Exercise 5.1

Question 1:

—3and at x =3,

Prove that the function /(%) is continuous at* = %atx =

Answer

The given function is /' (x) = 5x -3
Atx=0,/(0)=5x0-3=3

lim f(x)= Li_r}g[ﬁx—ﬂ =5x0-3=-3

=il

~im f(x)=£(0)

Therefore, fis continuous at x = 0

Atx= —3,f{—3]= 5x{—3]—3 =-18
!iin]f{_r]= -}iﬂ{51—3}= 5x(-3)-3=-18
!im‘f{x}z 7(-3)

Therefore, fis continuous at x = -3
Atx=5,f{x}=f[5]= Sx5-3=25-3=22
l_inj.f{x}= 1_in:1[5x—3)= 5x5-3=22

“lim £(x)=£(5)

Therefore, fis continuous at x = 5

wod djayuaou-mmm//:dny

Question 2:

flx)=2x"-latx=3

Examine the continuity of the function
Answer

The given function is /' (x) = 2x" -1
Atx =3, f(x)=f(3)=2x3"-1=17

i =i 2 —_ - 2 —_ -
lim f(x) =lim(2x" ~1) = 2x3* ~1=17
wlim £ (x) = £(3)
Thus, fis continuous at x = 3
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Examine the following functions for continuity.

1
. ' = 5
(a) f(x}:x_ﬁ(b) f{x} X_S xF
(A X =25 o
(C) f{l}_ X+35 T j(d) Jf {'Y):P‘_S
Answer
flx)=x-5

(@) The given function is*

It is evident that f is defined at every real number k and its value at k is kK — 5.

lim f(x)= H_I}l:{.‘r—ﬁ} =k—5=f(k)

It is also observed that, =
Sim flx)= (k&
Hence, fis continuous at every real number and therefore, it is a continuous function.

. 1
i {x}= —x=5
(b) The given function is x=3
For any real number k # 5, we obtain

1

lim f{x)=lim =
.L'—}Jrf{ } =k oy —5 k=5

] .
ﬁLISD,If[k}zﬁ l-'e'thk;tj}

Iitr: _f'{x}:j'{k]
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous
function.

f(x)= x° =25

_ I E=S
(c) The given function is X+3

For any real number ¢ # —5, we obtain

wWW. ncert hel p. con
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lim f (x) = lim X _iﬁ =lim (r+ ﬁ)j; -3). lim (x—5) = (c-5)

L—*C _x + o x

(c+5)(c-5

Also, [ (¢) = ). (¢—3) (asec=-5)

c+5
s lim f(x) = (c)
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous
function.

S—x, ifx<5

x=51ifx=5

.f'{xl=lx—5|={

This function f is defined at all points of the real line.

(d) The given function is

Let c be a point on a real line. Then,c<5orc=50rc>5
Casel:c<5

Then, f(c)=5-c¢

lim 7 (x) = lim (5 - ) =5

- lim __.f'l[x}= fle)

Therefore, f is continuous at all real numbers less than 5.
Casell:c=5

rren, /(€)= 1(5)=(5-5)=0
i () =im(s-5)=(5-5) =0

lim f(x)=lim(x-5)=0

x5
sdim f(x) = lim f(x)=f(c)
Therefore, f is continuous at x = 5
Caselll: c> 5
Then, f(c)= f(5)=

4
lim f(x)=lim(x-5)=¢-5

X X

~im f(x) = f(c)

i T
Therefore, fis continuous at all real numbers greater than 5.

Hence, fis continuous at every real number and therefore, it is a continuous function.
wwWw. ncert hel p. con

woa djayuaou - mmm//:dny



. (x)=x". . . S

Prove that the function "f{ ] is continuous at x = n, where n is a positive integer.
Answer

The given function is f (x) = x”

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n) =1lim(x" ) = n"

X—*n X—*n

sim f(x)= f(n)

I—«n

Therefore, fis continuous at n, where n is a positive integer.

Is the function f defined by

x x, ifx=1
xX|=
' ‘] 5 ifx=>1
continuous at x = 0? At x = 1? At x = 2?
Answer
o xifx =l

S =8 s
The given function fis .
At x = 0,

It is evident that f is defined at 0 and its value at 0 is 0.

Then, Tim f(x)= limx=0

a—+l

sim f(x) = £(0)

Tl
Therefore, f is continuous at x = 0
Atx =1,
fis defined at 1 and its value at 1 is 1.
The left hand limit of fat x = 1 is,

lim /(x)=limx=1

K=l r—+l
The right hand limit of fat x = 1 is,
wWW. ncert hel p. con
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]l_lP S (x) |i_£]|l{5} 5
sim f(x)# lim f(x)

r—+1 '

Therefore, f is not continuous at x = 1
At x = 2,

fis defined at 2 and its value at 2 is 5.
Then, lim (x)= IT1_12{5} =5
~lim f(x)=1(2)

Therefore, f is continuous at x = 2

Question 6:
Find all points of discontinuity of f, where f is defined by

. 2x+3, ifx=2
fx)= .

2x-3, ifx=2
Answer
. 2x+43, ifx=2
f(x)

The given function fis . 2x -3, ifx>2

It is evident that the given function f is defined at all the points of the real line.

Let ¢ be a point on the real line. Then, three cases arise.
(<2

(ic>2

(iiiyc=2

Case (i)c< 2

Then, f(¢)=2c+3

lfir'rrl_ f(x} = 1~1r'r| {21'+ 3) =2c+3

i £ (x)= 7 (c)

Therefore, fis continuous at all points x, such that x < 2

Case (ii)c > 2

wWW. ncert hel p. con
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Then, f(c)=2¢-3
lim £ (x) = lim (2x~3) = 2¢ -3

X

sim f(x) = f(c)

K=

Therefore, fis continuous at all points x, such that x > 2
Case (iii)c =2

Then, the left hand limit of fat x = 2 is,

Jlng f(x)= !ﬂ{] (2x+3)=2x2+3=7

The right hand limit of fat x = 2 is,

lim f(x)=1lim(2x-3)=2x2-3=1

o2

It is observed that the left and right hand limit of f at x = 2 do not coincide.

Therefore, f is not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.

Question 7:

Find all points of discontinuity of f, where f is defined by
|x|+3,ifx <=3
flx)=4-2xif-3<x<3

Ox+2,ifx=3
Answer
x|+3=—x+3* ifx=-3

fx)={-2x, if-3<x<3

bx+2, ifx=3
The given function fis

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case I:

If ¢ <3, thenf(c)=—c+3
1~1r'n flx)= ]l_ir;n_{—x-r-E} =—c+3
wlim f(x) = f(c)
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Therefore, fis continuous at all points x, such that x < -3
Case II:

If e =3, thenf(-3)=—(-3)+3=6

lim f(x)= lim (—x+3)=—(-3)+3=6

s lim f(x)=f(-3)

Therefore, f is continuous at x = -3

Case III:

If —3<¢<3, thenf(c)=-2c and lim f(x)=lim(-2x)=-2¢

~lim f(x) = f(c)
Therefore, fis continuous in (-3, 3).
Case IV:

If ¢ = 3, then the left hand limit of fat x = 3 is,
lim fx)= lim (-2x)=-2x3=-6

The right hand limit of fat x = 3 is,

lim £ (x)= lim (6x+2) = 6x3+2 =20

a3 i3

It is observed that the left and right hand limit of f at x = 3 do not coincide.

Therefore, f is not continuous at x = 3
Case V:

Ifc =3, thenf[r} =6c+2 and lim f{\] = |in1(6x+ 2)=6c+2
IL_iE! f[x] = _f(c]

Therefore, fis continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Question 8:

Find all points of discontinuity of f, where f is defined by
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f(x)=1 x
0, 1fx=0
Answer
|x .
. ifx =)
flx)=1 x nr
0, 1fx=0

The given function fis

It is known that, ¥ < 0= |x/=—xandx>0=|x|=>

Therefore, the given function can be rewritten as

|—————1|1r<U
X X

f(x)=10, ifx=0
H=£=l, ifx=0
X X

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:
If ¢ <0, thenf(c)=-
lim f (x)=1lim(-1

X

sim f(x)=1(e)

K=

}—I

Therefore, fis continuous at all points x < 0
Case II:
If c = 0, then the left hand limit of fat x = 0 is,

fip /()= fim (=1) =~
The right hand limit of fat x = 0 is,
fin /()= fim (1) =1

It is observed that the left and right hand limit of f at x = 0 do not coincide.

Therefore, f is not continuous at x = 0

Case III:
wWW. ncert hel p. con
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If e =0, thenf{::} =1
lim f(x)=1lim(1)=1

X X—

sim f(x) = f(c)

i T
Therefore, fis continuous at all points x, such that x > 0

Hence, x = 0 is the only point of discontinuity of f.

Question 9:

Find all points of discontinuity of f, where f is defined by

X
—, ifx<0
S(x) =1
=1, ifx=0
Answer
X
—, ifx<0
S(x) =1
=1, ifx=0

The given function fis

It is known that,~ < = x| =

Therefore, the given function can be rewritten as

_ o Lifx<0
flx)=qx -
1, ifx>0

= _f'{x}: ~lforallxeR

lim f(x)=lim(-1)=—1

Let c be any real humber. Then, * wohe

fe)==1=lim f(x)

Also
Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Question 10:

Find all points of discontinuity of f, where f is defined by
wWW. ncert hel p. con

woa djayuaou - mmm//:dny



f{-*)={x+'* ifx2]

X+l ifxr<l
Answer

f{-*)={x+'* ifx2]

The given function fis X"+, ifx<l

The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

If ¢ <1, thenf(c)=c’+1and lim f(x) =lim(x* +1)=c’ +1
s lim f(x) = f(c)

Therefore, fis continuous at all points x, such that x < 1
Case II:

Ife=1, then_,r"[c}=f{l} =1+1=2

The left hand limit of fat x = 1 is,

lim f(x)= lim (2" +1)=1"+1=2

The right hand limit of fat x = 1 is,

lim Sx)= !Ep{x+l] =l+1=2

- lim Fx)=r(1)

Therefore, fis continuous at x = 1

Case III:

If ¢ >1, then f(c)=c+]1

lim f(x)=lim(x+1)=c+1

sim f(x) = f(c)

X

Therefore, fis continuous at all points x, such that x > 1
Hence, the given function f has no point of discontinuity.

Question 11:

Find all points of discontinuity of f, %W fn'f:g?ffrﬁglbﬁ con
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-3, ifx<2
f{‘:] _{rz +1, ifx=2

Answer

-3, ifx=2
-1

The given function fis "+l ifx>2

The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife <2, thenf(¢c)=c' -3 and lim f(x)=lim(x’-3)=c¢’-3

{i_r:gf[x}= fle)

Therefore, fis continuous at all points x, such that x < 2
Case II:

Ife=2, thcn,f'{c} = f(2)=2"-3=5

Kb 'I

lim f = |||11 [f —3} 2} -
(

hm —I1m X +1J +1=35

o lim f {.r}= 712)

Therefore, f is continuous at x = 2
Case III:

Ife>2, thenf(c)=c"+1

lim f(x) =lim(x* +1)= ¢ +1

sim f(x)= f(c)

T

Therefore, fis continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Question 12:
Find all points of discontinuity of f, where f is defined by

wWW. ncert hel p. con

woa djayuaou - mmm//:dny



Answer

X, ifr=1

f{-‘f]={ri“"’ ifx<

The given function fis
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
Ife <1, then f(¢) =" ~1and lim £ (x)=lim(x" ~1)=¢" -1
- lim f(x)=f(c)

Therefore, fis continuous at all points x, such that x < 1

Case II:
If c = 1, then the left hand limitof fat x = 1 is,
lim f(x) = lim(x" =1} =1"-1=1-1=0

Xl

The right hand limit of fat x = 1 is,
lim f(x)=lim(x*)=1"=1
x—=|

=" 4
It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, fis not continuous at x = 1
Case III:

Ife>1, thenf(c)=c¢
lim f(x)= ]im{.r: ) = ¢

=%

sim f(x) = f(c)

K=

Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Is the function defined by
wWW. ncert hel p. con
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f(x)= x+5 1fx =l

a x=5i1fx=1

a continuous function?

Answer

. x+5 1fx =]
'”I): =5, ifx=1

The given function is ) ’

The given function f is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case I:

Ife <1, thenf (¢)=c+5and lim [ (x)=lim(x+5)=c+5

r—* T—*

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x < 1
Case II:

Ifc=1, thenf(1)=1+5=6

The left hand limit of fat x = 1 is,

lim f(x)=lim (x+5)=1+5=6

The right hand limit of fat x = 1 is,

i £ (s)= By (s—5)=1 5=

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case III:

Ife >1, thenf (¢)=c—5and lim [ (x)=lim(x—-5)=c-35

r—* T—*

sim f(x) = f(c)

K=

Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

wWW. ncert hel p. con
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Discuss the continuity of the function f, where f is defined by

3 if0=sx<1
fl[x]= 4, ifl<x<3
5 if3<x<10
Answer
3, if0=sx<1
flx)=44,ifl<x<3
5, if3=x=10

The given function is

The given function is defined at all points of the interval [0, 10].
Let ¢ be a point in the interval [0, 10].

Case I:

If0<e<l, lhen_f'l:c‘) =3and lim f I:Y) =lim [3] =3
s lim ;’[1} = _f'l:r:ll

Therefore, fis continuous in the interval [0, 1).
Case II:

If e =1, then f(3)=3

The left hand limit of fat x = 1 is,

lim f(x)=1im(3)=3

x—=| x—

The right hand limit of fat x = 1 is,

lim f(x)=1lim(4)=4

x—=| =l

It is observed that the left and right hand limits of f at x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case III:

If 1<c <3, thenf(c)=4and lim f(x)= lim (4)=4
s lim £ (x) = f(c)
Therefore, fis continuous at all points of the interval (1, 3).
Case IV:
If ¢ =3, thenf(c)=35
wWW. ncert hel p. con
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The left hand limit of fat x = 3 is,
lim f(x)= lim (4) =4

The right hand limit of fat x = 3 is,
fim /()= lim (5) =3

It is observed that the left and right hand limits of f at x = 3 do not coincide.

Therefore, f is not continuous at x = 3
Case V:

If3<¢ <10, thenf(c)=5and lim f(x)=lim(5)=5

lim f(x) = /(<)

Therefore, fis continuous at all points of the interval (3, 10].

