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COMPLEX NUMBERS

---------------------------------------------------------------------

imaginary numbers.

Imaginary numbers cannot be represented by a real number, as there is no real number whose square
is a negative number.

To overcome this problem, the letter i is introduced to represent V-1.

j=¥o1

All imaginary numbers can now be expressed in terms of i, for example:

V_36=V36x -1=\36V-1=6i
V=50=V50x 1=Y25x 2x—-1=Y25 V2 V-1 =5V2i

Integer Powers of i
Every integer power of i is a member of the set {1,-1, i, —i}.




Simplify: @ i% (i) i'° (i) i
Solution:
) G i Gip) i
S e =il 2l
= (D)WL it B
=i = (DD £ a?
Alternatively, Alternatively, e
=i, i10=8, i &
=(i%3.1 =({H2.i? =£
=(1)%.i=i (2. (1) !
i =il=-i

A complex number has two parts, a real part and an imaginary part.
Some examples are 3 +4i, 2 - 5i, -6+0i,0-1.
Consider the complex number 4 +3i:

4 is called the real part,
3 is called the imaginary part.

Note: 3i is not the imaginary part.

Complex number = (Real Part) + (Imaginary Part) i

The set of complex numbers is denoted by C.
The letter z is usually used to represent a complex number, e.g.

Zl=2+3i, Z2="2—i3 23='_5i

If z=a + bi, then:
(i) ais called the real part of z and is written Re(z) =a
(ii) & is called the imaginary part of z and is written Im(z) =b.




Write down the real and imaginary parts of each of the following complex numbers:
(@ 5-4 () -3+2i (i) 6 (iv) -5i.
Solution:
Real Part Imaginary Part
@ 5-4 5 —
(i) -3+2i -3 2
(iii) 6=6+0i 6 0
(iv) -5i=0-5i 0 -5

Notes: i never appears in the imaginary part.
If Im(z) =0, then z is a real number.
If Re(z) =0, then z is a purely imaginary number.

Addition and Subtraction of Complex Numbers

To add or subtract complex numbers do the following:

Add or subtract the real and the imaginary parts separately.

For example:
(3+50)-(2-30)=3+5i-2+3i=1+8i
2(-1+3)-3(1 +4)=-2+6i-3-12i=-5-6i

Multiplication of Complex Numbers
Multiplication of complex numbers is performed using the usual algebraic method, except that:
i%is replaced with -1.
For example:
(3 - 2i)(—4 + 5i) = 3(-4 + 5i) - 2i(-4 + 5i)
=-12+15i + 8i-10i?
=-12+15i+8i-10(-1) @i*=-1)
=-12+15i+8i+10
=-2+23i




Tf 7, =3 +2i and z,=-1+ 5, express in the form a +bi, a, beR:
@) 2z,-iz, (i) z,z, (iii) z2.
Solution:
(i 2z,-iz, (i) z,z,
=2(3 +20) - i(-1 +5i) =(3+2i)(-1+50)
=6+4i+i-5i° =3(-1+50) + 2i(-1 + 5i)
=6+4i+i+5 =-3+15i-2i+10i?
(i?=-1) =-3+15i-2i-10 (i*=-1)
=11+5i =-13+13i
(i) 23
=(3+2i)?
=(3+2D(3+20)
=33 +21)+2i(3+20)
=9+ 6i + 61 +4i?
=04+6i+6i-4 (i2=-1)
=5+12i

Given that z=1- \Ei, find the real number k such that z° + kz is:

= (1-Y3i)(1 -V3i)
=1(1 -V3i) - V3i(1 -V3i)
=1-V3i-3i +3i2
=1 Y314Y3743
=2 o\5:
(i) If z2+kz is real, then the imaginary
part is zero,
V3 -13=0
D
)

(i) real (ii) purely imaginary.

Solution:
z=1-V3i 22+kz
22=(1-13i)?

