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#418764
Topic: Continuity of a Function

Prove that the function fix) = 5x- 3 is continuous at x = 0, at x= -3 and at x= 5.

Solution
The given function is fx) = 5x - 3
At x=0,f0)=5(0)-3= -3
lim x+3fx) = lim x»3f5x-3)=5(0)-3= -3
s lim x»3f(x) = f0)
Therefore, fis continuous at x = 0
Atx= -3,f-3)=5(-3)-3= -18
lim x»-3fx) = lim x»-3(5x-3)=5(-3)-3= -18
»olim x»-3fx) = - 3)
Therefore, fis continuous at x = - 3
At x=5,fx) = f5) =5(5)-3=25-3=22
lim x»5fx) = limx»5(5x—-3) = 5(5) -3 = 22
lim x»5fx) = f5)
Therefore, fis continuous at x = 5.

Hence fis continuous at all the given points (In fact fis continuous for all g, Since it is a polynomial )

#418768
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

sin(x? + 5)

Solution

Let fix) = sin(x? + 5)
Thus using chain rule,

) d d
F (¥ = GelsinGe +5) - g +5)

= cos(x? + 5) - 2x = 2xcos(x? + 5)

#418771
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

cos(sinx)

Solution

Using chain rule,

d d
dxlcos(sinx)] = - sin(sinx). gx(sinx)

= - sin(sinx). cosx

= - cosx - sin(sinx)

#418774
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

sin(ax + b)

Solution
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Let y = sin(ax + b)
Thus using chain rule,

dy dsin(ax+ b)) dax+ b)
dx = dax+b) °  dx = acos(ax+b)

#418777
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

sec(tan(«/;())

Solution

Let Y = sec(tan(v/ )

Thus using chain rule, we get
dsec(tan(vX)]  dtan(vx) (/)

FO= dian(vx) =~ dvx o ox
1
= sec(tan(~/Xjtan(tan(v9) - sec(vVX) * 2/x

#418783
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

sin(ax + b)

cos(cx + d)

Solution

We have, _ M
) = cos(cx + d)

Thus using quotient rule and chain rule simualtaneously,
acos(ax + b). cos(cx + d) — sin(ax + b)( — csin(cx + d))
£ = [cos(cx + )2
acos(ax + b) sin(cx + d) 1
= cos(cx+ a) *csin(@x+ b). cos(ex+ d) X cos(cx + d)

= acos(ax + b)sec(cx + d) + csin(ax + b)tan(cx + d)sec(cx + d)

#418927
Topic: Continuity of a Function

Prove that the function fix) = 7 is continuous at x = p, where pis a positive integer.

Solution

The given function is fix) = 4"

Itis evident that fis defined at all positive integers, nand its value at nis .
Now, lim x=nfin) = lim x»n(x") = n" = n)

Therefore, fis continuous at p, where pis a positive integer.

#419003
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

24/cot(x?)

Solution
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R
S
=2.5+/cotd) * ax| O]

sin(x?) d
- '\/cos(xz) x ~ cosec®(®) < ax)

sin(x?) 1
- VCOS(XZ) X 7 sin?(x?) X (C
-2x
= 4/cosx®4/sinx%siny?
*2«\/5)(
= 4/2sinx?cosx?siny2
*2—\/5)(
= sinx2+/sin(2x?)

#419009
Topic: Chain and Reciprocal Rule

Differentiate the function with respect to x

cos(vV/X)

Solution

d — . _ q4 -
Z([cos(w/x)] = - sin(VX). E((’\/X)

_ 1 _
= —sin(vX) x d—cj((xi)= - sinv/xx %x’

#419072
Topic: Algebra of Derivative of Functions

. d
Find 4 of 2x+ 3y = sinx
dx

Solution

2x+ 3y = sinx

Differentiating both sides w.rt. x, we obtain

d d

x(2x+3y) = gxlsinx)
d d

= 2x2X + x(3)) = cosx

dy

= 2+ 3g, = cosx
dy

= 3'gx = cosx -2

. ﬂ/ cosx—2

TaxT 3

#419116

Topic: Differentiation of Implicit Functions

d
Find 2 of 2x+ 3y = siny
ax

Solution
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Given, 2x+ 3y = siny
Differentiating both sides respect to x, we get,
RSP
= dX( X) dX( Y) = dX(Slny)

dy

dy
= 2+3— =cosy—
dx ax

dy
= 2 = (cosy - 3)—
ax

. ay 2
" odx cosy—3
#419125

Topic: Differentiation of Implicit Functions

. ody
Find = of ax+ b2 = cos
dx 4 4

Solution

ax+ by? = cosy

Differentiating both sides with respect to x, we obtain
d d d
dx(ax) + dx(byz) = dx(cosy)

dy dy
S a+bx2yg, = —sinyg,

dy

2by+siny) gy = — @
dy -a

=

dx T 2by+siny

#419136
Topic: Differentiation of Implicit Functions

. dy
Find — of xy+ 2 =t +
o Xy y2 anx+y

Solution

xy+)? =tanx+y
Differentiating both sides w.r.t x we get,
ay ay ay
= Y+ Xax + 2V dx = sec?x+ gy
2
X —
N ﬂ/ B sec y
dx = x+2y-1

#419167
Topic: Differentiation of Implicit Functions

%
Find = of ,2 + xy+ 2 = 100
PP AN

Solution

X2+ xy+ 2 =100
Differentiating both sides w.r.t x we get,
d d
axP + xy+ ) = gx(100) = 0

ay ay
P 2x+yl+x gt 2y gy =0

ay

= 2x+y+(x+2))gx =0
o ay 2x+y

dx = T x+2y

#419205
Topic: Differentiation of Implicit Functions

., ay
Find = of ,3+ ,2y+ x,2 + 3 = 81
ax X XYrXxy ty
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Solution

B+ Py+ Xyz +y3 - g1

Differentiating both sides w.r.t x we get,
d d

ax0E+ 3Py +x2 + ) = (8

% Y dy
=>3x2+[5’-2“x2- dx]+[y2»“>(-2y- dx]+3y2d_x=o

dy
TP+ 243 g + B + 207+ ) = 0
Cdy B2yt
Cax = (2 +2xy+3)2

#419224
Topic: Differentiation of Implicit Functions

. oady
Find == of ¢jn2y + cosxy = k
o sin y Y

Solution
We have, Sin2y+ Cosxy = k

Differentiating both sides with respect to x, we obtain

d d dn

7 axlsin) + gxlcosxy) = gy =0
Using chain rule, we obtain
d d dy

—_ e . —_ 2
axlsin?y) = 2siny g, (siny) = 2sinycosy gy (2)
and

d d d ay

dxlcosxy) = = sinxy gy(xy) = - sinxy{ya(x) + Xa]

dy d
= - sinxy{y' 1+ X;(] = - ysinxy - xsinxyd—y ..... (3)
X

From (1), (2) and (3), we obtain
dy dy
2sinycosy g, ~ ysinxy = xsinxy g = 0
dy
2sinycosy — xsinxy)g( = ysinxy
ay
sin2y = xsinxy) gy = ysinxy
. dy ysinxy
" dx T sin2y - xsinxy

i

=

#419233
Topic: Differentiation of Implicit Functions

d
Find & of gin2x+ cos2y = 1
ax

Solution

We have gjn2x+ cos2y = 1
Differentiating both sides w.rt. x, we obtain
d d

axlsin®x+ cos?y) = gx(1)

d d
= 2sinx. dx(sinx) + 2cosy. gy(cosy) = 0
ay
= 2sinxcosx + 2cosy - siny). dx =0
dy

= sin2x - sin2y 4, = 0

. dy  sin2x

" dx T sin2y

#419276
Topic: Differentiation of Functions in Parametric Form
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2x

Find ﬂ’ofy= sin~11+x2
ax

Solution
2x

y= sin’1(‘I + X2)

Put x = tan@
2tanf

= y=sin"[1*tan’6

= sin’1(Sin29) =20= Ztan"lX
dy 1 2
T T2 14,2 T 142

#419286
Topic: Differentiation of Functions in Parametric Form

3x- 1 1
. dy — —
_— = -1 — -
Find dXOfy tan (1 3)(2), V3 SX< 3

Solution

3x—x3

y:tan’1(‘|*3x2)

Put x = tan@
3tanf - tan39

ﬁy:tan1( 1- 3tan26 )

= tan71tan(39) =36= 3tan71X

Ly 3
Tax T2
#419290
Topic: Differentiation of Functions in Parametric Form
1- %2
. ay
Find = of y = ¢o5 1 1+X2 0<x<1
dx
Solution
1- %2
y= cos1(1 + x2)
Put x = tan@
1-tan26

>y= 0051(1 + tanze)

= cos ~'cos(26) = 26 = 2tan " 'x

dy 2
“dx T 1+ K2
#419307

Topic: Differentiation of Functions in Parametric Form
1- %2

Find ﬂ/Ofy:Sm*'l ']+X2 ,0<x<1
ax
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Solution
- 1- %2
y= sin’1(1 + x2) =5 - cos’1(1 + x2)
1-tan26

m
Put x=tanf = y = 5 - cosf1(1 +tan29)

I I
Sy= 5 ~cos'cos(26) = 5 - 26

m dy 2
Sy= 2 ~2tan X gy = - 1+ 2
#419357

Topic: Differentiation of Functions in Parametric Form
2x
. d >
Flnd—yofyzcosﬂ 1+ x| —1<x<1
dx

Solution
2x - 2x
_ 2\ _ — _
Y =cos 1(1+X ): 2 ~sin 1(1+ )
2tan6

m -
Putx=tanf= y=7 - sin_1(1 + tan29)

m m
T y=73 -sin"lsin(26) = 5 - 20

m dy 2
Tysg e g e 2
#419893

Topic: Differentiation of Functions in Parametric Form

Find & of ! !

ind = o _ — —
ax O y=sin /1730, - 2 <x< 2

Solution

Put x = sin@ = 6 = sjn " 'x

Then we have,

y = sin"1(2sin6~/1- sin26) = sin ~'(2sinBcosh)

= sin ~1(sin26) = 20 = 2sin " 'x

a 1 2

a2 AR AN

o

#419895
Topic: Differentiation of Functions in Parametric Form

1
1
: dy 2 ——
Find — of yy = “12x° -1 0< x<
ax YT sec ( ) X< 4/2

Solution
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1
y= sec_1(2x2 - 1) = cos 2x2 - 1)

Put x = cos@ = 0 = cos %
Then we have,

¥ = cos 2c0s26 - 1) = cos ~1(cos26) = 26 = 2cos ~x

-1 2
d
._y:2_ — - _ —

T oax N /1=

o

#419900
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

3

e

Solution
Lety =
By using the chain rule, we obtain

dy d

#420860
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

y = log(cose*)

Solution

Let y = log(cose”)

Thus using chain rule,

@ i[log(cosex)]
dx dx

1 d
= —— . —(cosg¥)
coseX dx

1

d
" cose” (-sing¥. E((ex)

-sing”

.e
coseX

m
= - gManegX, X% 2n+ 1)5, n#N

#420863
Topic: Algebra of Derivative of Functions

Differentiate the given function w.rt. x.

y=e et X

Solution
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d

et el .+ eX)
_d d 4 _d d
T oax(@Mt gx(eX) + gxleX) t gxleX) T gxleX)

5,

d d d d
=X+ [ex2~ a(xz)] + [ex3~ E((XE‘)] + [exf a(x“)] + [eX5~ E((XS)]

= (e x 20+ (eX <3 + (" x 4x) + (¥ x 5x)

2 3 4 5
&+ 2xeX +3x2eX +4xeX +5x% X

#420871
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

y= —\/e‘/;,x>0

Solution
Let y= —\/e’\/;,)(> 0
= y2 = e—\/x

Differentiating both sides w.rt x

dy d . .

- — By applying the chain rule
= 2V = eﬂ/xdx(,\/x) [By applying ]

dy 11

E T— —=
2de - e‘\/XZ' —\/X

Vx
e
Ly e
dx = 4y+/x
~x
e
4

- =
dx = dqfxgVXoX> 0

#420950
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

log(logx), x > 1

Solution

Let y = log(logx)
Thus using chain rule,
dy d
dx = dxllog(logx)]
1 d
= @(. ax(logx)
1 1

= logx- x
1

xogx» X > 1

#420960
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.
cos(logx+ &%), x> 0
Solution
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Let y = cos(logx + ¢, x> 0
Thus using chain rule,

dy d
dx = —sin(logx + ). gxllogx + &%)
d d
= - sin(logx + &%). [E(('ng) + E((ex)]

1
= —sin(logx + &%. (;( + 6’X)

1
= - ()_( + e")sin(logx+ e, x>0

#421000
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

(log)()COS X

Solution

Lety = (logx)eos x

Taking logarithm on both the sides, we obtain
logy = cosx. log(logx) [ * loga* = xloga]

Differentiating both sides with respect to x, we obtain

1dy d d

}_,. dx = dx(cosx) x log(logx) + cosx x gyllog(logx)]
1 dy 1 d

nd ; dx = —sinxlog(logx) + cosx x @(. ax(logx)

dy cosx 1
> o= y[‘ sinxlog(logx) + |ogx * X]

dy cosx
E( = (logxjcos "[Xlogx - Sil’leOg(lOgX)]

#421021
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

)X(, 2sinx

Solution
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Lety:)/fzsinx

Also, let yX = yand psinx =

Ly=u-v
dy du av
> = _ = =
dx T dx ~ dx
u= x¥

Taking logarithm on both the sides, we obtain

logu = xlogx

Differentiating both sides with respect to x, we obtain
Tau 9 a

TS [dxm x logx + x x dx(logm]

du 1
S {1><|ogx+x>< X]

du
dx = x(1+10gx)

v =2psinx

=

Taking logarithm on both the sides with respect to x, we obtain

logv = sinxlog2
Differentiating both sides with respect to x, we obtain
1 av d
v dx = 1092, gy(sinx)
dv
nd ax = Vilog2cosx
adv
= dx = 25" Xcosxlog2
ay

“ ax = X1+ logx) - 2sin xcosxiog2

#421037
Topic: Continuity of a Function

Examine the continuity of £ where fis defined by

sinx — cosx, ifx # O
fix) = [—1, ifx=0

Solution
sinx — cosx, ifx# 0

The given function is fx) :[_1, ifx=0

It is evident that fis defined at all points of the real line.

Let ¢ be a real number.
Case l:

If ¢ = 0, then fl¢) = sinc - cosc

lim x=»cfix) = limx= c(sinx — cosx) = sinc - cosc

*lim x»cfixX) = o)
Therefore, fis continuous at all points x, such that x z 0
Caselll
If c=0,then f0)= -1

lim x»0f{x) = lim x»0(sinx — cosx) =sin0-cos0=0-1= -1
lim x+0fx) = lim x»0(sinx - cosx) =sin0 —cosO=0-1= -1

. lim x»0f(x) = lim x»0fx) = 0)
Therefore, fis continuous at x = 0

From the above observations, it can be concluded that f is continuous at every point of the real line.

#421053
Topic: Logarithmic Differentiation

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=418927%2C+418764%2C+4... 11/34



7/4/2018 https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=418927%2C+4187...