Hence, fis not continuous at x =1 and x = 3

Discuss the continuity of the function f, where f is defined by

2x, ifx <0
fx)=40, if0<x<]
dx, ifx=1
Answer
2x, ifx <0
fx)=40, if0<x<l]
dx, ifx=1

The given function is
The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I:
If ¢ <0, then f(c)=2¢
lim fx)=lim(2x)=2¢

I.-jT flx)=f(c)

Therefore, f is continuous at all points x, such that x < 0

wWW. ncert hel p. con
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Case II:
Ife=0, thenf(c)=7(0)=0
The left hand limit of fat x = 0 is,
i = i j = =
IIT f(x) 1151”1 (2x)=2x0=0
The right hand limit of fat x = 0 is,
i/ (x)= i (0)=0
“lim £ (x)=1(0)
Therefore, fis continuous at x = 0
Case III:

If0<c=l, then_,f'(x} ={} and ]_irn_f(x}= Iim{[}} =1

wlim £ (x) = f(c)

Therefore, fis continuous at all points of the interval (0, 1).
Case IV:

If ¢ =1, then f{c}:f{l}: {

The left hand limit of fat x = 1 is,

lim f{x)=lim(0)=0

tim /(x)=fim(0)

The right hand limit of fat x = 1 is,

lim f(x)=lim(4x)=4x1=4
Xl K=l

It is observed that the left and right hand limits of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1
Case V:

Ife <1, thenf[c] =4¢ and lim {r) = l_in}(flx) =4¢
wlim £ (x) = f(c)

Therefore, fis continuous at all points x, such that x > 1

Hence, fis not continuous only at x = 1

Discuss the continuity of the functiomhﬁﬁeeq,ig H@ﬁir&d@dw
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-2, ifx=-1
f(x)=12x if —-1<x<]1

2, ifx=>1
Answer

-2, ifx<-1
flx)=12x if —-1<x<1
The given function fis 2, 1x>1
The given function is defined at all points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ < —1, then f(¢)=-2 and l_im__f(x}:]_im_[ 2)=-2
“lim £ (x)= £ (c)

Therefore, fis continuous at all points x, such that x < —1
Case II:

Ife=—1, thenf(¢)= f(-1)=-2
The left hand limit of fat x = —1 is,
lim f(x)=lim (-2)=-2

|

The right hand limit of fat x = -1 is,

lim f(x)= lim (2x)=2x(-1)=-2

s lim 7 (x)=7(-1)

Therefore, f is continuous at x = —1
Case III:

If —1<c<], thenf(c)=2c

lim f'(x) = lim (2x) = 2¢

s lim f(x) = f(c)

Therefore, fis continuous at all points of the interval (-1, 1).
Case IV:

wWW. ncert hel p. con
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Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
11_.""1_,{{'!‘,'}: !i_l;ln{lx}:hl =2

The right hand limit of fat x = 1 is,
lim f(x)= lim2=2

="

sim f(x) = f(c)

a—xl
Therefore, f is continuous at x = 2
Case V:

Ife>1, thenf(c) =2 and lim f(x)=lim(2)=2

im ()= /()

Therefore, fis continuous at all points x, such that x > 1
Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Question 17:

Find the relationship between a and b so that the function f defined by

7() :{ax+ , ifx<3

hx+3, itx=3
is continuous at x = 3.
Answer

av+1, ifx<3

r) =
The given function fis br+3, ifx>3

If fis continuous at x = 3, then

wWW. ncert hel p. con
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lim f(x)= lim f(x)= f(3) (1)
Also,

lim f(x)= lim (ax+1)=3a+1

lim /(x) = lim (br+3)=3b+3

f(3)=3a+1

Therefore, from (1), we obtain
3g+1=3h+3=3a+1
=3a+1=3h+3

=3g=3h+2

2
=a=h+=
3

2
a=h+—
Therefore, the required relationship is given by,

Question 18:
For what value of A is the function defined by
, Alx* =2x), ifx<0
fx)= ( } ,
dx+1, iflx=0

continuous at x = 0? What about continuity at x = 1?

Answer

Al =2x), ifx<0
.f'{x}={ (=2
dx+1, ifx=0

The given function fis
If fis continuous at x = 0, then

lim £ (5)= lim (x)= (0)

= lim A(x-2x)= lim (4x+1) = A(07=2x0)

= A(0°=2x0)=4x0+1=0

= 0 =1=0, which is not possible

Therefore, there is no value of A for which fis continuous at x = 0

wWW. ncert hel p. con
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Atx =1,
f(l)=4x+1=4x1+1=5
lw_[n?.Hxi l)=4x1+1=5

~lim £ (x)=£(1)

Therefore, for any values of A, fis continuous at x = 1

Show that the function defined by g{.r] - I_['1"]is discontinuous at all integral point.

X .
Here [ ]denotes the greatest integer less than or equal to x.

Answer
g(x)=x-[+]

It is evident that g is defined at all integral points.

The given function is

Let n be an integer.
Then,

g(n)=n-[n]=n-n=0
The left hand limit of fat x = nis,

lim g(x) = lim (x—[x]) Jlt};]{’.}—]l!‘.l:l[l] n—(n—1)=1

K=+ X—*i

woa djayuaou - mmm//:dny

The right hand limit of fat x = n is,
JE“ g(x)= |I_!‘:i (x—[x])= Jlim (x)=lim[x]=n-n=0

it
It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, f is not continuous at x = n

Hence, g is discontinuous at all integral points.

f(x)=x"-sinx+5

Is the function defined by continuous at x = p?

Answer

x)=x"—sinx+35
The given function isf“JI voosiny
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It is evident that f is defined at x = p

Atx=m, f(x)=f(n)=n"—sinn+5=n"-0+5=n"+5

Consider lim f(x)=lim [.rz —sin x +5)
=R A—+X

Putx=m+h

If x — m, then it is evident that h — ()

o Aim f (x) =lim (x* —sinx +5)

=T X—T

=lim _[r:+ h}l —sin(n+h)+ 5}

=0

= l|ln[n+h}' - LTASII](TE+}?]+]III]5

Fe—il [Py
=(n+0) ~lim [sin T cosh+ m:-s*n:s-inh] +5
D=}

=71’ — !)im sin mweosh— lim cos wsinh+ 3
-0

Fr—0
=n’ —sinmcos0—cosmsin0+5
=" —0x1—(=1)x0+5
=m’+5
s lim f (x) = £ (x)

Therefore, the given function fis continuous at x = n

Question 21:

Discuss the continuity of the following functions.

(@) f(x) =sin x + cos x

(b) f (x) = sin x — cos x

(c) f (x) = sin x x cos X

Answer

It is known that if g and h are two continuous functions, then

g+h, g—h, and g"hare also continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.

Let c be a real number. Putx =c + h

Ifx—>c thenh—0
wWW. ncert hel p. con
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g(e)=sine

lim g (x)=limsinx

=¥ L Ia

= LHH sin(c+ h}

= Iim[s-in ccosh +cos csinh]
Fr—all

= Ln:rﬂ{sm ccosh)+ lhuﬂ[cnscsm h)

=sinccosD+coscsin(
=sinc+0
=sinc¢
+ limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Putx =c + h
Ifx—>c thenh—0
h(c) =cosc

lim h(x)=limcosx

K=+

= limcos(c+h)

Jr—=ll

= lim [cus ¢cos h—sinesin h]

Jp=sll

= limcosccos hi—limsinesinh

Jr—=ll fa—il

=cosccos—sinesin(
=coscx]—sincx0

=C0scC

o lim h[:.r] hic)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(@) f(x) =g (x) + h (x) =sin x + cos x is a continuous function
(b) f(x) =g (x) — h (x) =sin x — cos x is a continuous function

(c) f(x) =g (x) x h (x) =sin x x cos x is a continuous function

wWW. ncert hel p. con

woa djayuaou - mmm//:dny



Discuss the continuity of the cosine, cosecant, secant and cotangent functions,
Answer
It is known that if g and h are two continuous functions, then

) h{x}
) g(x)

(i) L, g(x) =0 is continuous

g(x)

. g(x)# 0 is continuous

1 .
i ., h{x) =0 is continuous
(1) 4.y 1)
It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Putx =c + h

If x ~?c,thenh 0
g(e)=sine

lim g (x)=limsinx

=¥ L Ia

= LHH sin(c+ h}

= im[s-in ccosh +cos csinh]
Fr—all

= Ln:rﬂ{sm ccosh)+ lhuﬂ[cnscsm h)

=sinccosD+coscsin(
=sinc+0
=sinc¢
+ limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Putx =c + h
Ifx®c, thenh® 0

h(c) =cosc

wWW. ncert hel p. con

woa djayuaou - mmm//:dny



lim A1( x) = lim cos x

N—* K=

=limcos(c+h)

Jr—=ll

= lim [cas ¢cos h—sinesin h]

Fe—sll
= !J_rE cosccosh— ]al_r'l;ll sin¢sinh
=cosceos—sinesin(
=coscxl—sinex()
=cosc

s lima(x)=h(c)

Therefore, h (x) = cos x is continuous function.
It can be concluded that,

1 . . .
cosec x = ——, sinx # 0 is continuous
sinx

= cosecx, X #nm (ne Z) is continuous

Therefore, cosecant is continuous except at x = np, n iz

1 . s
secx = . cosx # 0 is continuous
cosx

=secx, x#(2n+ 1)% (neZ) is continuous

T
:r:=(2n+ I]— {nez.)
Therefore, secant is continuous except at 2

u -

colx= , sinx = 0 is continuous

sin x
= colx, x # nn (ne Z) is continuous

Therefore, cotangent is continuous except at x = np, n iz

Question 23:

Find the points of discontinuity of f, where
sin x

S(x)=q x

x+1, ifx=0

ifx <0
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Answer

| Jsmx‘iﬁ{ﬂ
JIIr {T) = l X
The given function fis x+l, ifx20
It is evident that f is defined at all points of the real line.

Let ¢ be a real humber.

Case I:

. sin ¢ . . (sinx| sine
If c <0, then f'(c) = € and Innfl,'lx}:hm[ t |= ‘

] X X g r‘t‘ ): c

wlim f(x) = /(¢)
Therefore, fis continuous at all points x, such that x < 0
Case II:
Ifc >0, thenf(c)=c+1and lim f(x)=lim(x+1)=c+1
s lim f(x) = £ (c)
Therefore, fis continuous at all points x, such that x > 0
Case III:

If e =1, thenj'[c] =f[{J] =0+1=1
The left hand limit of fat x = 0 is,

sinx

lim _f{x}: lim =1

w=wi]l vy
The right hand limit of fat x = 0 is,
li £ (s)= im (x+1)=1
sim f(x) = lim f(x)=/(0)
x—ll x—
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that fis continuous at all points of the

real line.

Thus, f has no point of discontinuity.
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Question 24:
Determine if f defined by
1
¥’ sm—, ifx=0
f(x)=

0, ifx=10
is a continuous function?
Answer

1
¥’ sm—, ifx=0
f(x)=

The given function fis 0, ifx=0

It is evident that f is defined at all points of the real line.

Let ¢ be a real number.

Case I:

If ¢ =0, then f(c }—r_ ﬁinl

[
Vo a1 _
J (llmx) limsin— [=¢” sin—
K= A= xX o

lim f( \f}—]lll‘l[l 5in

X N

!1mf (x)=f(c)

Therefore, fis continuous at all points x # 0
Case II:

If ¢ =0, thenf (0)=0

h'|—l
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o R
J]_.Tllj{l)—.!ﬂ':]] [x S'“;J__IT”E(I sin ]

X

. .1
It is known that, —1<sin—<1, x#0
X

1
= —x’ =sin—<x’
x
I A
= lim [—x‘] = Iim(x'sin — (= limx”
Kl x ’”.\ x ¥ —si]

—=0< Iim(f sin l] <0
a—l x

. .
:}]lm[x's'.m— =1
vl X

sim f(x)=0

r—sll”

Similarly, lim f(x)= lim [xl sin l] = lim [x: sin l) =0

it v’ x ¥ X
soim f(x)=F(0)=lim f(x
£ f{ } j { } sl f{ }
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that f is continuous at every point of
the real line.

Thus, fis a continuous function.

Question 25:

Examine the continuity of f, where f is defined by

.f'[f}={

sinx—cosx,ifx=0
-1 itx=10
Answer

siny—cosx,ifr=0
-1 ifx=1(

f‘(r)={

It is evident that f is defined at all points of the real line.

The given function fis

Let ¢ be a real humber.
Case I:

wWW. ncert hel p. con

wo9 dipyuaou - mmm//:dny



If ¢ # 0, then /' (¢) = sine —cose

lim f(x)=1lim(sinx—cosx)=sinc-cosc

slim f(x)= f(e)

X0
Therefore, fis continuous at all points x, such that x # 0
Case II:

If e =0, then £(0)=—1

lim f(x)= Iin‘l(sinx—ﬂosx]=sinﬂ—cosﬂ =0-1=-1

=i}

lim f(x)= !i_l;ﬂlfsinx—cos.x}=sin{]—cosﬂ =0-1=-1

="
sim f(x) = lim f(x) = £(0)
a—=l x—=
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that f is continuous at every point of

the real line.

Thus, fis a continuous function.

Question 26:

Find the values of k so that the function fis continuous at the indicated point.

kcosx . b
. '|:F.f;f ;
. T—2x 2 n
flx)= -2 atx=—
o i T 2
3, ifx=—
2
Answer
k ) 7
Cos X iy n
f{X}Z n—2x .
3, if.‘fz;
The given function fis <
T
Y= — =

ra | =

The given function fis continuous at 2 , if fis defined at

xX= ¥ =

T
equals the limit of fat 2.

ra A

at
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T m
X=— f 5 =
It is evident that f is defined at 2 and

kcosx

Iin} f(x)=lim

x :-'T ﬂ_zx
2 1
T
Put x =?+h

n
Thcn.x—};:hﬁﬂ

k cos kcus(g+h]
~dim f(x) = Tim == = fim =L
e N —ex H—z[;+ﬁ]

= k=6

Therefore, the required value of k is 6.

Question 27:
Find the values of k so that the function fis continuous at the indicated point.
. ki, ifx <2
flx)y=1"""_ atx=2
3, ifx=2

Answer

£(x)= {kr“, ifx<2

The given function is 3, ifx>2

The given function fis continuous at x = 2, if fis defined at x = 2 and if the value of f at

x = 2 equals the limit of fat x = 2

(AN _ L
It is evident that f is defined at x = 2 and f {2] _k('} = ak
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lim £ (x)= lim /(x)= f(2)

= 2

= lim (k)= lim (3) = 4k

= 2 ="

=kx2"=3=4k

=dk=3=4k
=d4k=3
::»k:i

4

.3
ks =
Therefore, the required value of 4.

Question 28:

Find the values of k so that the function fis continuous at the indicated point.
f(x)

Answer

e+, ifxsn
= L atx=m
cosx, ifx=m

e+, ifx<m

| x}={ |
The given function is cosx, ifx >m

The given function fis continuous at x = p, if fis defined at x = p and if the value of f at

X = p equals the limit of fat x = p

It is evident that fis defined at x = p and'Jf {H) =k +1

im 1 ()= Jim 7 (x) = /(x)
= lim (kx+1)= lim cosx = kn+1

X T ¥—pa’

= hkn+l=cosmt=kn+l

=kn+l==1=kn+1
2
= k=-—
m
. 2
ks ——.
Therefore, the required value of T
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Question 29:
Find the values of k so that the function fis continuous at the indicated point.
e+, ifx=3

= . atx=35
3x—5, ifx=5

f(x)
Answer

B e+, ifx <5
C|3x=5, ifx>5

f(x)
The given function fis

The given function fis continuous at x = 5, if fis defined at x = 5 and if the value of f at

x = 5 equals the limit of fat x = 5

It is evident that f is defined at x = 5 andf{s}z for+1=5k+1

]inz_ flx)= Ii|I1_ Flx)=r11(5)
= lim (ke +1) = lim (3x—5) =5k +1

=5k +1=15-5=5k+1
=5k+1=10
=5k =9
V]
= k==
3

kis =,
Therefore, the required value of

Question 30:
Find the values of a and b such that the function defined by
3, ifx=2
flx)=qax+b,if 2<x<10
21, ifx=10

is a continuous function.
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Answer

5, ifx=s2
flx)=1ax+b,if2<x<10
21, if x =10

The given function fis

It is evident that the given function f is defined at all points of the real line.

If fis a continuous function, then f is continuous at all real numbers.
In particular, fis continuous at x = 2 and x = 10

Since fis continuous at x = 2, we obtain
lim £ (x)=lim 7(x)=7(2)

= ]nn (5)= IJm (ax+b)=5

::-5 =2a+b=5

=2a+b=35 (1)

Since fis continuous at x = 10, we obtain

lim f{‘c]— |1m f ,‘c IU}

w1

= L.”E {ux+{>}= 1I—I-]|T|I {2]} =21

=10a+bh=21=21

=10a+b=21 {2}

On subtracting equation (1) from equation (2), we obtain
8a =16

By putting a = 2 in equation (1), we obtain
2xXx2+b=5

>4+b=5
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=>b=1

Therefore, the values of a and b for which fis a continuous function are 2 and 1

respectively.

Show that the function defined by f (x) = cos (x?) is a continuous function.

Answer

The given function is f (x) = cos (x?)

This function f is defined for every real humber and f can be written as the composition
of two functions as,

f=goh, where g (x) = cos x and h (x) = x*

[ (goh)(x)= g[h(x)} =g I[xz ) = cm;(x2 } = _f[x]]

It has to be first proved that g (x) = cos x and h (x) = x? are continuous functions.
It is evident that g is defined for every real humber.

Let ¢ be a real number.