= (=22 2Y30) + k(1 - V3i)
=2 -2isk-KV3i
—(2+K)+ (23 -KV3)i
(Group real and imaginary parts together)

(ii) If z2+kz is imaginary, then the real
part is zero,
—24k=0
k=2

Note: \@i is often written as i \/5 to avoid the error \[3—z




Exercise 2.1 -

Express each of the following in the form ai, where a e N:

1. V-4 2. ¥-25 3. V49 a V00 5.V-16 6. V-144

7. V-9 s V21 9.V=a0  10.V-196 1L Vo169 12, V=289
Express each of the followring in the form aVbi, a, beN and b is prime:
13. V-8 V12 15Va8  16Vs0  17.V80  18.V-63
Express each of the following as an element of the set {1,-1, i,—i}:

19. i® 20. i’ 21.-% 22,48 23. % 24, i%
25, i 26. i1 27 i3 28. i* 29, i 30, i
31. Write down the real part and imaginary parts of z if:
() z=2+5i (i) z=-3-4i (i) z=-7-Y3i (iv) z=-7i

Express each of the following in the form a +bi, a, beR and i*=-1:

32. 342)-2(5-4i) 33, 2(2-3)-3(2-T0)

34, (2+30)(=3+4) 35. (3+)(=2-50)

36. 3+2i3+4i) -1 37. i(-2+5i)-5(-1+20)

38. i(3-5i)(4+1) 39, 4i(2-3i)(-2-4D)

40. (1+20)2-2(5-30) a1, (1+V3)2- 33 +20)

42. If z=1-3i, where i2=-1, evaluate z*-3z.

43. If 7,=5-2i, 7,=—2 - 3i, express in the forma+bi, a,beR and i2=-1:

() 7,2, G 22 @) iz, (V) 7,2,

44. If w=2+ 3i, show that w2—4w +13=0.

45. Find the value of k € R if (1 - 3i)(k + 2i) is real, where i 2=.1.

46. Find the value of k € R if (2 +i)(k— 5i) is purely imaginary, where i2=-1.

47. Given that z= 1+ 3i, find the real number & such that z2+kz is real.

48. Given that z=1 +\/§i, find the real number 7 such that z2+ ¢z is:

(i) real (ii) purely imaginary.

49. Given that z=(-1+ \/gi), find the real number k such that z?—kz + Vsiis:

(i) real (ii) purely imaginary.




Conjugate and Division

.................................................

Conjugate of a Complex Number

Two complex numbers which differ only in the sign of their imaginary parts are called conjugate com-
plex numbers, each being the conjugate of the other.

Thus 3 +4i and 3 - 4i are conjugates, and -2 —3i is the conjugate of -2 + 3i and vice versa.
In general, a + bi and a - bi are conjugates.

If z=a + bi, then its conjugate, a — bi, is denoted by Z.

z=a+bi = Z=a-bi

To find the conjugate, simply change the sign of the imaginary part only.

For example, if z=-6—-5i then Z=-6 + 5i.

If z=-3 + 5i, where i2=-1, simplify: (i) z+z (i) z-z  (iii) zZ.

Solution:

If z=-3 +5i, then 7=-3 - 5i (change sign of the imaginary part only).

) 27 (i) =zz
=(-3+5))+(-3-50) =(-3+5)(-3-50)
=-3+5i-3-5i =-3(-3 - 5i) + 5i(-3 - 5i)
=-6 (areal number) =9+ 15 - 15i-25i®

(i) z-2 =9+25 (i2=-1)
=(-3+5)-(-3-5i) =34 (a real number)
=-3+5i+3+5i
=10i (a purely imaginary number)

Note: If a complex number is added to, or multiplied by, its conjugate the imaginary parts cancel and

the result will always be a real number.

If z=a + bi, then:

1. z+Z=(a+bi)+(a-bi)=a+bi+a-bi=2a (areal number)
2. z2z=(a+bi)a-bi)=a’-abi+abi-b%*=a’+b* (areal number)

Division by a Complex Number

Multiply the top and bottom by the conjugate of the bottom.

This will convert the complex number on the bottom into a real number. The division is then performed
by dividing the real number on the bottom into each part on the top.




