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CIRCLES

Noticethepath in which thetip of the hand of awatch moves. (seeFig. 11.1)

Fig. 11.2

Fig. 11.1

Again, noticethe curvetraced out when anail isfixed at a point and athread of certain
lengthistiedtoitinsuchaway that it can rotate about it, and on the other end of the
thread apencil istied. Then movethe pencil around thefixed nall kegpingthethreadina
stretched position (SeeFig 11.2)

Certainly, the curvestraced out in the above examples are of the same shape and this
typeof curveisknownasacircle.

Thedistance between thetip of the pencil and the point, wherethenail isfixedisknown
astheradiusof thecircle.

We shall discussabout the curvetraced out in the above examplesin more details.

After studyingthislesson, you will beableto:

«  deriveandfindtheequation of acirclewithagiven centreandradius,
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«  datetheconditionsunder which the general equation of second degreein two variables
representsacircle,

« deriveandfindthe centreand radiusof acirclewhoseequationisgiveningenera form;
. findtheequationof acirclepassingthrough:
(i) threenon-collinear points (ii) two given pointsand touching any of the axes;
«  derivetheequation of acircleinthediameter form;
. find the equation of acirclewhenthe end pointsof any of itsdiameter aregiven; and

. find the parametric representation of acirclewith given centreand radius.

EXPECTED BACKGROUND KNOWLEDGE

. Termsand concepts connected with circle.

. Distance between two pointswith given coordinates.

. Equation of astraight linein different forms.

11.1 DEFINITION OF THE CIRCLE

A circleisthelocusof apoint which movesinaplanein suchaway that itsdistancefrom afixed
point inthesame planeremainsconstant. Thefixed point iscalled thecentre of thecircleand the
constant distanceiscalled theradiusof thecircle.

11.2 EQUATION OF A CIRCLE

Canwefind amathematica expressionfor agivencircle?
Let ustry tofind the equation of acircleunder variousgiven conditions.
11.2.1WHEN COORDINATESOFTHE CENTRE AND RADIUSARE GIVEN

Let C be the centre and a be they radius of the
circle. Coordinatesof thecentrearegivento be(h,

Y 4
K), say.
Take any point P(x, y) on the circle and draw P(xy)
perpendiculars CM and PN on OX. Again, draw
CL perpendicular to PN. (h,k)
.
Wehave L
CL=MN=ON-OM =x-h

add PL=PN-LN=PN-CM =y-k ]
Intheright angledtriangle CLP, CL?+PL2=CP?
0  (x-h?+(y-k)?’=a’ >

(D) o M N ¢

Fig. 11.3
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Thisistherequired equation of the circle under given conditions. Thisform of thecircleis MCO Dlél.'E -
known as standard form of thecircle. C;):orn:gzte

Conversdy, if (x, y) is any point in the plane satisfying (1), then it is at a distance *a’ from (h, k).
Soitisonthecircle.

What happenswhen the

(i) circlepassesthroughtheorigin?
(i) circledoesnot passthrough origin and the centrelieson thex-axis?
(i) circlepassesthrough originand thex-axisisadiameter?
(iv) centreof thecircleisorigin?
(v) circletouchesthex-axis?
(vi) circletouchesthey-axis?
(vii) circletouchesboth the axes?
We shall try to find the answer of the above questions one by one.
0] Inthiscase, since (0, 0) satisfies (1), weget
h? +k*=a’
Hencethe equation (1) reducesto
x* +y?—2hx-2ky=0 (2
(i) Inthiscasek=0
Hencethe equation (1) reducesto

(x—h)*>+y*=a’ ..(3)
y y
A A
X < z BX X (:) = > X
\ 4 \ 4
y y
Fig. 11.4
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Coordinate
Geometry Hencethe equation (1) reducesto x? + y? + 2ax =0 ..(4)
(iv) Inthiscaseh=0=k
Hencetheequation (1) reducesto x> + y* = a? ..(5)
Notes
(V) Inthiscasek =a (seeFig. 11.5)
Hencethe equation (1) reducesto x? + y? — 2hx—2ay + h* =0 ...(6)
y
A
C

X<51 - > X
v Fig. 11.5
y
(Vi) Inthiscaseh=a
Hencethe equation (1) reducesto x? + y? — 2ax— 2ky +k? =0 «(7)
(vii) Inthiscaseh =k =a. (SeeFig. 11.6)
Hencetheequation (1) reducesto x? + y* - 2ax—2ay +a’ =0 ..(8)
y
A
C
X < 0 - » X
v Fig. 11.
y
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SCIlISNEE Find the equation of the circlewhose centreis(3,—4) andradiusis®6.

Solution : Comparing thetermsgiveninequation (1), wehave
h=3 k=-4anda=6.

O  (x=3)2+(y+4)°=6°
o x*+y’-6x+8y-11=0

Fi ndthe centreand radius of thecirclegivenby (x+1)* + (y —1)* = 4.
Solution: Comparingthegiven equationwith(x — h)* + (y —k)? = a® wefind that

-h=1-k=-1,a?=4
B h=-1,k=1a=2

So the given circle has its centre (-1,1) and radius 2.