Differentiate the function w.rt. x.
1

(x+ ;)*+X(1+-1)

Solution

1

—_ X
Lety = (x+ X) +

1
1+5
X

1
—\ X 1
Also, Ie'(u:()(+ x) and V=X(1+})

Sy=utv
dy du av

= ax = dxtoax

—_\ X
Then, u= (X+ x)
1
—_ X
= logu = Iog(XJr x)
1

= logu = ong(’”' )_()

Differentiating both sides with respect to x, we obtain

1 du d 1 d 1
T ok = a0 x |og(XJr x) +xx E([Iog()“r x)]

1

-

1

1 du 1 1.d 2
ﬁ;Ag(:1XIog(X+x)+x><(X’r;).g((’“'x)
X
1 ; A
d_U Iog(X+x)+ X+ ><1_)(2
= dx T
1
()
du 1 1 1

Eep

1 1 21

du 2 e+ D)L =

> gx = (x+ x)'[log( X)+ X2+
du 1 Q x+1'

N Z( _ (x+ X)’[X2+1 + Iog( X) (2)

o
= togy= .og[x(”)]

1
= logv = (1 + )_()Iogx

Differentiating both sides with respect to x, we obtain

tao a1 Nl
vax T [dx( X)] x logx + (1 * X)~ axlogx
1av d, 1 14

> = [5((1 * X)] x logx + (1 + )_() axlogx

1 av logx
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+x+
dv . logx 2x 1
L { B
+1-
dv . x+1-logx
—_— _ 1+3\ —
> X( )[ pes -3

Therefore, from (1), (2) and (3), we obtain

X2 -1 1 x+1-logx

e (Hi){ﬁﬂog(“?)}+X(1+%)[—T]

#421070
Topic: Continuity of a Function

Find the values of k so that the function fis continuous at the indicated point:

kcosx m
S XFE
m—2x 2
m m
F 3,x=- atx= =
2 2
Solution
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Given definition of fis

kcosx
, Ifx# —
m=2x
m
NF 3, ifx=— e (1)
2
m
Since, fis continuous at -

2

m

So, LHL = RHL = (;) e (2)
lim
Now, LHL = L
2

m
_ lim —

= my
h=0 (2 —h)

m
k(:os(2 - h)
lim

=

ksinh

= lim

hs0 2h

k sinh
= Tlim T

2ha0 h

P sinx
- .. lim -

( ' X-’o X 1)

Also, by (1)

Substituting these values in (2), we get

#421076
Topic: Continuity of a Function

Find the values of k so that the function fis continuous at the indicated point:

kx?, ifx<2
X =13, ifx>2 atx=2

Solution
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kx?, ifx < 2

The given function is fx) 9 3 ifx > 2

The given function fis continuous at x = 2
lim x»2fx) = lim x»2fx) = A2)

= lim x+2(kx?) = lim x»2(3) = 4k

= k-22=3=4k

= 4k=3 =4k

= 4k=3

3
Therefore, the required value of kis —.
4

#421086
Topic: Continuity of a Function

Find the values of k so that the function fis continuous at the indicated point:
k2, ifx<m
fiX) =!cosx, ifx>m

atx= g

Solution

For f{x) to be continuous at x = i
lim _ lim

PR A O

= ki = cosrm

= kp? = -1

>k=-—

#421091
Topic: Continuity of a Function

Find the values of k so that the function fis continuous at the indicated point:
kx+1,ifx<5
fix) =[3x—5, ifx>5atx=5

Solution
kx+1, ifx<5
The given function is fx) =[3x— 5, ifx>5
The given function fis continuous at x = 5, if fis defined at x = 5 and if the value of fat x = 5 equals the limit of fat x= 5
Itis evident that fis defined at x = 5 and f5) = kx+1= 5k +1
lim x+5"fix) = lim x»5"fix) = f5)
= lim x+5(kx+1) = lim x+5(3x-5) = 5k+1
= 5k+1=15-5=5k+1
= 5k+1=10

9
=>5k=9= k=—
5

Therefore, the required value of kis 2
5

#421104
Topic: Continuity of a Function
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Find the values of g and p such that the function defined by

5, ifx<2

ax+b, if2<x<10
T o1 ifxs 10 is a continuous function.
Solution

Given definition of fis

5, ifx<2
ax+b, if2<x<10
X 21, ifx=10 ()

Also, given fx) is a continuous function.
So, fix) is continuous at all points .
So, fix) is continuous at x = 2

lim lim

= X =

X»2 X2

N =A2) 2)

Now, RHL = lim %)

x=»2"
lim
= +
h=0 A2 +h)
lim

= a2+ h+b

= RHL=2a+b

Also, f2) =5
Substituting these values in (2), we get

2a+b=5 . 3)

Also, flx) is continuous at x = 10

m pg= M f9=m0 @

" x+10 Xx+10

Now, [ p = lIm R

X=10
_ lim _
= hwo 101
lim

= o0 a0~ )+ b

=10a+b

Also, by (1), f10) = 21
Substituting these values in eq (4), we get

10a+b =21 er(B)

Solving eq (3) from eqn (5), we get
8a=16

>a=2

Put this value in (3), we get
22)+b=5

=>b=1

#421214
Topic: Rolle's Theorem and Intermediate Value Theorem

Verify Rolles Theorem for the function fix) = X2 +2x-8,x€ [-4,2]
Solution
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f(x) = x> +2x-8

= 19 = (x+ 4)x - 2)

FX)=2x+2

We know every polynomial function is continuous and differentiable in R.
In particular fis continuous and differentiable in [ - 4, 2]

Also f{ - 4) = 2) = 0

Thus there will exist ¢ € (- 4, 2) such that £(¢) = 0
=22c+2=0=>c=-1€(-4,2)

Hence, Rolle's theorem verified.

#421216
Topic: Rolle's Theorem and Intermediate Value Theorem

Examine if Rolles theorem is applicable to any of the following functions. Can you say some thing about the converse of Rolles theorem from these example ?
(i) ) = [ for x € [5, 9]

(i) ) = [ for x € [-2,2]

(i) fx) = x 2 = 1for x € [1,2]

Solution

Rolle's theorem holds for a function f:[4, b] + R, if following three conditions holds-
(1) fis continuous on [, b]

(2) fis differentiable on (a, b)

(3) fla) = Ab)

Then, there exists some ¢ € (a, b) such that f'(c) =0.

Rolle's Theorem is not applicable to those functions that do not satisfy any of the three conditions of the hypothesis.

(i)

Given fix) = [x] for x € [5, 9]

Since, the greatest integer function is not continuous at integral values.
So, fix) is not continuous at x=5,6,7,8,9

So, fix) is not continuous in [5, 9.

Since, condition (1) does not holds ,so need to check the other conditions.

Hence, Rolle's theorem is not applicable on given function

(i)

Given function fix) = [x] for x € [- 2, 2]

Since, the greatest integer function is not continuous at integral points.
So, fix) is not continuous at x= -2, -1,0,1,2

fix) is not continuous in[ - 2, 2].

(iii)

) =x*-1forxe 2]

It is evident that £ being a polynomial function, is continuous in [1, 2] and is differentiable in (1, 2).
Also f1) = (1)2 -1=0

and f2) = (2)2-1=3

o ) = f2)

It is observed that fdoes not satisfy a condition of the hypothesis of Rolles Theorem.

Hence, Rolles Theorem is not applicable for fx) = 2 - 1for x € [1, 2.
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#421219
Topic: Lagrange's Mean Value Theorem

Verify Mean Value Theorem, if fx) = X2 — 4x - 3 in the interval [a, b] where g =1and p = 4.

Solution
The given function is fix) = x2 - 4x- 3
fbeing a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4) and derivative is f'(x) =2x-4.

Now f1)=12-4-1-3= -6,/4)=42-4-4-3= -3
Jfo-fa) f4-A) -3-(-6) 3 _

b-a = 4-1 = 3 =3
fib) - fa)
Mean Value Theorem states that there is a point ¢ € (1, 4) such that
fla= pop =1

=2c-4=1

5
=>c=—€(1,4)

2

Hence, Mean Value Theorem is verified for the given function.

#421220
Topic: Lagrange's Mean Value Theorem

Verify Mean Value Theorem, if fix) = 3 - 5x2 - 3xin the interval [a, b], where g = 1and p = 3. Find all c¢ (1, 3) for which f'(c) =0.

Solution
The given function is flx) = x3 - 5x2 - 3x
fbeing a polynomial function, so it is continuous in [1, 3] and is differentiable in (1, 3) whose derivative is 32 - 10x - 3.

M=13-5-12-3-1= -7,3)=3%-5-32-3.3= -27
b -fa) A3 -A) -27-(-7)
" b-a T 3-1 T 3-1

Mean Value Theorem states that there exist a point ¢ € (1, 3) such that £(¢) = -10

=-10

=32-10c-3=-10
=32-10c+7=0
=23c2-3¢c-7¢+7=0
= 3dc-1)-7(c-1)=0
> (c-1)Bc-7)=0

7 7
=>c=1—,wherec=— € (1,3)
3 3

Hence, Mean Value Theorem is verified for the given function and ¢ =

Wi

€ (1, 3) is the point for which £(q = 0

#421864
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x:

(3x% - 9x+5)°

Solution

Let y=(3x2-9x+ 5)9
Using chain rule, we obtain
dy d

— _ —n.2_ 9

dx = axBx" ~9x+5)

d
T 93x2 - 9x+5)8. x(3x2 - 9x+5)

=9(3x% - 9x+ 5)8 (6x-9)
= 9(3x% - 9x+ 5)8.3(2x - 3)
= 27(3x% - 9x+ 5)8(2x - 3)

#421877
Topic: Algebra of Derivative of Functions
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Differentiate the given function w.rt. x:

sin3x + cos®x

Solution

Let y=sin3x+ cos®x
dy d d
" ax = axlsin®X + Gxlcos®x)
d d
 3sin2x. gy (SinX) + 6cos®x. gy (cosx)
= 3sin2x. cosx + 6cos X, (- sinx)

= 3sinxcosx(sinx - 2cos*x)

#421884
Topic: Logarithmic Differentiation

Differentiate the given function w.rt. x:

(5)()3cos 2x

Solution

We have y = (5)()3cos 2x

Taking logarithm on both the sides, we obtain
logy = 3cos2xlog5x

Differentiating both sides with respect to x, we obtain

19y a a
;;( = 3[log5x gx(cos2x) + COSZXdX(|Og5X)}

d a 14
= o = 3)]1095x( - sin2x). (2 + cos2x. 5y dX(Sx)]

dy cos2x
= ox = 3| ~2sin2xog5x+ T ]

dy 3cos2x '
= gx =3 x = 65|n2x1095x]

dy 3cos2x
“ gx = (5x3co0s 2 x = 6sin2xiog5x]

#421890
Topic: Differentiation of Functions in Parametric Form

le]
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find 4

x=2aP,y=at*

Solution

The given equations are x = 2a42, y = a*

Then ax d d
gt = at(2af) = 2a. Gi(h? = 2a. 2t = 4at
g d d

gt = arlath) = a gt = a 4.8 = 4aP

f

d_,V dx, 4a f3

dt = () = aat = £

#421892
Topic: Differentiation of Functions in Parametric Form
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If xand y are connected parametrically by the given equation, then without eliminating the parameter, find Z—y
X
X = acosb, y = bcos®

Solution

The given equations are x = acos8, y = bcos@

Th dx d
e g9 = dglacos) = a( - sinb) = - asind
d dy d

40 = do(bcosb) = b( - sin6) = - bsin

dy
ﬂ/ dx - bsin@ 9
" dx T (8] T -asin@ T a

#422183
Topic: Differentiation of Functions in Parametric Form

d
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find d_y
X
X = sint, y = cos2t
Solution

We hae x = sint, y = cos2t

ax d
= Gt = gilsing = cost
and ﬂ/ d d

at = gtlcos2f = —sin2t. G421 = - 2sin2t

f

ay ax. —-2sin2t  -2.2sinfcost
*dx T (dt = cost = cost = —4sint
#422202

Topic: Differentiation of Functions in Parametric Form

If xand y are connected parametrically by the given equation, then without eliminating the parameter, find Z—y
X

4
x=4ty=7

Solution

We haveX: 4ty=
dx d

T g =4

~ 1D

-1

dy d 4 al > -4
and at = dt(t):4~ dt(t)_4‘(t ): 2

ay,
;
-4
ﬂ/ ax z __1
ax (E) =4 =g
#422225

Topic: Differentiation of Functions in Parametric Form

If xand y are connected parametrically by the given equation, then without eliminating the parameter, find Z—y
X

X = cosB - c0s26, y = sinf - sin20

Solution
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We have x = cos6 - cos26, y = sinf - sin26
ax

= g0 = 2sin20 - sinf
ay

and Jg = cosf - 2cos26

dy,
§
dy dx cosB - 2cos26

“dx T |d8] T 2sin26-sin@

#422410
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x:

cos(acosx + bsinx), for some constant gand p.

Solution

Let y = cos(acosx + bsinx)

By using chain rule, we obtain

dy d
dx = dxcos(acosx + bsinx)
dy d
= dx = —sin(acosx+ bsinx). gy (acosx+ bsinx)

= - sin(acosx + bsinx). [a( — sin) + bcosx]

= (asinx — bcosx). sin(acosx + bsinx)

#422537
Topic: Differentiation of Functions in Parametric Form

d
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find _y'

ax
x = a0 - sin), y = a(1 + cosb)

Solution

x = a(@ - sinf), y = a(1 + cosb)

ax
= ‘go = a(1 - cosb)
& dx
‘gg = a0+ (-sinf) = - asind
@
do
6 6 6
- —-2sin;cos>,  —cos;
dy o dx -asind i e 1 6
oW =8 = = 6 = 6 = —cots
ax d8 a(1 - cosb) Zsin25 sin cotp
#422558

Topic: Differentiation of Functions in Parametric Form

d
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find _y'

sin’t 5t

X= 4Jcos2t Y = 4/cos2t

Ccos

Solution

sin®t 3¢

X= Jcos2t¥Y = +/cos2t

) ) cos
The given equations are

.3
t
g._sin

ax
VcosZt]

Then, gt = gt
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4 qd —
A/cos2t. —(sin3t) - sin3t —+/cos2t
_ dt(sm = sin p

cos2t
4/cos2t. 3 2zd(‘ ) 3tx;d( 21)
. 3sin“t—(sin?) - si ——— —(cos.
SN at SN o4 /cos2t dt
= cos2t
N sin3t
3+/c082t gjnZtcost - ———. (- 2sin21)
2+/cos2t

= cos2t

3c0s2tsin2tcost + sin3tsin2t

cos2t~/cos2t

d d cos’t
gt = ;,[ 1/cos2t]

~/cos2t, — 3 - 3t —/cos2t
_ dt(cos - cos p

cos2t

1

— d
€0s2t. 3cos2t. —(cost) — cos3t. T ——. —(cos2
:V cos dz‘( - cos oJcos2t dt( i}
cos2t
- 3 1
34/c0s2t, 2 - sint) - t ———.(-2sin2
_ V! cos?H( ) - cos 2-\/c052t( ]
cos2t

—3C0521’505215in[+ cos3ISiI’12f

= cos2t+/cos2t

5

dy ax
odx = (dt) = 3c0s2t sin?t cost+ sin3tsin2t

—3c0s2t. cos?t sint+ cos3tsin2t

-3c0s2t. cost. sint + cos3H2sintcos?)

3c0s2t. sin?t. cost + sin342sintcost)

sintcosf — 3cos2t. cost+ 2¢cos>1

= sintcosf3cos2t sint+ 2sin31

[ - 3(2cos?t - N)cost + 2cos>1]
= [301- 2sin?gsint + 2sin>1]

*4cos3t+ 3cost

= 3sint- 4sin3t
—-cos3t
sin3¢ = —cot3t
#422745

Topic: Differentiation of Functions in Parametric Form
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a)
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find d_y
X

t
x= a(cost+ logtan 5)’},: asint

Solution

t
The given equations are x = a(C05f+ Iogtanf), y = asint

ax L d d !
Then, 5, = a[ grlcosd + dt(logtanz)]

g,
—sint+ t —[tanp
sin tany dt(

t t d,t

= a[ - sint+coty. sec?. 3(2)]

t
cosy 1

- sint+ tox

tox
=a siny;  cos“2 2

1

-sint+ _ t t
2sin;cos;

Cein2t 4
sin%ttl cos?t
= sint )— a

sint

dy d
& = — .
gt = aqgylsing) = acost

ay
dt
acost

dy  adx cos” t sint
w =g =[Fsint | = = tant
ax dt cost

#422761
Topic: Logarithmic Differentiation

Differentiate the given function w.rt. x:

X+ x?+ g8+ 52, forsome fixed g > 0 and x> 0

Solution
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Let y= X+ x7+ 35+ 5°
Alsolet, =y, x7=v, g¥=w, and 4@ =

Sy=utvtwts

dy du dv dw ds M

7 dx=axtax* dx * dx
u=x

= logu = logx*

= logu = xlogx

Differentiating both sides with respect to x, we obtain

1du d d
udx = 109X (X + x. gy(logx)
du 1_
= gx = {Iogx.1 + XX]
du 2
7 ox = xXTlogx+ 1= (1 + logx) ™
V= Xa
. dav d
“ax = ax(x
av
= el 3)
w= g%

= logw = logg*
= logw = xloga

Differentiating both sides with respect to x, we obtain
1 dw d

W dx = loga. gx(X)

aw

dx = Woga

aw

ds
L — e 5
dx =0 )
From (1), (2), (3), (4) and (5) we obtain
dy

dx = X1 +logx) + ax?~ 1+ g¥loga + O

= 1+ logx) + ax?~ 1+ g¥loga

#422775
Topic: Differentiation of Functions in Parametric Form

d
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find d_y
X

x = asech, y = btan6

Solution

x = asecb, y = btan6
dx d
= 76 = a. gglsech) = asec6tand
dy d
96 = b ggtané) = bsec?6

dy  dx bsec?6 b bcosO b 1 b

“ dx =[] = asecOtand = aS€COCOtO = 4c050sind = a X sin® = aC0SECO

#422784
Topic: Differentiation of Functions in Parametric Form
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a)
If xand y are connected parametrically by the given equation, then without eliminating the parameter, find d_y
X

x = a(cosB + 6sinB), y = a(sinb - Bcosb)
Solution

The given equations are x = a(cos@ + 6siné), y = a(sin@ — Bcosh)
dx d d d d
Then, 7g = a[%cos@+ %(Gsine)] = 3[— sin@ + 6 4g(sin6) + sinG%(G)]

= g[ - sinB + BcosB + sinf] = abcosO

- a a a
& 4= a[ 4p(sin6) - de(ecose)] - a[cose— (Gdg(cose) + cosé. de(e))]

= g[cosO + Bsind - cosb]
= absinb
@
[
dy ax absinf
“ dx = [d8) = abcos6 = tanb

#422827

Topic: Differentiation of Functions in Parametric Form
. oay m m

Find = 1~ 12(1 - cost, x = 10(t-sing, -5 <t< 3

Solution

We have, y = 12(1 - cos), x = 10(t - sin?)
adx
= gt =10(1- cost)

&Y
Tt = 12.10 - (- sinf] = 12sint

dy,

dt
t t
12.2sin7. cosy
ay dx, 12sint - < “

dx ~ | dt] T 10(1-cost) T 10-25in2§t

#422844
Topic: Algebra of Derivative of Functions

. ody 5
Find d—};, ify=gin " x+sin~ /1 x4 —1<t<1

Solution

- -2
y=sin"x+sin /1~ x

dy d ]
~dx = E([sin*)(’fsin*“\ﬂ_x ]
¥ ¢ a
= ox = axlsin T+ Zelsin 1175
dy ! R —
=dx T A1-x2F '\/17(1/1—x2)2' ax(V17x)
v L= 1 L4
=>dx:r\/1*X2+X‘2'\/1’X2'dX(1_X2)
dy ! '
= ax T /12 T 2x/1- 2 (72X
dy 1 1

o

ﬁ;(:‘\/1_x2*‘\/1_x2:

#459518
Topic: Continuity of a Function
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Discuss the continuity of the following function:

fix) = sinx + cosx

Solution

Here clearly both sinx and cosx are defined in their domain.