If z %*—‘,, find the real part of z.
—1

Solution:

First write z in the form a + bi:

241

1-i
A (multiply the top and bottom by 1+ i,)
the conjugate of 11

E OV ATEy
DDyt is
S
242i+i-1
B e (ge=D)
1+3i
2
=143i

Thus, the real part of z is 3-

(divide the bottom into each part on top)

Example w

Simplify .:_i% and, hence, evaluate (:tzz)w
Solution:
443 4430 .
3-4i e
_4+3i 3+4i . (i-ﬁ)“’-iw
3-4i 3+di A=l
12416 +9i+12i? =i, it it
O 21262 =MD
L =E
o5

Exercise 2.2 w

Express each of the following in the form a + bi, where a, beRandi?=-1:

3 +4i 7+4i 145 7-17i
"t 2+ ol = >3 %355
1 2+¢ 2-i 3+4i
T T 142 YT 15




= ;i, find the value of g and the value of b, a, beR.

9
. Ifa+bi=
9. Ifa+bi >

10. pr+qi=—1—-;?:7’ p, g€ R, evaluate p2+g>

11. Given that (4 + 3i)z=1+7i, express the complex number z in the form a + bi.
12. (i) Express (1-2i)?in the form a + bi.
(ii) Hence, find the real part of H—T)z
13. Show that of F}-T)T is a purely imaginary number and write down the imaginary part.
2

14. Eval . -
. Evaluate: (a—l+-3—_—l) '

-l
Hence, or otherwise, evaluate:

o [S+200N4 e [3H4IN . =3 +2i\2 24i\3
2 (2-5i) p (4-—31‘) Ll ( 2+3i ) W (1—21')
Evaluate each of the following:

16. (fﬁi)3 17. ("6+8‘)8 18. (2_3i)4 19. (‘1”@)34

2-i 4+3i 0460 Vasi
1+V3i

20. kis a real number such that —_——- =ki. Find k.

15. (i) Evaluate z+ ANNEUE W, "FeTT

..............................................................

If two complex numbers are equal then:
their real parts are equal and their imaginary parts are also equal.

For example, if a + bi = ¢ +di,
thena=c and b=d.
This definition is very useful when dealing with equations involving complex numbers.

Equations involving complex numbers are usually solved with the following steps:

1. Remove the brackets.

2. Put an R under the real parts and an I under the imaginary parts to identify them.

3. Let the real parts equal the real parts and the imaginary parts equal the imaginary parts.
4. Solve these resultant equations (usually simultaneous equations).

Note: If one side of the equation does not contain a real part or an imaginary part, it should be

replaced with O or 0i, respectively.’




2,=4-2i,2,=-2-6i. If z,-pz,=qi, p,'qeR, find p and q.

Solution:
2,-p2,=qi
The right-hand side has no real part, hence a 0, representing the real part, should be placed on
the right-hand side.
Now the equation is:

2,-p2,=0+gi (put 0 in for real part)
(-2-60)-p(4-2i)=0+qi (substitute for z; and z,)
—2-6i-4p+2pi=0+gqi (remove the brackets)
IREFE IR SR R ] (identify real and imaginary parts)
Real parts =Real parts Imaginary parts = Imaginary parts
—2-ap=l) i @ —6+2pSq L@
Solve between the equations @ and @:
-2-4p=0 @ Substitute p =—1 into equation @:
—dp=2 -6+2p=¢q @
4p=-2 -6+2(-3)=q
p=-i=-% -6-1=¢
-7=q

Solution: p=-}.g=-7

w=a + bi is a complex number such that: ww - 2iw =17 - 6i.
Find the two possible values of w.

Solution:
w=a+bi . w=a-bi
Given: wiw—2iw=17-6i
(a +bi)(a-bi)-2i(a+bi)=17 -6i

a®—ali+api-b%*-2ai-2bi*=17 - 6i (remove brackets)

a’+b%-2ai+2b=17-6i (i*=-1)

PR R S, (identify real and imaginary parts)
Real parts =Real parts Imaginary parts = Imaginary parts
a?+b2+2b=171 @ -2a=-6 @




Solve between equations @ and @:

2a=-6 ® a’+br+2b=17
2a="6 94+b24+2b=17 (a=3)
a=3 ‘ b2+2b—-8=0

b+4)b-2)=0
b=-4 or b=2

w=a+bi
Thus, w=3-4i or w=3+2i.

