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Exercise 4.1

Question 1:

4
-5 -1

Evaluate the determinants in Exercise 1 and 2. ‘

Solution 1:

‘ " =a(n-a(-5)=-2420=18
Juestion 2:

Evaluate the determinants in Exercise 1 and 2.

(1)

cosd —sind x> —x+1 x-1

sin@ cos@ x+1 x+1

Solution 2:

(1)

cos¢ —sin0)_ (cos@)(cos@)—(—sinf)(sind) = cos’ & + sin* @ =1

sin@ cosd

X —x+1 x-1

(ii)

x+1 x+1
= (x2 —x+1)(x+1)—(x—1)(x+l)
= x3—x2+x+x2—x+1—(x2—1)
=x’+1-x"+1

=X —x*+2

If A:Ll1 ﬂ , then show that [24]=4|4

Solution 3:

1 2
The given matrix is 4=
4 2

4 Determinants www.vedantu.com
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=2x4—-4x8
=8-32=-24

Now,

12
A= =1x2-2x4=2x8=—6
4 2

RH.S: 4|4|=4x(—6)=—24
~.LHS.= RHS.

Questions 4:
1 0 1
A=|0 1 2|, thenshow that [34=27|4.
0 0 4
Solution 4:
1 0 1
The given matrixis 4={0 1 2.
0 0 4

It can be observed that in the first column, two entries are zero. Thus, we expand along the first
column (C,) for easier calculation.

12 Jo 1] Jo 1
|A|:1‘ ‘—0 + =1(4-0)-0+0=4
0 4 04 |1 2
~.27|4=27(4)=108 (i)
10 1] [30 3
Now, 34=3{0 1 2|=[0 3 6
00 4] |0 0 12
3 .6/ [0 3] o3
.'.|3A|=3‘ ‘—‘ +0 ‘
0 12 0 12| 3 6
=3(36-0)=3(36)=108 ... (ii)

From equations (i) and (ii), we have:
34|=27|4|
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Hence, the given result is proved.

Evaluate the determinants

3 -1 =2 3 4 5
@»Ho o0 -1 afr 1 =2
3 -5 0 2 3 1
0 1 2 2 -1 2
(-1 0 -3 av) o 2 -1
-2 3 0 3 -5 0
Solution 5:
3 -1 2
@@i)let A={0 0 -1
3 -5 0

It can be observed that in the second row, two entries are zero.

Thus, we expand along the second row for easier calculation.

=l =2 3 2 5 Al

A=-0 0 —(-1 =(-15+3)=-12
o o T o
3 4 5
(i) Let A=]1 1 -2
2 3 1

By expanding along the first row, we have:

4 Determinants
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1 1 1
4] 3\ \

3 2 3
1+ )+4(1+4) 5(3-2)

3(1+
3(7)+4(5)+5(1)
21

+5
1 ‘

=21+20+5=46
0 1 2
(iii) Let 4A=|-1 0 -3
-2 3 0

By expanding along the first row, we have:

|A|=O‘O —3‘_ -1 —3+2—1 0‘
3 0| |2 0| |2 3
=0-1(0-6)+2(-3-0)
=-1(-6)+2(-3
=6-6=0
2 -1 =2
(iv) Let A=|0 2 -1
3 50

By expanding along the first column, we have:

2 -1 -1 2] -1 -2
4| = ‘ ‘—0‘ +3 ‘
-5 0| |-5 of "2 -1
=2(0-5)-0+3(1+4)
=-10+15=5
11 =2
If A=|2 1 -3|,find |4|
5 4 -9

Solution 6:

LIVE ONLINE TUTORING
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1 1 -2
Let A=|2 1 -3|.
54 -9

By expanding along the first row, we have:

Question 7:

Find values of x, if

i 2 4 2x 4 (i) 2 3 x 3
i = ii =
5 1 6 4 5 [2x 5
Solution 7:
0 2 4 2x 4
1 =

5 1 6 x

= 2x1-5x4=2xxx—6x4
=2-20=2x"-24

=2x" =6

=x" =3

:>x=ix/§

4 Determinants www.vedantu.com
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2 3
4 5

. x 3
(i) ‘ 2x 5‘
= 2x5-3x4=xx5-3%x2x
=10-12=5x—-6x
=-2=-x

=>x=2

.182
2| |6
18 6

=

If , then x is equal to

[u—

OO Wy
H O =
(@)

(e}

Solution 8:
x 2/ |6 2
18 x ‘18 6‘
=x"—-36=36-36
=x"-36=0

—x*=36

=x=*6

Hence, the correct answer is B.