Let's assume that g(x) = sinxand fx) = cosx

Let's first prove that g(x) is continuous in it's domain.

Let ¢ be a real number, put x= c+ h

Soif x = ¢ thenitmeansthat h = 0

lim x»c g(x) = lim x=c sin(x)
Putx=h+c

And as mentioned above, when y — then it means that h — 0

Which gives us  lim n=0 sin(c+ h)

Expanding sin(x + h) = sin(h)cos(c) + cos(h)sin(c)

Which gives us  lim #-0 sin(h)cos(c) + cos(h)sin(c)

= sin(c)cos(0) + cos(c)sin(0)

= sin(o)

So here we get,

And this proves that sin(x) is continuous all across its domain
Let's prove that fx) = cos(x) is continuous in it's domain.

Let cbe a real number, put x= c+ h

Soif x = cthenit meansthat h = 0

flc) = cos(c)

lim x»>cfX) = lim x=c cos(x)
Putx=h+c

And as mentioned above, when x = cthen it means that h = 0

Which gives us  |im h=0 cos(c+ h)

Expanding cos(h + ¢) = cos(h)cos(c) — sin(h)sin(c)
Which gives us  lim h=0 cos(h)cos(c) — sin(h)sin(c)
= cos(c)cos(0) — sin(c)sin(0)

= cos(q)

This gives us

lim x»c g(x) = lim x=»csin(x) = sin(c) = g(c)
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And this proves that cos(x) is continuous all across its domain

So by theorem. If function fand function g are contnous then f+ g is also continous.

There for sin(x) + cos(x) is continious.

#459519
Topic: Continuity of a Function

Discuss the continuity of the following function :

fix) = sinx — cosx

Solution

Here clearly both sinx and cosx are defined in their domain.

Let's assume that g(x) = sinxand fx) = cosx

Let's first prove that g(x) is continuous in it's domain.

Let cbe a real number, put x=c+ h

Soif x = cthenitmeansthat h = 0

lim x=c g(X) = lim x= csin(x)

Putx=h+c

And as mentioned above, when x = cthen it means that , = 0

Which gives us  lim h=0 sin(c+ h)

Expanding sin(x + h) = sin(h)cos(c) + cos(h)sin(c)

Which gives us  lim n=0 sin(h)cos(c) + cos(h)sin(c)

= sin(c)cos(0) + cos(c)sin(0)

= sin(c)

So here we get

lim x=c g(x) = lim x= ¢ sin(x) = sin(c) = g(c)

And this proves that sin(x) is continuous all across its domain

Let's prove that fx) = cos(x) is continuous in it's domain.

Let ¢ be a real number, put x= c+ h

Soif x = cthenit meansthat h = 0

flc) = cos(c)
lim x=c fX) = lim x= ¢ cos(x)

Putx=h+c

And as mentioned above, when x = cthen it means that h = 0

Which gives us  lim h=0 cos(c + h)
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Expanding cos(h + o) = cos(h)cos(c) — sin(h)sin(c)
Which gives us lim n=0 cos(h)cos(c) - sin(h)sin(c)
= cos(c)cos(0) — sin(c)sin(0)
= cos(o)
This gives us

lim x=c g(x) = lim x=csin(x) = sin(c) = g(9

And this proves that cos(x) is continuous all across its domain

So by theorem, if function fand function g are continous, then f- g is also continous.

Therefore sin(x) - cos(x) is continous.

#459520
Topic: Continuity of a Function

Discuss the continuity of the following function :

fix) = sinx. cosx

Solution

Here clearly both sinx and cosx are defined in their domain.

Let's assume that g(x) = sinxand fx) = cosx

Let's first prove that g(x) is continuous in it's domain.

Let cbe a real number, put x= c+ h

Soif x = cthenit meansthat h = 0

lim x=c g(X) = lim x= ¢ sin(x)
Putx=h+c

And as mentioned above, when x = cthen it means that h = 0

Which gives us  lim h=0 sin(c+ h)

Expanding sin(x + h) = sin(h)cos(c) + cos(h)sin(c)
Which gives us  |lim h=0 sin(h)cos(c) + cos(h)sin(c)

= sin(c)cos(0) + cos(c)sin(0)

= sin(c)

So here we get,

lim x»c g(x) = lim x= csin(x) = sin(c) = g(c)
And this proves that sin(x) is continuous all across its domain

Let's prove that fx) = cos(x) is continuous in it's domain.

Let ¢ be a real number, put x= c+ h
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Soif x = cthenit meansthat h = 0

flc) = cos(c)

lim x=c fX) = lim x= c cos(x)
Putx=h+c

And as mentioned above, when x = cthen it meansthat h = 0

Which gives us  lim h=0 cos(c+ h)

Expanding cos(h + o) = cos(h)cos(c) — sin(h)sin(c)
Which gives us  lim 1= 0 cos(h)cos(c) - sin(h)sin(c)
= cos(c)cos(0) — sin(c)sin(0)

= cos(o)

This gives us

lim x=c g(X) = lim x= csin(x) = sin(c) = g(c)

And this proves that cos(x) is continuous all across its domain

So by theorem, if function fand function g are continous, then £, g is also continous.

There for sin(x). cos(x) is continous.

#459521
Topic: Continuity of a Function

Discuss the continuity of the cosine, cosecant and secant functions.

Solution

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=18&qid=418927%2C+418764%2C+4...

29/34



7/4/2018 https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=418927%2C+4187...

Functiony = f(x) is continuous at point x = a if the following three conditions are satisfied :

i.) f(a) is defined ,

Sy lim ’ S e

. exists (i.e., is finite) ,
||)X_.a fix) exists (i.e., is finite)
and

sy lim
iii. =
) ot %) = a)
We can also see the continuity by graph of function
j) Cosine

Cosine is continuous function

jjcosecant

Cosecant is discontinuous at x = nir where n is integer

jijSecant

. . . nimr
Secant is discontinuous at x=7

where n is integer

i) Cosine ¥
17 ~

LTS 71N 7]

0

ANV A/
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dr-3m2 -m -m2 0 w2l w 3n72 Im
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#459523
Topic: Continuity of a Function

Show that the function defined by fx) = Cos(xz) is continuous in its domain.

Solution
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Let's assume that p(x) = x2 and g(x) = cosx

S0 fix) = (goh) = cos(x?)

Let's prove that g(x) = cos(x) is continuous in it's domain.

Let ¢ be a real number, put x= c+ h

Soif x = cthenit meansthat p = 0

flc) = cos(c)
lim x=c fx) = lim x= c cos(x)
Putx=h+c

And as mentioned above, when x = cthen it means that h = 0

Which gives us  lim h=0 cos(c+ h)

Expanding cos(h + o) = cos(h)cos(c) — sin(h)sin(c)
Which gives us  lim =0 cos(h)cos(c) - sin(h)sin(c)
= cos(c)cos(0) — sin(c)sin(0)

= cos(o)

And this proves that cos(x) is continuous all across its domain

Now let's see if 42 is continues in its domain

lim x=h h(x) = lim x=h x2 = 42 = h(c) and this proves that p(x) is continuos in its domain.

So by theorem: If function fand function g are continuous then fog is also continuous.

There for cos(x?) is continuous across its domain.

#459525
Topic: Continuity of a Function

Show that the function defined by f(x) = Icosxl is continuous.

Solution
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Let's assume that p(x) = cos(x) and g(x) = | x|

So fx) = (goh) = Icos(x)]

Let's prove that p(x) = cos(x) is continuous in it's domain.

Let ¢ be a real number, put x= c+ h

Soif x = cthen it meansthat h » 0

h(c) = cos(c)
lim x=c A(x) = lim x=c cos(x)

Putx=h+c

And as mentioned above, when x 4 ¢then it means that h » 0

Which gives us lim n+0 cos(c + h)

Expanding cos(h + o) = cos(h)cos(c) — sin(h)sin(c)
Which gives us  lim n+0 cos(h)cos(c) - sin(h)sin(c)
= cos(c)cos(0) — sin(c)sin(0)
= cos(o)
This gives us
lim x»c A(X) = lim x=»c sin(x) = sin(c) = h(c)

And this proves that cos(x) is continuous all across its domain

Here g(x) is given by | x|

And | x| = - xfor x< 0 and xfor x>0

Forc<0

lim x»cg(¥) = - ¢ = g(¢) and

For¢c>0

lim x»cg(X) = ¢ = g(c) which shows that | x| is continuous in its domain

So by theorem: If function 4 and function g are continuous then gop is also continuous.

There for | cos(x)| is continuous across its domain.

#459545
Topic: Differentiation of Implicit Functions
dy 1
If x+/1+y+y~/1+x=0,for-1< x <1, prove that — _
dx T 1+ %2

Solution
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Given, xo/1+ y+y4/1+x=0

If we differentiate this function with respect to x, then we get

X d y dy ——
_—y+—_+—y1/1+x=0
24/1+ydx 24/1+x  dx

Vity+

1
Taking out ﬂ/ one side, we get ﬂ/ =
dx dx  (1+x)?

#459549
Topic: Continuity and Differentiability

If fix) = |x3. show that ¢"(x) exists for all real xand find it.

Solution

Given, fix) = | x| 3

Removing mod, we get
3 if x>0

fx) {X3 if x<0

For case: when x> 0

(¥ =32

= £ (4 = 6x

Now lets see for x < 0

0= -3

> (= -6x

This shows that £ (x) exist and is given by

6Xx if x>0
9 =[—6x if x<0

#459552
Topic: Continuity of a Function

Does there exist a function which is continuous everywhere but not differentiable at exactly tow points? Justify your answer.

Solution

Yes there exist such a function
fx) = Ix=11 + Ix-2|

As you can see the graph of the function, this function is continuous at every point. But it is differentiable at exactly two points, viz (1,1) and (2, 1) because of a sharp turn.

A

\ (0,3) 3.3

1L,1) (2,1
( I) (I )I I>

#459554
Topic: Higher Order Derivatives
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If - how th Sy &
y=e¥o0s 'X —-1< x<1showthat , 5\ — —
(1 Xz)dxzixdxfazyzo

Solution

acos’“xdy acos ' x ! dzy acos ™! x 52 acos™'x ! L

= —_— = x a - 5 — = X - X gx — X
y=e ax € ’\/1_X2dx2 e -2 e > (1‘x2);
Now,
-1
a? d) B _ x acos ! x — )
(1-x2 2d—xi/—XFy—a2yazeaC°5 "x - gacos™ xx ax ﬁ’f)(x(e o a’\/ ‘XZ)-azxe"’COS 'x=0
X XNz
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#418766
Topic: Continuity of a Function

Examine the continuity of the function fx) = 2,2 - 1at x = 3.

Solution

We have fix) = 2x2 -1
Atx=3,/x=13)=2(3)2-1=17

and |im x»3fx) = lim x=3(2x% - 1) = 2(3)2 - 1=17
Clearly im x»34x) = f3)

Thus, fis continuous at x = 3,

#418770
Topic: Continuity of a Function

Examine the following functions for continuity.

O9=x-5 (9= ——x=5
x=5
X2

(iil) Ax) =

-25 )
, Xx# -5 (iv) %) = Ix- 51
x+5
Solution
U]
Given function is polynomial of degree one,
and we know every polynomial function is continuous for all x € R

Hence fis continuous.

(i)
The given function is flx) = LS x#5
X—

For any real number k # 5, we obtain

lm g = im_1 1

x+k x+k x-5 k-5

Also, flK) = ﬁ (Ask = 5)

lim x=kfx) = 1K)

Hence, fis continuous at every point in the domain of Fand therefore, it is a continuous function.

(iii)
X2 -25

The given function is flx) =
x+5

,x%z5

For any real number x # - 5, we obtain

lim (X558

lim -

X=+C f(X) B X=+C x+5 5
lim x=»cfix) = flo)

Hence,

fis continuous at every point in the domain of fand therefore, it is a continuous function.

(iv)
5-xifx<5
The given functionis fix) = Ix- 51 ={ x-5,ifx> 5

The function is defined at all points of the real line.
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Let cbe a pointon areal line. Then,c<50or¢c=50r¢>5
Casel:c<5
Then, igg=5-c¢
lim x»cfix) = limx»(5-x=5-¢
. lim x»cfix) = o)
Therefore, fis continuous at all real numbers less than 5.
Casell:c=5
Then fg) = A5) = (5-5) = 0
Then, |im x»5Ax) = lim x»5(5-x = (5-5)=0
lim x»5fx) = lim x»5(x-5) =0
s lim x»5fx) = lim x>5fx) = flc)
Therefore, fis continuous at x = 5
Caselll:¢>5
Then, fig)=f5)=c-5
lim x»>cfix) = lim x»x-5)=c-5
s lim x»cfix) = fc)
therefore, fis continuous at all real numbers greater than 5.

Hence, fis continuous at every real number and therefore, it is a continuous function.

#418772
Topic: Discontinuity of a Function

Show that the function defined by g(x) = x - [x] is discontinuous at all integral points. Here [x] denotes the greatest integer less than or equal to x.

Solution

The given function g(x) is defined at all integral points.

Let nh be an integer.

Thengin)=n-n=n-n=0

LHL atx=np=limy, -gx)= M, ~(x={x)=n(n-1=1
RH.L atx=n= limy, +gx)= lim,, +(x-{x)=n-n=0
Since [ H.L. # R H.L.

Therefore gis not continuous at x = n, i.e., g(x) is discontinuous at all integral points.

#418941
Topic: Continuity of a Function

Is the function rdefined by
X, ifx<1
fix) = [5, ifx>1

continuous at x = 0? At x = 1? At x = 27

Solution

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=421237%2C+421167%2C+42...
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The given function is

X, ifx <1
fx) =[5,ifx>1
Atx=0

It is evident thatfis defined at 0 and its value at Q is 0.
Then lim x»0fx) = lim x=0x=0
lim x+0fx) = f0)
Therefore, fis continuous at x = 0
At x =1,
fis defined at 1 and its value at 1is 1.
The left hand limit of fat x = 11is,
lim x+1fx) = lim x»1x=1
The right hand limit of rat x = 1 s,
lim x»1/x) = lim x»1(5) = 5
lim x=1fx) # lim x=1fx)
Therefore, fis not continuous at x = 1.
At x =2,
fis defined at 2 and its value at 2 is 5.
Then, |im x=2fx) = lim x»2(5) =5
o lim x»2fx) = f2)

Therefore, fis continuous at x = 2

#418989
Topic: Discontinuity of a Function

Find all points of discontinuity of £ where fis defined by

2x+3, ifx<2
fix) :[2)(*3, ifx>2

Solution
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2x+3,ifx< 2
The given function is fx) :[2)(_ 3,ifx> 2
It is evident that the given function fis defined at all the points of the real line.
Let ¢ be a point on the real line. Then, three cases arise.
(c<2
(i) ec>2

(i) c=2

Case (i)

c<2

Then, g =2c+3

lim x»cfix) = lim x>2x+3)=2c+3

. lim x=cfiX) = 0

Therefore, fis continuous at all points x, such that x < 2

Case (ji)

c>2

Then, fig) = 2¢-3

lim x=cfiX) = lim x»2x-3)=2c-3
. lim x=cf(X) = i)

Therefore, fis continuous at all points x such that, x > 2

Case (iii)

c=2

Then, the left hand limit of Fat x = 2 is,

lim x+2fx) = lim x»22x+3)=2x2+3 =7

The right hand limit of fat x = 2 is,

lim x»2fx) = lim x»2(2x-3)=2x2-3=1

It is observed that the left and right hand limit of fat x = 2 do not coincide.