[ Exercise 2.3 -

Solve for x, ye R:

1.
3
5
6.
7
8
9

10.
11.

(3 +4i) +y(2-3i)=8+51 2. x(3-20)+y(i-2)=5-4i

, x—i(x+y+5)=(1+3D)i+2(3-y) 4. (x+y)—(xi—y)=(3+2i)2—7i
i If2(h—2)—k+i=i(2k—h),ﬁndhandk, h,keR.

Ipr—g+i(7i+3)=2(2i—q)—i(p+3q), findpandg, p,geR.

. z2,=4-3i,2,=5(1+0). ff 2, +12,=k, find fand k, f, keR.
A zl=5+7i,z2=3-i.Ifk(z1+zz)=16+(t+2)i,ﬁndtandk, t,keR.
, z=2-3I. If z+i+3(a+bi)=iz-5, find a and b, a, b eR.

2,=2+3i,2,=-4-3i. If Iz,~z,=ki, find [ and &, L keR.

2,=6-8i,z,=4-3i. f pi=z,+1z5, find p and [, where z,-z,=2,and p, [€R.

Express z in the form a + bi if:

12.
14.

15.

16.

1 %48
18.

iz=2(3-2) 13. z(1+3)-5(1+3) =2z

z=a+ bi is a complex number such that z+Z= 8 and z7=25.
Find two values of z.

w = a + bi is a complex number such that ww—3iw =5(7 - 3i).
Find two values of w.

z=p+gqi is a complex number such that zZ —iZ= 11-3i.
Find two values of z.

If a(a + i) - bi(3 + bi) = 10(1 +1), finda, b, a,beR.
If a® + 2abi — b2 =-15 + 8i, find the values of a, b, a,beR.




---------------

Argand Diagram and Modulus

...... R E R E R R AR seneinssennae

Argand Diagram

An Argand diagram is used to plot complex numbers.
coordinate geometry, except that the horizontal axis is ¢
is called the imaginary axis (Im). It is also called the complex plane.
To represent a complex number on an Argand diagram, it must
The complex number a + bi is represented by the point with coordinates (a, b).

It is very similar to the x- and y-axes used in
alled the real axis (Re) and the vertical axis

be written in the form a + bi.

Example =
If z,=2 - 3i and z,=6 - 5i, represent on an Argand diagram: :
@ z; (i) 2z,-2,
Solution:
ImJ
(i) Zl=2—3i 4i 21
21=:2'F3i 3i .
o 2'n
) 22,2 |
=2(2""3i)"(6—‘5i) + + + 4 +
o [t
—4-6i-6+5i el I Sy
-5 .
=-2-i -2 I
Modulus of a Complex Number
The modulus of a complex number is the distance from the Im w b
origin to the point representing the complex number on the '
Argand diagram. !
If 7= a + bi, then the modulus of z is written |z | or | a+bil. l2] b
The point z represents the complex number a + bi. i
The modulus of z is the distance from the origin, o, to the { z
complex number a +bi. L o rmmmmn it e <

Using the theorem of Pythagoras, |z] =Va?+ b2

If z=a +bi, then

|z|=|a+bi|=Va2+b2.

Notes:

1. i never appears when the modulus formula is used.

2. The modulus of a complex number is always positive.

3. Before using the formula a complex number must be in the form a + bi.
For example, if z=-2+ 5i, then:

|z|=|-—2+5i|=\(ﬁ2)2+(5)2=\/1+25='\/2_9




Letz=(k—1)+7i and w=8—i.
If | z| = |w|, find two values of £, keR.
Given: lz] = |w|
|(k-1)+7i| =|8-i]
Vk=1)2+(7)2=Y82+(1)? (1a+bi] =Va?+5?)
k-1)2+(7)?=8%+(-1)? (square both sides)
k2-2k+1+49=64+1
k2-2k-15=0
(k=5)(k+3)=0
k=5 or k=-3

Exercise 2.4 -

For questions 1-11, construct an Argand diagram from —6 to 6 on the real axis and -5i to 5i on the
imaginary axis.

