R.K.MALIK'S -

NEWTON CLASSES

JEE (MAIN & ADV.), MEDICAL + BOARD, NDA, IX & X

CHAPTER 3 : TRIGONOMETRIC FUNCTIONS-II

In the previous lesson, you have learnt trigonometric functions of real numbers, drawn and
interpretd the graphs of trigonometric functions. In this lesson we will establish addition and
subtraction formulae for cos(A = B), sin(A = B) and tan (A + B) . We will also state the
formulae for the multiple and sub multiples of angles and solve examples thereof. The general

solutions of simple trigonometric functions will also be discussed in the lesson.

OBJECTIVES

After studying this lesson, you will be able to :

.o . ) x s
° write trigonometric functions of —x, 5" X1y, 5 + x,m+ x wherex, y are real nunbers;

o establish the addition and subtraction formulae for :

cos (A + B) = cosAcos B F sinAsinB,

tan A ttan B

sin(A + B)=sinAcos B +cosAsinBand tan(A+B) = ———
l¥tanAtanB

@ solve problems using the addition and subtraction formulae;

@ state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A,

. . A A A
tan 2A, cos 3A, sin 3A, tan 3A, SIHE, COSE and tanz; and

° solve simple trigonometric equations of the type :

SINX =sSino » COSX =COSC , tanx =tana

EXPECTED BACKGROUND KNOWLEDGE

® Definition of trigonometric functions.
° Trigonometric functions of complementary and supplementary angles.
° Trigonometric identities.
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3.2
TRIGONOMETRIC FUNCTIONS-II

4.1 ADDITION AND MULTIPLICATION OF TRIGONOMETRIC
FUNCTIONS

In earlier sections we have learnt about circular measure of angles, trigonometric functions,
values of trigonometric functions of specific numbers and of allied numbers.

You may now be interested to know whether with the given values of trigonometric functions of
any two numbers 4 and B, it is possible to find trigonometric functions of sums or differences.

You will see how trigonometric functions of sum or difference of numbers are connected with
those of individual numbers. This will help you, for instance, to find the value of trigonometric

ST

) T
functions of T and T etc.

o 5T

i s T T
— —— — — — _|_ —
15 can be expressed as 16 and Th be expressed as Gl

. i :
How can we express o the form of addition or subtraction?

In this section we propose to study such type of trigonometric functions.

4.1.1 Addition Formulae (cos A sin A)

For any two numbers A and B,

cos(A +B)=cos A cos B—sin A sinB

In given figure trace out
ZSOP=A
ZPOQ =B

ZSOR =-B

cos (-B), sin (-B) i

where points P, Q, R, S lie on the unit circle.
Coordinates of P, Q, R, Swill be (cosA, sinA), iigys.1
[cos (A+B), sin(A+B)],
[cos(~B), sin(~B)], and (1, 0).
From the given figure, we have
side OP = side OQ, L POR = £ QOS (each angle= /B + 2 QOR), side OR = side OS
APOR = AQOS (by SAS) .. PR=QS

PR = \/(cosA— cos(—B))2 +(sin A —sin (—B))2

QS = (cos (A + B)—1) + (sin (A + B)—0)’
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TRIGONOMETRIC FUNCTIONS-TII

Since PR? = QS2 - cos” A+cos’B—2cosA cosB+sin® A +sin’ B+ 2sin A sin B

—cos’ (A+B)+1-2cos(A+B)+sin’ (A +B)
— l+l—2(cosAcosB—sinAsinB):l+l—ZCos(A+B)
=  cosA cosB-sinA sinB =cos(A +B) @

Corollary 1

For any two numbers A and B, cos (A—B)=cos Acos B + sin A sin B
Proof : Replace Bby —B in(I)

cos(A-B)=cosA cosB +sin A sinB

[+ cos(~B) =cosB and sin(-B) = —sinB]

Corollary 2

For any two numbers A and B, sin (A +B) = sin A cos B + cos A sin B

7 . (=
Proof : We know that €0s (E— Aj =sin A gpd sin (5— Aj =cos A

sin(A+B) = cosK%—(AJrB)ﬂ = cosK%— Aj —B}

:cos(g—Aj cos B+ sin(g—Aj sin B

or sin(A+B)=sin AcosB+cosAsinB .. (ID)