Then, g (c) = cos ¢

Putx=c+h

Ifx — ¢, then h— 0

]Ti_r'rcl_ g(x)= |T|E1 cos x

=lim CDS{(‘ +h)

Jy—l)

= Iim[cns ¢cos f1—sin esin h]

Tl
=limcosccosh-limsincsinh
fi—sl) f—ll
=coscecos0—sinesin
=coscx]—sinex0
= COSC
]En g(x)=glc)
Therefore, g (x) = cos x is continuous function.
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h (x) = x?
Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k?

limh(x)=limx* =k’

XK vk
Shmb(x)=4
lim r[r} r[:k}
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c¢), then (f o g) is continuous at c.

Therefore, J {TJ :{‘Q”h}{'t} - ms(.r' ) is a continuous function.

Show that the function defined by [ (x)=|cos

Answer

is a continuous function.

The given function is" f(x)=|cosx]

This function f is defined for every real humber and f can be written as the composition

of two functions as,

f=goh, Whereg{x}:"ﬂ and /1(x) = cosx

[*.*{gﬂh}{ g[h( ] me:j |me|—f( ]

x| and h(x)=cosx

It has to be first proved that g{.x] :‘ are continuous functions.

2(x)=|x| can be written as

( } —x, ifx<0
Xl=
& x, ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I
If ¢ <0, then g(¢)=—c and lim g(x)=lim(-x)=-¢
limeg(x)=g(c)
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Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc >0, theng(c)=cand limg(x)=limx=c

RS

limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

lim g(x)=lim (-x)=0

= -

lim g(x)=lim (x)=0
. x=l

x—=0"

slim g (x)=lim (x)=g(0)

x>l x—=ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
h (x) = cos x
It is evident that h (x) = cos x is defined for every real humber.
Let ¢ be a real number. Putx =c + h
If x - ¢, thenh—0
h(c) =cosc

lim h(x)=limcosx

K=+

= limcos(c+h)

Jr—=ll

= lim [cus ¢cos h—sinesin h]

Se—all
= limcoscecosh—limsinesinh
Jp—=il fr—i)
=cosccos—sinesin(
=coscx]—sincx0
=Cosc

o lim h[:.r] hic)

X—*C
Therefore, h (x) = cos x is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c¢), then (f o g) is continuous at c.
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f(x)=(goh)(x)=g(h(x))=g(cosx)=|cos x|

Therefore, is a continuous function.

Question 33:

. sin x| . . .
Examine that | is a continuous function.

Answer

Let f(x)=sin|x|

This function f is defined for every real humber and f can be written as the composition
of two functions as,

f=goh, Whereg{x}:|x| and h(x)=sinx

[ {gf}h}{x] = g{h{x}) = g[sin Jr} = |:-;inx = f[x}:l

g(x)=|x| and i(x)=sinx

It has to be proved first that are continuous functions.

2(x)=|x| can be written as

E{x}={

Clearly, g is defined for all real numbers.

—x, ifx <0

x, ifx=0

3

Let ¢ be a real humber.

Case I:

Ifc <0, then g(¢)=—c and lim g(x)=lim(-x)=-c

]L-iT- z [1] = g(c}

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc=0, theng(c)=cand limg(x)= limx=c
“limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0

Case III:
If ¢ =0, then g(c)=g(0)=0
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lim g(x)=lim (~x)=0

x—l x—

lim g(x)=lim(x)=0
. x=l

x4

slim g (x) = lim (x) = g(0)

r—»l x—»ll
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x
It is evident that h (x) = sin x is defined for every real number.
Let c be a real number. Put x = ¢ + k
Ifx—>c thenk—-0
h(c) =sinc
hic)=sine
1¥ir.n_ h(x}: ]jT sin x

= !ilmsin{c +k)

=lim [Sinccusk +coscsin ﬁf]
]

= 1|1:r|1|{5111 ccosk)+ LIIE(CDSCE]TI k}

=sinccos(+coscsin(
=sin¢+0
=sinc
. Iu-iT h(x)=g(c)
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c¢), then (f o g) is continuous at c.

Therefore, f{x} ={gﬂh}{x} - g{h[r}_} - g{sm x] - |su1 x| is a continuous function.

Question 34:

X)=|x|—|x+
Find all the points of discontinuity of f defined byf“} |T| |" I .

Answer

£ (x) =[xl +1
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The two functions, g and h, are defined as
g(x)=|x| and h(x)=|x+1]

Then, f=g—-h

The continuity of g and h is examined first.

2(x)=|x| can be written as

g{x}={‘mifxcu

x, ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:

Ifc <0, then g(¢)=—c and lim g(x)=lim(-x)=-c

K= K=

limg(x)=2(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

If ¢ >0, then g(c) =c and Iimg(x} =limx=¢

RS

~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

If e =0, then g(c)=g(0)=0

lim g(x)=lim (~x)=0

x—l x—

lim g(x)=lim(x)=0
. x=l

x4

slim g (x) = lim (x) = g(0)

x—4l] x—3il
Therefore, g is continuous at x = 0
From the above three observations, it can be concluded that g is continuous at all points.
h(x)=|x+1| can be written as

h{ﬂ:{_{xﬂ}s i, x <1

x+1, ifx=-1

Clearly, h is defined for every real number.
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Let ¢ be a real number.

Case I:

If ¢ <—1, then h(e) == (c+1) and limh(x) = lim[ ~(x+1) |==(e+1)
|111;Ir1 h(x)=h(c)

Therefore, h is continuous at all points x, such that x < -1

Case II:

If ¢ > ~1, then h{(_‘] =¢+1 and Iri_r’nh(.r): !L]_I;I'] [x+]]:c+l

IriT h(x)=h(c) ‘ ‘

Therefore, h is continuous at all points x, such that x > —1

Case III:

If e =—1, then h(c)=h(-1)=-1+1=0
lim h{x)= lim [—[x+|]]=—{—|+]}=ﬂ
x——1 x——1

lim A(x)= lim (x+1)=(-1+1)=0

x=—1" =1

solim k(x) = lim h(x)=h(-1)

x—=—1 fe——1"
Therefore, h is continuous at x = —1
From the above three observations, it can be concluded that h is continuous at all points
of the real line.
g and h are continuous functions. Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.
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Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

sin (xz +5)

Answer

Let f (x) =sin(x*+5). u(x)=x"+5, and v(t) =sint
Then, (vou)(x)=v(u(x))=v(x* +5) = tan(x* +5) = ()
Thus, fis a composite of two functions.
Putt=u(x)=x"+5

Then, we obtain

dv d,; . {2,

E=E(smr]:cuse‘:mb{a +J)

dt B d ¢, _ dg d — =

E_E(x +5)_E(I )+E[5]—2x+ﬂ—2x

Theretore, by chain rule, i = ﬂﬂ = ms(xl +5)>c 2x= 2xcus(.x2 + 5)
df  dx

Alternate method

%[sin{x'1 +5ﬂ = r.:-:ss(,vc2 +5]-{_j{i{:x:J +5)

X
N d o d
= u)s(x" + S] E(x')+ E{S}}
= -;:-:!us(,\c2 + 5) [2x+0]
=2x ::Ul'.-s[Jrj +5)

Question 2:

Differentiate the functions with respect to x.

cos(sin x)
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Answer

Let / (x) = cos (sin x),(x) =sinx, and v(¢) = cos
Then, (vou)(x) = 1-‘(;;[.1:]] =v(sinx) = cos(sinx)= f(x)
Thus, fis a composite function of two functions.

Putt = u (x) = sin x

dv d ) ; ,
0 [cusr] = —sin¢ = —sin(sin x)
drd .

o E[smx}z CO8 X
X

df _dv di _ L
— = = =511 [51“ .T) CCORX = —C05X 51N [sm I]
By chain rule, dc di dx

Alternate method g
J S

I:cus;{sjn x}:l = —5In {sin x] . & {sinx] = —35In [sin x] SCOSX = — ::m'.xsin{sin x} g
Question 3: g
Differentiate the functions with respect to x. Q
—+

sin{ax+b) g
°

Answer o
®)

3

Let f( x '}:‘;in (ax+b), u(x)=ax+b, and F{f}=’~?il‘l1’
Then, (vou) T}'i(zr{ }—1 ax+b)=sin(ax+b)= f(x)

Thus, fis a composite function of two functions, u and v.

Putt=uXx)=ax+b

Therefore,
av  d
sinf)=cost=cos|lax+b
— = SinY)= (ax+b)
dr d d d
—=—/(ax+b)=—(ax)+—(b)=a+0=a
dx rix( ] rbr( } cix( )
Hence, by chain rule, we obtain
df dv dt

E _E E: coq[ax+b}-a:acos{ax+h]
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Alternate method

%[s{n[ax+b}:|: cas[ax+b}.%[ax+b]

:t:ns;(ax+b]-[;i[ar +i[b)}

v chr
=cos(ax+b).(a+0)

= ams[ax+b}

Question 4:

Differentiate the functions with respect to x.

sec(tan(&))

Answer

Let f(x) = sec(tan «.'";)u[x} =Jx,v(r)=tant,and w(s) =secs

Then, (wovou)(x)= w[v(u[x})] = u[m[ﬂ)} - w(tan «E) = scc(ran sf;) = f(x)
Thus, fis a composite function of three functions, u, v, and w.

Puts=v(r)=tant and t = u(x)= Jx

Then, zrj = j (secs)=secstans =sec(tant).tan(tanr)  [s=tan¢|
s

- so{n 5} an 5 =]

%=%{t&m]=seczf=seczﬂ
di d d( )1 ]
dr_dr[ﬂ)_m[x ]_2 N

Hence, by chain rule, we obtain
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d.f:cﬁdildsld.f

dy ds di dx
:sec(lan\f{;]-lan(lanqg)xsecz\Exzj,;
:imzﬂmc(tanﬂ)tan(tﬁnﬁ]

B sec’ J;sec(tan ‘J';)tan (lan \."';)

- 2Jx

Alternate method
;r[sec(lan -ﬁ” =g (1an Jx lan(un -,f'_) (wm -E)

=520

)
lan .1') tan(lan X
() tantan .

tan|t

Jsee

] -sec’

sec| tan r) Ian(tan\f_]%-.,’[\.";)
2Vx

(
het{tdl'l
(

Question 5:

Differentiate the functions with respect to x.
sin(ax+b)

cos(cx+d)

Answer

sin (ax+b) _ g(x)
cos(cx+d)

_f[x}z f‘i{t‘]
The given function is ~ 7, where g (x) = sin (ax + b) and
h (x) = cos (cx + d)

o gh-gh
".f h:

Consider g (x)=sin(ax+b)

Let u(x)=ax+b,v(r)=sint

Then, [mu}{x} = v(u[x}) = v{ax+i1} =sin(ax+b)= g[x}
wWW. ncert hel p. con
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~ g is a composite function of two functions, u and v.

Put t = u(x)=ax+b

% = %{sint} = cost = cos(ax +b)
% = %[axﬂ:] = %{axﬁ i[b] =a+0=a
Therefore, by chain rule, we obtain

,_dg _dv di

— —:cns(ax+h]-a:acns[ar+b]
dy dl dx
Consider i(x)=cos(cx+d)
L;elp[x):ar+a’, q(y]:ccrsy

Then,(gop)(x)=q(p(x))=g(cx+d)=cos(cx+d)=h(x)

~h is a composite function of two functions, p and g.

Puty=p(x)=cx+d

% = diy{cos_v} =—siny =—sin{ex+d)

z:i[cx+d}: ;x{cx]-i—;;(d}:c‘

Therefore, by chain rule, we obtain

Iy _dh_dq dy _ ~sin(ex+d)xc=—esin(ex+d)
dv  dv dx
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,acos(ax+b)-cos(cx+d)—sin(ax+b)|-esin(ex +d)}|

[ms{cx+a‘]]2
:acuﬁ(ax+b}+c5i“[m+b}_sm[cx+a’] I
cos(cx+d) cos(ex+d) cos(cx+d)

= acos(ax+b)sec(cx+d)+esin(ax+b)tan (ex+d )sec(cx +d)

Question 6:

Differentiate the functions with respect to x.
cos x'.sin’ (xi)
Answer

_ o cosxﬂsif(f)
The given function is .

{%[cos ¥ -sin® (x’]] =sin’ (x'{}x di[ms x )+ COS X° X {%[sinz {x’ ﬂ
Y Y Y
=sin’ (.1"{ )x (—ﬂinxg) X %(x"}+ cosx’ x ESin(x'{ ) i[s‘.in Ijil

&

. . . 4 d
= —sinx’ sin’ (x5 } % 3x* +2s8inx cosx’ -cosx X — (f]
PR B 5 SO 5 3
=—3x"sinx’ -sin’ [x' )+ 2sinx’ cosx’ cosx’ -x5x*

=10x*sinx” cosx” cosx” —3x” sinx’ sin” [Iﬁ)

Question 7:

Differentiate the functions with respect to x.

2, [cot {xl )

Answer
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cos ( SlI'l

JCGSI-\'{SIH x” sin x”
22 x
- W2sinx” cosx” sinx”
_ 22 x
* sinx?sin 2x°

Question 8:

Differentiate the functions with respect to x.
(1)
Answer
Letf(x)= cos(«.ff;]
Also, let u(x)=+/x
And,v(r) = cosr
Then, (vou)(x)= v{u{x}}
(V%)
= cos/x
=f(x)
Clearly, fis a composite function of two functions, v and v, such that

t=u(x)=vx
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And, @ _ i[cclns.*}=—sin.*
dt ol
=—5h[J;)

By using chain rule, we obtain

dtdv dt
de  dr dv
. 1
=—sm[-ﬂ)-2ﬁ
=—ﬁsin(x}";]
=_sin(v'r;]
2Jx
Alternate method
%[cos(ﬂ”z—sin(ﬂ}%(ﬁ)
:—sin(ﬁ]x%(rﬂ
= —sin xxlx_z
_—Sinu"; i
= 2\"',;

Question 9:

Prove that the function f given by
S(x)=[x-1

Answer

- ¥R is notdifferentiable at x = 1.

,reR

7)==

The given function is
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It is known that a function f is differentiable at a point x = c in its domain if both

h)- h)-
tim (M=) g gy S H1)=7()
P 1 sl h are finite and equal.

To check the differentiability of the given function at x = 1,
consider the left hand limit of fat x = 1
1+h)- (1 I+h-1-1-1
=i} _h‘ Te—wll Ifr
R =0 —}
im0 i = (h<0=[n|=-h)
T hatr i

=1

Consider the right hand limit of fat x =1

. f(1+h]—f[l}= - 1+h—1/-[1-1

h—) h f—=il h

im0 i (h>0=|n=h)
F—all" h h—l" lﬁ

=]
Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x
=1

Question 10:

f(x)=[x].0<x<3

Prove that the greatest integer function defined by is not

differentiable at x = 1 and x = 2.