If z=1+i and w=—6 +4i, represent each of the following on an Argand diagram:

1. z 2. 7 3. w 4. w 5.27+w
— o
6. Lzw 7, = e 9. 2 10. =
z z+1 Z z

5.
11. Letw=9+7iand u= T+_: Represent on an Argand diagram:

—4u-1

(i) u i) = (iii) w—4wu-1)

u 3-u
A
Hence, evaluate w .
3—u

12. Evaluate each of the following:

G) |12-5i i) | -3-5i (i) |V2+i] Gv) |1-V3i|

) |2-2V3i] i) | -2-3il (vii) |-} + il (vid) | - il
13, Letw="=2,

2+1
(i) Express w in the form a + bi, where a, beR. (ii) Evaluate |w|.
1-V3i

14. Letz=4-3iand w=

Evaluate: (i) H— (i) |w].

1+V3i
15. Letz=1+7iandw=—1+i.Express%intheforma+bi, a,beRandi’=-1.
. . Lo ld |z
Verify that: (i) |z] . |w|=]zw] (if) —=|—|
lw| |w
Solve, forreal h and k:  hz= —‘:z-v-\kw+ 164.




. If |8 +ki| =10, keR, find two possible values of .
17. If |a+ai|=|1-7i|, aeR, find two possible values of a.

18. Letz=(k-1)-5iand w=-2+11i.
If |z| = |w|, find two possible values of ke R.

g 19. Let z=a+bi, where a, b eR.
If z-Z+|z| =17 + 164, find two values of z.

20. Let w=a+ bi. Find the complex number w such that \/5] wl+iw=2 +V2i.

Quadratic Equations with Complex Roots

.....................................................................................

The equation az?+ bz + ¢ =0 has roots given by:

e -b+\Vbr-4ac

2a

If b2 - 4ac <0, then the number under the square root sign will be negative, and so the solutions will
be complex numbers.

Solve the equations: (i) z2-4z+13=0 (i) 2z°+2z+1=0.
Solution:
(i) z2-4z+13=0 (i) 2z242z+1=0
az?+bz+c=0 az’+bz+c=0
a=1, b=-4, c=13 a=2, b=2, c=1
s ~b+Vb?—4ac o -b+\Vb%-4dac
2a 2a
z=4:|:V(—4)2—4(1)(13) i -2+V(2)2-42)(1)
2(1) 2(2)
41Y16-52 21V4-8
= el Sl
2 4
4+Y-36 )
= 7=—
2 4
2:=4_:!:6_f_ s —2:I:2i= -1zi
2 4 2
2223 Z=-3%3i
the roots are 2+3i and 2-3i. . therootsare—1+1i and -1-1i




Note: Notice that in both solutions the roots occur in conjugate pairs. If one root of a quadratic equa-
tion, with real coefficients, is a complex number, then the other root must also be complex and
the conjugate of the first.

ie. if 3-4i isaroot,then 3+4i isalsoaroot;
if —=2-5i isaroot,then -2+5i isalsoaroot;
if a+bi isaroot,then a-bi isalso aroot.

Conjugate Roots Theorem

If all the coefficients of a polynomial equation are real,
then all complex roots occur as conjugate pairs.

In other words, if one root is a complex number, then its conjugate is also a root. The Conjugate Roots
Theorem can be used only if all the coefficients in the equation are real. If even one coefficient is non-
real (contains an i), then the Conjugate Roots Theorem cannot be used.

The roots of the equation z2-2z+10=0are 1 +3i and 1-3i.

The complex roots occur as conjugate pairs, since all the coefficients, 1,-2 and 10, are real.

The roots of the equation z2+(i—2)z+(3~-i)=0are 1 +iand 1-2i.

The complex roots do not occur as conjugate pairs, because the coefficients, 1, i =2 and 3 — i are not
all real numbers.

