZ - (2)

Givenl, =1,,M, =M,

R _zj(ﬁj 1

2 4 2 2

S

1R
R,

State and prove the principle of conservation ofangular momentum. Explain the

principle of conservation of angular momentum withexamples?
Statement:

In the absence of resultant external torque astating system, the angular momentum (L) of

the system remains constant both in magnitude aadtibn.

| w=constant Or | w=I,w,

Proof:

The resultant external torqueacting on a rotating system is related to its éargmomentum

L as r:%
dt

If the resultant external torque,is equal to zero%—lt‘ =0 Or L = constant.

UOlw=constant Or |w=1,w,
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Examples:

1. A ballet dancer decreases or increases his angpéed of rotation by stretching the hands
or bringing the hands closer to the body.

2. A diver makes rotations in air by bringinggthands and legs closer to the body and
increasing the angular velocity. When the diveches water, legs and hands are stretched so
that moment of inertia increases and decreases.

Problems

1.  Show thaté.(BTc) is equal in magnitude to the volume of the parallepiped formed on

the three vectorsa,b and c .
A: Let a parallelepiped be formed on the three vectors
OA=a,0B=b,0C=c

Thus the moment of inertia of a disc about anytotliameter isVR*/ 4.

2. A rope of negligible mass is wound round a unifon hollow cylinder of mass 3 kg and
radius 40 cm. What is angular acceleration of thewinder if the rope is pulled with a

force of 30 N? What is linear acceleration of theape? Assume that there is no slipping?

A. M=3Kg,r=04m,F=30N

i) | = mr?=3x(0.4)° = 0.48g - n?
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A coin is kept at a distance of 10 cm from theeatre of a circular turn table. If the
coefficient of static friction between the table ad the coin is 0.8 find the frequency of

rotation of the disc at which the coin will just bein to slip?
Condition for just slipping, the required conditis mr «”= ¢ mg
Or rx4mn® =u g

_ug _0.8x9.8
Or e = = =
4r°r 4 x 0.1

Or n=+/2 revis

Particles of masses 1g, 2g, 39...... 100g are keptteg marks 1cm, 2cm, 3cm...100cm
respectively on a meter scale. Find the moment afertia of the system of particles about

a perpendicular bisector of the meter scale.

m =1gm=10°kg, m, =2x10°kg

m, =3x10°kg,...... M, =100x 10°kg
Oecm lcm 2cm 49cm Slem  52cm 100 cm
Ogm jgm 2gm 49gm Slgm S52gm 100gm

r,=lcm=10°m=1In, r, =2x10°m, r,=3x10°m,
o, =100x 10°m= n

The axis of rotation is passing through 50cm.Caind a mass of 50gm is placed. Total no.of

pairs of particles about an axis of rotation x = 50

Total no. of pairs of particles M = 100ga10 kg
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The distance of*ipair of particles (49 & 51) from the axis of rotat

R =1cm=10°m

The distance of" pair of particles 48 and 52 from the axis of riotat

R, =2cm=10"m

0 The total moment of inertia of all pair of paréslabout an axis of rotation
| =Mr2+Mr2+....+ Mr2

=10*x (102 + 10*x (% 10? ¥ ....10x (50 18?2

| =[1?+2%+....+ 50 n0°

_50x51x 10k 10°
6

( P24 an2=00FDENF DJ

6

| =0.42925= 0.4By—n7.

Three particles each of mass 100 g are placedthe vertices of an equilateral triangle of
side length 10 cm. Find the moment of inertia of # system about an axis passing

through the centroid of the triangle and perpendiclar to its plane?
Let G be the position of the centroid of thartgle.

Then AG = BG = CG =2Im

73

M.l of the system = 3 rar

100g

0.1m

B C
100g 1009
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2
=3x0.1x 01 :3><—1><—1><—1:1CT3Kg—m2
J3 10 100 3

6.  Four particles each of mass 100g are placed &ietcorners of a square of side 10cm. find
the moment of inertia of the system about an axisgssing through the centre of the

square and perpendicular to its plane. Find also t& radius of gyration of the system?

Sol: m=100gm=10"kg; a =10cm=10"m

AV _2a

From fig OA:OC:OB:OD:T_T

D a €

-1
or=oc=oB=op=-2=20_ @

V2 42
I) Total moment of inertia

| = m(OA)? +m(OB)2 + m(OC)? + m(OD)?