Answer
fx)=[x].0<x<3

It is known that a function f is differentiable at a point x = c in its domain if both

i 1) A (et h)- (o)

h—wi¥ B h—sl* h

The given function fis

are finite and equal.
To check the differentiability of the given function at x = 1, consider the left hand limit of
fatx=1
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Consider the right hand limit of f at x =1

i 2011 0)_ [071-01

b’ h rf .u
= lim = lim0=0
fr—l hi—"
Since the left and right hand limits of f at x = 1 are not equal, fis not differentiable at
x=1
To check the differentiability of the given function at x = 2, consider the left hand limit
of fat x = 2
o Sem)-F(2) | [248][2]

f1—i} fa—»i}

1-2 -1
=lm-——=1lim-—=a
[T b=l

Consider the right hand limit of f at x =1

iy 7211 2)_y [2441-L2]
h—slf’ h f—sil’

Lo2-2
=lim ——=1lim0=0

Jr—ld” f—l
Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x
=2
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Exercise 5.3

Question 1:
&

Find € :

2x+3y=sinx

Answer

The given relationship is 2x+3y=sinx

Differentiating this relationship with respect to x, we obtain

i{2x+3y]=%{ﬁinx}

= i{2x}+i[3y}:msx

dv
:>2+3—):m5x
oy

av

=3 —=cosx-2
dx

,dv cosx-2
Cdx 3

Question 2:
&
Find ¢
2x+3y=siny
Answer

The given relationship is 2x+3y=siny

Differentiating this relationship with respect to x, we obtain
d

2 Jri‘a‘:=i s5im ¥
S (2x) 5 (39)= 4 (siny)
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dy

:;v2+3ﬂ
i

[
= 2=(cosy—3]%

Ldy 2
Cdx cosy-3

Question 3:

id
Find dr :
ax+ by’ =cosy

Answer

The given relationship is

= cos }*EI [By using chain rule]

ax+ by’ =cos y

Differentiating this relationship with respect to x, we obtain

d d s d
d—[wc}+ E(by ) = E(ms y]

X

=D icos y
:"“”}E(-" )_dx{cosﬂ

d

Using chain rule, we obtain dx

From (1) and (2), we obtain
uﬂ'ﬂ’)xlwﬁ:—siﬂyﬂ
Ty dlx

: dy
= (2by +sin y]—} =-a
v
L dy —a

“dx 2by+siny

Question 4:

d
Find @ :

xy+yt =tanx+y

[}'1):2}’— i{CﬂS_}'}:—.‘iin N

(1)

day ay

dr and dx x
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Answer

The given relationship is Xy+y =tanx+y

Differentiating this relationship with respect to x, we obtain

d W d
—(xv+ ' )=—(tanx + y
.r.i‘c( y+y ] Lir[ }r}
d d o, iy
= —(xy)+ =—(tanx)+=
() g )= (an )+ 0
= v-i[x}+r£ Y et Y [Using product rule and chain rule]
Ty N M dx &P
dy o dy__,  dy
= -1 — 4+ 2y - 4+
dy
= x+2y=1)—=se¢c x-
(x+2p=1) )
cdy _ secix-y
Cdx o (x+2y-1)

Question 5:

Q
Find x :
¥ x4yt =100
Answer
The given relationship st tXEy =100
Differentiating this relationship with respect to x, we obtain
d ;5 3 d
—|x+xy+ v |=— (100
o rayt)= - (100)

dx [Derivative of constant function is 0]
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= 2x +[J:- d (x)+x @} +2y Y _o [Using product rule and chain rule|

el elx dx

:>21+jf-l+.x-£fv+2yafv:ﬂ
d

dx

dy
x+y+(x+2y)—=0

= 2x+y+(x+ ”dx

cdy 2x+y
Cdx o x+2y

Question 6:

b
Find v :
X +xty+xyt 4y =81
Answer

. . . .x"+r::+x1+ :'1=B]
The given relationship is YTy

Differentiating this relationship with respect to x, we obtain

i{xs + X y+x’ +y3)= %(3])

dx
d d s d d o
::»E[x )+£[ ,V)+E{xy1)+a(y ):{]
2 d . v . d d L dy
:>3x'+|:_va{x-’-]+x' é}+|:_p-E(x]+xa(},z):|+3y E=ﬂ
:’335:+|:Jr’-2x+x1%:|+[vl-I+x-2y-%}+3yz%ﬂ:‘

::»(x2 +21]?+3FV2)%+(3.‘(2 +2xy+y"): 0

- (sz +2xy+37)

(Jr2 +2:cy+3y1)

4
e

Question 7:
&
Find b :

sin” y+cosxy=mn
wWW. ncert hel p. con
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Answer
The given relationship is SV +C0SV =7

Differentiating this relationship with respect to x, we obtain
d . 5 (]

—[sm‘ y+ms:(y) = (—{}r]

dx dx

d . i
= —sin” y|+—(cosxy)=1 vl
i (sin” y)+-(cosxy) (1)
Using chain rule, we obtain

d . . Y ) dv
—sin" y)=2siny—(simy)j=2snycosy—
dx[l y)=2si vy (siny) yeosy

i[cus.ty} =—sin xv%(w] = —sin xy[y%[x] +x£}

ey frisy elx
= —sin.rv[y 1+ xﬂ} =—ysinxy - xsin.r.}'ﬁ
N . 3 el

From (1), (2), and (3), we obtain

dy dy

2sin ycos v——— ¥sin xy — xsin xy
¥ de ] xy xja{r

dy

= {2 sin ycos y = xsin .TIJ'}E = ysinxy

= (sin 2y —xsin xy)% = ysin xy
x

dy_ ysinxy
v sin2y—xsinxy

Question 8:
ﬁ
Find d :
sin” x+cos” y =1
Answer
The given relationship is sin” x +cos” y =1

Differentiating this relationship with respect to x, we obtain
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%[sin‘! x+cos’ y) = %{]]

= %{sinz _\‘] + %(msz _y] =0
= 2sinx- i||'[5in x)+2cosy- i{ms y)=0
dx dx ’

::rZsinxcnsx+2cnsy[—siny}-d—; =0
c

:>sin2x—sin2yﬁ=ﬂ
x

. dy _sinlx

Tdx sin2y

Question 9:

dy
Find ¢ :

) .( 2x ]
¥ =sin -
’ l+x°

Answer

v =sin '( j]
The given relationship is I+x

. _,[ 2x J
V=sin -
l+x°
2x

=siny=

1+

Differentiating this relationship with respect to x, we obtain
d .. i) [ 2x ]

—[run y} =— 5
dx a1+ x°

:}cnsv£=i[ 2)4:1) I:‘]]
Ty ode\ 1+x7

2x i

2 ;
The function, | ¥ | is of the form of V.

Therefore, by quotient rule, we obtain
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o d d :
d( 2 _(I+x').£{2x}—2x~£(l+x']
£(1+x3)_ (1_'_1:)3

(1) 2-2x[0425] 240x7 gy 2(1-4)

(1++) (+x) (144

-(2)

. 2x
sin V= <
Also, I+x°
]+x
= cosy =4l -sin’ v—1||l
1+“’ I+x
_ (] x) 1= x' [3]

(1”2)2 C+xt
From (1), (2), and (3), we obtain
1-x" dy _ 2(1-x*)
Lex®dr o (142)
~&__2

dr 1+

Question 10:

v
Find dx :

1»'=tﬂ.[1_l 3;"——.1‘.'1 _L{t{i
’ -3 ) 3

Answer

The given relationship is
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= fan y = :i;:, (1)
3tan? —tan® 2
tan y = 3 3 (2)
| =3 tan’ Y

It is known that,

Comparing equations (1) and (2), we obtain
x=tan£
3

Differentiating this relationship with respect to x, we obtain

Question 11:
&
Find ¢

V= COs '[ x,],ﬂ{xcl
l+x
X

Answer

The given relationship is,
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V= Cos {I—x:]
1+ x°

-

= cosy = _
1+ x

I —tan® I

= A —

l+tan?? 14X

On comparing L.H.S. and R.H.S. of the above relationship, we obtain
tan£ =X

Differentiating this relationship with respect to x, we obtain

gec? E.i[ij=i{x}
2 del 2) dv

ﬁ&ec‘yxlﬁﬂ
2 2k
ﬁ_ 2
el sec? &
2
S 2
I+tan:}
2
cdv 1
Tdy o 1+x°
Question 12:
dy
Find € :
1=
¥ =sIn -1, D=x<]
1+ x
Answer

= | {1—3" ]
¥ =5In e
The given relationship is T
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=>siny= =
l1+x°

Differentiating this relationship with respect to x, we obtain

d, . d|1-x°

—(sIn y)=— e ool 1
afr{ J} dx[]+x'] {}
Using chain rule, we obtain

o (siny)=cosy- jx

432
— 1-x*
cos ¥ =4/l=sin" y = 1—[ l:J

1+ x

:\/(l+x2}2—(1—x:)2 - 4x° _2x

(l+.7c2}J (1+x2)2 LS

d, . 2x dy
.'.E{smy]:ﬁz -(2)
d [I —xsz (1+5)-(1-2) ~(1-2)-(145)

x| 1+x° (]Hz)f

- (1+x2]{—21}—(1—x2)-{2x}

B [I+x2)'
_ 2 2x' —2x+2x°
(1+x:]2
—4x
= . 3
(1+x3]‘ G)

From (1), (2), and (3), we obtain

[Using quotient rule|
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2x dv  —dx

3

I+ x° dx_(l_'_x!}“
dy -2

dr 1+

Alternate method

o 1-x°
¥ =sin -
{1+x']

3

sin 1=
iny=
N 1+x°

:>(l+x1)siny:l—x:

= (l+siny)x" =1-siny
3 |—Sin
Sy =)
1+sin v

=t
—

Y _
CO5- - —35In
2 [ 2 2
= X =

Voo
[cns ~ +5in
2 2

g
—

] ]

VooV
COS " —S8In-
2

ox——2 12
Cos +Hil‘l'y
2 2
1-tan b4
= xr= 2
1+rar1jlr
2

m:tan[ﬁ_z]
4 2

Differentiating this relationship with respect to x, we obtain
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:;Q: _2_’

dr l+x°
Question 13:

dy
Find dr
¥ =cos '( zxﬁ}—lc.r{l
1+ x°

Answer

y=cos [ - ]
The given relationship is I+

_.[ 2x ]

V = COS -

’ l+x
2x

= Cos )y =

1+ x°

Differentiating this relationship with respect to x, we obtain

4 (cos :):i.[ 2x ]
dx ) dre |1+

ayod d 2

l+x ) 2x)-2x- 14+ x
::=—sin_v-i=( +I] d""[ ") jf dr( -H)
d (l+x")'
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Question 14:
dy
Find d
1 1
=5in"[2_wl—x3], ——<Xx<——
g N NG
Answer

v =sin"' (lw'l— x° )
lationship is

v=sin"’ [Ex-q'l—x"')
= sin y=2xy1—x°

Differentiating this relationship with respect to x, we obtain
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_5,. 4 T dx
msvdx |:x (‘\Ilrl ) -X cix:l
1 —sin” Li 2|:2 2_1: +\,I'I—x:]

1—x~
o et
:,\( e E[LHJ
dx 1—x°

I-dx* (1-x° ]i‘; 2[\'“,;_2_1}
— (I—h) j 2[]_2"2}

l=—x
2y iy - 2x*
= (l-2x")—=2
1252 |
dy 2
o m—
de  \f1-5°
Question 15:
dy
Find dr
V= sec '[;] (Il*:::;,'«:L
: 2 1) J2
Answer

y=5cC [:—]
The given relationship is 2x -1

V= sec '[ J ]
’ 2 =1
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= secy = 5]

=cosy=2r -1
=2x" =l+cosy

Vv
= 2x* =2cos’ =

= x=cosL
2

Differentiating this relationship with respect to x, we obtain

::-'I—-sinx-i
2 dx
-1 1
_ia
sin 2 2 dx
2
dy -2 -2
Ci‘: bm}’ l_msj_}"
2 2
22 .
dx 1-x
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Question 1:

Differentiate the following w.r.t. x:

x

[
sinx
Answer
o
y=-
Let sin x

Exercise 5.4

By using the quotient rule, we obtain

ﬁ i sin x jr(e*')—e*'j {sinx}

L X
- >
ax sin” x

_sin x.(e")—e" (cosx)

sin® x
" (sinx—cos x)

= — SaEnmne L
sin” x

Question 2:

Differentiate the following w.r.t. x:

s

[
Answer

_L:I — EHIII I.'I:
Let-

By using the chain rule, we obtain
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ﬁ_i[esmu)

de  dx
= Q — ESil’l 'y 'i(sin_l .X')
dx dx
— amn I.T I
| —x*
_ esin 'y
J1-x°
) aj: Esi.n ‘x
S—=—= axel-L1
oy (-L1)

Question 2:

Show that the function given by f(x) = e* is strictly increasing on R.

Answer

x, and

Let” 2 pe any two numbers in R.

Then, we have:
X<k =2y <2 =t < = f(x)< f(x)

Hence, fis strictly increasing on R.

Question 3:

Differentiate the following w.r.t. x:

¥

[

Answer

]

Let ¥ =¢

By using the chain rule, we obtain

pod o sod 3 s 5 2
%:E[e‘ ):e* ~£{x'ﬁ)=e” -3xT =3x"e

Question 4:

Differentiate the following w.r.t. x:

sin(tan e ]
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Answer

Let? :sin{tan e "_]

By using the chain rule, we obtain

%=%[sin [tan" e"‘)]

cns(tan"e"‘) L d
e ™

e’ cus(tan'] e'”)

- (-1

l+e™

e cos(tan" e’ )

| +e™

Question 5:

Differentiate the following w.r.t. x:

log [cos e"]
Answer

Let? = log ( cos e*]

By using the chain rule, we obtain

% = i[lﬂg(cﬂs e’ ]]

1 d
= - -—(Cn&e‘”)
COs¢
1 P |
= L_'(—Sll'le‘*)' (e*]
cose dx
—sineg”
= e
cose’

=—¢"tane", e’ #(2n+l}|£1ne N
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Question 6:

Differentiate the following w.r.t. x:
e +e d..te

Answer

i 2 P
—{e’ﬂ-f" +..+e )
dx

S R e A

ser el o ) o) o| ()|
=E”+(9‘ExEx)+(e‘=x3x3]+(e”‘x4x3}+{ef:<5x4)

, 2 3 v 4 5
=e" +2xe" +3x'e"” +4xe" +5x'e’

Question 7:

Differentiate the following w.r.t. x:

\ffe“'_'?,x:»[}

Answer

=
¥

Let) = V€

Then, ¥ =¢"

By differentiating this relationship with respect to x, we obtain
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Y o=e
dy s d : :
=y =g — ».,.'r; By applving the chain rule
y— rM( ) [By applying ]
r -1 01
:>2_vi:e“—.—
e 2 Jx
A e
de  4y[x
aEx 4”]&'%\;;
::-£= ¢ —, x>0
dx 44/ xe'

Question 8:

Differentiate the following w.r.t. x:
log(logx),x>1

Answer

LotV = log (log x)

By using the chain rule, we obtain

dv _d
E_E[lng{logx}]
1 d
—} - —_— I 9

log x dr{ogi}
_ b1
logx x
o
xlogx x> 1

Question 9:
Differentiate the following w.r.t. x:

COs X

L=
log x
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Answer

_CosX

J,‘I
Let log x

By using the quotient rule, we obtain

dy i{cmx}xlagx—cos;cx I:x[lngx]

ds (logx)
—sinxlogx—cosxx
_ X
(logx)
—[xlog x.sin x+cos x|
= - =0
x(logx)
Question 10:

Differentiate the following w.r.t. x:
cos[lﬂgxﬂf"},x =1
Answer

v =cos|logx+e*
Let” ( g ]

By using the chain rule, we obtain

% = —sin[logx +e’ ] : %[]ugx +e* ]
=—sin(logx+e) -{di{log x)+ %[L)}
e

= —sin{logx+ e”]-(l+e.ﬁ.]

X

= —[l+e" 13in(lagx+e‘),x}ﬂ

X 4
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Exercise 5.5

Question 1:
Differentiate the function with respect to x.
COSX.C08 2x.C0o8 3x
Answer
Let v = cos x.cos 2x.cos 3x
Taking logarithm on both the sides, we obtain
log v =log {cus x.cos2x.cos 31]
= log vy =log [{:us x) + lug{::us 21‘} +log {cus 31‘]
Differentiating both sides with respect to x, we obtain
1 dv 1 d 1 d 1 d

——=——"—(cosx)+ ~—(cos2x)+ ~—(cos3x)
vde cosx dx cos2x dx cos3x dy

dv _y[_ sinx _sin2x d (2%)- sin 3x i[jr]:|

cosx  cos2x oy cos3x oy

dv _

o cos x.cos 2x.cos 3x [ tan x + 2 tan 2x + 3tan 3x|

Question 2:

Differentiate the function with respect to x.