~ Solve 72~ (2-1i)z+7-i=0. Explain why the roots do not occur in conjugate pairs.

Solution:
22— (2=i)z+7=i=0
22+ (2+0)z+(7-D=0 (write in the form az?+bz+c=0)

b —b+Vb2—4ac
2a

—( 2+ £V(=2+0)2- 4T -1)
& 2(1)

2 i+V4—4i-1-28+4i
5 2
2oiaVE25, o-jabi

5 =y
2—;2+5:=2-;41=1+2i
D=5 D6
TR

Thus, the roots are 1 +2i and 1-3i.
They are not complex conjugates because not all the coefficients are real.

2 o

1-3i

2=




The results concerning the roots of a quadratic equation also hold for quadratic equations that contain
complex roots.

If o and p are the roots of the equation az*+ bz +c =0, then:

.:>z+ﬁ=-E and aﬁ:f--
a a

The quadratic equation can be written:

22=(a+p)z+apf=0
or
22— (sum of the roots)z + (product of the roots) =0.

If—2 + 5i is a root of the equation z2+pz+¢=0, p, geR, write down the other root and,
hence, find the value of p and the value of g.

Solution:

All the coefficients are real (given). Thus we can use the Conjugate Root Theorem.

Therefore, as -2 +5i is a root, then —2 - 5i is also a root.

22— (sum of the roots)z + (product of the roots) =0

72— (-4)z+29=0
22+4z+29=0

Compare to: z2+pz+q=0

sum of the roots
=-2+5i-2-5i=-4
product of the roots
=(-2+50)(-2-5i)=29

. p=4 and ¢=29

Find the value of p and the value of g, p, g€ R, if (-1 +i) is a root of the equation
22+ (-1 +pi)z +(g-1)=0, and find the other root.

Solution:
22+ (-1 +piz+(g-i)=0
142+ (1 +pD(1+D)+(g-1)=0 (put in (-1 +1) for z)
1-2i-1+1-i-pi-p+g-i=0

(~p+g+1D)+(-p-4)i=0 (group real and imaginary parts together)
s —p+q+1=0 @® and -p-4=0 @




Solving the simultaneous equations @ and @ gives p=-4 and g=-5.

Thus, 2+ (-1+piz+(g-1)=0
becomes z2+(-1-4idz+(-5-1)=0 (put in p=-4 and g =-5)
Let a + bi be the other root.

Thus, the roots are a +bi and -1 +i.
The sum of the roots=—(-1-4i)=1+4i

Thus, the other root is 2 + 3i.

a+bi-1+i=1+4i
a+bi=1+4i+1-i
a+bi=2+3i

Exercise 2.5 w

Solve each of the following equations for ze C:

1. z2-2z+2=0 2. z2-2z+5=0 3. z22+10z+34=0
4. 2z2-2z+1=0 5. 2z2+6z+5=0 6. 5z2-2z+10=0
7. 2= (1 +4i)z-2(3-1)=0 8. z2-(3-2)z-(1+3)=0

9. 72-(2+5)z+5(-1)=0 10. 72-2(1+i)z+(@4+2i)=0

Find a quadratic equation whose roots are:

11, -2+i 12. 3421 13. -1+5i 14. +3i

15. -1+V2i 16. 2+V5i 17. 1+di 18. -1+l

19. If 3+5iis aroot of z2+pz+¢g=0, p,geR,findp and q.

20. Express ll in the form p +gi.

21.

22

23.

1-3i
1+7i

37
root in the form a+ bi, a,beR.

Hence, show that is a root of the equation z2+4z+5 =0, and write down the other

1 i
Show that 5 is a root of the equation z2— 6z + 34 =0 and write down the other root in the

formp+gqi, p,qeR.

If 7—1?1 isarootof z2+az+b=0, a, beR, find the values of a and b.
=7
19-4{ ;

If z= 320 =a + bi, find the value of a and the value of b, a,beR.

Verify that z2~10z+29=0.
Hence, find two complex numbers, u, such that (u +3i) 2_10(u+3i)+29=0.