11.3GENERAL EQUATION OF THE CIRCLE IN SECOND DEGREE IN
TWOVARIABLES

The standard equation of acirclewith centre (h, k) and radiusr isgiven by
(x-h)2+(y-k)>=r? .. (1)
o x*+y?*-2hx-2ky+h?+k*-r?=0 (2
Thisisof theform x* + y? + 2gx+ 2fy +c = 0.
X +y?+2gx+2fy+c=0 ..(3)

O (X+2gx+g*)+(y*+2fy+ f?)=g®+f?-c

0 (X+g)2+(y+f)2=(\/gz+fz—c)z
[x-(-g)]2+[y-(-f)]2=(\/92+fz—c)z (4

(x=h)*+(y=k)* =r*

whereh=-g, k=-f, r=,g°+f*-c

This shows that the given equation represents a circle with centre (—g, —f) and radius

=Jg*+f?-c

|

|
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11.3.1 CONDITONSUNDERWHICH THE GENERAL EQUATION OF SECOND
DEGREE INTWO VARIABLESREPRESENTSA CIRCLE

Lettheequationbe x* + y* + 2gx +2fy+c =0

(i) It is a second degree equation in x, y in which coefficients of the terms involving
x2 and y?areequal.

(ii) It containsno terminvolving xy

=yl [Nime] Find the centreand radius of thecircle

45x* + 45y* —60x + 36y +19=0
Solution : Given equation can bewritten on dividing by 45 as

4 4 19
X +y ——X+—y+-—=0
y 3 5y 45

Comparingitwiththeequation

X2 +y?+2gx+2fy+c=0 weget

. 2 o 41
Thus, thecentreis % ‘gEand radiusis+/g°+ f* - =%
el NN Find the equation of the circlewhich passesthrough the points (1, 0), (0,— 6)
and (3, 4).
Solution: Let theequation of thecirclebe
X2 +y?+2gx+2fy+c=0 (1)

Sincethecircle passesthrough three given points so they will satisfy the equation (1). Hence

1+2g+c=0 (2
and 36-12f +c=0 -+ (3)
25+6g+8f +c=0 -+ (4)

Subtracting (2) from (3) and (3) from (4), wehave

2g+12f =35
and 6g+20f =11

MATHEMATICS
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Solving these equationsfor g and, we get 9 = ==, f iy

69

Subgtitutinggin (2), weget C = o

and substituting g, f and cin (1), therequired equation of thecircleis
4x* +4y® -142x+ 47y +138=0

=TI NN Find the equation of the circles which touches the axis of x and passes
through the points (1,-2) and (3, -4).

Solution : Sincethecircletouchesthex-axis, put k= ainthestandard form (Seeresult 6) of
the equation of thecircle, we have

x* +y?-2hx-2ay+h*=0 . (D)
This circle passes through the point (1, —-2)
O h?-2h+4a+5=0 (2
Also, the circle passes through the point (3,—4)
0 h*-6h+8a+25=0 ..(3)
Eliminationg ‘a’ from (2) and (3), we get

O h?+2h-15=0
h=3or h=-5.

From (3) the corresponding valuesof aare — 2 and —10 respectively. On substituting the values
of handain (1) weget

X2 +y?—6x+4y+9=0 (4

and  x*+y®+10x+20y+25=0 .. (5)

(4) and (5) represent the required equations.

11.4 EQUATION OF A CIRCLE WHEN END POINTS OF ONE OF ITS
DIAMETERSARE GIVEN.

Let A(x,y;) and B(x,, y,) bethegivenend pointsof the diameter AB (SeeFig. 11.7)

Let P(x, y) beany point onthecircle drawn on AB asdiameter. Join AP and BP. Sincethe
angleinasemi-circleisaright angle.
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b APLBP y
0  (slopeof AP) x (dopeof BP) =-1. Y (%.y)B
P(x.y)
Y™Y%
Now, the slope of AP = X=X,
andtheslopeof BP = i:){z
2 A, Y)
X < > X
Y% . Y™Y O .
o T X =1 \/ Fig. 11.7
X=X X=X, y'
o (x=x)(x=%)+(y-y)y-y,)=0 ()

Since (1) istruefor every point on thecircle, and for no other point in the plane:

[0 (1) representsthe equation of thecircleindiameter from.

=E 1ol [SUMNN Fi nd the equation of the circledescribed onthelinejoining theorigin and the
point (2,—4) as diameter.

Solutoon: Here x, =0, y, =0; X, =2,y, =—4

Usingthe Equation (1) required theequation of thecircleis,
(x-0)(x-2)+(y-0)[y~(-4] =0

o x*-2x+y’+4y=0

o xX*+y’-2x+4y=0

SEJINUWA The equation of achord of thecircle x* + y* - 2ax =0 is Y = mx . Find the

equation of thecircledescribed onthischord asdiameter.