, (10t
| =4m(OA)  =4x 10" %
on) 4
| =2x10°kg - m?

10™

NG

i) Radius of gyrationK =OA=

K =0.707X 10' = 0.07074.
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7.  Two uniform circular discs, each of mass 1kg anchdius 20cm, are kept in contact about
the tangent passing through the point of contact.iRd the moment of inertia of the

system about the tangent passing through the poimtf contact

Sol: XX' is the common tangent of two disbs and D, at the point of contact M.l ob, about a

diameter parallel to

MR?
4

r— 1=
XX' =1l =

MR? 5

+MR? + MR? :ZMRZ

M.l of D, about axisXX' =1, =

Similarly M.l of D, about axisXX' =1, :%MR2

Total M.I of the system =1, +1, :gMR2
Given M = 1kg, R = 0.2m

| =gMR2 =gx1x (0.2F = 0.kg-m’
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8. Four spheres each diameter 2a and mass m are péal with their centers on the four
corners of a square of the side b. Calculate the mment of inertia of the system about any

side of the square?

A. Let§, S, S and §be the given 4 spheres.

sam s,
(5
2/ N\
b
™~
s A N

For each spherer =a
Side of the square = b

Letl, L, I, and | be the moments of inertia of spheres

S, S, S and $respectively about AB

:2ma2
2 5

Ol

1

2 2
M.l of the whole system = k I, + |, + I4:(2x2n;a j+2( 2n;a +mb2j

_8ma’

+2mb?
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10.

Sol:

11.

Sol:
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To maintain a rotor at a uniform angular speed 6 200rad s™, an engine needs to transmit

a torque of 180Nm. What is the power required by tk engine? (Note: uniform angular
velocity in the absence of friction implies zero t@ue. In practice, applied torque is

needed to counter frictional torque) Assume that th engine is 100% efficient

w=200rad /s, 7 =180Nm
Power (P)=r1w
P =180 x 200

P = 36000W = 36kW

A meter stick is balanced on a knife edge asitentre. When two coins, each of mass 5g
are put one on top of the other at the 12.0cm markhe stick is found to be balanced at

45.0cm. What is the mass of the meter stick?

Let m be the mass of the stick connected at C5@leen mark for equilibrium about C, the

45cm mark

¢ C B

l é 50 cm

10g 45 cm

mg
10g (45-12) = mg(50-45)
10gx33=mgx5

m= 10>5< 33_ 664

Determine the kinetic energy of a circular discotating with a speed of 60rpm about an
axis passing through a point on its circumferencerad perpendicular to its plane. The

circular disc has a mass of 5kg and radius 1m
60
n=60rpm=—=1Irps
P 60 P

w=2mn=2mx1=27,M = 5kg, r = 1m

www.sakshieducation.com



12.

Sol:

13.

A.
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_ MR 3

| +MR?* == MR’
2
:§><5x (]_)2 :1_5
2 2
. 1 _1 15 > _ _
Rotational K.E-E | ——2><—2><(27T) =157°=148.16

Two particles, each of mass m and speed u, tedvn opposite direction along parallel
lines separated by a distance d. Show that the vectangular momentum of the two

particle system is the same whatever be the poinbaut which the angular momentum is

taken

Vector angular moment of the two particle systemmualany point A onxy,

X

~ o
-— o —

—

- ----0x
o q.

—_

L, = mvx0+nmvxd = mvd

Similarly vector angular momentum of two partisiesstem about any point B aX.,Y,
L, =mvd +mvx0=rmwd

0 vector angular moment of the two particle systémua C is(. AC =X)

L. = mv(x) + mv(d - x) = mvd

The moment of inertia of a fly wheel making 30@evolutions per minute is 0.3 kgm. Find

torque required to bring it to rest in 20 s?
| = 0.3 Kg-ni, n = 300/60 =5 rev/s

w,=2mn =2 x5=107 rad/s
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w=a+at Or 0=107 +20

Or a=-10m/20 = —7/2 rad &?

r=1a=03xm/2=03 x272><

=0.471 Nm

N =

When 100 J of work is done on a fly wheel, imagular velocity is increased from
60 rpm t0180 rpm. What is the moment of inertia othe wheel?
W =100 J,w, =60 rpm = 27 rad s*

w, =180 rpm = Grrad s*

Work done = change in rotational K.E

1002%I(a§—af)=%l(36ﬂ2—4n2)
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