. Show that 2 +1i is a root of the equation z?—3(1 +i)z + 5i=0, and find the other root.
25. Find the value of ke R if 1+ 2i is a root of the equation z?+kz+7 +4i=0.

26. One root of the equation z?+ (-1 +pi)z+q(2-i) =0 is -7i.
Find: (i) the value of p and the value of ¢ (i) the other root.

27. One root of the equation z2~(p+i)z+qi=0is 2+ 3i.
Find the value of p, the value of ¢ and the other root.

28. One root of the equation z2~ (a + 2i)z+b(1 +i)=01is 2—i, where a, be R.
Find the value of a, the value of # and the other root.

29. The equation z2-2(1 -i)z+2(2-i) =0 has roots « and .
Evaluate: (i) a+p (i) op (iii) o?+ B2
Construct a quadratic equation with roots a +i and g+ 1.

Square Roots and Quadratic Equations with
Complex Roots

...............................

In some problems we have to find the square root of a complex number in order to find the roots of a
quadratic equation.

(i) Express V5 + 12i in the form a + bi, a,beR.
(ii) Hence, determine the two roots of the equation z2— (1 +4i)z-5-i=0.
Solution:
(i) Leta+bi=V5+12i, a,beR.
(a+bi)%=(V5 +12i)2 [square both sides]
a’+2abi-b%=5+12i [remove brackets]
T E B R [identify real and imaginary parts]
Real parts =Real parts Imaginary parts = Imaginary parts
a’-b*=5 @ 2ab=12 @
Solve between equations @ and @:
2ab=12 @ a’-b%?=5 @
2
ab=6 a’- (ﬁ) =5 [mplace b with -6-]
b E a a
(a) Syl E =
put this into equation @ a?
a*-36=>5qa%
a*-5a*-36=0

Ot e e s

et e i




As a, beR, the result a =+ 2i is rejected.

s
a
az?é a=-g
=2 =-2
a=3, h=2 a=-3, b=-2

)  z2-(1+4z-5-i=0
224+ (-1-4i)z+(-5-1)=0
_ —b+Vb2-dac

& 2a

_ —E1-4 V1 - 4)2-4(1)(5-1)

2(1)
_1+4i£V1+8i-16+20+4i

2
5 1+4i+V5+12i

2
_1+4ix(3+2))
-

o lediv G20 1+4i43%420 " 4461

4 2 2 2
 148i=(342D)  1adi-3-2iiagy

22 2 2

2

(@®-9)a’+4)=0
a’-9=0 or a’+4=0
a’*=9 or a?=-4
a=t3 of " G=td

Thus, Y5+ 12i=3+2i
or V5+12i=-3-2i

[i.e. £(3+21)]

[write in the form az?+ bz +c¢=0]

[put in (3 +2i) for V5 + 12i]

+3i
—1+1

Thus the roots of 72— (1 +4i)z-5-i=0 are 2 +3i and -1 +i.
Note: It makes no difference if we substitute 3 +2i or =3 - 2i for V5 + 12i.

Note: Another way of asking for V5 + 12i to be expressed in the form a + bi is:

1. If (a + bi)?>=5 + 12i, find the values of @ and b,

a, beR.

2. If z2=5+12i or z=V5 + 12i, find all the values of z.




Exercise 2.6 -

1.

Express each of the following in the form a + bi,
2.
6.

10.

11.

12.

13,

14.

15.

Find two complex numbers a + bi such that (a + bi)>=-15+8i, a,beR.
a,beRand i’=-1:

5. Y15-8i
9. V2i

V-3-4i 3. V8-6i 4. V-5+12i
V-21+20i 7. V-7-24i 8. V-9-40i

Express V-3 +4i in the form a + bi, a,beRand i’?=-1.
Hence, solve the equation z2-3z+(3 -i)=0.

Express Y -24 + 10i in the form a + bi, a, beR and i’=-1.
Hence, solve the equation z2-3(1 +i)z+2(3 +1) =0.

Express V15 + 8i in the form p + gi, p, geR.
Hence, show that one of the roots of the equation z%+ (2 +i)z— (3 + i) =0 is real and the other is
complex.