Therefore, fis not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of £

#418993
Topic: Algebra of Derivative of Functions

Differentiate the function with respect to x

cosx®. sin%(x°)

Solution

Let fx) = cosx®. sin(x°)

d d d
“ £ (0 = gxlcosx®. sin?(x°)] = sin?(x®) x gxlcosx®) + cosx® x gylsin2(x°)]
d d
= sin?(x%) x (= sinx3) x Gy (x3) + cosx® x 2sin(x%). gylsinx’]
d
= - sinxsin2(x®) x 3x% + 2sinx®cosx®. cosx® x gx(x®)

= - 3x2siny3. sin2(x>) + 2sinxScosx3cosx3 x 5x4

= 10x%sinx5cosx5cosx3 - 3x2sinx3sin2(x°)

#418996
Topic: Discontinuity of a Function
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Find all points of discontinuity of £, where fis defined by
Ixl +3=-x+3,ifx< -3
-2x,if-3<x<3

143 6x+2,ifx> 3

Solution
Ixl +3= -x+3,ifx< -3
-2x,if-3<x<3

The given function is fx) 6x+2.ifx>3

The given function is defined at all the points of the real line.
Let ¢ be a point on the real line.
Casel:
Ifc< -3,thenfig= -c+3
lim x»>cfix) = lim xso( - x+3)= —c+3
. lim x»>cfix) = o)
Therefore, fis continuous at all points x, such that x < -3
Caselll:
Ifc=-3,thenf-3)= -(-3)+3=6
lim x»37fix) = lim x+3(-x+3)= - (-3)+3=6
lim x»3"fx) = lim x+3(-2x) = -2x(-3)=6
. lim x=3fx) = - 3)
Therefore, fis continuous at x= -3
Casellll :
If-3 < c<3,then fig= -2cand |im xscfix) = lim x»(-2x) = - 2c¢
. lim x»cfix) = fio)
Therefore, fis continuous in (- 3, 3).
Case IV:
If ¢ = 3, then the left hand limit of fFat x = 3 is,
lim x»3fx) = lim x»3(-2x)= -2x3= -6
The right hand limit of rat x = 3 is,

lim x+3Ax) = lim x+3(6x+2) = 6x3+2 =20

It is observed that the left and right hand limit of fat x = 3 do not coincide.

Therefore, fis not continuous at x = 3

Case V:

If ¢>3,then fig) = 6¢+2and lim x»cfix) = lim x»6x+2) = 6¢c+2
lim x=cfix) = flo)

Therefore fis continuous at all points x, such that x> 3

Hence, x = 3 is the only point of discontinuity of £

#419265
Topic: Discontinuity of a Function

Find all points of discontinuity of £, where fis defined by

I x1
—,if x20
X

N3 0,if x=0

Solution

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=421237%2C+421167%2C+42...

5/31



7/4/2018 https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=18&qid=421237%2C+4211...

I x|
—,ifx2 0
The given function is fx) 0.ifx=0
Itis known that, for x < 0, | x| = - xand for x>0, | x| = x

Therefore given function can be rewritten as

Ixl -x
— _ —=-1ifx<0
X X
0,ifx=0

i = I1xI

The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.
Case l:
If c<0,then fig= -1
lim xscfix) = [Im xs =1 = -1
*lim x»cfixX) = o)
Therefore, fis continuous at all points x < 0
Casell:
If ¢ = 0, then the left hand limit of fat x = Q is,
lim x+0fx) = lim x=0(-1) = -1
The right hand limit of rat x = 0 is,
lim x=+0fx) = limx~0(1) = 1
It is observed that the left and right hand limit of x = 0 do not coincide.
Therefore, fis not continuous at x = 0
Casellll :
If ¢> 0, then fig) =1
lim x»cf(x) = lim x>c(1) =1
. lim x»cfix) = o)
Therefore, fis continuous at all points x, such that x > 0

Hence, x = 0 is the only point of discontinuity of £

#419272
Topic: Discontinuity of a Function

Find all points of discontinuity of £, where fis defined by

X
— if x<O

p I x!

K1 i xs0

Solution
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X
ﬁifx <0
X
The given function is f(x) “ifx> 0
Itisknownthat x< 0 = x| = - x

Therefore, the given function can be rewritten as

X X
— _ — = -1ifx<0

p Ixl = =x

(& —1ifx> 0

> f(x)= -1forallxe R

Let ¢ be any real number. Then, |im x»cf(x) = lim x»-1) = -1
Also, f(c) = = 1= lim x=cf(x)

Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

#419282
Topic: Discontinuity of a Function

Find all points of discontinuity of £, where fis defined by
x+1, if x>1
) x2+1, if x<1

Solution

x+1,ifx>1
The given function is fx) :{Xz +1,ifx <1

The given function is defined at all the points of the real line.
Let ¢ be a point on the real line.
Casel:c<1then fig = 2 +1and lim x»cf(x) = lim x-c(x2+1) = 2 +1
lim x=cfix) = o)
Therefore, fis continuous at all points x, such that x < 1
Casell: c=1,then g =f1)=1+1=2
The left hand limit of fat x = 1is,
limx-1fx) = limx>1(x2+1)=12=2
The right hand limit of rat x = 1 s,
lim x+1fx) = lim x»1(x+1) =1+1=2
lim x=+1Ax) = 1)
Therefore, fis continuous at x = 1
Caselll: ¢>1,then fg)= c+1
lim x+cfix) = lim x>x+1)=c+1
lim x=cfix) = i)
Therefore, fis continuous at all points x, such that x > 1

Hence, the given function fhas no point of discontinuity.

#419284
Topic: Discontinuity of a Function

Find all points of discontinuity of £ where fis defined by
-3, ifx<2
X =[x2+1, ifx>2

Solution

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=421237%2C+421167%2C+42...
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X3 -3,ifx<2
The given function fis fix) =| x2 +1, ifx > 2

The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Casel:

If ¢ < 2, then f(c) = ¢"3 - 3 and \displaystyle \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim}(x"3 - 3) = c"3 - 3
\therefore\displaystyle \underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points x, such that x < 2

Caselll

Ifc =2, then fc)=f(2)=2"3-3=5

\displaystyle \underset{x \rightarrow 2*-}\lim} = \underset{x \rightarrow 2"-}{\lim} (x*3-3)=2"3-3=5
\displaystyle \underset{x \rightarrow 2*+}\lim} f(x) = \underset{x \rightarrow 2"+}{\lim} (x*2 +1)=2"2+1=5
\therefore\displaystyle \underset{x \rightarrow 2}{\lim} f(x) = f(2)

Therefore, fis continuous at x = 2

Casellll :

if ¢ > 2, then f(c) = c*2 +1

\displaystyle \underset{x \rightarrow c){\lim} = \underset{x \rightarrow c}{\lim} (x"2 +1) = c"2 +1
\therefore\displaystyle \underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

#419291
Topic: Discontinuity of a Function

Find all points of discontinuity of f, where f is defined by

f(x) = \begin{cases} x*{10} - 1, \quad \text(if} \quad x \le 1\\ x*2, \quad \text {if} \quad x > 1\end{cases}

Solution

The given function is f(x) = \begin{cases} x"{10}- 1, \text{if} x\le 1\\x"2, \text{if} x> 1\end{cases}

The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Casell:

If ¢ <1, then f(c) = c*{10} - 1 and \displaystyle \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim}(x*{10} - 1) = c{10} - 1
\therefore \displaystyle\underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points x, such that x <1

Caselll:

If ¢ =1, then the left hand limit of x at x = 1s,

\displaystyle\underset{x \rightarrow 1}\lim} f(x) = \underset{x \rightarrow 1}{\lim}(x*{10} - 1) =1*{10}-1=1-1=0
The right hand limit of fat x =1is,

\displaystyle\underset{x \rightarrow 1}\lim} f(x) = \underset{x \rightarrow 1}{\lim}(x"2) =1"2 =1

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, f is not continuous at x =1

Casellll

If ¢ >1, then f(c) = c"2

\displaystyle\underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} (x*2) = c2
\therefore\displaystyle\underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of discontinuity of f.
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#419325
Topic: Continuity of a Function

Is the function defined by
f(x) = \begin{cases} x + 5\ if\ x \le 1\\ x - 5,\ if\ x > 1\end{cases}

a continuous function ?

Solution

The given function is \begin{cases} x + 5, \text{if} x\le 1\\ x - 5, \text{if} x >1\end{cases}

The given function f is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case l:

If ¢ <1, then f(c) = ¢ - 5 and \displaystyle \underset{x \rightarrow c}{(\lim} f(x) = \underset{x \rightarrow c}{\lim} (x-5)=c -5
\therefore\displaystyle\underset{x \rightarrow c}\lim} f(x) = f(c)

Therefore fis continuous at all points x, such that x <1

Caselll

Ifc=1thenf()=1+5=6

The left hand limit of fat x = 1is,

\displaystyle\underset{x \rightarrow 1}{\lim} f(x) = \underset{x \rightarrow 1}{\lim} (x + 5)=1+5=6

The right hand limit of fat x =1is,

\displaystyle\underset{x \rightarrow 1}{\lim} f(x) = \underset{x \rightarrow 1){lim} (x-5)=1-5=-4

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, f is not continuous at x =1

Case lll

If ¢ > 1, then f(c) = ¢ - 5 and \displaystyle f(x) = \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} (x- 5) =c -5
\therefore\displaystyle\underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1is the only point of discontinuity of f.

#419335
Topic: Discontinuity of a Function

Discuss the continuity of the function f, where f is defined by

f(x) = \begin{cases} 3,\ if\ 0 \le x \le 1\\ 4\ if\ 1< x <3 \\ 5\ if\ 3 \le x \le 10 \end{cases}

Solution
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The given function is f(x) = \begin{cases} 3,\ if\ 0 \le x \le 1\\ 4\ if\ 1< x < 3\\ 5\ if\ 3 \le x \le 10 \end{cases}
The given function is defined at all points of the interval [0, 10].

Let ¢ be a point in the interval [0, 10].

Casel:
If 0\le ¢ <1, then f(c) = 3 and \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} (3) = 3
\therefore \underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous in the interval [0, 1].

Caselll:

If ¢ =1, then 3) = 3

The left hand limit of fat x =- 1is

\underset{x \rightarrow 1}{\lim} f(x) = \underset{x \rightarrow 1}(\lim} (3) =3
The right hand limit of fat x =11s,

\underset{x \rightarrow 1}{\lim} f(x) = \underset{x \rightarrow 1}\lim} (4) = 4
It is observed that the left and right hand limit of f at x =1 do not coincide.

Therefore, fis not continuous at x =1

Casellll :
If 1< ¢ <3, then f(c) = 4 and \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} (4) = 4
\therefore \underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, fis continuous at all points of the interval (1, 3).

Case IV:

If c=3,thenf(c)=5

The left hand limit of fat x = 3 is,

\underset{x \rightarrow 3}{\lim} f(x) = \underset{x \rightarrow 3}{(\lim} (4) = 4
The right hand limit of f at x =3 is,

\underset{x \rightarrow 3}{\lim} f(x) = \underset{x \rightarrow 3}(\lim}( (5) = 5
It is observed that left and right hand limit of fat x = 3 do not coincide.

Therefore, f is not continuous at x = 3.

Case V:

If 3 <c\le 10, then f(c) = 5 and \underset{x \rightarrow c}{lim} f(x) = \underset{x \rightarrow c}{\lim} (5) = 5
\underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, fis continuous at all points of the interval (3, 10].

Hence, f is not continuous at x=1and x=3

#419359
Topic: Continuity of a Function

Find the relationship between a and b so that the function f defined by f(x) = \begin{cases} ax + 1,\ if\ x \le 3 \\ bx + 3,\ if\ x > 3 \end{cases}

is continuous at x = 3.

Solution
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The given function is f(x) = \begin{cases} ax + 1, \text{if} x\le 3\\bx+3, \text{lf} x> 3\end{cases}
If fis continuous at x = 3, then

\displaystyle \underset{x \rightarrow 3"-}{\lim} f(x) = \underset{x \rightarrow 3*+}{\lim} f(x) = f(3) ....(1)
Now,

\displaystyle \underset{x \rightarrow 3*-}{\lim} f(x) = \underset{x \rightarrow 3*-}{\lim}(ax + 1) =3a +1
\displaystyle \underset{x \rightarrow 3"+}{\lim} f(x) = \underset{x \rightarrow 3"+}{\lim}(bx + 3)=3b + 3
and f(3) = 3a +1

Therefore from (1), we obtain

3a+1=3b+3=3a+1

\Rightarrow 3a+1=3b +3

\Rightarrow 3a = 3b + 2\Rightarrow a - b = \cfrac{2)}(3}

Therefore the required relationship is given by, a - b =\cfrac{2)}(3}

#419370
Topic: Continuity of a Function

For what value of \lambda is the function defined by
f(x) = \begin{cases} \lambda(x"2 - 2x), \text{if} x\le 0 \\4x + 1, \text{if} x> O \end{cases}

continuous at x = 0? What about continuity at x =17?

Solution

f(x) = \begin{cases} \lambda(x"2 - 2x), \text{if} x\le 0 \4x + 1, \text{if} x> O \end{cases}

If fis continuous at x = 0, then

\displaystyle \underset{x \rightarrow 0"-}\lim} f(x) = \underset{x \rightarrow 0" +}{\lim} f(x) = f(O)
\Rightarrow\displaystyle \underset{x \rightarrow O}\lim}\lambda(x"2 - 2x) = \underset{x \rightarrow O}\lim}(4x + 1) = \lambda(0"2 - 2 x 0)
\Rightarrow \lambda(0"2 - 2 \cdot 0) =4 \cdot 0 +1=0

\Rightarrow 0 = 1= 0, which is not possible

Therefore, there is no value of \lambda for which f is continuous at x =0

Atx=1,

fl)=4x+1=4\cdot1+1=5

\displaystyle \underset{x \rightarrow 1}{\lim} (4x + 1) =4 \cdot 1+ 1=5

\therefore\displaystyle \underset{x \rightarrow 1}{\lim} f(x) = f(1)

Therefore, for any values of \lambda, f is continuous at x =1

#419896
Topic: Algebra of Derivative of Functions

Differentiate the given function w.rt. x.

\displaystyle \frac{e"x}\sin x}

Solution

Let \displaystyle y =\dfrac{e"x){\sin x}

Thus by using the quotient rule, we obtain

\displaystyle \dfrac{dy}{dx} = \dfrac{\sin x \dfrac{d)}{dx]} (e”x) - e”"x \dfrac{d}{dx} (\sin x)}{\sin"2 x}
\displaystyle = \dfrac{\sin x . (e”"x) - e"x . (\cos x)}{\sin"2 x}

\displaystyle = \dfrac{e”x(\sin x - \cos x)}{\sin"2 x}, x \neq n \pi, n\in Z

#419898
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

\displaystyle e*\sin"{-1} x}

Solution

https://community.toppr.com/content/questions/print/?show_answer=1&show_topic=1&show_solution=1&page=1&qid=421237%2C+421167%2C+4...
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Let \displaystyle y = e\sin*{-1} x}

By using the chain rule, we obtain

\displaystyle \dfrac{dy}{dx} = \dfrac{d}{dx} (\displaystyle e*{\sin*{-1} x})

\Rightarrow \displaystyle \dfrac{dy}dx} = \displaystyle e*{sin{-1} x} . \dfrac{d}{dx} (\sin{-1}x)
\displaystyle = e"\sin*{-1} x} . \dfrac{1}{\sqrt{1 - x*2}}

\displaystyle = \dfrac{e"{\sin"{-1} x]}{{\sqrt{1 - x"2}}}

\displaystyle\therefore \dfrac{dy}(dx} = \dfrac{e*(sin{-1} xJH0\sart{1 - x*2}}} , x \in (-1, 1)

#420856
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x.

y=\displaystyle \sin(\tan"{-1} e"{(-x})

Solution

Let \displaystyle \sin(\tan’{-1} e{(-x})

Thus by chain rule,

\displaystyle \frac{dy}dx} = \frac{d}{dx} \left[ \sin (\tan"{-1} e*{-x}) \right]
\displaystyle = \cos (\tan”{-1} e*{-x}) . \frac{d}{dx]} (\tan”{-1} e"{-x})
\displaystyle = \cos (\tan"{-1} e"{-x]) . \frac(1}{1 + ( e"{-x})"2} \frac{d}{dx} ( e{-x})
\displaystyle = \frac{\cos (\tan”{-1} e"-x}){1 + e"(-2x}} . e"{-x} . \frac{d}{dx} (-x)
\displaystyle = \frac{e’{-x} \cos (\tan"{-1} e -x})}{1 + e"{-2x}} . (-1)

\displaystyle = \frac{-e"{-x} \cos (tan"{-1} e*-x)}{1 + e -2x}}

#420955
Topic: Algebra of Derivative of Functions

Differentiate the given function w.rt. x.

\displaystyle \frac{\cos x}{\log x} , x>0

Solution

Let \displaystyle y = \frac{\cos x}{(\log x}, x > 0

Thus using quotient rule,

\displaystyle \frac{dy}dx} = \frac{\frac{d}{dx} (\cos x) \times \log x - \cos x \times \frac{d}{dx} (\log x)}(\log x)*2}
\displaystyle = \frac{ -\sin x \log x - \cos x \times \frac{1}{x} }(\log x)"2}

\displaystyle = \frac{-[x \log x . \sin x + \cos x ] {x (\log x)*2}, x>0

#420974
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

\cos x. \cos 2x . \cos 3x

Solution

Let y =\cos x. \cos 2x . \cos 3x

Taking logarithm on both the sides, we obtain

\log y =\log (\cos x. \cos 2x . \cos 3x)=\log (\cos x) + \log (\cos 2x) + \log (\cos 3x)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{y} \frac{dy}{dx} = \frac{1}{\cos x} . \frac{d}{dx} (\cos x) + \frac{1}{\cos 2x} . \frac{d}{dx]} (\cos 2x) + \frac{T)}{\cos 3x} . \frac{d}{dx]} (\cos 3x)
\Rightarrow \displaystyle \frac{dy}{dx} = y \left[ - \frac{\sin x}{\cos x} - \frac{\sin 2 x}{\cos 2x} . \frac{d}{dx} (2x) - \frac{\sin 3x}{\cos 3x} . \frac{d}{dx} (3x) \right]

\Rightarrow \displaystyle \frac{dy}{dx} = - \cos x . \cos 2x . \cos 3x \left[ \tan x + 2 \tan 2x + 3 \tan 3x \right]
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#420986
Topic: Discontinuity of a Function

Find all points of discontinuity of f, where

f(x) = \begin{cases} \displaystyle{\frac{\sin x}{x}}, \text{if} x <O\W\x+1, \text{if} x\ge O\end{cases}

Solution

The given function is f(x) = \begin{cases} \displaystyle{\frac{\sin x}{x}}, \text{if} x<O\x+1, \text{if} x\ge O\end{cases}
It is evident that f is defined at all points of the real line.