Corollary 3

For any two numbers Aand B, sin (A —B) =sin A cosB - cos A sinB
Proof: Replacing B by — B in (2), we have
sin(A +(~=B)) =sin A cos(—B)+ cos A sin (-B)

or sin(A —B) =sin AcosB—cos A sinB

Example 4.1

(a) Find the value of each of the following :

@) sins—n (ii cosl (iii cos7—n
12 12 12
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TRIGONOMETRIC FUNCTIONS-II
) 1 ) 1 m
SinA =——,sinB=— A+B=1
(b) If o 5 show that 1

Solution :

i sins—n—sin[EJrﬁj—sinE cosEJrcosE sinE
@ 3 4 46 4 6

e

Y
$in— = cos —
Observe that T 2

COS7—TC_ COS[E-FEJ
(i) 12 3 4
T T . T . T
=COS—--COS——SIn —- sin—
34 3 4

1 1 B 1 1=

(b) sin(A+B)=sinA cos B+cosAsinB

1 3 1 <
cosA=,/1-— =—— and — f 529
10 ,—10 and cosB 1 5 JE

Substituting all these values in the above formula, we get

sin(A+B)= = —_—
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TRIGONOMETRIC FUNCTIONS-II

Corollary 4: tan(A + B) =~ A anB_
1-tan A tan B

sin(A+B) _sin AcosB+cos AsinB

Proof : tan (A +B) :m cos A cosB—sin A sinB

Dividing by cos A cos B, we have

sin AcosB cosAsinB

cos AcosB cos A cosB

tan (A +B)= cos A cosB X, sin A sin B
cos A cosB cos A cosB
A+ B
or (@RS (1)
1-tan A tan B
tan A—tan B

Corollary5: tan(A-B) = ———
I1+tan A tan B

Proof : Replacing B by — B in (I1I), we get the required result.

A B-1
Corollary 6 : cot (A+B):w
cotB +cot A
cos (A+B) cosA cosB-sinA sinB
sin(A+B) sinA cosB+cosAsinB

Proof: cot (A+B)=

DividingbysinAsin B, we have ... (Iv)

cotAcotB-1

cot (A+B)=
cotB+cotA

I+tan A
Corollary 7 : tan (EJF Aj —tatiils
% l1-tan A

T
Proof : tan Z =

T
(TC j tanZthanA _l+tanA
tan| —+A |=

T 1-tan A as
l—tanztanA

_I-tanA

T
. : tan| ——A |=
Similarly, it can be proved that ( 4 j 1+tan A
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TRIGONOMETRIC FUNCTIONS-II

Example 4.2 QIGLEFN %

1

1—
- I tanE—tang B BB
Solution:tanE:tan(Z__j: 47: . —1+1 ! _\/§+l
1+ tan — - tan — L
4 6 V3

(V3-1)(VB 1) 4-243
(GGGl 2 —2B

T

tan—=2-— \/5
12
|0 et ) (RS Prove the following :

®r . Ixn

COS % +Sin % 41

(@) Tt . In - tan?
cos— —sin—
36 36

(b) tan 7A — tan 4A — tan 3A = tan 7A tan4A - tan 3A

ki
Solution : (a) Dividing numerator and denominator by €0s —  we get

36°
. Tn 7% tan” 4 tan
cos—+sin— l+tan — 4 36
LHS = 36 36 _ 36 = - T
o m . Tn T 1—tan—-tan—
cos—-—sin—— l—tan—— 4 36
36 36 36

7
= tan(E + _ch = tan 16_7: = tan4—n =RHS.
4 36 9

tan 4A + tan 3A
1 — tan 4A tan 3A

(b) tan 7A = tan (4A + 3A) =

or tan 7A — tan 7A tan 4A tan 3A = tan 4A + tan 3A
or tan7A —tan4A —tan3A =tan 7A tan4A tan3A
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TRIGONOMETRIC FUNCTIONS-TII