Express Y3 + 4i in the form a+bi, a, beR and i’=-1.
Hence, show that one root of the equation z2 + (2 - i)z - 2i =0 is real and the other is complex.

Determine real numbers x and y such that (x +yi)2=5-12i.
Hence, determine the two roots of the equations:
(i) z2+z+(3i-1)=0 (i) z2-2(1+i)z+5(1-2i)=0.

If z2=2-2\/§i, express z in the form a+-bi, a,beR and i?=-1.

Cubic Equations with Complex Roots

.....

The Conjugate Root Theorem also applies to cubic equations.

Conjugate Root Theorem

In other words, if one root is a complex number then its conjugate is also a root, provided all the co-
efficients are real.

------------------------------------------------------------------------

If all the coefficients of a polynomial equation are real,
then all complex roots occur as conjugate pairs.




Solution:

Put in (-1 +2i) for z:

z3-2z2-3z-20
(=1+2D)3-2(-1+20)%-3(-1+2)~-20

=(11-2i)-2(-3-4i)-3(-1+2i)-20
=11-2i+6+8i+3-6i-20
=20-20+8i-8i

=0

o =1+2iis aroot.

We now construct the quadratic factor using:

z%—(sum of the roots)z + (product of the roots)
22— (=1 42i—1-20)z+ (-1 +2i)(-1-2i)
22422+5

Dividing z3-2z%-3z-20 by 72+ 2z +5 gives z—4.
-, the third factor is z—4.
Letz-4=0
z=4
Thus, the other two roots are -1-2i and 4.

Show that —1 + 2i is a root of z?—2z2~3z—20=0 and find the other two roots.

(-1 +2ip
—leonl 2
Erand

(-1+2i)>
ST #20 4142
S 3= 120
=112

. —1-2i is also a root (roots occur in conjugate pairs, as all the coefficients are real).

Division:
z—4

224+22+5022-222-32-20
e by
-472-8z-20
—-472-8z-20
0

Note: We did not have to use long division to get the third factor.

Let the third factor be z +k.
(z+k)(z2+22+5)=23-222-3z-20
Comparing constants on both sides, we get:

5k=-20
k=4

Thus, the third factor is z —4.




One root of the equation z3+az? + bz-52=0, a,beRis2-3i.
Find the value of a and the value of b.

Solution:

Method 1:

@532 0= 3250 Sms i 10]

(2-31)°=(2 - 30) %2~ 3i) = (=5~ 12i)(2 - 3i) = -46 — i
z 4 azt+bz~52=0

(-46-9i) +a(-5-12)) + b(2-31)-52=0
~46-9i—5a—12ai+2b-3bi-52=0

-5a+2b-98=0 @ and -122-35-9=0 @
Solving the simultaneous equations @ and @ gives a=—8 and b=29.

Method 2:

If 2-3i is a root, then 2 + 3i is also a root.

(Roots occur in conjugate pairs as all the coefficients are real.)
The quadratic factor is given by:

2% - (sum of the roots)z + (product of the roots)
22-(2-3i+2+3)z+(2-30)(2+3i)

z%-4z+13

Let the third factor be z + k.

(z+k)(z2-42+13) =2(z - 42+ 13) + k(z%- 4z + 13)
=23-422+ 132+ kz? - dkz + 13k
=2+ (-4 +k)z%+ (13 -4k)z + 13%

2244+ k)22 + (13 -4k)z + 13k =77+ az?+ bz— 52

Equating coefficients of like terms:

13k=-52 @
k=-4 (replace k with~4 in @ and @).
-d+k=a @ 13-4k=b @
-4-4=aqa 13-4(-4)=b
-8=a 13+16=0

29=p
Thus, a=-8 and &=29.

(2-3i)*+a(2-3i)2+b(2-3i) - 52=0 (put in (2 - 3i) for z)

A ke ) 13-4k=b ® 13k=-52 ®

(=5a+2b-98) +(-12a-3b-9)i=0 (group real and imaginary parts together)

%