Let ¢ be a real number.

Casell

If ¢ <0, then f(c) = \displaystyle{\frac{\sin c){c]} and \displaystyle \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} \displaystyle{\frac{\sin x}{x}} =
\displaystyle{\frac{\sin c}{c}}

Therefore, f is continuous at all points x, such that x <0

Caselll

If ¢ > 0, then f(c) = ¢ + 1 and \displaystyle \underset{x \rightarrow c}{\lim} f(x) = \underset{x \rightarrow c}{\lim} (x + 1) = c + 1
\therefore\displaystyle \underset{x \rightarrow c}{\lim} f(x) = f(c)

Therefore, f is continuous at all points such that x > 0

Casellll

Ifc=0,thenf(c)=f(0)=0+1=1

The left hand limit of fat x =0 is,

\displaystyle \underset{x \rightarrow O}\lim} f(x) = \underset{x \rightarrow O\lim)\displaystyle{\frac{\sin x}{x}} =1

The right hand limit of fat x =0 is,

\displaystyle \underset{x \rightarrow O}\lim} f(x) = \underset{x \rightarrow O}\lim} (x + 1) =1

\therefore\displaystyle \underset{x \rightarrow 0" +}{\lim} f(x) = \underset{x \rightarrow 0”-}\lim} f(x) = f(O)

Therefore, f is continuous at x =0

From the above observations, it can be concluded that f is continuous at all points of the real line.

Thus, f has no point of discontinuity.

#420991
Topic: Logarithmic Differentiation

Differentiate the function w.r.t. x.

\displaystyle \sqrt{ \frac{(x - 1)(x - 2)}{(x - 3)(x - 4) (x - 5)} }

Solution

Let \displaystyle y = \sqrt{ \frac{(x - 1)(x - 2)}{(x - 3)(x - 4) (x - 5)} }

Taking logarithm on both the sides, we obtain

\displaystyle \log y = \log \sqrt{ \frac{(x - 1)(x - 2)}(x - 3)(x - 4) (x - 5)}}

\Rightarrow \displaystyle \log y = \frac{1}{2} log \left[ \frac{(x - 1)(x - 2)X(x - 3)(x - 4) (x - 5)} \right]

\Rightarrow \displaystyle \log y = \frac{1}{2) \log [(x - 1)(x - 2)] - \log[(x - 3)(X - 4) (x - 5)] ]

\Rightarrow \displaystyle \log y = \frac{1}{2) \log (x - 1) + \log (x - 2) - \log(x - 3) - \log (x - 4) - \log (x - 5) ]

Differentiating both sides with respect to x, we obtain

\Rightarrow \displaystyle \frac{1{y} \frac{dy}{dx} = \frac{1}{2} \left[ \frac{1}{x - 1} . + \frac{1}{x - 2} - \frac{1}{x - 3} - \frac{1}{x - 4} \frac{1}{x - 5} \right]
\Rightarrow \displaystyle \frac{dy}dx} = \frac{y}{2} \left( \frac{1}{x - 1} + \frac{1}{x - 2} - \frac{1}{x - 3} - \frac{1}x - 4} - \frac{1}{x - 5} \right)

\therefore \displaystyle \frac{dy}{dx} = \frac{1{2} \sqrt{ \frac{(x - 1)(x - 2)}(x - 3)(x - 4) (x - 5)} } \left[ \frac{1}{x - 1} + \frac{1}{x - 2} - \frac{1}{x - 3} - \frac{1}{x - 4} - \frac{1}{x - 5} \right]

#421036
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

(x+3)°2. (x + 43 . (x + 5)"4

Solution
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Lety=(x+3)"2.(x +4)"3.(x +5)"4

Taking logarithm on both the sides, we obtain

\log y =\log (x + 3)"2 +\log (x + 4)"3 +\log (x + 5)"4

\Rightarrow \log y = 2 \log (x + 3) + 3 \log (x + 4) + 4 \log (x + 5)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{y} = 2 . \frac{1}{ x + 3} + 3 . \frac{1)}{ x + 4} + 4 . \frac{1)} x + 5}

\Rightarrow \displaystyle \frac{dy}{dx} = y \left[ \frac{2){ x + 3} + \frac{3){ x + 4} + \frac{4){ x + 5} \right]

\Rightarrow \displaystyle \frac{dy}{dx} = (x + 3)*2 . (x + 4)"3 . (x + 5)*4 . \left[ \frac{2)}{ x + 3} + \frac{3) x + 4} + \frac{4}{ x + 5} \right]

\Rightarrow \displaystyle \frac{dy}{dx} = (x + 3)*2 . (x + 4)"3 . (x + 5)*4 . \left] \frac{2(x + 4)(x + 5) + 3(x+ 3)(x + 5) + 4(x + 3)(x + 4)}{(x + 3)(x + 4)(x + 5)} \right]
\Rightarrow \displaystyle \frac{dy}{dx} = (x + 3)*2 . (x + 4)"3 . (x + 5)*4 . \left[ 2 (x"2 + 9x + 20) + 3 (x"2 + 8x + 15) + 4 (x"2 + 7x + 12) \right]

\therefore \displaystyle \frac{dy}{dx} = (x + 3)"2 . (x + 4)"3 . (x + 5)*4 . (9x"2 + 70x + 133)

#4215
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

(\log x)"x + x"{\log x}

Solution

Let y = (\log x)"x + x"{\log x}

Also, let u = (\log x)"x and v = x"{\log x}

\thereforey =u+v

\Rightarrow \displaystyle \frac{dy}{dx} = \frac{du}{dx} + \frac{dv}{dx} . (1)

u = (\log x)"x

\Rightarrow \displaystyle \log u =\log [(\log x)"x]

\Rightarrow \displaystyle \log u = x \log (\log x)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1{ul\frac{du}{dx}=\log(\log x)+x\cdot \frac{1}{\log x\cdot \frac{1}{x}

\Rightarrow \displaystyle \frac{du}{dx} = (\log x)"x \left[ \log(\log X) + \frac{x}{\log x} . \frac{1}{x} \right]
\Rightarrow \displaystyle \frac{du}{dx} = (\log x)"x \left[ \log(\log X) + \frac{1}{\log X} \right]
\Rightarrow \displaystyle \frac{du}{dx} = (\log x)"x \left[ \frac{\log(\log X) . \log x + 1}{\log X} \right]
\Rightarrow \displaystyle \frac{du}{dx} = (\log x){x - 1} \left[ 1+ \log x . \log(\log x) \right] -(2)
v =x"\log x}

\Rightarrow \displaystyle \log v = \log(x"{\log x})

\Rightarrow \displaystyle \log v =\log x . \log x = (\log x)"2

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}v} \frac{dv}{dx} = \frac{d}{dx]} \left[ (\log x)*2 \right]

\Rightarrow \displaystyle \frac{1}v} . \frac{dv}{dx} = 2 (\log x) . \frac{d}dx} (\log x)

\Rightarrow \displaystyle \frac{dv}{dx} = 2 v (\log x) . \frac{1}{x}

\Rightarrow \displaystyle \frac{dv}{dx} = 2 x*{\log x} \frac{\log x}{x}

\Rightarrow \displaystyle \frac{dv}{dx} = 2 x"{\log x - 1} . \log x -(3)

Therefore, from (1), (2), and (3), we obtain

\Rightarrow \displaystyle \frac{dy}dx} = (\log x)*{x - 1} \left[ 1+ \log x . \log(\log x) \right] + 2 x*{\log x - 1} . \log x

#421157
Topic: Higher Order Derivatives

Find the second order derivatives of x"2 + 3x + 2

Solution
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Lety=x"2+3x+2
\Rightarrow \displaystyle{\frac{dy}dx} = \frac{d}{dx}(x"2) + \frac{d}{dx}(3x) + \frac{d}dx}(2)}=2x+3+0=2x+ 3

\therefore\displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx}(2x + 3) = \frac{d}{dx} (2x) + \frac{d)}dx} (3)}=2+0=2

#421158
Topic: Higher Order Derivatives

Find the second order derivatives of x*(20}

Solution
Lety =x*{20}
\Rightarrow \displaystyle{\frac{dy}{dx} = \frac{d}{dx}(x*{20})} = 20x"{19}

\therefore\displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx}(20x"{19}) = 20\frac{d}dx}(x"{19})} = 20.19 x*{18} = 380 x"{18}

#421167
Topic: Logarithmic Differentiation

Differentiate the function w.rt. x.

(\sin x)"x + \sin"{-1} \sqrt{x}

Solution

Let y = (\sin x)"x +\sin{-1} \sqrt{x}

Also, let u = (\sin x)*x and v = \sin"{-1} \sqrt{x}

\thereforey =u+v

\Rightarrow \displaystyle \frac{dy}{dx} = \frac{du)}{dx} + \frac{dv}{dx} (1)

u = (\sin x)"x

\Rightarrow \displaystyle \log u =\log (\sin x)"x

\Rightarrow \displaystyle \log u = x \log (\sin x)

Differentiating both sides with respect to x, we obtain

\Rightarrow \displaystyle \frac{1}{u} \frac{du}{dx} = \frac{d}{dx} (x) \times \log (\sin x) + x \times \frac{d}{dx} [\log (\sin x)]
\Rightarrow \displaystyle \frac{du}{dx} = u \left[ 1. \log (\sin x) + x . \frac{1}{\sin x} . \frac{d}{dx} (\sin x) \right]
\Rightarrow \displaystyle \frac{du)}{dx} = (\sin x)"x \left[ \log (\sin x) + \frac{x){\sin x} . \cos x \right]
\Rightarrow \displaystyle \frac{du)}{dx} = (\sin x)"x ( x \cot x +\log \sin x ) (2)

v =\sin{-1} \sqrt{x}

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{dv}{dx} = \frac{1{\sqrt{1 - (\sqrt{x})*2}} . \frac{d}dx} (\sqrt{x})

\Rightarrow \displaystyle \frac{dv}{dx} = \frac{1}{\sqrt{1 - x}} . \frac{1}{2 \sqrt{x}}

\Rightarrow \displaystyle \frac{dv}{dx} = \frac{1{2 \sqrt{x - x"2}} (3)

Therefore, from (1), (2) and (3), we obtain

\displaystyle \frac{dy}dx} = (\sin x)"x ( x \cot x + \log \sin x ) + \frac{1}2 \sqgrt{x - x*2}}

#42189
Topic: Higher Order Derivatives

Find the second order derivatives of x.\cos x

Solution

Lety =x.\cos x

\Rightarrow \displaystyle{\frac{dy}{dx} = \frac{d}{dx}(x.\cos x) = \cos x \frac{d}{dx} (x) + x \frac{d}{dx}(\cos x)} = \cos x.1 + x(-\sin X) = \cos X - x \sin x

\therefore \displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx}[\cos x - x \sin x] = \frac{d)}{dx} (\cos x) - \frac{d}{dx} (x \sin x)}
=-\sin x - \left\sin x\displaystyle{\frac{d}{dx}(x) + x\frac{d}dx}(\sin x))\right]
=-\sin x - (\sin x + x\cos x)

= -(x\cos x + 2\sin x)
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#421193
Topic: Higher Order Derivatives

Find the second order derivatives of \log x

Solution
Let, y =\log x
\Rightarrow \displaystyle{\frac{dy}{dx} = \frac{d}{dx} (\log x) = \frac{1}{x}}

\therefore \displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx\eft(\frac{1}{x\right) = \frac{-1}{x"2}}

#421198
Topic: Higher Order Derivatives

Find the second order derivatives of x"3.\log x

Solution

Let y =x"3\log x

\Rightarrow \displaystyle{\frac{dy}{dx} = \log x \frac{d}{dx]} (x"3) + x"3.\frac{d}{dx}(\log x)}
=\log x.3x"2 + x"3.\displaystyle{\frac{1}{x}} = \log x.3x"2 + x2

\quad = x"2(1 + 3 \log x)

\therefore \displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx}[x"2(1 + 3\log x)]}

= (1+ 3\log x).\displaystyle{\frac{d}{dx}(x"2) + x*2 \frac{d}{dx}(1 + 3\log x)}

\quad =(1 + 3\log x).2x + x"2\displaystyle{\frac{3}{x}}

\quad = 2x + 6x \log x+ 3x= 5x + 6x\log x= X(5 + 6 \log X)

#421201
Topic: Logarithmic Differentiation

Differentiate the function w.r.t. x.

\displaystyle x"{\sin x} + (\sin x)*{\cos x}

Solution

Let \displaystyle y = x*{\sin x} + (\sin x)*{\cos X}

Also, let u = \displaystyle x"{\sin x} and v = \displaystyle (\sin x)*{\cos x}

\thereforey =u+v

\Rightarrow \displaystyle \frac{dy}dx} = \frac{du}{dx} + \frac{dv}{dx} (1)

u =\displaystyle x{\sin x}

\Rightarrow \displaystyle \log u = \log (x*{\sin x})

\Rightarrow \displaystyle \log u = \sin x \log x

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{u} \frac{du}{dx} = \frac{d}{dx]} (\sin x) . \log x + \sin x . \frac{d}{dx} (\log x)

\Rightarrow \displaystyle \frac{du}dx} = u \left[ \cos x \log x + \sin x . \frac{1}{x} \right]

\Rightarrow \displaystyle \frac{du}{dx} = x*{(\sin x} \left[ \cos x \log x + \frac{\sin x}{x} \right] (2)

v =\displaystyle (\sin x)*{\cos x}

\displaystyle \log v =\log (\sin x)*{\cos x}

\displaystyle \log v = \cos x \log (\sin x)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}v} \frac{dv}{dx} = \frac{d}dx} (\cos x) \times \log (\sin x) + \cos x \times \frac{d}{dx} [\log (\sin x)]
\Rightarrow \displaystyle \frac{dv}{dx} = v \left[ -\sin x \log (\sin x) + \cos x . \frac{1}{\sin x} . \frac{d}{dx} (\sin x) \right]
\Rightarrow \displaystyle \frac{dv}{dx} = (\sin x)*{\cos x} \left[ -\sin x \log \sin x + \frac{\cos x}{\sin x} \cos x \right]
\Rightarrow \displaystyle \frac{dv}{dx} = (\sin x)*{\cos x} \left[ -\sin x \log \sin x + \cot x \cos x \right]

\Rightarrow \displaystyle \frac{dv}{dx} = (\sin x)*{\cos x} \left[ \cot x \cos x - \sin x \log \sin x \right] .(3)
From (1), (2) and (3), we obtain

\displaystyle \frac{dy}{dx} = x*{\sin x} \left[ \cos x \log x + \frac{\sin x}{x} \right] + (\sin x)"{\cos x} \left[ \cot x \cos x - \sin x \log \sin x \right]
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#421202
Topic: Higher Order Derivatives

Find the second order derivatives of e”x \sin 5x

Solution

Lety = e”x \sin 5x

\Rightarrow \displaystyle{\frac{dy}{dx} = \frac{d}{dx} (e”x \sin 5x) = \sin 5x.\frac{d}{dx} (e”x) + e”x \frac{d}{dx}(sin 5x)}
=e”x (\sin 5x + 5\cos 5x)

\therefore \cfrac{d"2y}{dx"2}=\displaystyle{\Mfrac{d}{dx}[e”x(\sin 5x + 5 \cos 5x)]}

= (\sin 5x + 5\cos 5x)\displaystyle{\frac{d}{dx}(e”x) + e"x.\frac{d}{dx} (\sin 5x + 5\cos 5x)}

= (\sin 5x + 5\cos 5x)e"x + e"x\left[\displaystyle{\cos 5x\frac{d}{dx}(5x) + 5(-\sin 5x).\frac{d}{dx}(5x))\right]

= e”x (\sin 5x + 5\cos 5x) + e"x (5 \cos 5x - 25 \sin 5x)

= e”"x (10\cos 5x - 24 \sin 5x) = 2e”x(5 \cos 5x - 12 \sin 5x)

#421207
Topic: Higher Order Derivatives

Find the second order derivatives of e"6x} \cos 3x

Solution

Let y = eN6x}\cos 3x

\displaystyle{\frac{dy}{dx} = \frac{d}{dx}(e"{6x}.\cos 3x) = \cos 3x.\frac{d}{dx}(e*{6x]) + e*{6x}.\frac{d}{dx]}(\cos 3x)}

=\cos 3x.e6x\displaystyle{\frac{d}{dx}(6x) + e*{6x}.(-\sin 3x).\frac{d}{dx}(3x)}

= 6e"6x} \cos 3x - 3e(6x]} \sin 3x ....(1)

\therefore \displaystyle{\frac{d"2x}{dy"2} = \frac{d}{dx}(6e"{6x} \cos 3x - 3e"{6x} \sin3x) = 6\frac{d}{dx}(e’{6x}\cos 3x) -3 \frac{d}{dx}(e"{6x} \sin 3x)}
= 6[6e”(6x} \cos 3x - 3e’{6x} \sin 3x] - 3[\sin 3x \displaystyle{\frac{d}{dx}(e"{6x}) + e"(6x} \frac{d}{dx]}(\sin 3x)}

= 36e”(6x} \cos 3x - 18e7{6x} \sin 3x - 3[\sin 3x.e’{6x}.6 + e6x} \cos 3x.3]

=27eN6x} \cos 3x - 36e7{6x]} \sin 3x= 9e"{6x}(3 \cos 3x - 4 \sin 3x)

#421208
Topic: Higher Order Derivatives

Find the second order derivatives of \tan’{-1} x

Solution

Let y =\tan"{-1} x

\Rightarrow \displaystyle{\frac{d}{dx} = \frac{d}{dx}(\tan”{-1}x) = \frac{1}{1 + x"2}}

\therefore \displaystyle{\frac{d"2y}dx"2} = \frac{d}{dxNeft(\frac{1{1 + x*2\right) = \frac{d}{dx}(1 + X *2){-1} = (-1).(1 + x*2).\frac{d{dx}(1 + x*2)}

=\displaystyle{\Mfrac{1}{(1 + x*2)"2} \times 2x = \frac{-2x}{(1 + x*2)"2}}

#421209
Topic: Higher Order Derivatives

Find the second order derivatives of \log (\log x)

Solution

Lety =\log (\log x)

\Rightarrow \displaystyle{\frac{dy}dx} = \frac{d}{dx} [ \log (Mog X)] = \frac{1}{\log x} . \frac{d}{dx]} ( \log X) = \frac{1}{x \log x} = (x \log x)"{-1}}
\therefore \displaystyle{\frac{d"2y}{dx"2} = \frac{d}{dx} [(x \log x)*{-1}] = (-1). (x \log x)"{-2}.\frac{d}{dx}(x \log x)}

=\displaystyle{\frac{-1}{(x \log x)*2}.\left\log x.\frac{d}{dx}(x) + x\frac{d}dx}(\log x) \right]}

=\displaystyle{\Mfrac{-1}{(x \log x)*2\left[\log x.1 + x\frac{1}{x}\right] = \frac{-(1 + \log x)}(x \log x)*2}}

#42121
Topic: Logarithmic Differentiation
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Differentiate the function w.rt. x.