4.2 TRANSFORMATION OF PRODUCTS INTO SUMS AND
VICE VERSA

4.2.1 Transformation of Products into Sums or Differences

We know that sin (A + B) = sin A cosB + cos Asin B
sin(A—-B)=sinAcosB —cosAsinB
cos(A +B)=cos AcosB—sinAsinB

cos(A-B)=cosAcosB+sinAsinB
By adding and subtracting the first two formulae, we get respectively
2sinAcosB =sin(A+B)+sin(A-B) ..(1)
and 2cosAsinB=sin(A+B)-sin(A-B) ...(2)
Similarly, by adding and subtracting the other two formulae, we get
2cosAcosB=cos(A+B)+cos(A-B)  ..(3)
and  2sinAsinB =cos(A-B)—cos(A+B)..(4)
We can also quote these as
2sin A cos B = sin (sum ) + sin ( difference )
2cos Asin B = sin (sum ) — sin ( difference )
2cos A cos B = cos (sum ) + cos (difference )

2sin Asin B = cos ( difference ) — cos (sum )

4.2.2 Transformation of Sums or Differences into Products
In the above results put

A+B=Cand A-B=D

ThenA:mTDandB:C_D

and (1), (2), (3) and (4) become
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TRIGONOMETRIC FUNCTIONS-II
C+D C-D
COS >

sinC + sin D = 2sin

sinC—sinDchosC;DsinC;D

cosC+cosD:2cosC;DcosC;D

cosD—cosCzZsinC;DsinC;D

4.2.3 Further Applications of Addition and Subtraction Formulae
We shall prove that (i) sin (A + B)sin (A — B) = sin2 A —sin2 B
(i) cos (A + B)cos (A —B) = cos? A —sin? B or cos? B —sin? A
Proof: (i) sin(A + B)sin(A - B)
= (sin AcosB + cos AsinB) (sin A cosB — cos Asin B)
= sin? A cos? B — cos? Asin? B
=sin2 A(1-sin2 B) - (1-sin2 A)sin? B
=sin2 A —sin? B
(i) cos(A +B)cos(A -B)
=(cos AcosB —sin AsinB) (cos AcosB +sin AsinB)
= cos? A cos? B —sin? Asin? B

= cos?A (1-sin2B) - (1- cos? A)sin2 B = 052 A — sin2 B

=(1-sin2A) - (1-cos?B) = ¢cos2 B —sin2 A

|0 e RS Express the following products as a sum or difference

Q.. I
(i) 2sin30cos20 (i) cos 66 cos (i) sin = sin —

Solution :

(i) 2sin 30 cos 26 = sin (360 +20) +sin (30 — 26) = sin 50 + sin O

(ii) cos 60 cos B :%(2cos66cos6) :%[cos(66 +6)+cos(66-6)]

= %(cos76 +cos50)
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TRIGONOMETRIC FUNCTIONS-ITI

o 5 s T o 6 »  TE
(iii) sin —sin — = —| 2sin —sin —
12 12 2 12 12

1 (57:—7:) (5n+nj l[ T n}
= —| cos — cos = —| cos— — cos—
2 12 12 2 3 2
|0 el 2B Express the following sums as products.

) cos % + cos Im i) sin T + cos L
® 9 9 (i) sin=g 36

Solution :

St +7m St —Tn
cos

) Sn n
0] cos? + cos— = 2 cos

9% 2 9% 2
= 2¢c0S—CcOS— . COS| —— | =cos—
3 9 9 9
= 2cos[n —chosE = —2cos£cosE
3 9 3 9
= —COS— T COS— = —
9 3 2
. n 13m T
(11) sm—+cos—=sm(———j s—
2 36 36
T
= COS — + COS —
36
137+ 7= 13n = 7m Sn n
= 2 ¢cos cos = 2Cc0S— COS —
36 x 2 36 x 2 18 12
T thtCOS7A_COS9A—tan8A
xampe <. TOVe A “Gin 9A — sin 7A
Solution :
. TA+9A . 9A - 7A
2 sin 5 sin 2
LB, = 9A + 7A . 9A —7A
2 cos sin

2

~ sin8A sin A sin8A
cos8A sin A cos8A

= tan 8A = R HS.
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TRIGONOMETRIC FUNCTIONS-II

| el 8 Prove the following :

) COSZG_Aj_ssz_Bj = sin(A + B)cos(A - B)

(i) sin? E+é —sin® E_& :LsinA
8 2 8 2) 2

Solution :
(1) Applying the formula

cos?2 A —sin2 B = cos (A + B)cos(A - B), wehave

T b T T
=cos| ——A+—-Blcos| ——A-——+B
Lits.= oS4 neo Z-n-Zun)

2008[3—(A+B)}COS[—(A—B)} =sin(A +B)cos(A -B)=RHS

(1) Applying the formula

sin2 A —sin2 B =sin(A + B) sin(A — B), wehave

= sin(£+é+£—éjsin(£+é—£+ Aj
LHS. 8 2 8 2 8 2 8 2

= sin Z sin A = Lsin A = RHS.