Solution: The coordinates of the points of intersection of the circleand the given chord are,
2ma [

O 2a
(0, 0) and W 1+ e E

Now, for therequired equation of thecircle these pointsarethe end points of the diameter, so
by equation (1)

2a
(x 0@ §+<y O)Ely

1+m?

2ma H:O
1+m? [
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W2 42— 2a — 2ma 0
or y 1er7 1+m2y

o (1+m*)x*+(1+m*)y? - 2ax—-2may =0

Thisistherequired equation of thecircle.

11.5 EQUATION OFACIRCLEWHEN RADIUSAND ITSINCLINATION
ARE GIVEN (PARAMATRIC FORM)

In order tofind the equation of the circlewhose
centreisthe origin and whoseradiusisr. Let My
P(x, y) be any point on the circle. Draw

PM 0JOX

|
]
I
0  OM=x MP=y.JkinOP o |
X o M X

Le O XOP=BandOP=r

Now,x=0OM =r cos g

and y=MP=rsing Fig.11.8 vY

Hencethetwo equationsx=r cos @ andy = r sing takentogether represent acircle. These
areknown as parametric form of the equationsof thecircle, where g isaparameter.

Note: If the centre of the circleisat h and k, then the parametric form of the
equation of thecircleis x=h+r cos gandy=k+ rsin g
where g isaparametrewhich liesintheinterval [0, 211].

Fi nd the parametric form of each of thefollowingcircles:.

() (x=1)2+(y+232=9 (i) (x+ 2)x-4)+(y-3) (y+ 1) =0
Solution: (i) Theequation of thecircleis

(x-1)+(y-2?2=3

Comparing it with the ‘standard equation’ of the circle, we get centre (1, —2) and radius=3for
thegivencircde.

[1  Parametricform of theequation of thecircleis
X = 1+3cosg;y=-2+3sn g

(i1) Equation of thecirclecan bewritten as

X*+y?—=2x-2y-11=0
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Comparing it with the general equation of the circle and finding centre and radius, we get
Centre(1, 1) and radius= /13

0  Parametricform of theeguation of thecircleis

x=1+\/ﬁcose,y:1+\/ﬁsine

. CHECK YOUR PROGRESS 11.1

Find theequation of thecirclewhose
- —=2,3)andradiusis4.
2. Findthecentreandradiusof thecircle
(@ x*+y*+3x-y=6 (b) 4x*+4y*-2x+3y-6=0
3. Findtheequation of the circlewhich passesthrough thepoints (0, 2) (2,0) and (0, 0).
4.  Findtheequation of thecirclewhich touchesthey-axisand passesthrough the points (-

1, 2)and
(_2’ 1)

5.  Findtheequation of thecircledescribed onthelinejoiningthe points(2, 3) and (-2, 6) as
diameter.

6.  Findtheparametricform of theequation of each of thefollowingcircles:
@ (x+1+(y+1¥ =4 (b) 4x% +4y? +2x+2y-3=0

© (x-D(x+D+(y-D(y+1) =0

ILET USSUM UP

R Standard form of thecircle
(x=h)? + (y=k)* = @

Centreis(h, k) andradiusisa

«  Thegenera formof thecircleis x* + y* + 2gx+ 2fy+c =0

Its centre: (-g, —f) andradius= /g% + f 2 ¢

. Diameter form of thecircle
If the end pointsof adiameter are(x,, y,) and (X, y,), then theequation of thecircleis
(X=x)(X=%) +(y=y)(y—¥,) =0

MATHEMATICS



Circles

«  Parametricform of thecircle MODULE - Il

Coordinate
X = acosg, y= asin g representsthe parametric equation of a circle whose centre Geometr

isat (0,0) andradius=a

If the centreof thecircleisat (h, k) then the parametric equation of thecircleis

x=h+acosgandy=k+ asng. NOteS_______.

SUPPORTIVE WEB SITES

http: //www.wikipedia.org

http: //mathworld.wolfram.com

o
TERMINAL EXERCISE

1. Findtheeguationof acirclewith centre(4,—6) and radius?.

2. Findthecentreandradiusof thecircle x* + y? + 4x—6y = 0

w

Find the equation of the circle passes through the point (1,0), (-1,0) and (0,1)

e

Find the parametric form of theequation of circlesgivenbelow :

(@ X2+ y*=3 (b) x> +y?-4x+6y=12
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CHECK YOURPROGRESS11.1

Notes| 1 (@ X2 +y*=9 (b) x*+y*+4x-6y-3=0
3 37 3 109
2 @B o [, -3 1
02 0O 2 M 80 8

3. X+y*-2x-2y=0 4. x*+y*+2x-2y+1=0

5 X*+y’-9y+14=0

6. (8 x=-1+2cosb and y=-1+2siné.

b x:—1+\/zcose y:—1+\/zsin9
(b) 4 \8 4 \8

(€) x=~/2cosB and y=+/2sin8.
TERMINAL EXERCISE
1. x*+y?-8x+12y+3=0 2. Centre (-2, 3); Radius= /13
3 x+y*=L1
4. (a) x=+/3cosh, y=+/3sn6.

(b) x=2+5c0s0, y=-2+5sn86.
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