\/ G--2)
{I-E}[I—"-‘-}(X’—S]

Answer

a (x=1)(x-2)
e ‘j{x—3){x—4}{x—5}

Taking logarithm on both the sides, we obtain
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oz velo [x—l}{x—E]
IE}IEJU—Q&—Q&—H

(x=1)(x-2) ]
(+—-3)(x-4)(+-9)

=logy= %[]“E-{(x‘ N(x-2); ‘]“E{{x_j}{x_“{x_s)}]

::-In:-g,v—l]ug
2

= logy= l[I{:rg_[x—I]+In:-g,[x—2}—Ing,(.:c—ii}—I«:rg,(.Jr—4}—I«:fg[.r—i}]
2

Differentiating both sides with respect to x, we obtain

1 d | d 1 d
S (x-S (x-3

Ldy _ 1] x-1 dx[x }+.r—2 a{x(x ) x=3 a!x{x )
vdy 2 1 d 1 4
: _——(x—-4)———.—([x-5

x—4 d‘:{ }1—5 afr[x }
$Q_£[1+1_1_1_1]

v 20 x-1 x-2 x-3 x—4 x-35

cdy 1| (x-1)(x-2) [l+l_1_l_|:|
Cde 2\ (x=3)(x—4)(x=5)Lx-1 x-2 x-3 x-4 x-3

Question 3:

Differentiate the function with respect to x.

(logx)™"

Answer

Let v :{I:jlgjr}m'T

Taking logarithm on both the sides, we obtain
log v =cosx- Ing{log x)

Differentiating both sides with respect to x, we obtain
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1 dvy d d
S E[cosx}xlog[logxﬁcos.rx E[Iog[lch}]

| dy

= —sinxlog(logx)+cosxx
x log x

il
~E[Iogx)

dx logx x

¥
= & :_v[ sin xlog(log x) + cﬂsxx ]1
. ay
" dx

: i:[logx]“'“{ cf“ —sinxlog[logx)}
g

XI0g X

Question 4:

Differentiate the function with respect to x.

x.‘l: _ zsill.'l:
Answer
Lety=x"-2""
Also, let x* = and 2" = v
Ly=u—v
rodu dv
= % Tde dr
u=x*

Taking logarithm on both the sides, we obtain

logu = xlogx

Differentiating both sides with respect to x, we obtain
d

1 du d
B [E[r}x Iugx+xx£|[log.r}}

du 1
= —=u|lxlogx+xx
dx x

i
= =x"(l +1
T (logx+1)

::»% =x"(1+logx)

v = 2sinx

Taking logarithm on both the sides with respect to x, we obtain
wWW. ncert hel p. con
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logv=sinx-log2
Differentiating both sides with respect to x, we obtain

I =log2- di[smx]

v dx fr

dv
= —=vlog2cosx
alx

av .
=—=2""cosxlog2
aly

& _ x*(1+logx)— 2" cos xlog 2
dx
Question 5:

Differentiate the function with respect to x.
(x+3) .(x+4) (x+5)

Answer

Lety =(x+ 3]1 x+ 4]3 Ax +5}4

Taking logarithm on both the sides, we obtain
logy=log(x+3) +log(x+4) +log(x+5)’

= logy =2log(x+3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain

ldy_, 1 . d [x+3}+3-L “r{ +4}+4Lix+s}
hs “dx x+3 dr x+4 v X+3
dy 2 3 4
==y + +
dr Tl ax+3 x+4 x45
2 3 4

:}:jy={.‘r+3]2{_1'+4}3{_r+5]4-[ F——4 }

i I+3 x+4 x+5

2x+d) (x+5)+3(x+3)(x+5)+4{x+3)(x+4)
[x+3}{x+4){x+5}

:-ﬁ :[_r+3}:{_r+4}3{_r+5]4 {

el

=W (r43)(x+4) (x45) [ 2(x #9204 20)+3(x" +8x+15) +4(x" + 7x+12)

7k

. i'ﬁ? =(x+3)(x+4) {r+5]’1[9x1+‘?ﬂx+l33)
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Question 6:

Differentiate the function with respect to x.

COR
X+—| +x
X

Answer

I x ['H-]\l
Lctyz[x+— +x

X

v I_‘_I"
Also, let u 2[.1‘ +1J and v=x" "J
X

LV=H+V
S _du v (1)

= —t—
dv  de o dy

Then, u :[x +l]
X

1Y
:>1nguzlog[x+—J

X

1
= logu =x10g[.r +—]
X

Differentiating both sides with respect to x, we obtain
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| =

Lodu_ {x}xlﬂg[x+l]+xxi Ic-g[x+l]
u dv dx x dx x

1 du 1 1 d 1
= ——=Ixlog| x+— [+xx —| x+—
dx 1

1] X

=

i
I x
du [ 1]“ [ Ij xz—]}
=—=|x+—| |log| x+— |+—
dx x) | x) x+1
du 1Y ¥ =1 |
:‘»E=[x+;] _x2+l+log[x+;]} -(2)

-
ﬁlngv:laglxl] 1

1
:>10gv=(l+—}logx
X

Differentiating both sides with respect to x, we obtain
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I dv | d 1 1y d
—= [1+ ] xlugx+[l+ ] log x
viody [del x x ) dx

1 dv ( 1] [ 1]1
=>——=|—-—(logx+|1+— |-—

vy x x) x
Iogx+l+i)

- 3
vy x° X x

dv [—logx+x+l}
==y

1 dv
:..__—_

dx X
.
- a‘vlel _U[x-lrl—jlugx] -(3)
dx x

Therefore, from (1), (2), and (3), we obtain

dy { 1]" x* -1 [ l] ['-l.:[.r+]—log.rJ
— = x+— ——+log| x+—|[+x —_—
dx x x +1 X X

Question 7:

Differentiate the function with respect to x.
(logx)" +x""
Answer

Lety= (Iug x}l" +x T

SLy=u4v

::.r@=ﬁ+ﬁ (1)
de  dv dx

u = (log x)*

= logu = Iﬂg[{lng x}xJ
= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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Ldu_ x}xlug{h}gx}+x d [lljg(logx}]

wdy

::»d— ul 1=lo {IO x}+x {ln x)
ey sllog lgx dlx g
d I I

= —=(logx) |lo ]cr.r+——
" (logx)" | log(log x) ogx J

i x
== (logx) _Iog{lﬂgx}+@}

LM (1o ) [ log (log x)- log x + IJ
el log x

Fei] -1
== (logx) [I + Iogx.l-::rg{log.x]]

V= xlug x

= logv= Iog(x"“'f]
= logv=Ilogxlogx=(log x]l2

Differentiating both sides with respect to x, we obtain

LZ: dx[[lg ]

LY 5 (tog.x)- <

. 1
= v ody r;ir{ Dgx}

dv 1
= —=2v(logx)-—

dx (log } X
ﬁzleugx Iogx
el x

= E =2x"""log x -(3)

Therefore, from (1), (2), and (3), we obtain

” = {Ingx]r ] [I + I-;:rgx.lug[lngx]] +2x" " log x
x

Question 8:

Differentiate the function with respect to x.
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(sinx)" +sin”' Jx
Answer
Lety = (sinx)" +sin~' /x

Also, let u = (sin x}x and v =sin "' /x

Ly=u+v
o _di i 0
dr de dx

U= (.sin.x:}Jr

n

= logu =log(sin x)
= logu = xlog(sin x)

Differentiating both sides with respect to x, we obtain

Lu _ 4 ()xlog(sinx)+ xx%[log{sin x)]

ude dx
= % =u[]-log{sin x]+x-$-%{5in 1}}
du . . X
== (sinx) []og(sm x)+ el x}
di . X .
== (sinx) (xcotx+logsinx) -(2)
X
v=sin"Jx

Differentiating both sides with respect to x, we obtain

b4 ()

v 1 1
dr AJl-x 2\"’;
ey 1

—=—= (3)
de 2y —47
Therefore, from (1), (2), and (3), we obtain

g =(sinx) (xcotx+logsinx)+ %

z
ZNX =X
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Question 9:

Differentiate the function with respect to x.
M (sinx)

Answer

Let y = x™" + (sin x]mm

sy

. COsx
Also, let = x"" and v =(sinx)

SLV=U+v

:;’@:d_ﬂ_'_@ (1)
e dv o dx

y:xSinl

= logu = Iog(x"i“'f]
= logu =sinxlogx
Differentiating both sides with respect to x, we obtain

lﬁ = %[sin x}- log x + sin x-%(lug x]

u dx
du [ . l}
——=1u|cosxlogx+sinxy-—
dx x
e . sinx
= —=x""cosxlogx +—— (2
v cosrlogar+ 0 2)

v=_sinx )
= logv=log(sinx)"
= log v = cos xlog (sin x)

Differentiating both sides with respect to x, we obtain
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Lav_ i[cos x)xlog(sin x)+cos x x %[Ing[sin x)]

vdy dx
dav ] . l d ..

= =" =p| —sinx. log(sinx)+cosx- sin x
dx [ g ) sinx dx{ }}
dv . womas . . cosx

= —=(sinx)" | —sinxlogsinx+———cos x
x sin x

d‘r - ey . .
== (sinx)™ [~sin xlogsinx +cotxcosx|

L (sinx)™ [cotxcosx—sinxlogsin x]

dx
From (1), (2), and (3), we obtain
dv o e sin x . yomx . X
b cosxlogx+=——= |+(sinx)"" [cosxcotx—sinxlogsin x|

X X
Question 10:
Differentiate the function with respect to x.
XCOsT xz +I
x =1
Answer
. 41
I_Et Fv — -r.TtIII.T + x‘
x -1
By ey ".2 +]
Also, let u=x""" and v=
-1

LV=u+v

dv  du dv

@ _du 4av (1)

dy  dx oy
U= x.l.l.'l.'l.‘-.'l.

:> ]Dgu — I{}g(x.'ll_'ﬂﬂx‘]
= logu =xcosxlogx

Differentiating both sides with respect to x, we obtain
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Lu_d (x)-cosx-logx+x- d (cosx)-logx+xcosx- d (logx)
wds  dv BT g OB Top AT YOS, LO8
du . 1
:}E:H 1-cosx-Iogx+.x-{—5111x]10gx+:cc05x-—
x

du —_ Oy

ﬁa—x {cosxlogx—xsinxlﬂgx+cosx]
N :x"“’“"[msx[l +|0gx]—xsiuxlugx]
dx
x +1
V=—
x -1

:>]ugv:|og(x: +I)—I0g(x: —l)
Differentiating both sides with respect to x, we obtain
ldv  2x N 2x
vary x4+ x' -1
; 2x(x* —1)=2x(x* +1
o { (+=1)-2x( }]

dr (x’ +l)(x3—l)

$ﬁ=x1+]x —dx
de x -1 (xz +l}[x: —I)

—

o o)
dbx (f —]):
From (1), (2), and (3), we obtain
dy =y [cusx[l +log x) = xsin xlngx]— 4x -
dx (xz _ |)
Question 11:

Differentiate the function with respect to x.

1
(xcosx)" +(xsinx):
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Answer
_ !
Lety=(xcosx)’ +(xsinx)s

1
Also, let u = [xcosx]" and v = (xsinx)

SLV=u+v
::>ﬁ:d+u+ﬁ (1)
de  de dx

u={xcos _'::]'r

= logu =log(xcosx)’

= logu = xlog(xcosx)

= logu = x[log x + log cos x|

= logu =xlogx+ xlogcosx

Differentiating both sides with respect to x, we obtain
| du o d

——=—I/xlogx)+—(xlogcosx

e = . (xlogx)+——(xlogcos x)

i o Il d d
=—=u|slogx-—(x)+x-—(logx);+<logcosx-—(x)+x-—(logcosx
0 <l g 3 -4 1oz +{ogcosir () -4 logcos)

)

- % = (xcosx)' [{Iﬂgx+l}+{lcgmsx+ a -(—sin.x}H

dit x 1
:>E={xmsx] logx-1+x-— |+4logcosx-1+x-
X

COs X
_ (xcosx)'[(1+logx)+(logeosx—xtanx)]
X
dlu ¥
=>— =(xcosx) [I — xtan x+{]ngx+lngcn5x}:|
jjﬂ =|':me1’]1 I:I_anx+|gg[xl.:ﬂ51]:| {2)
b
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|
v={xsinx)

1
= logv = log(xsinx)

= logv = llc}g{.r sin x)
X

=logyv = l(Il::rg x+logsin x)
X

:>]0gv=llogx+]—logsinx
X X

Differentiating both sides with respect to x, we obtain

Ldv_d Ilurr]-kd{llur(ﬂin'r}}
vy delx & de| x SASn-

=1 Tioge (1) L2 o] iooine) £ (1) g

v ol i dx 'l x x dx X x oy
ldv [ (I . 1y 11 d,.
=———-=|logx-| —— |+—— |+| log(sinx):| — |+————(sinx

vde | ¢ [ sz x J { e( ][ x‘] x sinx cfx{ )}
1dv 1 log{sinx 1
- - 1{]—1ug_~r}+{— E[z ]+ . *cosx}
vdr  x x xsinx
' [ —lacy =1 ' + i
_ av _(isin): | ]:::;.:.x ) ug[smj;] ¥ OO x]
dx X x

- ;E:(Hinx}_'T _]—]og,r—Iog(jinx]hrcmx}
x x

d[V ) |
== (xsinx)s -

From (1), (2), and (3), we obtain

[ 1-log(xsinx)+ .xmlx}

dy x '] xcotx+1—log(xsinx)
—= l—xtanx+I +( *
0 (xcosx)"[1-xtan x+log(xcosx) |+ (xsinx) [ =
Question 12:

dy

Find ¥ of function.
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x4+t =1

Answer

The given function is® +V =1
letx =vuand y*=v

Then, the function becomesu + v =1

du a’b
. =1 el
" dx a’x { ]

W=

= logu = Iog(x-")

= logu = ylogx

Differentiating both sides with respect to x, we obtain

1 du dy

——=logx—+y-—(logx)

u dx & dx > { ¢

:»d— u[logx dy +y- ]}
elx el X

> [logxﬁ +£] -(2)
edx dr  x

'i.l:_}.l".

= logv= Iog(y ")
= logv=xlogy

Differentiating both sides with respect to x, we obtain

1 dv .:f el
——=logy-—(x)+x-—(log
o 108 g (x) e g (o)
v 1 dy
= —=v|logy- I+r——
el v odx
v x dy
=—=3"|logy+—— |3
&y (1oeys 2] 6)

From (1), (2), and (3), we obtain
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. dv ¥ : x dy
x| logx—+= [+ logy+——|=0
( & dx x] ’ [ 8 _vdx]

= {x-" log x + xp™! )i‘z =

w7+ v log y

- {yx-"" +y lug_}:)

a1

b x’ log x + x1

Question 13:
i
Find 4¥ of function.
e
Answer

JE N
The given function is¥ ~*

Taking logarithm on both the sides, we obtain
xlog v=vlogx

Differentiating both sides with respect to x, we obtain

]ng}'-%{x)+x—di[|ugy)=lngx-i{y)+y-%{logx]

1 dy dy 1

=logy-l+x-——=logx-—+y-—

&. Vv odx ¢ dx - x
:>Iogy+£aty logxaﬁ) Y
v dx dy x

X dy ¥
= —log x =——lo
( Z ] e 1 zV

[x }rlﬂgx]a’y y=xlogy

X

LAy _y|y—xlogy
Cdx x| x—ylogx

Question 14:

dy

Find ¥ of function. wWW. ncert hel p. con
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x

(cosx)” =(cosy)

Answer

The given function is{cosr}' =[cos_v}'

Taking logarithm on both the sides, we obtain
vlogcosx = xlogcos y

Differentiating both sides, we obtain

dy d d d
logecosy-—+y-—(logeosx) = logcos y-—(x)+x-—(logcos v
g o HY o (logcosx) =logcos y-—-(x) +x-—(logcos y)
dv 1 d o
= logcosy—+ yv-———(cosx)=logcos y-1+x- «—(cos v
¢ i ! COS X dx( )= logeosy cos y :i¥[ Y)
dy ¥ . x . dy
= logcosxy— + |=sinx)=logcos v+ =sIn y)-——
¢ dv  cosx ( } S0y cosy( ») dx
= log cosxﬁ—ytan x=logcos y—xtan ‘rﬁ
cr dx

= (log cosx + x tan p)% = ytan x+ log cos v

cdy  ytanx+logcosy
Cdv xtan y+logcosx

Question 15:

dy
Find <X of function.
xy ="
Answer

— =¥
The given function is ™ = €

Taking logarithm on both the sides, we obtain
log(xy)=log(e*” ]

= logx+logy=(x-y)loge

= logx+logy=(x-y)xl

=logx+logy=x—-y
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Differentiating both sides with respect to x, we obtain

d o d dy
[l P I ) PPy B o
a’x(ﬂér}-l-dx{ Dg}] n’x{r}

-
dv _y(x-1)
o x(p+1)
Question 16:

. N 2 4 8
Find the derivative of the function given by / {x}—{l +x}[] T }(l+x )(] T ) and hence

find"fu{l}.