V2

IBE1nl R Prove that

T 2n T 47
COS—COS—COS—COS— = —
3 9 16
2 4
Solution : LHS. cos— [ C0S —— cos E} cos —
3 S 9 9

1 l[ on n} 4 [ e l}
=—-—| 2c08S—CcOS— |COS — . COS— = —
2 2 9 9 9 3 2

47 1[ 5w n}
= —COS— + —| COS— + cos—
8 8 9 3

.10
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TRIGONOMETRIC FUNCTIONS-II
1 4 1 S 1
=—COS—+—COS—+— . (D)
8 9 8 9 16

St dr | 4
Now cos? = COS| T— il —cos? ..... )

1
From (1) and (2), we get L H.S. = T RHS.

4.3 TRIGONOMETRIC FUNCTIONS OF MULTIPLES OF
ANGLES

(a) To express sin 2A in terms of sin A, cos A and tan A.

We know that sin (A + B) = sin Acos B + cos Asin B

By putting B=A, we get sin2A = sin Acos A + cos Asin A = 2sin A cos A
sin 2A can also be written as

2sin A cos A

o A+ &2 A (" 1=cos2 A +sin2A)

Dividing numerator and denomunator by cos? A , we get

3 ( sin A cos A j

sin2A = cos? A = 2tan A
cos2 A sin? A 1+ tan2 A
cos2 A cos? A

(b) To express cos 2A in terms of sin A, cos Aand tan A.

We know that cos (A + B) = cos Acos B —sin Asin B
Putting B=A, wehave cos 2A = cos A cos A —sin Asin A
or cos 2A = cos? A —sinZ A

Also cos 2A =cos? A — (1-cos? A) = cos2 A =1+ cos? A

: 7 1+ cos2A
L€, cos2A =2cos?2 A —1 = cos2 A = —
Also cos2A = cos® A —sin” A =1 —=sinZ A —gin2 A

. 02 A = 1 -cos2A
1€, cos2A =1-2sinZ2 A = sin ==

cos? A —sin2 A
cos? A +sin2 A

cos 2A =
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TRIGONOMETRIC FUNCTIONS-ITI
Dividing the numerator and denominator of R H.S. by cos? A , we have

_ 2
cos 2A = M
1+ tan2 A
(¢) To express tan 2A in terms of tan A.
tanA+tanA  2tan A

tan 2A = tan (A+ A) =

l-tanAtanA 1—tan2 A

Thus we have derived the following formulae :

SinzAZZSinAcosA:ﬂ
1+tanZ A
2 . D 2 ) 1-tan? A
cos2A =cos“ A—sin“A=2cos“A-1=1-2sin" A = .
1+tan” A
2tan A _
tan 2A = ——— coszA:—lJrCOS2A sin2A:—l cos 2A
1-tan“ A’ 2 ? 2
PRIPN rove that — 20 = tan A

sin2A 2sinAcosA  sinA
1+ cos2A 2cos? A cos A

1Bl HlE Prove that cot A —tan A = 2 cot 2A.

Solution : cotA —tan A =

Solution :

2(1—tan2A)
2tan A

- 2
B ( 2tan A j
1—tan2 A
_ 2
tan 2A

s 3n
| 0ve1 1110 (9 b Evaluate cos? i cos? =

= 2 cot 2A.
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TRIGONOMETRIC FUNCTIONS-II

o 3n
1+ cos— 1+ cos—
4 4

Solution : cos? =~ + cos? —— = > i 5

8 8
1 1
I+—= 1-— (2+1)+(2-1)
_ ;5+_ ;E = 7 -

Example 4.12 B thtﬂ—tan E+é
Example 4.1: rove tha =W, " RN

W tan
4 2

A
Solution : R H.S. = tan [E + —j = -
402 1 - tan Etan —
4 2

sin —
1+—2

A A . A
COs—  €OSs— +sin—
2 2 2

. A A . A
sin—  CcOS— —SIn —
2 2 2

Cos —
2

( A Aj( A . Aj
COS — + Sin — COS — — S1In —
\ 2 2 2 2

- ( A Af
COS — — SIn —
2 2

cos A sinAﬂ

[Multiplying Numerator and Denominator by (

2 2
cos? 2— sin? 2
N cos A
- =——  =LHS
cos2§+sin2A—2cosAsin§ 1-sin A ’
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TRIGONOMETRIC FUNCTIONS-TII