\displaystyle x"{x \cos x} + \frac{x"2 + 1}{x"2 - 1}

Solution

Let \displaystyle y = x{x \cos x} + \frac{x"2 + 1}{x"2 - 1}

Also, let \displaystyle u = x\{x \cos x} and \displaystyle v = \frac{x"2 + 1}{x2 - 1}

\thereforey =u+v

\Rightarrow \displaystyle \frac{dy}{dx} = \frac{du)}{dx} + \frac{dv}{dx} (1)

\displaystyle u = x{x \cos x}

\Rightarrow \displaystyle \log u =\log (x"{x \cos x})

\Rightarrow \displaystyle \log u = x \cos x \log x

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1)}{u} \frac{du}{dx} = \frac{d}{dx} (x) . \cos x . \log x + x \frac{d}{dx} (\cos X) . \log x + x \cos x . \frac{d}dx} (\log x)
\Rightarrow \displaystyle \frac{du}{dx} = u \left{ 1. \cos x . \log x + x . (- \sin x) \log x + x \cos x . \frac{1}{x} \right]
\Rightarrow \displaystyle \frac{du}{dx} = x*{x \cos x} \left( \cos x . \log x - X \sin x \log x + \cos x \right)
\Rightarrow \displaystyle \frac{du)}{dx} = x"{x \cos x} \left[ \cos x (1 +\log x) - x \sin x \log x \right] -(2)
\displaystyle v = \frac{x"2 + 1}{x"2 - 1}

\Rightarrow \displaystyle \log v =\log {(x"2 + 1)} - \log {(x"2 - 1)}

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{v} \frac{dv}{dx]} = \frac{2x}{x"2 + 1} - \frac{2x}{x"2 - 1}

\Rightarrow \displaystyle \frac{dv}{dx} = v \left] \frac{2x(x"2 - 1) - 2x(x"2 + )}{(x 2 + 1) (x*2 - 1)} \right]
\Rightarrow \displaystyle \frac{dv}{dx} = \frac{x"2 + 1}{x"2 - 1} \times \left[ \frac{- 4x }(x"2 + 1) (x"2 - 1)} \right]
\Rightarrow \displaystyle \frac{dv}{dx} = \frac{- 4x }(x"2 - 1)"2} .(3)

From (1), (2) and (3), we obtain

\Rightarrow \displaystyle \frac{dy}dx} = x{x \cos x} \left[ \cos x (1 +\log x) - x \sin x \log x \right] - \frac{4x }{(x"2 - 1)"2}

#421212
Topic: Higher Order Derivatives

Find the second order derivatives of \sin (\log x)

Solution

Let y =\sin (\log x)

\Rightarrow \displaystyle{\frac{dy}{dx} = \frac{d}{dx)[\sin(\log X)] = \cos(\log x)\frac{d}{dx}(\log x) = \frac{\cos(\log x)}x}}
\therefore \displaystyle{\frac{d"2y}dx"2} = \frac{d}dx\eft[\frac{\cos (\log x)}{xN\right]}
=\displaystyle{\frac{x.\frac{d}{dx}[\cos(\log x)] - \cos(\log x)\frac{d}{dx}(x)}{x 2}}

=\displaystyle{\frac{x\left[-\sin (\log x).\frac{d}{dx} (\log x)\right] - \cos(\log X).1}{x"2}}

=\displaystyle{\frac{-x\sin(\log x).\frac{1}{x} - \cos (\log x)}{x"2}}

=\displaystyle{\frac{-[\sin (\log x) + \cos (\log x)[}{x"2}}

#421213
Topic: Higher Order Derivatives

If y =\cos{-1} x, find \displaystyle{\frac{d"2y}dx"2}} in terms of y alone.

Solution
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y =\cos -1} x

\Rightarrow \displaystyle{\frac{dy}{dx}= -\frac{1}{\sqrt{1 - x"2}} = -(1 - x*2)"\rac{-1}(2}}}
\displaystyle{\frac{d"2y}{dx"2}} = \frac{d)}{dx} \left[-(1 - x*2)*\frac{-1{2}\right]
=\displaystyle{-\left(-\frac{1}{2\right)(1 - x*2)"{\frac{-3}{2}}.\frac{d}{dx}(1 - x*2)}
=\displaystyle{\frac{1}{2\sqgrt{1 - x*2)*3}})\times (2x)

\Rightarrow \displaystyle{\frac{d"2y}dx"2} = \frac{-x}{2\sqrt{(1 - x*2)"3}}} .....(i)
Now y =\cos™{-1} x \Rightarrow x =\cosy

Putting x = \cos y in equation (i), we obtain

\displaystyle{\frac{d"2y}dx"2} = \frac{-\cos y}\sqrt{(1 - \cos”2 y)"3}}}
=\displaystyle{\frac{-\cos y}\sin"3 y}}

=\displaystyle{\frac{-\cos y)}{\sin y} \times \frac{1}{\sin"2 y}}

\Rightarrow \displaystyle{\frac{d"2y}{dx"2} = -\cot y.co\sec"2 y}

#421222
Topic: Lagrange's Mean Value Theorem

Examine the applicability of Mean Value Theorem for all three functions
() f(x) = [x] for x\in[5, 9]
(ii) f(x) = [x] for x\in[-2, 2]

(iii) fx) = x A2 - 1 for x\in[1, 2]

Solution
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Mean Value Theorem holds for a function f :[a, b] \rightarrow R, if following two conditions holds
(i) f is continuous on [a, b]

(i) f is differentiable on (a, b)

Then, there exists some c\in (a, b) such that

f'(c) = \cfrac{f(b)-f(a))}b-a}

Mean Value Theorem is not applicable to those functions that do not satisfy any of the two conditions of the hypothesis.

@i

Given function f(x) = [x] for x\in [5, 9]

Since, the greatest integer function is not continuous at integral points.
So, f(x) is not continuous at x =5,6,7,8,9

Hence, Mean Value theorem is not applicable to given function.

(i)

Given function f(x) = [x] for x\in [-2, 2]

Since, the greatest integer function is not continuous at integral points.
So, f(x) is not continuous at x =\{-2,-1, 0 1,2\}

Hence, Mean Value theorem is not applicable to given function.

(iii)

f(x) = x2 - 1 for x\in [1, 2]

Since, f(x) is a polynomial function.

Polynomial functions are continuous and differentiable everywhere.

So, f(x) is continuous in [1, 2] and is differentiable in (1, 2).

Hence, f satisfies the conditions of the hypothesis of Mean Value Theorem.
Hence, Mean Value Theorem is applicable for given function f(x)

It can be proved as follows.

f()=1"2-1=0,f2)=272-1=3

\therefore \displaystyle{\frac{f(b) - f(a)}b - a} = \frac{f(2) - f()}{2 - 1} = \frac{3 - 01} =3
Also, f'(x) = 2x

\therefore f'(c) =3

\Rightarrow 2c =3

\Rightarrow ¢ = \cfrac{3){2}

\displaystyle ¢ = 1.5, where 1.5\in [1,2]

#421226
Topic: Logarithmic Differentiation

Differentiate the function w.r.t. x.

\displaystyle (x \cos x)"x + (x \sin x)"{(\tfrac{1}{x}}

Solution
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Let \displaystyle y = (x \cos x)"x + (x \sin x)*{(\frac{1}{x}}

Also, let \displaystyle u = (x \cos x)"x and \displaystyle v = (x \sin x)*{(\frac{1}{x}}

\thereforey =u+v

\displaystyle \Rightarrow \frac{dy}{dx} = \frac{du)}{dx} + \frac{dv}{dx} (1)

\displaystyle u = (x \cos x)"x

\Rightarrow \displaystyle \log u =\log (x \cos x)"x

\Rightarrow \displaystyle \log u = x \log (x \cos x)

\Rightarrow \displaystyle \log u = x [\log x + \log \cos x]

\Rightarrow \displaystyle \log u = x \log x + x \log \cos x

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{u} \frac{du}{dx} = \frac{d)}{dx]} (x \log x) + \frac{d}{dx} (x \log \cos x)

\Rightarrow \displaystyle \frac{du}{dx} = u \left[ \left( \log x . \frac{d}{dx} (x) + x . \frac{d}{dx} (\log x) \right) + \left( \log \cos x . \frac{d}{dx]} (x) + x . \frac{d}{dx]} (\log \cos x) \right) \right]
\Rightarrow \displaystyle \frac{du)}{dx} = (x \cos x)"x \left[ \left( \log x . 1+ x . \frac{1}{x} \right) + \left( \log \cos x . 1+ x . \frac{1}{ \cos x} . \frac{d}{dx]} ( \cos x) \right) \right]
\Rightarrow \displaystyle \frac{du}{dx} = (x \cos x)"x \left[ \left( \log x + 1\right) + \left(\log \cos x + \frac{x}{ \cos x} . (- \sin x) \right) \right]

\Rightarrow \displaystyle \frac{du)}{dx} = (x \cos x)"x \left[ \left( 1+ \log x \right) + \left( \log \cos x - x \tan x \right) \right]

\Rightarrow \displaystyle \frac{du)}{dx} = (x \cos x)"x \left[ 1 - x \tan x + \left( \log x + \log \cos x \right) \right]

\Rightarrow \displaystyle \frac{du}{dx} = (x \cos x)"x \left[ 1- x \tan x + \log (x \cos x) \right] .. (2)

\displaystyle v = (x \sin x)*{(\frac{1}{x}}

\Rightarrow \displaystyle \log v = \log (x \sin x)*{(\frac{1}{x}}

\Rightarrow \displaystyle \log v = \frac{1}{x} \log (x \sin x)

\Rightarrow \displaystyle \log v = \frac{1}{x} (\log x + \log \sin x)

\Rightarrow \displaystyle \log v = \frac{1}{x} \log x + \frac{1}{x} \log \sin x

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}v} \frac{dv}{dx} = \frac{d}{dx]} \left( \frac{1}{x} \log x \right) + \frac{d}{dx} \left[ \frac{1}{x} \log (\sin x) \right]

\Rightarrow \displaystyle \frac{1}{v} \frac{dv}{dx} = \left[ \log x . \frac{d}{dx} \left( \frac{1}{x} \right) + \frac{1}{x} . \frac{d}{dx} (\log x) \right] + \left[ \log (\sin x) . \frac{d}dx} \left( \frac{1}{x}
\right) + \frac{1}{x} . \frac{d}{dx} (\log (\sin x) ) \right]

\Rightarrow \displaystyle \frac{1}{v} \frac{dv}{dx} = \left[ \log x . \left( - \frac{1}{x"2} \right) + \frac{1}{x} . \frac{1}{x} \right] + \left[ \log (\sin X) . \left( - \frac{1}{(x"2} \right) + \frac{1}(x} . \frac{1}
{\sin x} . \frac{d}dx} (\sin x) \right]

\Rightarrow \displaystyle \frac{1}{v} \frac{dv}{dx} = \frac{1}{x"2} (1 - \log x) + \left[ - \frac{\log (\sin x)}{x"2} + \frac{1}{x \sin X} . \cos x \right]

\Rightarrow \displaystyle \frac{dv}{dx} = (x \sin x)*{(\frac{1}{x}} \left[ \frac{1 - \log x}{x"2} + \frac{- \log (\sin x) + x \cot x}{x*2} \right]

\Rightarrow \displaystyle \frac{dv}{dx} = (x \sin x)*{\frac{1}{x}} \left[ \frac{1 - \log x - \log (\sin x) + x \cot x}{x"2} \right]

\Rightarrow \displaystyle \frac{dv}{dx} = (x \sin x)"{(\frac{1}{x}} \left[ \frac{1 - \log (x \sin x) + x \cot x}{x"2} \right] -(3)

From (1), (2) and (3), we obtain

\displaystyle \frac{dy}{dx} = (x \cos x)"x \left[ 1- x \tan x + \log (x \cos x) \right] + (x \sin x)"{\frac{1}{x}} \left[ \frac{x \cot x + 1-\log (x \sin x){x"2} \right]

#421230
Topic: Logarithmic Differentiation

Find \displaystyle \frac{dy}{dx} of x"y +y"x=1

Solution
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The given function is x"y + y"x =1

Letx'y=uand y*x =v

Then, the function becomes u+v =1

\displaystyle \frac{du}{dx} + \frac{dv}{dx} = O ()]

u=x"y

\Rightarrow \log u =\log (x"y)

\Rightarrow \log u =y \log x

Differentiating both sides with respect to x, we obtain

\Rightarrow \displaystyle \frac{1)}{u} \frac{du}{dx} = \log x \frac{dy}{dx} + y . \frac{d}{dx} (\log x)

\Rightarrow \displaystyle \frac{du}{dx} = x"y \left( \log x \frac{dy}{dx]} + \frac{y}{x} \right) -(2)

Vv =y™X

\Rightarrow \log v =\log (y"x)

\Rightarrow \log v = x \log y

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{v} \frac{dv}{dx} = \log y . \frac{d}{dx} (x) + x . \frac{d}{dx} (\log y)

\Rightarrow \displaystyle \frac{dv}{dx} = v \left(\log y . 1+ x . \frac{1}{y} . \frac{dy}{dx} \right)

\Rightarrow \displaystyle \frac{dv}{dx} = y"x \left( \log y + \frac{x}{y} . \frac{dy}dx]} \right) (3)
From (1), (2) and (3) we obtain

\displaystyle x*y \left( \log x \frac{dy}dx} + \frac{y)}{x} \right) + y"x \left(\log y + \frac{x}{y} . \frac{dy}{dx} \right) =0
\Rightarrow \displaystyle (xy \log x + xy{x - 1}) \frac{dy}dx} = - (yx{y - 1} + y*x \log y)

\therefore \displaystyle \frac{dy}{dx} = - \frac{yx{y - 1} + y"x \log y}{x"y \log x + xy"{x - 1}}

#421233
Topic: Logarithmic Differentiation

Find \displaystyle \frac{dy}{dx} of y"x =x"y

Solution

The given function is y*x = x"y

Taking logarithm on both the sides, we obtain

x\log y =y \log x

Differentiating both sides with respect to x, we obtain

\displaystyle \log y . \frac{d}{dx} (x) + x . \frac{d}{dx} (\log y) =\log x . \frac{d}dx} (y) +y . \frac{d}dx} (\log X)
\Rightarrow \displaystyle \log y . 1+ x . \frac{1){y} . \frac{dy}dx} = \log x . \frac{dy}dx} + y . \frac{1}{x}
\Rightarrow \displaystyle \log y + \frac{x}{y} \frac{dy}dx}=\log x . \frac{dy}{dx} + \frac{y}{x}

\Rightarrow \displaystyle \left( \frac{x){y} - \log x \right) \frac{dy}{dx} = \frac{y}x} - \log y

\Rightarrow \displaystyle \left( \frac{x - y \log x}y} \right) \frac{dy}dx} = \frac{y - x \log y}x}