Answer

The given relationship is"

dx

fx)=(1+x) (1467 ) (142" ) (1+2°)

Taking logarithm on both the sides, we obtain

log f(x) =log(1+x)+log(1+x" )+ log(1+x*)+log(1+x")

Differentiating both sides with respect to x, we obtain
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— I:.f'{x}:|=;|ng[l+x}+j lng(l+x:]+i Iog(l+x")+ilng(1+x”)

f'(t) dx
1 7 5 1 e .
- . I+ x° 14+
( x) f{) dx ( ) 14 x° (@fr[-lur)_‘_]+x'L dx( +T)+
, T
= f {r] )L+f s 2_r+]+Jr4 dx +]+x“ Hx}

.'._f"(.r}=(]+.r}(1+x3](l+x*)(]+x*)[ S 4% + 8x” }

I+x I1+x* 14x" 144"

Hence, f'(1) =(1+‘}('+':)('”")[HIH]LL +12+x|]-“ +T::* +?i::}

y
=2 2x2x2 l+:+i+E
202 2 2
=15X[M]
2
=16><15=I2'D
2

Question 17:

Differentiate (x‘ —ax +3)(x1 +7x+ 9}

in three ways mentioned below
(i) By using product rule.

(i) By expanding the product to obtain a single polynomial.

(iii By logarithmic differentiation.

Do they all give the same answer?

Answer
Lety =(x° —5x+8)[x" +7x +9)
(i)
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letx” —Sx+8=wandx' +Tx+9=v

y=u

::a% = %-v+ - % ( By using product rule)

3% :%(f —5x +3)-(.x“+?x+9)+[x: —5.}..'+Ei)-%[.\:3 +7x+9)
ﬂ% =(2x-35)(x +T".1¢r+‘§')+(.x2 —5x +8){3x3+?}

= j; :Qx[x3 +?x+9)—5[x“ +?x+9]+x:(3f +?]—5x(3x:+?)+8(3x:+?)

= &y :(2x‘ +14x° +1s.x)—5x-‘ —35:—45+(3x* +?xf)—15x-‘—35x+ 24x° +56
ax

@ =5x" - 20x" +45x° —52x 411
dx

(i)
y= (xe —5x+ iﬁ)(.:c3 +?.x+*))
= (37 + 70 +9) = 5x(x7+ T +9) + 8(x* + 7x+ 9)

=x +7x +9x" =5x" =35x" —45x +8x" +56x+ 72

=x" =5x* +15x" =267 +11x+ 72

WY i(;vr" ~5xt 15" = 26X +11x+ ?2]
dv oy
d s d oy d 5 d d d
=£(I")_SE(I )+15£(3{' )—265(1‘ )-I‘-IIE(I}-FE(?ZJ

=5y 8wy +158x3x 26 2x 411 =140
=5x" = 20x" + 455" —52x+11

iy ¥ [.x' —5x+ BJ[x" +7x+9)
Taking logarithm on both the sides, we obtain
log v = Iog{xl —5x+ 8]+ Iog{x?‘ + ?x+9)

Differentiating both sides with respect to x, we obtain
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: j; = ;‘; I-:‘:g(::cj ~S5x+ S) + {i |ﬂg(x" + ?x+9)
::a]—ﬁ:%‘i(x:—5x+8)+%‘i(,¥’+?x+@]
yvdy  x—5x+8 dv +Tx+9 dy
:>afv=y[ . ! <(2x-5)+ : x(3x3+'?):|
dx ¥ —5x+8 X +T7x+9
::aﬁ:(f—jx+8)(,x'*+?x+9) $21_5 + ?I_Jr? }
dx | x"—5x+8 x +Tx+9
. (2x-5)(x" +7x+9) +(3x7 +7)(x" = 5x+8
b =(x:—51+8)(x1+?x+9) ( ]( - ) ( 4 )( )
dx [x'—5x+8](x' +?x+9)
95) 2 3 3 2z 2 2
=-=—=2 +7x4+9)-5{x"+Tx+9)+3 ~Sx+8)+T|x —5x+8
,(ix _1'(_1' X ] [X X ] X (J:' X ] (JI.' X )
:>53=(;x*+14x2+13x)-51*-35x-454{3x*—151*+2¢f)+{?x2—35x+5ﬁ)
dx
:~Q=5x*—2ﬂx-‘+45x3—52x+11
dlx
i
From the above three observations, it can be concluded that all the results of dx are
same.
Question 18:
If u, v and w are functions of x, then show that
d dv dw
—{:H.l-'.‘H']= — VW N — W+ Uy, —
dx ey dx

in two ways-first by repeated application of product rule, second by logarithmic
differentiation.

Answer

Lot VT HVW= u.(vw)

By applying product rule, we obtain
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dy  du d
——=— Vv Wl+ i —Iv-w
dv  du v dw . .
= =Wl —— WY — Again applying product rule
de  dx |:::ir dx} ( E PPYIED ]
dv  dir dv aw
= VWM — WAV —
e ey dx dx

V=

By taking logarithm on both sides of the equation- , we obtain

log v=logu+logv+logw
Differentiating both sides with respect to x, we obtain

1 dv d d d
—= logu)+ logv)+ logw
yirdx(g]dx(g}dr{g}
I dv ldu ldv 1 dw
- =
yodv wdv wvde wde
dy (ldu 1 dv ln’wJ
===y —F——t+——
de Tl\wde vdr wdx
dy [ldu 1 dv ]a‘w}
= =UVW| ——+——+——
dx wde vde wdx
Cdv du dv dw

v a = VWA cWeA NV
de  dx dx dx
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Exercise 5.6

Question 1:

If x and y are connected parametrically by the equation, without eliminating the
&

parameter, find dx |

x=2at’, y=ar’

Answer

L 2 y —
The given equations are® = 2at” and y = at

'I'hen_tiT: = %[Zmz ) =2a -%(fz) =2q-2t =dat

%:i{ar*):a-%{ﬁ}za-d-r‘ = dat’

1

cdv \ dt —4'3:3_;3

”cir_[dr]_ dat
or

Question 2:

If x and y are connected parametrically by the equation, without eliminating the
ﬁ

parameter, find dx

x=acos B,y =>bcosb

Answer

The given equations are x = acos 8 and y = b cos 6
dy  d . .
Then, — :E[amsﬁ] =a(-sin@)=-asind

d
dy . .
{bmsf,’? =b(—sin@)=—bsin 0
o do
dy
dv a’ﬂJ —bsind b
dv [dr) —asinf a

de
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Question 3:

If x and y are connected parametrically by the equation, without eliminating the
@

parameter, find dx

x =sint, y = cos 2t

Answer

The given equations are x = sin t and y = cos 2t

- de  d .

hen, — =—(sint)=cosi
dl i

dy

- :%{cos 21) = —sin 2t -;—i(Ef] =-2sin2¢

dy
cdv \dt )] -2sin2t  -2-2sintcost

=—dsinf

'dx_[cirj_ cost cosi
df

Question 4:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx

4
x=4H,y=—
I
Answer
x=4fand y=—
The given equations are !
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Question 5:

If x and y are connected parametrically by the equation, without eliminating the
4

parameter, find dx

x=cosf—cos2d, v =sind—sin2d

Answer

The given equations are* = cosf —cos 20 and y = sin# —sin 26

Then, ax _ i{msﬂ—mﬁ 26) = i[msﬁ*}— i{ms 26)
da do de do
= —sinf - (-2sin20) = 2sin 260 -sin
Y = i[9.111 f—sin26) = iI.:sin ) —i(sin 26)
dé de de dé
=¢ost—2cos 28

L0
cdy _\df ) cost-2cos20

Tx ( dx]_ 2sin 28 —sind
dé

Question 6:

If x and y are connected parametrically by the equation, without eliminating the
@

parameter, find dx |

x=a(f-sind), y=a(l+cosd)
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Answer

=a(f-sind) and y = a(1+cosd)

. . x=
The given equations are

Thcn,ﬁ— [ (@) —i (sin 3]} (1-cosd)
de de
% = E(I}+E[cos€)] = aI:U +(—sin€}:|= —asin@
(d—}] ~2sin o cos ¢ —msg
L&_.\dﬂ ~ —asinfl 2 2 2——Eﬂtg
de  [dv) a(l-cosd) N 2
E] { } 2sin 3 smE

Question 7:
If x and y are connected parametrically by the equation, without eliminating the
il

parameter, find dx

_ sin’ f = cos’ t
\,"Ir.:us 2t \."In:us 2f
Answer

sin’ t cos’
r= ;j_'nd_ 1=

¥
The given equations are ~ VC0s2{ Veos 2

wWW. ncert hel p. con

wod djayuaou-mmm//:dny



Then,—

dy

ot

dx a’[ sin” ¢ }
di  dt| <Jeos 2t
Aeos2r '%(silff)— sin’ £+ %ﬁmsi!

cos 2t
. o
Jeos2r -3sin’ 1 (sint)—sin” 1% ———.—(cos 2t
_ a’r{ ) 2Jmsz d:{ )
CGSZI
Sv'wae‘ -5in rwa—— —2s5in2¢
2Jeos2y ( }
cos 2
_ 3cos2tsin’ fcost +sin’ rsin 2¢
cos 2f+/cos 2t
_d| cos't
dt | vJeos 2t
#cos?i,i(cos’r}—cos]fai(qmﬂr)
¢t et
cos’:
\fcuszf Jcos’ t-—(cost)—cos’ 1. cos2f
{ } m cfr[ }
cos 2t
) | )
3vcos2t.cos’ t{—sint)—-cos’ 1+ ————.(—2sin2¢
( ) 2/cos 2t ( )
cos 21

—3cos2t.cos’ 1.sint +cos’ 1sin 21

cos 21 -+/cos 2t
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ey
cdy \dt) ~3cos2tcos’rsint+cos’1sin2i

" dx [u’x} 3cos2tsin’ tcost+sin’ 7sin 21
or

~3¢os 2r.cos” 1.sinf +cos” 1(2sinf cost)
3cos2isin’ fcost +sin’ ¢ 2sint cost)

sind cos! [—3 cos 2t .cosi + 2 cos’ r]

sint cnsf[}‘rms 2tsint +2sin’ r]
[—E(Emsz f —1)-::05! +2cos’ :} cos2f = (Ecus: [ l),

[E[I —2sin? r]sim+25in"t] cos 21 :(1—25in3r)

~ —dcos't+3cost
3sins —4sin’

 —cos 3 cos3 = 4cos’ 1 —3cost,
sin 3t sin3 = 3sint —4sin’ ¢
=—cot 3

Question 8:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx

! .
x=a[cosr+logtan§], y=asin{
Answer

I .
x = a[cosr+10gtan—] and y = asinft
The given equations are 2
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o d d {
Then,— =a-| —(costj+—| logtan—
di ) [d.r( ) a’r[ = ZH

. 1 d i
= —sInf+ ; E tan?
tan 1 2

) i S dr
= | =810/ + col —-se¢ ,}-

i 2 2 dr\2
- y
. cuaz ] 1
=g —sint + x " —
o 2
sin COS
L 2 2
=¢| —sinf+
. !
2sin—cos —
2 2

. 1
=4d —Slﬂf'l-_—
sinf
—sin®r+1
=g —
s

cos”
sini

b ai{sinr} = acost
cdt dt

dy
cdv _\dr) acost _sint _

. = = — = =tanf
dx [cirj 08’1 cost
di sint

Question 9:

If x and y are connected parametrically by the equation, without eliminating the
@
parameter, find dx
r=asect, y=btant
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Answer

The given equations are™ = asecf andy =btan§

dx d
Then, — =a-——(sec#) =asecHtané
da df

i—b —{tanﬂ} bsec” 0
dd
158
tﬁ de bsec 8 =bqec€mt€= bmst? sz .I =bmsec9
dlx {dx] asecftand a acosfsingd  a sinB  a
dae
Question 10:

If x and y are connected parametrically by the equation, without eliminating the
4

parameter, find dx

x=a(cosf+0sind), y=a(sind—0Ocosd)

Answer

The given equations are ™ a(cos@+@sin@) and y = a(sind -G cos )

Then, ax _ a{i cosd +—{t‘3' SN r?}:| |:—sin{)+ Gi[sin @) +sin {?i{ﬂ}:|
de daf dag dd
=a[-siné +6cosd+sind| = aflcosd
m.

7k a[i(sinﬂ}—%[ﬂmsﬂ]} :a[cosﬂ—{ﬁ'%[ﬂﬂsﬂ+m53‘%{3}H

=alcos@ +@sin @ —cos 0|

=af?sind
[dl}l]
dh dil attsiné
S = = =tan #
dx [dx] af cos
de
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Question 11:
x=va" ', y=+a* ', show that % =-2
If *

Answer

_ || :ii|1".I - :n:"f
The given equations are® = V4 and y =a
x=va™ ' andy=+a" "

Z}.‘l’:[asin 'r)% andy:(ﬂms 'r)%

I . 1 |
—Em ! —gs
= x=a° and vy =a*

(-
]

Consider x = a’

Taking logarithm on both the sides, we obtain
1.

logx = Esm tloga

L dv 1 d
Dl e a D sin
@ oy (sin™)

|
J1-1°

X X
=>—=—loga-

dr 2
dy _ xloga

di 21-¢*

! 1
cos O r

Then, consider y = a*
Taking logarithm on both the sides. we obtain

[
log_v=£cos tloga

CLody 1 d !
..;-E=Eloga-a(cns .!)
:’Q:ylngal -1

di 2 \,'(]__r?

:}ﬁ: —vloga

di  21-r°
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w (2)

~vloga

241+

)

Hence, proved.

xloga

241-¢

] x
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Exercise 5.7

Question 1:

Find the second order derivatives of the function.
x+3x+2

Answer

Let V=X +3x+2

Then,

dy_d; o d d
E=£(x }+E(3x]+a{2}=2x+3+0=2x+3

':; =£[2;r +3)= %{2x}+%{3]=2+(}=2

Question 2:

Find the second order derivatives of the function.