4.3.1 Trigonometric Functions of 3A in Terms of A
(a) sin 3A in terms of sin A
Substituting 2A for B in the formula

sin (A + B) = sin A cos B + cos Asin B, we get
sin (A + 2A) = sin A cos 2A + cos A sin 2A
=sinA(1-2sin2 A) +(cos A x 2sin Acos A )
=sin A - 2sin3 A + 2sin A (1-sin? A)

=sin A —2sin3 A + 2sin A — 2sin A

sin3A = 3sin A — 4sin3 A (D)

(b) cos 3A in terms of cos A
Substituting 2A for B in the formula

cos(A +B) = cos Acos B —sin Asin B, we get
cos(A +2A) = cos A cos 2A —sin Asin2A
=cosA(2cos2 A —1)—(sinA)x2sin Acos A
=2cos’> A~ cosA —2cos A(1-cos2A)

:2cos3 A—cosA—2cosA+2cos3A

cos3A =4cos3 A —3cos A .(2)
(¢ tan 3Ain terms of tan A

Puting B =2A in the formula tan (A + B) = LA+ tan B t
2 in the formula l—tanAtanB’Wege
tanA+12f[an?A
tan A + tan 2A = — tan
tan (A + 2A) = =
( ) T tmAmn2A - tmax 290A
1—tan2 A
tan A — tan3 A + 2tan A
lz—tan2A > _3tanA—tan3A :
1—tan® A — 2tan< A 3 tan? A .0)
1-tanZ A
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TRIGONOMETRIC FUNCTIONS-II
(d)  Formulae for sin3 A and cos’ A

sin3A = 3sin A —4sin3 A

3sin A —sin 3A

4sin3 A = 3sin A — sin 3A or sin3 A = -

Similarly, cos3A = 4cos3 A —3cos A

e 3cos A + cos3A
3cos A + cos3A =4 cos3 A Or COS7 A =

4

D1 ENEN Prove that
. . ( T j . ( T j 1.
sinosin| —+o [sin| ——o | =—sin3a
3 3 4

SRS - . (=
Solution : SantSln[ng ocjsm[g— aj

:lsinoc[cos%c—cosz—n} :lsinoc 1-2sin o — 1—2sin2£
2 3 2 3

= 21sino{sin2£—sin2a}
2 3

) [3 o } 3sina —4sinda 1 .
=sina Z—sm o | = " = —sin 3a

) ) 3.
|EV N RPN Prove that cos3 Asin3A + sin3 A cos3A = Z sin 4A

Solution : cos3 A sin3A + sin3 A cos 3A
= cos? A(3sin A — 4sin® A ) +sin3 A(4cos’ A —=3cos A)
=3sin Acos3 A — 4sin3 A cos? A + 4sin3 A cos® A —3sin3 Acos A
= 3sin A cos3 A —3sin3 A cos A
= 3sin Acos A (cos? A —sin2 A) = (3sin A cos A)cos 2A

:—3SIH2A x cos 2A :§s1n4A :isin4A,
2 2 4

.15
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TRIGONOMETRIC FUNCTIONS-II

. 3 .
| et ENER Prove that cos3 Iisind X = —( cos = + sin ij
9 18 4 9 18

. A~ 3c0S =+ cos— +l 3sin—— sin —
Solution : L.H.S. 4 9 31 4 18 6

= 2|:COS£+SiIl£:| +l[l—lj = 2|:COS£+SiIl£:| =RHS.
4 9 9 18

18 42 2 4

4.4 TRIGONOMETRIC FUNCTIONS OF SUBMULTIPLES OF
ANGLES

AAA lled submultiples of A

53 arecalledsu multiples of A.