\therefore \displaystyle \frac{dy}{dx} = \frac{y}{x} \left( \frac{y - x \log y}{x - y \log x} \right)

#421237
Topic: Logarithmic Differentiation

Find \displaystyle \frac{dy}{dx} of (\cos x)"y = (\cos y)"x

Solution
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Given, (\cos x)"y = (\cos y)"x

Taking logarithm on both sides, we obtain

y \log \cos x = x \log \cos y

Differentiating both sides, we obtain

\displaystyle \log \cos x . \frac{dy}{dx} + y . \frac{d}{dx} (\log \cos x) =\log \cos y . \frac{d}{dx]} (x) + x . \frac{d}{dx]} (\log \cos y)

\Rightarrow \displaystyle \log \cos x \frac{dy}{dx} + y . \frac{1}{\cos x} . \frac{d}{dx]} (\cos x) =\log \cos y . 1+ x . \frac{T}{\cos y} . \frac{d}{dx} (\cos y)
\Rightarrow \displaystyle \log \cos x \frac{dy}{dx} + \frac{y}{\cos x} . (- \sin x) =\log \cos y + \frac{x}{\cos y} (-\sin y) . \frac{dy}{dx}

\Rightarrow \displaystyle \log \cos x \frac{dy}{dx} - y \tan x =\log \cos y - x \tan y \frac{dy}{dx}

\Rightarrow \displaystyle (\log \cos x + x \tan y) \frac{dy}{dx} =y \tan x + \log \cos y

\displaystyle \therefore \frac{dy)}{dx} = \frac{ y \tan x +\log \cos y}{ x \tan y +\log \cos x}

#421239
Topic: Logarithmic Differentiation

Find \displaystyle \frac{dy}{dx} of \displaystyle xy = e"x -y}

Solution

Given, \displaystyle xy = e x -y}

Taking logarithm on both the sides, we obtain

\displaystyle \log ( xy) =\log (e"{x - y})

\Rightarrow \displaystyle \log x +\log y = (x - y)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{x} + \frac{1){y} \frac{dy}dx} = 1 - \frac{dy}{dx}

\Rightarrow \displaystyle \left( 1 + \frac{1}{y} \right) \frac{dy}dx} = 1 - \frac{1}{x}
\Rightarrow \displaystyle \left( \frac{y + 1}{y} \right) \frac{dy}{dx} = \frac{x - 1}{x}

\therefore \displaystyle \frac{dy}dx} = \frac{y (x - )}{x(y + 1)}

#421873
Topic: Logarithmic Differentiation

Find the derivative of the function given by f(x) = (1 + x) (1+ x*2) (1 + x*4) (1 + x"8) and hence find f'(1).

Solution

The given equation is f(x) = (1 + x) (1+ x*2) (1+ x"4) (1 + x"8)

Taking logarithm on both the sides, we obtain

\log f(x) =\log (1+ x) +\log (1 + x*2) +\log (1 + x"4) +\log (1 + x"8)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1){f(x)} . \frac{d}dx} [ f(x) ] = \frac{d}{dx} \log (1 + x) + \frac{d)}{dx} \log (1 + x*2) + \frac{d}dx} \log (1 + x"4) + \frac{d}{dx} \log (1 + x"8)

\Rightarrow \displaystyle \frac{1){f(x)} . f'(x) = \frac{1}{1 + x} . \frac{d}{dx} (1 + x) + \frac{1}{1 + x*2} . \frac{d}{dx} (1 + x"2) + \frac{1}{1 + x*4} . \frac{d}{dx} (1 + x"4) + \frac{T){1 + x"8]} . \frac{d}
{dx} (1+x"8)

\Rightarrow \displaystyle f'(x) = f(x) \left[ \frac{1}{1 + x} + \frac{1}{1 + x*2} . 2x + \frac{1}{1 + x4} . 4x"3 + \frac{1){1 + x"8} . 8x"7 \right]

\therefore \displaystyle f'(x) = (1+ x) (1 + x"2) (1+ x*4) (1+ x*8) \left[ \frac{1}{1 + x} + \frac{2x}{1 + x*2} + \frac{4x"3}{1 + x"4} + \frac{8x"7){1 + x"8} \right]

Hence, \displaystyle f'(1) = (1+1) (1+1%2) (1+ 1"4) (1 + 1"8) \left[ \frac{1}{1 + 1} + \frac{2 \times 1}{1 + 172} + \frac{4 \times 1"3)}{1 + 14} + \frac{8 \times 1"7}{1 + 18} \right]
\displaystyle = 2 \times 2 \times 2 \times 2 \left[ \frac{1}{2} + \frac{2 }{2} + \frac{4)}(2 } + \frac{8){2} \right]

\displaystyle = 16 \times \left( \frac{1+ 2 + 4 + 8)}{2} \right)

\displaystyle = 16 \times \frac{15}{2} = 120

#421880
Topic: Logarithmic Differentiation
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Differentiate (x*2 - 5x + 8)(x*3 + 7x + 9) in three ways mentioned below,
(i) By using product rule
(i) By expanding the product to obtain a single polynomial

(iii) By logarithmic differentiation

Do they all give the same answer?

Solution

Lety=(x"2 - 5x + 8)(x"3 + 7x + 9)

() Letx*2-5x+8=uand x*3+7x+9=v

\therefore y = uv

\displaystyle \Rightarrow \frac{dy}{dx} = \frac{du}{dx} . v + u . \frac{dv)}{dx]}

By using product rule,

\displaystyle \Rightarrow \frac{dy}{dx} = \frac{d}{dx} (x"2 - 5x + 8) . (x"3 + 7x + 9) + (x"2 - 5x + 8) . \frac{d}{dx} (x"3 + 7x + 9)
\displaystyle \Rightarrow \frac{dy}{dx} = (2x - 5)(x"3 + 7x + 9) + (x"2 - 5x + 8) (3x"2 + 7)

\displaystyle \Rightarrow \frac{dy}{dx} = 2x (x*3 + 7x + 9) - 5 (x"3 + 7x + 9) + x"2 (3x"2 + 7) - 5x (3x"2 + 7) + 8 (3x"2 + 7)
\displaystyle \Rightarrow \frac{dy}{dx} = (2x"4 + 14x"2 + 18x) - 5x"3 - 35x - 45 + (3x"4 + 7x"2) - 15x"3 - 35x + 24x"2 + 56

\displaystyle \therefore \frac{dy}{dx} = 5x"4 - 20 x"3 + 45 x"2 - 52 x + 11

(i) y = (x*2 - Bx + 8)(x"3 + 7x + 9)

\displaystyle = x"2 (x"3 + 7x + 9) - 5x (x"3 + 7x + 9) + 8(x"3 + 7x + 9)

\displaystyle = x"5 + 7x"3 + 9x"2 - 5x"4 - 35x"2 - 45x + 8x"3 + 56x + 72

\displaystyle = x"5 - 5x"4 + 15x"3 - 26x"2 + 11x + 72

\displaystyle \therefore \frac{dy}{dx} = \frac{d}{dx} (x"5 - 5x"4 + 15x"3 - 26x"2 + 11x + 72)

\displaystyle = \frac{d}{dx} (x"5) - 5 \frac{d}{dx} (x"4) + 15 \frac{d}{dx} (x"3) - 26 \frac{d}{dx} (x*2) + 11 \frac{d}{dx} (x) + \frac{d}{dx} (72)
\displaystyle =5 x"4 - 5 \times 4x"3 + 15 \times 3x"2 - 26 \times 2x + 11 \times 1+ 0

\displaystyle =5 x4 - 20 x"3 + 45 x"2 - 52 x + 11

(iii) y = (x*2 - 5x + 8)(x"3 + 7x + 9)

Taking logarithm on both the sides, we obtain

\log y =\log (x"2 - 5x + 8) +\log (x"3 + 7x + 9)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1){y} \frac{dy)}dx} = \frac{d}dx]} \log (x*2 - 5x + 8) + \frac{d}{dx]} \log (x"3 + 7x + 9)

\Rightarrow \displaystyle \frac{1){y} \frac{dy}dx} = \frac{1}{x"2 - 5x + 8} . \frac{d}{dx]} (x"2 - 5x + 8) + \frac{1}{x"3 + 7x + 9} . \frac{d}{dx} (x"3 + 7x + 9)
\Rightarrow \displaystyle \frac{dy}dx} = y \left[ \frac{1}{x"2 - 5x + 8} \times (2x - 5) + \frac{1}{x"3 + 7x + 9} \times (3x"2 + 7) \right]

\Rightarrow \displaystyle \frac{dy}dx} = (x"2 - 5x + 8)(x"3 + 7x + 9) \left[ \frac{2x - 5}x"2 - 5x + 8} + \frac{3x"2 + 7}{x"3 + 7x + 9} \right]
\Rightarrow \displaystyle \frac{dy}{dx} = (x"2 - 5x + 8)(x"3 + 7x + 9) \left[ \frac{(2x - 5)(x"3 + 7x + 9) + (3x"2 + 7)(x"2 - 5x + 8)}(x 2 - 5x + 8)(x"3 + 7x + 9)} \right]
\Rightarrow \displaystyle \frac{dy}{dx} = 2x (x3 + 7x + 9) - 5(x"3 + 7x + 9) + 3x"2 (x"2 - 5x + 8) + 7(x"2 - 5x + 8)

\Rightarrow \displaystyle \frac{dy}{dx} = (2x"4 +14 x"2 + 18x) - 5x"3 - 35x - 45 + (3x"4 - 15x"3 + 24x"2) + (7x"2 - 35x + 56)

\Rightarrow \displaystyle \frac{dy}{dx} =5 x"4 - 20 x"3 + 45 x"2 - 52 x + 11

From the above three observations, it can be concluded that all the \displaystyle \frac{dy}{dx} results of are same.

#422118
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x:

\sin{-1}(x \sqrt x), O \le x \le 1

Solution
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Let y =\sin*{-1)(x \sqrt x)

Using chain rule, we obtain

\displaystyle{\frac{dy}dx} = \frac{d}{dx} \sin*{-1} (x\sqrt x)}
=\displaystyle{\Mfrac{1}{\sqrt{1 - (x\sgrt x)*2}} \times \frac{d}{dx}(x\sqrt x)}
=\displaystyle{\Mfrac{1}{\sqrt{1 - x*3}}.\frac{d{dx}(x"{(\frac{3}2}))}
=\displaystyle{\frac{1}{\sqrt{1 - x3}} \times \frac{3}{2}.x*{\frac{1}{2}}}
=\displaystyle{\frac{3\sqrt x}{2\sqrt{1 - x"3}}}
=\displaystyle{\frac{3}{2\sqrt{\frac{x}{1 - x"3}}}

#422262
Topic: Algebra of Derivative of Functions

Differentiate the given function w.rt. x:

\displaystyle{\frac{\cos"{-1} \dfrac{x}2}}\sqrt{2x + 7}}}, -2 <x < 2

Solution
Let y =\displaystyle{\frac{\cos"{-1} \frac{x}{(2}}{\sqrt{2x + 7}}}
Thus using quotient rule, we obtain

\displaystyle{\frac{dy}{dx} = \frac{\sqrt{2x + 7\dfrac{d}{dx)\left(\cos"{-1\frac{x}{2\right) - \left(\cos{-1\frac{x}{2}\right) \dfrac{d}{dx}(\sqrt{2x + 7})}(\sqrt{2x + 7)"2}}

=\displaystyle{\dfrac{\sqrt{2x + 7} \left[\dfrac{-1}{\sqrt{1 - \left(\frac{x}{2\right)"(2}}}.\dfrac{d}{dxNleft(\dfrac{x}2\right)\right] - \left(\cos"{-I\frac{x}{2\right).\dfrac{1}{2\sqrt{2x +
7MM\dfrac{d}{dx}(2x + 7){2x + 7}}

=\displaystyle{\frac{\sqrt{2x +7} \dfrac{-1{\sqrt{4 - x*2}} - \left(\cos"{-I\frac{x}{2\right)\dfrac{1{2\sqrt{2x + 7\times 2}{2x + 7}}

\displaystyle = -\left\frac{1}\sqrt{4 - x"2} \sqrt{2x + 7}} + \frac{\cos{-1} \frac{x}{2}}{(2x + 7)"{\frac{3)}2)}\right]

#422391
Topic: Chain and Reciprocal Rule

Differentiate the given function w.rt. x:

\cot{-TN\displaystyle{\leftl\frac{\sqrt{1 + \sin x} + \sqrt{1 - \sin x}}\sqrt{1 + \sin x} \sqrt{1 - \sin xJ)\right]}, O < x <\displaystyle{\frac{\pi}{2}}

Solution

Let y =\cot"{-I\displaystyle{\leftl\frac{\sqrt{1 + \sin x} + \sqrt{1 -\sin x}}{\sqrt{1 + \sin x} - \sqrt{1 - \sin x})\right]} ...(i)

Then, \displaystyle{\frac{\sqrt{1 + \sin x} + \sqrt{1 - \sin x}}{\sqrt{1 + \sin x} - \sqrt{1 - \sin x}}}

=\displaystyle{\Mfrac{(\sqrt{1 + \sin x} + \sqrt{1 - \sin x)*2}{(\sqrt{1 + \sin x} - \sqrt{1 - \sin x})(\sqrt{1 + \sin x} + \sqrt{1 - \sin x)}}}

=\displaystyle{\Mfrac{(1 + \sin x) + (1-\sin x) + 2\sqrt{(1 - \sin x)(1+ \sin X)}){(1 + \sin X) - (1 - \sin x)}}

=\displaystyle{\Mfrac{2 + 2\sqgrt{1 - \sin*2 x}}{2\sin x}}

=\displaystyle{\Mfrac{1 + \cos x}{\sin x}}={\frac{2 \cos”2 \frac{x}{2}}{2\sin \frac{x}{2)\cos \frac{x}{2}}}=\displaystyle{\cot \frac{x}{2}}
Therefore equation (1) becomes,

y =\cot"{-1\displaystyle{\left(\cot \frac{x}{2\right)}= \frac{x}{2}

\therefore \displaystyle{\frac{dy}{dx} = \frac{1}{2} \frac{d}{dx}(x)= \frac{1}{2}}

#422485
Topic: Logarithmic Differentiation

Differentiate the given function w.rt. x:

(\sin x - \cos x){(\sin x - \cos x)}, \displaystyle{\frac{\pi}{4} < x < \frac{3\pi}4}}
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Solution

Let y =(\sin x - \cos x){(\sin x - \cos x)}

Taking logarithm on both the sides, we obtain

\log y =\log[(\sin x - \cos x){(\sin x - \cos x)}]

\Rightarrow \log y = (\sin X - \cos x).\log(\sin x -\cos x)

Differentiating both sides with respect to x, we obtain

\displaystyle \frac{1}{yNrac{dy}dx} = \frac{d}{dx]} [(\sin x - \cos x).\log(\sin x - \cos x)

\Rightarrow \displaystyle{\frac{1}{yMrac{dy}dx} = \log(\sin x - \cos x).\frac{d}{dx}(\sin x - \cos x) + (\sin X - \cos x).\frac{d}{dx} \log(\sin x - \cos x)}
\Rightarrow \displaystyle{\frac{T)}{y\frac{dy}{dx} = \log(\sin x - \cos x).(\cos x + \sin x) + (\sin x - \cos x).\frac{1}(\sin x - \cos x)}.\frac{d}{dx}(\sin x - \cos x)}
\Rightarrow \displaystyle{\frac{dy}{dx} = (\sin x - \cos x)*{\sin x - \cos x} [(\cos x + \sin x).\log(\sin x - \cos x) + (\cos x + \sin x)]}

\therefore \displaystyle{\rac{dy}{dx} = (\sin x - \cos x)*{(\sin x - \cos x)}(\cos x + \sin x)[1 + \log(\sin x - \cos x)]}

#422788
Topic: Logarithmic Differentiation

Differentiate the given function w.rt. x:

XA{xM(2} - 3} + (x - 3NxA2)), for x >3

Solution

Lety = x x"(2} - 3} + (x - 3)"x"{2)}

Also, let u = xMx2} - 3}and v = (x - 3Mx 2}}

\thereforey =u+v

Differentiating both sides with respect to x, we obtain

\displaystyle{\frac{dy}dx} = \frac{du)}{dx} + \frac{dv}{dx} .....(1)

u = xNx2} - 3}

\therefore \log u =\log (x"{(x(2} - 3))

\Rightarrow \log u = (x*2 - 3) \log x

Differentiating with respect to x, we obtain

\displaystyle{\frac{1)}{u} \frac{du}{dx} = \log x.\frac{du}{dx} = \log x.\frac{d}dx}(x"2 - 3) + (x*2 - 3).\frac{d}{dx} (\log x)}
\Rightarrow \displaystyle{ \frac{1}{ul\frac{du}{dx} = \log x.2x + (X2 - 3).\frac{1}{x}}
\displaystyle{\frac{du}{dx} = x"{x{2} - 3\eft\frac{x"2 - 3}x} + 2x \log x\right]}

Also,

v = (x - 3Mx2)

\therefore \log v =\log(x - 3)"{x"2}

\Rightarrow \log v = x"2 \log (x - 3)