20l
X

Answer

L
Let) =%

Then,

Q—i(xm)=2ﬂxm
dv

d'«}; _ i{zmnq) = zui(x'“) =20-19-x'® = 380x"
de o dx

Question 3:
Find the second order derivatives of the function.
X-COSX

Answer
Let} =X¥-cosx

Then,
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dy

= = ;—i{rcusx}: cusx~;—i(x}+x;—i{cusx}:c-::vsx-l+x[—sin x)=cosx—xsinx

dx
r:;;{ = ;—i[tusx —xsinx|= ;_i(cus x}—::(x sin x )

. . d d ..
= —sinx —[sm x~a(x]+x -E(smx)}
= —sinx—(sinx+xcosx)

= —(xcosx+2sinx)

Question 4:

Find the second order derivatives of the function.
log x

Answer

LetV =logx

Then,

dv d 1
Y s v =—
dx dx{ngt} x

Ay_a(1) o
Cdet drl\x x

Question 5:

Find the second order derivatives of the function.
x' log x

Answer

Lety =" logx

Then,
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% :%[xs |ng] =logx- %(x3)+ x .%{lugx]

2 1 2 2
=logx-3x" 4+ x - —=logx-3x" +x°
X

=x"(1+3logx)

el

. d ¥ d 4
S = E[x {I+3lngx;l]

:{I+3]ugx}-%(f)+x’ %{I +3log x)

:{]+3]t:lg,x:|-2x+:t:1~E
X

=2x+b6xlogx+3x
=5x+bxlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.
" sin5x

Answer

Lety =€ sin5x

i = ;_[e sin 5x) = sin 5x- ;; (e7)+e" ;T (sin5x)
=sinSx-e" +e" - cosSx -%[Sx] =¢*sinSx+e cosSx-5
= e" (sin 5x + 5¢cos 5x)

d'{;: d [ *(sin5x + 5cos 5x) ]
dv®

= (sin5x+5cos5x)- ( } . ';|n51+5m35x}

=(sin5x+35cos5x)e’ + e [cos S5x- E{Sx}+5 (—sin5x)- %{Sx]}

=e"(sin5x+5cos5x)+ " (5cos Sx— 25sin 5x)
=¢"(10cos5x - 24sin5x) = 2¢" (5cos 5x —12sin5x)
wWW. ncert hel p. con
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Question 7:

Find the second order derivatives of the function.
" cos3x

Answer

Let ¥ =€"" cos3x

Then,
% - %{e‘f“ -COS 3:) = cos 3x+%(e“) +e* ~%[m33x]

= cos3x-e™ +%{6x}+eﬁ" +(—sin 3x]+%[3x)
— 6™ cos3x —3e™ sin3x (1)

% = %(6&6” cos 3x —3¢" sin 3x) =6 %{e“ -:033:{)—3-%(66‘ sin 3x)

6 .y . d g od o
=6+[ 6¢* cos3x—3¢" s:n3x]—3+[sm31-a(eh}+e{' -E(sm.'ix]]

=36¢™ cos3x —18¢™ sin3x —3[Si1‘l 3x-e™-6+e" -cos 3.1:-3]
= 36e™ cos3x — 18" sin 3x — 18 sin 3x —9¢™ cos3x
=27e™ cos3x —36¢" sin3x

= Qg5 (3%531 —4sin 3x]

Question 8:

Find the second order derivatives of the function.
tan~' x

Answer

Lety=tan ' x

Then,
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Question 9:

Find the second order derivatives of the function.
log(log x)
Answer

LotV = log (logx)

Then,
dr}? d -1
0 dr[log{logx}] —_— —{ x)= E=[.r]ogx}
dy d - 2
.'.E}:E[{xlugr] I]=I: 1)-(xlogx) -—{xlug x)
-1 i d
=——logx-—(x)+x-—(logx
[xh;rg.::]2 { ¢ ffx( ) ﬂi‘f( £ }}
- —(1+1
=7[log.r d+x- } w
[xlog.:u] x x]ogx}
Question 10:
Find the second order derivatives of the function.
sin(log x)
Answer
Lot =sin(logx)
Then,
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cos(log x)

Erl&

—%[sm(lngx)] -:ﬁs{lugx}~%{logx}=
Cd'y cos(log x)
) _El g }

Cdyt X

&~

X [cus{logx]]—ms[logx}-%{x}

xl

x- |:—sin (logx)- i_{lngx)} ~cos(log x).1

rF

X

~xsin [Iﬂg_r).l ~ cos (log x)
x

2z
X

~[ sin(logx)+cos(log x) |

2
X

Question 11:

2

L‘rt}':{}

1fV = 5c0s.x—3sin x , prove that

Answer
It is given that,* = Scosx—3sin x

Then,
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B

%[Scmx) -%[3 sinx) = Si[cmx} —3%{5&11 x)
=5(-sinx)-3cosx=—(5sinx+3cosx)

Z: = %[—[5 sinx + 3cos 1}:|
=- 5-%[sin x}+3-%{msx]
= —[Smsx+ 3(—sinx}]
= —[5c03x—351n x]
=-VF
d’y
S p=A)
e’ )

Hence, proved.

Question 12:

dy

|
*+ find dx* in terms of y alone.

[fy =cos
Answer

. -1
It is given that, y=cos X
Then,
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d'y -x

(S}

y=cos x> x=0C08y
Putting x = cos v in equation (1), we obtain

d’y  —cosy
Y =
dx J[I —cos’ y)j
d’v  —cosy
= e = —
(sin® )
_ —cosy
sin’ y
_“etosy 1

siny  sin’y
d’y

- . 2
- = —Ccot }-cosec” y

—,

Question 13:

v =3cos(logx)+4sin(log x) Xy, oy, +y=0

If

Answer

, show that

It is given that,” 3cos(logx)+4sin(logx)

Then,

wWW. ncert hel p. con

wod djayuaou-mmm//:dny



M= 3‘%['305 (log x}] + 4-%[Sin{lﬂg r}]

= 3-{—$in{lug x)-%(log x}]+ 4-[ws{lngx]-%{lagx)}

e —3$in(lugr}+ 4cos(logx) 4cos(logx)-3sin(logx)
A x x - X

N =i[4m{|ngx]—3sin{mgx]J

T dx x

) x{4cos(log x) - 3sin (log x)} - {4cos(log x) - 3sin (log x)}(x)

X

i4{ms{logx}}' ~3{sin(log x}}] ~{4cos(logx)—3sin(logx)}.1

2
X

:.¢

x| —4sin (log x).(log x) 3 cos(log x).(log x}} —4cos(logx)+3sin(log x)

>

¥

r[-tl sin(logx). % ~3cos(log x*}ﬂ ~4cos(logx)+3sin(logx)

7

_ —4sin(logx)-3cos(log x) - 4cos(log x)+3sin(logx)
xl

~ —sin(log x)-7cos(logx)

.‘1.'1

Xy Y
_r:[—sin{]ugx}—?cm{lugx}]+x[ﬂrms{lagx}—}sin (logx)

X X

]+ 3cos(log x)+4sin (log x)

= —sin(logx)—7cos(log x)+4 cos(log x)—3sin (log x)+ 3 cos(log x) + 4sin (log x)
=0

Hence, proved.

Question 14:

d-y dy
= 4™ 4 B e —[m+n}g+mny=(}
If *show that @¥ X
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Answer

It is given that, ¥ = 4¢" + Be

Then,
& _ -i(e"“ )+ B- i[e”’) =4 -e"“.i(mr] +B-e" ~i(m') = Ame™ + Bne™
dx dx dx dlx cx

l‘i = %(Ame”'” - Bne"’) = Am-%(e’“)+ Bn-%(e’“)

R

= Am-e"™ - i[nr.tx:l+ Bn-e™ i[mc] = Am’e™ + Bn'e
clx dx
Cd'y
o

= Am’e™ + Bn*e™ - {m T n] - (Amer'“ + Bre™ )+ mn(Ae""' + Be""]

[m+n}ﬁ+ mny
v

= Am’e™ + Bn'e™ — Am’e™ — Bmne™ — Amne™ — Bn'e"™ + Amne™ + Bmne™
=10

Hence, proved.

Question 15:

d’y
V= S00e™ +600e™" , show that e’

=49y

Answer
It is given that,* = 500e™ +600e "

Then,
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dv d s, d '
2 =500.5 () +600. (e 7

=500-¢™ -i(?x]+f.uu-e ” -%[—Tx}

X

=3500e™ —4200e 7

d*v . d . d Ix
"3 =3500- (") -4200.7(e ™)

::s:‘auu-e“,i
dx

=T%3500-¢" +7x4200-¢7"

=49%500e™ +49x600e ™

= 49(500¢™ +600e ™)

= 49})

0
— 420077 2 =7,
(7x)—4200-¢ a’x{ x)

Hence, proved.

Question 16:

sy (&)
1< (x+1)=1 , show that de” N

Answer

¥ —
The given relationship ise ('H_l) !

e’ (x+1)=1
1
r+1

Taking logarithm on both the sides, we obtain

v=log

1
[.1'+1}

Differentiating this relationship with respect to x, we obtain
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{x+l} Cxl

iy df 1 mLN
Tt :ir(xﬂ] [{x+l} ]_(x+l]3

Hence, proved.

Question 17:

>

I)_ , show that(x2 +I]2 Y. + Zx(xz 'H]J‘l =2

Ify=(tan"

Answer
b

=(tan"' x|
The given relationship isy [ )

Then,

_ -1 i -1
=2tan" x r(mn x)

=y, =2tan" .

wod djayuaou-mmm//:dny

14 x°
::-{|+xl]yl =2tan ' x

Again differentiating with respect to x on both the sides. we obtain

(|+ch]y1+2_xyl =2( I 2]

l+x

::-{I+ 11]2 ¥, + Z.r(l +xj}_v, =2

Hence, proved.
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Exercise 5.8

Question 1:

f(x)=x"+2x-8 ,xe[-4.2]

Verify Rolle’s Theorem for the function

Answer

fx)=x"+2x-8

The given function,
2] and is differentiable in (-4, 2).

, being a polynomial function, is continuous in [—4,

f(-4)=(-4) +2x(-4)-8=16-8-8=0
.f[2}=(2}2+2x2—3=4+4—3={:

A f(-4)=f(2)=0

= The value of f (x) at —4 and 2 coincides.

() =0
Rolle’s Theorem states that there is a point c € (-4, 2) such thatJr {{}

Flx)=x"+2x-8

= f'(x)=2x+2

.'.f'[ﬂ'}zﬂ

=2c+2=0

= c=-1, where c =-1¢(-4,2)

Hence, Rolle’s Theorem is verified for the given function.
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?

) f(x)=[x] forx &[5, 9]
fx)=[x] forxe[-2, 2]

(i)
(i) flx)=x"—1forxe[l, 2]
Answer
By Rolle’s Theorem, for a function"f :[a. b] —R , if
(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)
(c) f(a) =f(b)
f'(e)=

then, there exists some c € (a, b) such that

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of
the three conditions of the hypothesis.

fl‘f =[x] for x €[5, 9]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

AIHU,_}"{S [5] =5 and ;" [9] g
s f(5)= f(9)

The differentiability of fin (5, 9) is checked as follows.
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Let n be an integer such that n € (5, 9).

The left hand limit of /" al x = n is.
(n+h)— + h|- — -
m fnth)=7(n) = lim Lr+h1-1] = =n_ lim—=wo

il h Bl h =l II’I Fr—il Iﬁ

The right hand limit nl',a" atx =n is,
- f(n+h)-f [rz+h] In] i T~ Jim 02 0

fr—slf h .l| .n f—s) I,I';_ b=l

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

S(x)=[x] forxe[5, ‘9]

Hence, Rolle’s Theorem is not applicable for
(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

Also, f{—?):[ ]=—7 dndf =[2] 2
“f(=2)= 7(2)
The differentiability of fin (=2, 2) is checked as follows.
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Let n be an integer such that n € (-2, 2).

The left hand limit of /" al x = n is.
mf[n++’:r f(n) _ [n+h]—[ﬁ]_, n—1-n . -l

=lim———=lim—=m
sl I h_m 4] sl h =00
The right hand Iimil nl’f atx =nis,
+h +h -
fim 7 {11 =1 iml” ] ] _ i =7 im0 =0

h—= " h h_.n .'J—m h b=l

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (=2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Rolle’s Theorem is not applicable for
(i) flx)=x"-1forxe[l, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

f(=(1)-1=0
f(2)=(2) -1=3

+F(1) # F(2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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Hence, Rolle’s Theorem is not applicable forf{x}z v —lorx E[]’ 2].

¢ i[53 >R '(x)

is a differentiable function and if -

f(=5)=1(5)

does not vanish anywhere, then

prove that-

Answer

f:[-5.5] >R

It is given that is a differentiable function.

Since every differentiable function is a continuous function, we obtain
(a) fis continuous on [-5, 5].
(b) fis differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (-5, 5) such that

oy S8)-f(5)
f{f‘}:T_s}

=10f"(c)= f(5)- f(-5)

It is also given that _;‘r{x} does not vanish anywhere.
G

=10f"(c)=0

= f(5)-f(-5)=0

= f(5)# f(-5)

Hence, proved.

flx)=x"—4x-3

Verify Mean Value Theorem, if in the interval [“’ b] , Where

wWW. ncert hel p. con

woa djayuaou - mmm//:dny



Answer

fx)=x"—4x-3

The given function is
f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)
whose derivative is 2x — 4.

F()=1-dx1-3=-6. f(4)=4"-4x4-3=-3

SB)=Sla) _f(4)-S()_B3-(-6) 3
b—a 4-1 3 3

=]

f(e)=1

Mean Value Theorem states that there is a point c € (1, 4) such that"

f'(e)=1
—=2c—4=1

::-c:i,whcrc c-:ée{l, 4)
2 2

Hence, Mean Value Theorem is verified for the given function.

Question 5:

flx)=x"—5x"=3x

Verify Mean Value Theorem, if in the interval [a, b], where a = 1 and

b = 3. Find al ©€ 13 eor which /(€)=0

Answer

x)=x"—5x" -3,
The given function fisfh} ' ' g

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)
whose derivative is 3x*> — 10x — 3.

F()=1=5x1-3x1=-7, f(3)=3"-5x3"-3x3=-27

TO)-1@)_Q)-S0)_27-()
b—a i-1 3-1
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f'(¢)=-10

Mean Value Theorem states that there exist a point ¢ € (1, 3) such that-

f'(e)=-10

=3¢ -10c-3=10
=3¢’ —10c+7=0
=3¢’ -3¢c-Tc+7=0
=3¢c(c-1)-T(c-1)=0
=(c=1)(3¢-7)=0

7 T .
=c=1, —,wherec=—g(l, 3]
3 3
7
c=—g(l, 3
Hence, Mean Value Theorem is verified for the given function and 3 is the
f'(e)=0

only point for which*

Examine the applicability of Mean Value Theorem for all three functions given in the

above exercise 2.

Answer
Mean Value Theorem states that for a function / :[a' b] —R , if
(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)
oo S(b)=f(a)

then, there exists some c € (a, b) such that ' b-a

Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.
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0 f(x)=[x] forx &[5, 9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

The differentiability of fin (5, 9) is checked as follows.

Let n be an integer such that n € (5, 9).

The left hand limit of /" al x = n is.

" h)— / —1- .
fn+h)=f(n) [n+ =[] _ T )
il h PJ—H.I h =l II’I Fr—il Iﬁ
The right hand limit nl',a" atx =n is,
- f(n+h)-f [rz+h] In] i T~ Jim 02 0
fr—slf h .l| .n f—s) I,I';_ b=l

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

f(x)=[x] forxe[s, 9]

Hence, Mean Value Theorem is not applicable for
(i) fx)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.
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In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

The differentiability of fin (=2, 2) is checked as follows.

Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

An+h)— / —~1- -
f(n+h)—f(n) [n+ =[] _ pon=l-n -1
=l h PJ—H.I h =il II’I =il I'I'
The right hand limit nl'j' atx =n is,
[ f(n+h} [rz+h] In] , n;—n — fim 0=0
fr—ll .ll wl ||J »{} 7 fr—ll”

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (=2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

f(x)=[x] forxe[-2, 2]

Hence, Mean Value Theorem is not applicable for

(i) flx)=x"-1 ﬁarrE[], 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
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Hence, Mean Value Theorem is applicable for

It can be proved as follows.
f()=r-1=0, f(2)=2°-1=3
CSB)=fla)  £(2)-/(1) 3-0
- -

= = :3
a 2-1 1

f(x)=2x
L fe)=3

=2r=3

:>c=%=1,5, where 1.5 (1, 2]

flx)=x"-1 foer[l, 2].
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Miscellaneous Solutions

Question 1:
(3x% —9x+5)
Answer

- ]
Lety =(3x" ~9x+5)

Using chain rule, we obtain

4 :i(lrz ~9x 4 5]q
de  dx

(3x -9x+5] (31‘ -9x+5]

=9(3x’ 9x+5] (6x-9)
=9(3x" ~9x+5) -3(2x-3)
:27{)1’ —9x+5) (2x-3)

Question 2:

sin® x +cos® x
Answer
Let y =sin’ x+cos” x
; d
. B _ [sm r]+—(cas°x}
“dv d dx
. od o
=33|n'x-—(smx}+ﬁcaij~—{casﬂ
dx v
=3sin’ x-cosx +6¢os’ x-(—sinx)

=3sin xmsx(sinx— 2cos’ x}

Question 3:
(Sx}ﬁulmlm

Answer
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Jenslx

LJ.‘l_v:{Sx}
Taking logarithm on both the sides, we obtain
log v =3cos2xlog5x

Differentiating both sides with respect to x, we obtain

}l% =3[|ﬂg51 .%{cosh] -I—C(!SZX-%['GESX}}

dy L [ : d 1 d
= —=3y|log5x(—sin2x)-—(2x)+cos2x-— —(5x
4 -3y logsv(-sin2e) 4 (25) eos2e L4 (5)
:3.£=3_]; —25in2x1ug5x+ma2x:|
dx L X
; (3cos?
:}ﬂ=3_j: qusd't—ﬁsin21|035x:|
el L X
f cos2y 3 2 .
:_Q:{Sx}‘ : [‘}ms Jr—lf:-5|r1|2xl-:ng5x]
dx X

Question 4:
sin”’ (xq’}), 0<r<l
Answer

Let y =sin™ (r\f{;]

Using chain rule, we obtain
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E 1-x

Question 5:

1 X
cos  —

N2x+ 7

Answer

. —2<x<2
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X
cos

Lety= 2

J2x+7

By quotient rule, we obtain

-s.f2.x+?'d cos”' ¥ |- cos' ¥ d 2x+7
dv 2 2

dy _

z (V7]

X d

o o Y e
\ 2

WJ2x+7

2x+7

-1 X 2
J2x+7 —[cns ! ]
4-x° 2)22x+7

2x+7

o X

_ _m ~ Ccos P
Va-x x(2x+7) (V2a+T7)(2x+7)

X
[

[ 2
=— +
Vi=x"2x+7 {2x+?};

Question 6:

| N1+sinx ++/1-sinm
cot ey —

J1+sinx —+/1 —sinx

Answer
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(1)

I ely—ool" !\"I+sinx+Jl—sinx:|

J1+sinx —/1-sinx

J]+sinx +\,.'rl—sinx
‘ -.f]+s;inx —Jl—sinx

{Jl+sinx+\f]—sin_r]!
(J1+sin,x ~Vi=sinx)(VI+sinx + Ji-sinx)
- (1+sinx)+(1- 5inx]+2J[1—sinx){] +sinx)
- (1+sinx)—(1-sinx)

_ 2+ 24/1—sin’ x

2sinx
B l+cosx
sinx

Then

2cost >
2

. X x
25in " cos
2 2
X
=col—

Therefore, equation (1) becomes

X
'=cot”'| cot=
g [ 2]

X
= y==
2
Ldv_1d
Y& 7w
@1
de 2

Question 7:
(logx)™", x>1
Answer

Letyv= ( log x}msx
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Taking logarithm on both the sides, we obtain
log ¥ = log x-log(log x)
Differentiating both sides with respect to x, we obtain

ldv d
s dx[lc}gx-log(lﬂgx]]

— i% = log (log x}.%[log x)+log x~;—i|_log(log r]J

o 1 1 {
-2 =}-[mguug.ﬂ.x logx (- ;xtmgx]}
dy 1 |
= —=y| —log({logx)+—
e '{x g[ & r] J
=5 (oe ——
dr [ 08 Y} [.ﬁf X

Question 8:

cos|acosx+bsinx
{ ], for some constant a and b.

Answer
Let y = cos(acosx+bsinx)

By using chain rule, we obtain

dy -
— =—~cos{acosx+bsinx
dr oy { )

=Y _in (acosx+bsinx}-%[acusx+bsin x)
X

=—sin{amsx+f=sinx}-[u(—sinx}+bmsx]

= (asin x —bcosx)-sin (acosx +bsin x)

Question 9:

}[sin v-eosx) JC 3n

[sinx—cnsx , — X —

Answer
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[{in.'r—q;uu'rj

Let y =(sinx—cosx)
Taking logarithm on both the sides, we obtain

log v =log [{ sin x - cos x) Bin x~c0s.) ]
= log y =(sinx—cosx)-log(sinx—cosx)
Differentiating both sides with respect to x, we obtain

l?=dil:(sin.r—cus.r]lug{sin.:‘—uus.t}]
ve dx

= ;% = ]ﬂg(sin x- cnsx} %(un X —Cnsx) +(5i11 x- L:m;x} -%lcg{sin X — 008 :r)

1 dy

S log (sin x —cosx)-(cosx +s[nx]+(sinx—cosx}-{ _ :
e sin x

-i{sin x—cosx)
—L:usx} x ’ '

¥ odx
= T = (sinx—cos x) " [{ccsx+sin x)-log(sin x —cosx ) +(cos.x +sin 1]]
X
b _ (sinx —cos .t}[””_“"'\'j (

§ X +8i 1+1 in X —Cos.
. co:-r+31nx]|: +log(sinx—cos 'E):I

Question 10:

¥ Hxt+a’+a’ for some fixed @>Uand x>0

Answer

Letyv=x"+x"+a +a"

Also. letx" =u, X" =v.a" =w, anda”" =5

LV=UF VWS
dv  du dv odw s
by _du dv v ()
dy  dv dv dy dx

K

H=x
= logu =logx"
= logu=xlogx

Differentiating both sides with respect to x, we obtain
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Ldu Iugx-%{x]+x~%{logx}

u dx
el [ lj|
= —=u|logx-1+x-—
ey X
e c "
==X [log x+1]=x"(1+logx) -(2)
v=x"
. ﬂ:i{ h')
Cdxdx
p— I = ™! [3]
“_.:u.l.

= logw=loga’
= logw=xloga

Differentiating both sides with respect to x, we obtain

L P
W dy oed dr(x}
::»—J: '
—=wloga
=24 loga ..(4)
s=a°

Since a is constant, a° is also a constant.

ds
| 5
. dx (5)

From (1), (2), (3), (4), and (5), we obtain
% =x"(I+logx)+ax"" +a" loga+0

=x"(1+logx)+ax™" +a" loga
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Question 11:

3 3+{::.1€—3Jr  for =3

Answer

Lety=x""+(x-3)"

Also, let u=x" 7 and v = {x—3j'(:
S V=UH+Y

Differentiating both sides with respect to x, we obtain

Y _au dv (1)
de oy dx
w=x""

s logu = Iog(x‘:'j)
logu = {x: - 3] log x

Differentiating with respect to x, we obtain

1 d ;o4 4 d
—-TH= Ingx-?x(x' —3]+[x' —3)-3(1“51’}

Hoax

1 du . 1
= =logx-2x+(x -3 —

oy £ ( ) x
du o | x =3
=—=x"" +2xlogx
dax x

Also,

y=(x-3)"

. logv = log(x —3}”:
= logv=x"log(x-3)

Differentiating both sides with respect to x, we obtain
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1 dv n . d

; a |ng X - 3} _( )+x —[|ﬂg{x—3):|
1 av 1 d

::’;E ].ﬂg x 3} 2x+x E E( —3]

= —:v|:2.rlng(x—3}+ x‘311}

g

=

=& (x-3)" {%+2x10g(:¢—3}}

4
Pt dv

—and —
Substituting the expressions of dx dx jn equation (1), we obtain

dy_ -3 xl—_3 —
by [ ; +2x10g.r] +(x-3)' [ 3+2.:c]-:)g(x 3)}

Question 12:
&
Find 4 | if

Answer

y=12(] —cnsr}.,x :lﬂ{r—sinr}*—g{r«:%

It is given that, y = 12(1-cost),x = 10(7 —sin¢)
cdx_d
Tdt

%:E[lz{l—cusr]]: IZ-E{I—msr}= 12:[0—(=sin¢)|=12sins

[I{} (—sinr)]|=10- di[.r sin) =10(1-cosr)

Y Lt
.ﬁ=[rﬂ]= 12sin =12-25m§~wb§=ﬂmti
Cdx (atxJ 10(1=cost) g5zt 5 2

2

dr

Question 13:

d .

Fingdr i ¥=sin" x+sin”" V-2, ~1<x<]

Answer
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It is given that, y =sin ' x+sin '/1—x

d—}: %[sin" xX+sin”’ \,I'I—xg}

dx
:;.%:%(sin" x)+j—x(3in"\|'l—x2)
dy I ! d 2
:}E:J =+ e l—x']
1-x Jl_( l—x:]
dy 1 1 1 d 2
= +— —|l=x
ey \,"]_x: X ZJl-xz dx( )
dy ! !
g + -2x
dx \!’] —_Jc2 2]:\’{] —JC2 I: }
L1
de J1-x* J1-¥°
&,
o
Question 14:
Iy Hal+x :u, for, -1 < x <1, prove that
Q__ 1
de  (1+x)
Answer

It is given that,

xfl+y+fl+x =0
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= xl+y=—yJl+x
Squaring both sides, we obtain
¥ (14y) =y (1+x)

=y +x'y=y +x°
=ty =xpt —aly

=Sy -y = xy(y—x)
=(x+y)x=y)=w(y-x)
X+ V= —Xy

=(l+x)y=—x

= ¥=

(l - x}
Differentiating both sides with respect to x, we obtain
L -X
Y+
d d
dy :_{] +x]£{x}—xa{l +x) =_(| £x)—x _
dx (1+4x) (1+x)y  (1+x)

Hence, proved.

Question 15:

If{x—a}2+{:y—b}3 =c

dy
d’ is a constant independent of a and b.

=0

, for some *prove that

Answer

It is given that,{x—a} +{y—b}' .

Differentiating both sides with respect to x, we obtain
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d

E[[x—a}z]+§|:(y—b}:} = %(c:]

= 2(x-a)-4(x=a)+2(y=b) - (v=b) =0

= 2{x—a}-l+2(y—h}-%={}

- _

el

—(x=9) (1)

y—h

e

de| y—b

. df.vzi[—(x—a]}
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(-0) L (=) ~(-a) & (v-0)
(y=b)

(-b)-(v-a) ¥
(v-b)

(-0)-Ge-a {050

= = b}z [ Using (1)]

=_{y bY + .ra)]
Lv b

FRCHE {.x a) E (y=b) +(x—a) :

‘*[ii] ) { (- b)] | (:-b) ]
Ly _[{y by (_-ﬂf] {{} -b) (-ﬂ)}
& (v-b) (v-b)

L’ b}] (J* b)

¢’ ¢’

(-b) (-

= —¢, which is constant and is independent of @ and »

Hence, proved.

Question 16:

dy cos’(a+y)
dx

=) + v - i
1 COS Y vcos(a+ ) }’with cosa # £l ove that sina

Answer

wWW. ncert hel p. con

wod djayuaou-mmm//:dny



It is given that, cos y = xms[a+ y]

BTSSR

ﬁ—siny% =cus{a+y]-%{x]+x-%[ms(a+y]]

dy

:>—sinya =ms{a+y]+x-[—sin(a+y}]%

::-[xsin[a+y}—siny]g=ms{a+y) (1)

Since cosy=xcos(a+y). x=

Then, equation (1) reduces to

cos y
cos(a+y)

|&-sin{n+y)—siny %zcns{a+y]

cos(a+y)

= [cr:-s y-sin(a+y)-siny-cos(a +_v}:|~ % =cos’ (a+y)

:>sin{a+y—y]j—y=casz{a+b]
x

. dy _cos’ (a+h)
dx sing

Hence, proved.

Question 17:

. =al(cost+rsint)

Answer

and

y=a(sins-rcost) find dx

dz_];

I
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It is given that, x = a(cost +¢sint) and y = a(sint — cost)
. | —=a- —[cnsrﬂsmr}
Cdr
=a[—sinr+5inr-—(r]+r-i{sin.*)}
dx ot
=a[-sint +sint +1cost| = at cost

dy d ;.
—=a-—(sinf —1cost)
dr dt

ol cost{eost )19 (s

=a| cost—{cosr—rsint} | = arsint

i)
cdv _\dit ) _ arsint

C. = =tanf
dx [QJ al cost
ot
Then, & v=i dr)_d (tant) = sec’ - Ll
de” dx | dx a{x v
) [dx dt 1 }
==eC - — =gl COsl = —=
ar cost elt dx  arcost
=SEC.I,(]<:I<:£
ar 2
Question 18:

. 3
Iff {x] :|x| , show that f"(x} exists for all real x, and find it.

Answer

‘ | {x, itx =0
-r "
It is known that, =x, ifx<0
. _ 3 _ 3
Therefore, when x = 0, f(x)=]af =x
In this case, /(%) =3JL'_and hence, f(x)=6x

When x < 0, J"I{J':}:|J'7|1 =[—I)] =-x
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()= -3x°

In this case, /(%) ¥)=—6x

: _and hence, ’r'{' }

Thus, for"r{'t] :|'¥| , Jr."{I)exists for all real x and is given by,

()= {ﬁ.r, ifx=0

—bx, ifx <0
Question 19:
d " -1
—{.1' = Hnx
Using mathematical induction prove that dx for all positive integers n.
Answer

To prove: P(n): T{.r") =nx"" for all positive integers n
dx

~P(n)is trueforn=1

Let P(k) is true for some positive integer k.
d‘ .
P{k}:—{x* )= k!

That is, dlx
It has to be proved that P(k + 1) is also true.

. d . i :
Consider (x*“)= [x-x"‘]

dx dx

i

=x .:x{x]+x-it(x*] [By applying product rule]
=x" 1+x-k-x*"

=x" +kx*

=(k+1)-x"

:{fi+]}'xlk+”_l
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Thus, P(k + 1) is true whenever P (k) is true.

Therefore, by the principle of mathematical induction, the statement P(n) is true for

every positive integer n.

Hence, proved.

Question 20:

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain

the sum formula for cosines.

Answer
sin{ A+ B) = sin Acos B + cos Asin B

Differentiating both sides with respect to x, we obtain
dr. . .
E[sm (4+B)]= %[sm Acos B)+ %{cos Asin B)
= CDS[:“+E}-E{A+ B)= cnsﬂ-i{sin A)+sin A-i{msﬁ}
dx e dx
+sin E'i(CDSh‘}-I-CDS A -i(sin B)
iy dx

= cos[.»1+B}-di{.»1+B} = cos B-cos A§+sin A(—sin B}%
X C X

+Sil’13{—5il’1.'T]-@+CD'S/IE:DSBJ—£?

iy dx
dd  dB dd  dB
=cos(A+B)| —+—|=(cos dcos B-sin Asin B)-| —+ —
[ }[a’x .:i\:} ( ]Lﬁ: n’x]

~.cos( A+ B) = cos Acos B-sin Asin B

£(x) &) h(x) £ g() W)
dy
v=| [ m H —=| i H
h . dx a h c
If “ ¢ , prove that '
Answer
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y=| I m "
a b c
= y=(mc-nb) f(x)-(lc—na)g [ )+ (I~ ma)h(x)

rood
Then,dr=dx[mc nb) f(x ]— [(lc—na)g( ]+ [.LE: ma)h(x)]

=(mc—nb) f'(x)~(le—na)g'(x)+(b- ma}h’{x

f(x) g'(x) W(x)
= m H
& b e
f'(x) g'(x) h(x)
dy
— = m n
ax
Thus “ b ¢
Question 23:
dzy N
geos | ] : ——X = _I':T_V—{]
Iy =*¢ =_I£x£1,show that ]dx' dbx

Answer

o cos II

It is given that, ' ~
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Taking logarithm on both the sides. we obtain
log y=acos ' xloge

log y=acos ' x

Differentiating both sides with respect to x, we obtain
1 dy -1

e = (]

v dx Ji-x

b _

de -

By squaring both the sides, we obtain
422
dx 1-x*
dy o,
=(1-22) 2| =%y
(1-2)( 2] -aiy
dy]z -
1-x*) == | =4y
(1-2)( %) =ty

Again differentiating both sides with respect to x, we obtain

(&) st (2)] - o
::{%J_{—zxﬁ(l—x?)ng.g =a2.2_1:.%
(B (e pa By
:—x%ql—xl)%ml.y {%#0}
:{I—xl]g—x%—a:y=ﬂ

Hence, proved.
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