It has been proved that
sinzA:M coszA:M tanzA:M
2 ’ ’ 1+ cos2A

A A
Replacing Aby o we easily get the following formulae for the sub-multiple 5

. A 1-cosA A 1+ cos A A 1-cosA
sin— ==,/ ———, ¢0s— = &,|———— and tan — = &, [——
2 2 2 2 2 1+ cosA

We will choose either the positive or the negative sign depending on whether corresponding

A
value of the function is positive or negative for the value of > This will be clear from the

following examples

10t B0 Find the values of sin ( — %j and cos ( — %j ;
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TRIGONOMETRIC FUNCTIONS-TII

. A /1 — A
Solution : We use the formula sin 3 = =+ %

and take the lower sign, i.e., negative sign, because sin ( . Ej is negative.

1P 2

Similarly, cos[—gj =+

:\/2+~/5 V2142

4 2

Exémple FRVA If cos A = 2—75 and 3775 < A < 2m, find the values of
i siné i cosé tané
Gsin= (Gi)cosT i) tan

Solution : - - Aliesinthe 4th—quardrant,3_n < A <271
2

siné>0 cosé<0 tané<0.
2 2
A [I-cosA ’1—275 18[9 3
2 2 2 50 V25 5
A [licosaA /H% B2 _ i 4
COS— = — = — = —_— = —_— = — =
2 2 2 50 255
A [i-cosA -5 fis_ o 3
2 1+ cos A l+g 32 16 4
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TRIGONOMETRIC FUNCTIONS-II

| 4.5 TRIGONOMETRIC EQUATIONS

You are familiar with the equations like simple linear equations, quadratic equations in algebra.
You have also learnt how to solve the same.

Thus, (1) x —3 = 0 gives one value of x as a solution.

(i) x2 — 9 = (o gives two values ofx.

You must have noticed, the number of values depends upon the degree of the equation.

Now we need to consider as to what will happen in case x's and )'s are replaced by trigonometric
functions.

Thus solution of the equation sin® — 1 = 0, will give

m St 9m
nf=1and 6 =—, —, —, ...
sinf =1 D

Clearly, the solution of simple equations with only finite number of values does not necessarily
hold good in case of trigonometric equations.

So, we will try to find the ways of finding solutions of such equations.

4.5.1 To find the general solution of the equation sin 6 = sin oL

Itis giventhat sin® = sino, = sin® —sino = 0

*Jon(232) =

+
or ZCOS[G

0-«a
:(2p+l)g or T:qn,p,qu

2

- 0=(2p+1)n—a or 0=2qn+a ..(1)
From (1), we get
0 =nm+ (_1 )n o, n € Z asthe geeneral solution of the equation sin § = sin o

4.5.2 To find the general solution of the equation cos 6 = cos a

Itis giventhat, cos® =cosa, = cos® —coso =0

B+a . 6—a
n

- ~2sin - si 2 =0
Either,sine+a =0 orsine_a =0
0+ a B —u

= S = Pmor =qn, p,q € Z

—5 O=2pn—a orQ=2zx+a ..(D)

From (1), we have

0 =2nm+a,n € Z asthe general solution of the equation cos 6 =cos o

.18
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TRIGONOMETRIC FUNCTIONS-IT
4.5.3 To find the general solution of the equation tan @ = tan o

sinf sina

Itis giventhat, tan® = tanol, = - =0
cosB cosa

= sinBcosa —sinoucos® =0, = sin(0—a)=0

— O-a=nm,neZ, = O=nwt+o.neZ

Similarly, for  cosec § =coseca, the general solutionis 6 = n7 + (-1 )n o

and, for sec O = sec o, the general solutionis § = 2n + ¢
and for cot® = cota, O = n + o 18 its general solution

|t RS Find the general solution of the following equations :

(@) (i)Sin9=% (ii)sinez—é (b)(i)cos6:§ (ii)cosez—%

(© cot§ = 3 (d) 4sin’0=1

Solution : (a) (i) sinB = — = sin%

L]

2
n T

0 =nm+(-1) e ne’Z

o -3 . yis . 4w
(ii) $Sin 6 = —— = —sin— =sin| T+ — | =sin—
2 3 3 3
Gznn—l—(—l)nt—n, ne’Zz
NE) s s
b i) cos@=—=cos—, - O=2nrt—, neZ
b O 9 N "
1 Lo o 2T
(ii) €080 = —— = —cos— = cos| T—— | = cos—
2 3 3 3
9:2nni2—n, neZz
3
o= | g m)_ S
(©) coth = —f3, tan ——E——tang— an n—g = an?
Gznn+5—n, neZz
6
1 (1Y n
(d) 4sin29 =1 = sin26:—:(—j = sin2 —
4 2 6