Using the property of determinants and without expanding, prove that:

X a x+a
y b y+b=0

z ¢ z+c

4 Determinants

Chapter 4-Determinants

Exercise 4.2

www.vedantu.com

LIVE ONLINE TUTORING




Class XII — NCERT — Maths Chapter 4-Determinants \ { | n

LIVE ONLINE TUTORING

Solution 1:

X a x+a |x a x| |x a a
vy b y+b=ly b yl+ly b b
z ¢ z+c| |z ¢ z| |z ¢ ¢

Clearly, the two determinants have two identical columns. Thus,
=0+0=0

n2:
Using the property of determinants and without expanding, prove that:
a-b b-c c-a
b-c¢c c-a a-b|=0

c-a a-b b-c

Solution 2:

a-b b-c c-a

A=|b-c¢c c-a a-b

c-a a-b b-c

Applying R, - R, + R,, we have:
a—c b—a c—b
A=| b-c c—a a—>b
~(a=c) ~(b-a) ~(c-b)

a-c b—-a c-b

=—lb-c c—a a-b

a-c b-a c-b
Here, the two rows R, and R, are identical.
A =0.

Using the property of determinants and without expanding, prove that:

2 7 65
3 8 75=0
5 9 86

4.Determinants 7
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Solution 3:

2 7 65 |2 7 63+2
3 8 75|=13 8 7243
5 9 86 |5 9 81+5

63l 2 7 2
72/1+3 8 3
8l |5 9 5

(7)

(8)+0 [Two Coloumns are identical|

)

O

DN W D W W N
O

O© 0 3 O oo 3

O

O o0
O 0

=0 [Two Coloumns are identical

Question 4:
Using the property of determinants and without expanding, prove that:

1 bc a(b+c)
1 ca b(c+a) =0
1 ab c(a+b)

plution 4:

1 bc a(b+c)

A=l ca b(c+a)
1 ab c(a +b)

By applying C; — C, + C,. We have:
1 bc ab+bc+ca

A=|l ca ab+bc+ca
1 ab ab+bc+ca

Here. Two columns C, and C; are proportional.
S A=0.

4.Determinants 8
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Using the property of determinants and without expanding, prove that:
b+c qg+r y+z a p x
c+a r+p z+x|=2b g y
a+b p+qg x+y c r z

b+c q+r y+z

A=|c+a r+p z+x

a+b p+q z+y
b+c q+r y+z| |b+c q+r y+z
=lc+a r+p z+x|+lcta r+p z+x
a P by b q y

=A +A, (say) L (1)

b+c q+r y+z
Now, A, =|c+a r+p z+x
a P o8
Applying R, = R, — R, , we have:
b q vy
Al=lc r z
a p x

Applying R, <> R;and R, <> R,, we have:

a p x| la p «x
2
A=(-1)1b g y=ppb ¢ » L. (2)
c r z[ |lc r z

b+c q+r y+z
A,=|c+ta r+p z+x
b q vy
Applying R, — R, —R, , we have:
c r z
A,=|c+ta r+p z+x
b q ¥
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Applying R, > R, — R, we have:

c r z
A,=la p x
b q vy

Chapter 4-Determinants \! | n
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Applying R, <> R,and R, <> R, we have:

a p x| |la p x
2

A =(-1)'1p g y=p q ¥

¢c r z{ |c r =z

From (1),(2), and (3), we have:

a p x
A=2\b q y
c r z

Hence, the given result is proved.

Question 6:

e

By using properties of determinants, show that:

0 a -b
—a 0 —c|=0
b ¢ 0
Solution 6:
We have,
0 a -b
A=|-a 0 -—c
b ¢ 0
Applying R, — cR,, we have:
0 ac -bc
A= 1 -a 0 —c
¢ b ¢ 0

Applying R, = R, — DR, , we have:

4 Determinants

www.vedantu.com 10
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ab ac 0

b ¢ O

_4 -a 0 —c
c

b ¢ O

Here, the two rows R, and R, are identical.

S A=0.