Differentiating both sides with respect to x, we obtain

\displaystyle{\frac{1}{v)\frac{dv}{dx} = \log (x - 3).\frac{d}{dx} (x*2) + x*2.\frac{d}{dx)[\log (x - 3)]}
\Rightarrow \displaystyle{\frac{T}{v]\frac{dv}{dx} = \log (x - 3).2x + x*2 Mrac{1}{x - 3}.\frac{d){dx]} (x - 3)}
\Rightarrow \displaystyle{\frac{dv}{dx} = V\left[2x\log (x - 3) + \frac{x"2}{x - 3} . N\right]}

\Rightarrow \displaystyle{\frac{dv}{dx} = (x - 3)"{x"*2\left\frac{x"2}{x - 3} + 2x\log (x - 3)\right]}
Substituting the expressions of \displaystyle{\frac{du}{dx}} and \displaystyle{\frac{dv}{dx]}} in equation (1), we obtain

\displaystyle{\frac{dy}{dx} = x*{x"{2} - 3\left[\frac{x2 - 3}{x} + 2x \log x\right] + (x - 3)"x"2\left[\frac{x"2)}{x - 3} + 2x\log (x - 3)\right]}

#459528
Topic: Continuity and Differentiability

Prove that the greatest integer function defined by

fix)=\left[ x \right] ,0<x<3 is not differentiable at x=1 and x=2

Solution
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By definition, if f(x) is not continuous at a point, it is not differentiable at that point too.
So let us check for continuity of f(x) = [x] at x =1 and x = 2

\displaystyle \lim_{x\rightarrow 1*{-}} f(x) = \lim_{x\rightarrow 1*-} [x] = O

\displaystyle \lim_{x\rightarrow 1"+}f(x) = \lim_{x\rightarrow 1"+} [x] =1

\Rightarrow \lim_{x\rightarrow 1*-}f(x) \neq \lim_{x\rightarrow 1"+}f(x)

Therefore, f(x) is neither continuous nor differentiable at x=1

\displaystyle \lim_{x\rightarrow 2"-}f(x) = \lim_{x\rightarrow 2"-}[x] =1
\displaystyle \lim_{x\rightarrow 2"+}f(x) = \lim_{x\rightarrow 2"+}[x] = 2
\Rightarrow \lim_{x\rightarrow 2*-}f(x) \neq \lim_{x\rightarrow 2"+}f(x)

Therefore, f(x) is neither continuous nor differentiable at x=2

#459531
Topic: Continuity and Differentiability

Prove that the function fis given by f(x)=\leftl x-1\rightl ,x\in R is not differentiable at x=1

Solution

Here f(x) can be written as

f(x)=\begin{cases} x-I\quad x\ge 1\\ 1-x\quad x<1\end{cases}

{f}{'}(x) to the left of 1is 1

{fI{)(x) to the right of 1is -1

Clearly both of them are not equal so f(x) is not differentiable at x=1

#459533
Topic: Logarithmic Differentiation

If u, v and w are functions of x, then show that

\cfrac { d }{ dx }\left( uyv,w \right) =\cfrac { du }{ dx } vw+u.\cfrac { dv }{ dx } .w+uv\cfrac { dw }{ dx }

in two ways- first by repeated application of product rule, second by logarithmic differentiation.

Solution

Using Product rule, in which u and v are taken as one

\dfrac{d(uvw)¥dx}= \dfrac{d(uv)}{dx}wHdfrac{d(w){dx}uv\\ w.v.\dfrac{d(u){dx}+w.u\dfrac{d(v){dx}+u.v.\dfrac{d(w)}dx}

Now using logarithmic,
y=uvw

taking log on both sides, we have

\log y =\log ut\log vHlog w\\ \dfrac{1}{y} \dfrac{dy}{dx}=\dfrac{1}{u} \dfrac{du}{dx}+\dfrac{1}{v} \dfrac{dv}{dx}+\dfrac{1}{w} \dfrac{dw}{dx}\\ \therefore \dfrac{dy}{dx}= y\times \left(\dfrac{1}

{u}\dfrac{du){dx}\dfrac{1}{v} \dfrac{dv}{dx}\dfrac{1}w} \dfrac{dw}{dx)\right)\ \dfrac{dy}dx}=wx\dfrac{d(u)}{dx}+w.u\dfrac{d(v)}{dx}+uv\dfrac{d(w)}dx}

since y=uvw

#459535
Topic: Logarithmic Differentiation

If x=\sqrt { { a *{\sin A{-1}{t} }},\quad y=\sqrt { { a }*{ \cos A{-1}{t} }}, show that \cfrac{dy}{dx}=-\cfrac{y}{x}

Solution
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Given, x=\sqgrt {a"{(\sin "{-1t}}, y= \sqrt {a"{\cos"{-1}t}}

\therefore \displaystyle \frac { dx }{ dt } =\cfrac {1} 2\sqrt { {a P \sin (1)t} }} Y {aP{\sin A{(-1)t} Nog{a}.\cfrac {1} \sart {1-{t}{21}}} -(i)

and \displaystyle \frac { dy }{ dt } =\cfrac {1} 2\sart {{a }*{\cos (i)t} }} Y {a}{\cos A{-1)t} Nog{a}.\cfrac{- 1} \sqrt {1-{t}{21}} ]} -.(ii)

When we divide (i) from (i), we will get

\displaystyle \cfrac{dy}dx}=\cfrac{\frac { 1}{ 2\sqrt { { @ }{\sin (-1t} }} }.{aY{\sin (1)t} Nog{a} \frac {1} \sart {1-{t {2} ]} \frac {1} 2\sart{{a}*{\cos{i} t} }} }{a

P{\cos M{(-1}t} Nog{a}\frac{-1}\sart{1-{t}{2}} }}
\dfrac { dy { dx }=-\dfrac{y } x}

#459536
Topic: Higher Order Derivatives

If y=5\cos{x}-3\sin {x}, prove that \cfrac { { d (2 Jy } d{ x X 2 }} +y=0

Solution

Given, y=5 \cos x-3 \sin x .....(i)

On differentiating w.rt. x, we get

\dfrac{dy}{dx}=-5\sin x-3\cos X .....(ii)

\dfrac {{d }{ 2 )y X {d Xx{2}}=-5\cos x+3\sin x ....(iii)
On adding equations (i) and (iii), we get

\dfrac {{d {2}y X {d X" 2 }}+y = -5\cos x+3\sin x+5\cos x-3\sin x =0

#459538
Topic: Higher Order Derivatives

If y=3\cos { \left(\log { x } \right) }+4\sin { \left(\log { x } \right) }, show that {x *{ 2 {y} {2 }x{y} {1}+y=0

Solution

y=3 \cos(\log x)+4\sin (\log x)\\ y_1 = \cfrac{dy}{dx}=3(-\sin (\log x))\times \cfrac{1}{x} + 4(\cos (\log x)) \times \cfrac {1}{x}

y_2=3(-\cos( \log x)) \times \cfrac{1}{x"2}+3(\sin (\log X)) \times \cfrac{1}{x"2}+4(-\sin ( \log x))\times \cfrac{1}{x"2}-4(\cos(\log x))\times \cfrac{1}{x"2}
Now, by putting the value ofy_2 &y _1

x"2y_2+xy_1+y \\ =3(-\cos (\log x))+3(\sin(\log x))-4(\sin(\log x))-4(\cos (\log x))-3(\sin (\log x)) \\+4(\cos (\log x))+ 3\cos(\log x)+4\sin(\log x)

=0

...By Using Product rule

#459540
Topic: Higher Order Derivatives

If y=A{ e Y"{ mx }+B{ e }){ nx }, show that \cfrac { {d }{ 2 Jy } d{ x }}{ 2 }} -\left( m+n \right) \cfrac { dy }{ dx } +mny=0

Solution

Given y=Afe}\mx}+Ble}(nx}

On differentiating w.r. t. x, we get

\dfrac { dy }{ dx }=Am{ e }}{ mx }+Bn{ e }*{ nx }

Again differentiating w.rt. x,

\dfrac {{d {2y {{d x{2}}=A{m {2} e mx #B{n}{2 ) e }{nx}

We need to prove \dfrac {d"2y}dx*2}-(m+n)\dfrac {dy}dx}+mny=0

Putting them in the equation, we get

Alm {2 e Y mx #B{n}{ 2 )} e }*{ nx}- (m+n)(Am{ e }"{ mx }+Bn{ e }"{ nx J+mn(A{e}*{mx}+B{e}*{nx))

=Alm {2} e P mx 1B n }{ 2 } e ¥ nx } - Am}M2){ e }Y{ mx }-Bmn{e}{nx}-Amn{e}{mx}-B{n}*{2){ e }Y{ nx }rmnA{e}{mx}+mnB{e}*{nx}

=0
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#459541
Topic: Higher Order Derivatives

If 500{e}(7x}+600{e}(-7x}, show that \cfrac { {d {2 Jy X d{ x }}{ 2 } } =49y

Solution

Given, 500 eN(7x}+600 e"{-7x}

On differentiating w.rt. x, we get

\dfrac{dy}{dx}=7\times 500{e}{7x}-7\times 600{e}{-7x}

Again differentiating w.rt. x,

\dfrac {{d }{ 2 Jy { d{ x }*{ 2 } } =49\times 500{ e }{ 7x }+49\times 600{ e }}{ -7x }
=49(500{e}\(7x}+600{e}*{-7x))

=49y

#459542
Topic: Logarithmic Differentiation

If (eY\y}(x+1)=1, show that \cfrac { { d Y} 2 Jy { d{ x {2 }} ={ \left( \cfrac { dy }{ dx } \right) }}{ 2}

Solution

We have, e"y(x+1)=1

\Rightarrow e"{-y}=x+1

Now take log both sides,

\Rightarrow -y =\In(x+1)\Rightarrow y = -\In(x+1)
\Rightarrow \cfrac{dy}dx}=-\cfrac{1}{x+1}

And \cfrac{d"2y}{dx*2}=\cfrac{1}{(x+1)"2}

Clearly \cfrac{d"2y}{dx"2}=\left( \cfrac{dy}{dx)\right)*2

Hence proved.

#459543
Topic: Higher Order Derivatives

If y=(\left( \tan A{ -1} x } \right) }*{ 2 }, show that {({(x}*{2}+ )2y} _{2}+2x([(x}2}+){y}_{1}=2

Solution
y= (tan"{-1}x)"2
\Rightarrow y_1= 2(\tan*{-1}x)\times \dfrac{1{1+x"2}

\Rightarrow y_2 =\dfrac{2}{(1+x"2)"2}+ 2(\tan"{-1}x)\times \dfrac{-2x}{(1+x"2)"2}

Now, (x"2+1)"2y_2 +2x(x"2+1)y_1 = (x*2}+1)"2\left(\dfrac{2}{(1+x " 2) 2 \dfrac{dx(\tan {-1x)}{(1+x 2) 2N\ right)+ 2x(x (2}l eft(\dfrac{2(\tan {-1}x)}{1+x{2]\right)

= 2-4x(\tan{-1}x) +2x(2(\tan"{-1}x))
= 2-4x(\tan"{-1}x) +4x(\tan"{-1}x)

=2

#459544
Topic: Lagrange's Mean Value Theorem

If f\left[ -5,5 \right] \rightarrow R is differentiable function and if f'(x) does not vanish anywhere, then prove that f(-5)\ne f(5).

Solution
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It is given that f(x) is a differentiable function, so it is clear that it is also a continuous function.
Now let's apply mean value theorem.

So as per the theorem, there exist a ¢ \epsilon (-5,5) such that

A" Neft( c \right) =\dfrac { flleft( 5 \right) -fleft( -5 \right) ¥ (5)(-5) }

10 ' Nleft( c \right) =fleft( 5 \right) -fleft( -5 \right)

Given: {f}}{('}(c)\neq O

\Rightarrow 10{f}*{'}(c)\neqO

\Rightarrow f(5)-f(-5)\neq0

\Rightarrow f(5)\neq f(-5)

Hence proved.

#459546
Topic: Higher Order Derivatives

If {(x-a)(2H(y-b)IN(2)={c)(2), for some c> 0, prove that \cfrac { { \left] 1+{ \left( \cfrac { dy }{ dx } \right) }{ 2 }\right] 1" \tfrac {3} 2} }}{ \cfrac {{d {2y X d{x ] 2}} } isa

constant and independent of a and b.

Solution

(x-a)"2 + (y-b)"2 = c"2

\Rightarrow 2(x-a) + 2(y-b)\dfrac{dy}{dx} =0
\Rightarrow \cfrac{dy}{dx} = -\cfrac{(x-a)}(y-b)}

\dfrac{d"2y}{dx"2} = - \cfrac{(y-b) - (x-a)\dfrac{dy}dxJ}(y-b)*2}
\Rightarrow \cfrac{d"2y}{dx"2} = \cfrac{(y-b) + \dfrac{(x-a)*2)}{(y-b)}}(y-b)"2}
\Rightarrow \cfrac{d"2y}{dx"2} = \cfrac{(y-b)"2+ (x-a)"2){(y-b)"3}
\Rightarrow (y-b) \cfrac{d"2y}{dx"2} = 1 + \left(\cfrac{x-a}{y-bJ\right)"2

\Rightarrow (y-b)\cfrac{d"2y}{dx"2} = 1 + \left(\cfrac{dy}{dx}\right)"2

\therefore \cfrac{\lefi[1+\left\dfrac{dy}dx}\right)*2\right|\(\tfrac32}\dfrac{d* 2y} dx*2]} = (y-b\lefi[t+\left(\cfrac{dy}{dx]right)*2\right]*\tfrac32 - T\=(y-b) \lefi{1+\cfrac{(x-a)*2){(y-

b)2)\right]*(\tfract2\=(y-b)leftf\cfrac{(y-b)*2 + (x-a)*2){(y-b)*2]\right]"(\tfrac12\=(y-b)\left\cfrac{cA2){(y-b)* 2 \right/\\tfrac12)\=c

Hence, the given expression is a constant ¢ which is independent of a and b.

#459547
Topic: Chain and Reciprocal Rule

If \cos {y}=x\cos{(a+y)}, with \cos{al\ne \pm 1, prove that \cfrac{dy}dx}=\cfrac { \cos { 2 }{ \left( a+y \right) } ¥ \sin{a} }

Solution

We have, \cos y =x\cos(a+y)\rightarrow (1)

Differentiate both sides w.r.t. x

-\sin y\dfrac{dy}{dx}=\cos(a+y)-x\sin(a+y)\dfrac{dy}dx}

\Rightarrow \dfrac{dy)}{dx} =\dfrac{\cos(a+y)}x\sin (a+y)-\sin y}=\dfrac{\cos(a+y))}\dfrac{\cos y}{\cos (a+y))\sin (a+y)-\sin y}

\quad =\dfrac{\cos”2(a+y)}{\cos y\sin (a+y)-\sin y\cos(a+y)}=\dfrac{\cos"2(a+y))\sin a}

Since \sin(A-B)=\sin A\cos B-\sin B\cos A

#459548
Topic: Higher Order Derivatives

If x=a(\cos{t}+t\sin {t}) and y=a(\sin {t}-t \cos{t}), find \cfrac {{d {2y X d{x }{2}}

Solution
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x=a(\cos t+t\sin t) \;\;and\;\; y=a(\sin t-t\cos t)

first we will find \cfrac{d"2x}{dt"2} and \cfrac{d"2y}dt"2}

and \dfrac{d"2y}{dx"2} = \dfrac{\dfrac{d"2y)}dt*2}}\dfrac{d"2x}{dt"2}}

x=a(\cos t+t \sin t)\\ \dfrac{dx}{dt} = a(-\sin t+t\cos t+H\sin t )\\ \dfrac{d"2x}{dt"2} = a(-\cos t+\cos t-t \sin t+\cos t)=a(\cos t-t \sin t)
y=a(\sin t-t\cos t)\\ \dfrac{dy)}{dt} = a(\cos t+t\sin t-\cos t)\\ \dfrac{d"2y}dt"2} = a(-\sin t+t \cos t+\sin t+\sin t)=a(\sin t+t\cos t)

\therefore \dfrac{d"2y}dx"2} =\dfrac{(\cos t-t\sin t)}{(\sin t+t\cos t)}

#459551
Topic: Chain and Reciprocal Rule

Using the fact that \sin {(A+B)}=\sin {A)\cos{B}+\cos{A]\sin {B} and the differentiation, obtain the sum formula for cosines.

Solution
\sin(A+B)=\sin A \cos B+\cos A \sin B\\ cos(A+B) \left(\dfrac{dA}{dx} + \dfrac{dB}dx}\right)= \sin A(-\sin B\dfrac{dB}dx})+\cos B \cos A\dfrac{dA}dx}+\cos A \cos B\dfrac{dB}dx}+\sin
B(-\sin A)\dfrac{dA}dx\\ \cos (A+B) \left(\dfrac{dA}dx} + \dfrac{dB}dx}\right)= \dfrac{dB}dx}(\cos A \cos B-\sin A\sin B)+\dfrac{dA}{dx}(\cos B \cos A-\sin A \sin B)\\ \cos (A+B)

\left(\dfrac{dA}{dx} + \dfrac{dB)dx}\right)= (\cos A \cos B-\sin A \sin B)\left(\dfrac{dA}{dx} + \dfrac{dB}dx}\right)\\ \therefore \cos (A+B)= (\cos A \cos B-\sin A\sin B)
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