— sinezsin(i%j ‘-‘Gznni%, neZ

.19
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TRIGONOMETRIC FUNCTIONS-II

el R RE Solve the following to find general solution :

(@) 2¢c0s20+3sinh =0 (b) cos 4x = cos 2x

() cos 3x = sin 2x (d) sin2x + sin4x + sin 6x = 0
Solution :

() 2¢0s2 6 +3sin® = 0, —  2(1-sin?0)+3sin0=0
= 2sin208 —3sin8-2=0, — (2sin6+1)(sin6—2):0
= sinez—l or sinf =2, Since sin O = 2 is not possible.

) . /. ( nj . In
sinB = —sin— =sin| T+ — | = sin —
6 6 6

eznm(—l)n-%‘

»n e’
(b) cos4x = cos2x 1€, cos4x —cos2x =0
= —2sin3xsinx =0
= sin3x =0 or sinx =0
— 3x =nx or X = 0%
nm
= X = ? or X =N7 ne?Z

T
(C) cos3x =sin2x = COS3X=cos(E_2Xj
_ + i
— 3x = 2nmw + E_QX S

. .. L
Taking positive sign only, we have 3x = 2n7 + 5 2x

5x—2nn+E x—2ﬂ+l
= 2 = 5 10
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TRIGONOMETRIC FUNCTIONS-II

Now taking negative sign, we have

3X=2HTC—£+2X — X:2nn—£nez
2 2
(d) sin 2x + sin 4x + sin 6x = 0
or (sin 6x +sin 2x)+ sindx =0
or 2sin4x cos2x +sindx =0
or sindx[2cos2x +1]=0
: cos2x——l = CcOS T
sindx =0 or > 3
271
= 4x = nm or2X=2n“i?;nez
_nm B LI
X—T or X—IlTE_E ne?

LET US SUM UP

° sin(A£B)=sinAcosB*cosAsinB,

cos(A +B) =cosAcosB FsinAsinB

tan(A+B): tan A + tan B tan(A—B): tan A — tan B

l-tanAtan B’ 1+ tan Atan B

AcotB -1 AcotB +1
cot(A+B):COt cot cot(A—B):COt cot

cotB + cotA ’ cot B — cot A

® 2sin AcosB =sin(A +B)+sin(A-B)
2cosAsinB =sin(A +B) —sin(A -B)
2cos AcosB =cos(A+B)—-cos(A-B)
2sin AsinB =cos(A -B)—cos(A +B)
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TRIGONOMETRIC

C+D

° sinC +sin D = 2sin

FUNCTIONS-TII

C-D

C+D .
Sin

sinC —sinD = 2 cos

COS

2
C-D

C+D

cosC + cosD = 2cos

2
C-D

COS

2

C+D . D-C

cosC —cosD =2sin

2

.22

° sin(A+B)-sin(A—B):sin2A—sin2B

cos(A+B)-cos(A—B):coszA—sin2B

° sin2A:2sinAcosA:ﬂ
1+tan2 A
2 -2 2 . 1-tan? A
° c0s2A =cos“A-sin“A=2cos“A—-1=1-2sin A:—2
l+tan” A
° tan2A:ﬂ
1—tan2 A
. g2 A = 1-cos2A cos? A = 1+ cos2A an? A = 1-cos2A
’ ’ 1+ cos2A

o sin3A =3sin A —4sind A o534 = 4cosd A — 3cos A

_ 3tan A —tan’3 A

tan 3A
1—3tanZ A

~ 3cosA +cos3A

3sin A —sin 3A =

% sin3 A = os3 A

4 4
LA 1—cosA A 1+cosA
° SiIn — = 1[—, cos—:iq/—
2 2 2 2
tané:i fl—cosA
2 1+ cosA

I+

o sin® =sina = 9:nn+(—l)noc, e 7
] cos® = cosa = 0 =2nm+ a, ne?
o tan = tan o = 0 =nm+a, neZz
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