Juestion 7:
By using properties of determinants, show that:
-a’ ab ac

ba —b> bc|=4a’b’c’

2
ca c¢cb —c

Solution 7:
—a* ab ac
A=|ba -b* bc

ca c¢b -—c
-a b ¢
=abcla -b c [Taking out factors a,b,c from R,, R, and R3]
a b —c
-1 1 1
==a’b’*|1 -1 1 [ Taking out factors a,b,c from C, C, and C;]
1 1 -1

1 1
A=a’b’c*|0 0 2
0 2 0

4 Determinants www.vedantu.com 11
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0 2
— b (-1
e >‘2 0‘

= _aZbZCZ (0 - 4) = 4a2b202

By using properties of determinants, show that:

1 a a
@l » b :(a+b)(b—c)(c—a)
1 ¢ ¢
I 1 1
(ii)yla b ¢ :(a—b)(b—c)(c—a)(a+b+c)
a b

Solution §:

1 a o

() Let A=|l b b’
NN NG

Applying R, > R, —R;and R, — R, —R,, we have:
0 a-c a’-¢
A=|0 b—c b*-C

1 c ¢’
0 -1 —-a-c
=(c—a)(b—c)0 1 b+c
1 ¢ ¢’

Applying R, = R, + R,, we have:

0 0 —a+b
Az(b—c)(c—a)O 1 b+c
1 ¢ c?
0 0 -1

:(a—b)(b—c)(c—a) 0 1 b+c

1 ¢ ¢

4 Determinants

LIVE ONLINE TUTORING

12




Class XII — NCERT — Maths Chapter 4-Determinants

Expanding along C,, we have:

0 -1
A:(a—b)(b—c)(c—a) | bic :(a—b)(b—c)(c—a)
Hence, the given result is proved.
1 1 1
(i) Let A=la b ¢
a b
Applying C;, - C, — C,and C, — C, —C;,we have:
0 0 1

A=|a-c b-c ¢
ad-¢ b- 7
0 0 1
= a-—c b-c c
(a—c)(a2+ac+c2) (b—c)(b2+bc+2) c’
0 0 1
:(c—a)(b—c) -1 1 c
—(a2+ac+c2) (b2+bc+c2) e’
Applying C, — C, + C,, we have:
0 0 1
A:(c—a)(b—c) 0 1 c
(bz—a2)+(bc—ac) (b2+bc+cz) c’
0 0 1
=(b—c)(c—a)(a—b) 0 0 c
—(a+b+c) (b2+bc+cz) e’
0 0 1
=(a—b)(b—c)(c—a)(a+b+c) 0 1 c
-1 (b2+bc+cz) e’

Expanding along C,, we have:

LIVE ONLINE TUTORING
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1

c

A=(a—b)(b—c)(c—a)(a+b+c)(—1)‘(1)

:(a—b)(b—c)(c—a)(a+b+c)

Hence, the given result is proved.

By using properties of determinants, show that:

x x° yz
y ¥ ax|=(x-y)(y—z)(z—x)(xy+yz +2zx)
z z¢ xp

Solution 9:
x x° yz
Let A=y y* =x

z 0 xy

Applying R, > R, — R ,and R, > R, — R, we have:

2
X X vz

A=ly-x Yy -x* zx—yz
z—x z'-x" xy—yz

2
X X vz

=l-(x-») -(x-y)(x+y) z(x-y)
(z=x)  (z=x)(z+x) —y(z—x)

2
X X yz

=(x—y)(z—x) -1 —x-y =z
1 z—-y z-y
Applying R, = R, + R,, we have:

X x’ vz
A:(x—y)(z—x)—l -Xx-y z

1 z—-y z-y

4 Determinants
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2

x X yz
=(x-y)(z—x)(z—y)-1 —x-y =z
0 1 1

Expanding along R,, we have:
(e 01 [ ) s 1 W
= (x=y)(z=x)(z=y)| (=2 —y2)+ (=" —xp+x*) |

=—(x-y)(z—x)(z—y)(xy+ yz+2x)
= (x=9)(y=2)(z=x) (s + yz + zx)
Hence, the given result is proved.

2

X yz X b
+1

-1 z

|

Question 10:
By using properties of determinants, show that:
x+4 2x 2x

() | 2x x+4 2x |=(5x+4)(4-x)

2x 2x  x+4

y+k oy y
i) | v y+k y |=E(3x+k)

y y  y+k

Solution 10:
x+4 2x 2x
(i) A=|2x x+4 2x
2x 2x x+4
Applying R, - R + R, + R,, we have:
5x+4 5x+4 5x+4
A=| 2x x+4 2x
2x 2x x+4

4 Determinants www.vedantu.com
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1 0 0
:(5x+4)2x x+4 0
2x 0 x+4
Applying C, - C, -C,,C, = C, - C,,wehave
1 0 0
A=(5x+4)2x —x+4 0
2x 0 -x+4
1 0 0
:(5x+4)(4—x)(4—x)2x 1 0
2x 0 1
Expanding along C,, we have:
1 0

A=(5x+4)(4-x) -

=(5x+4)(4-x)

Hence, the given result is proved.
y+k oy y
(i) A=l y y+k y
y oy Ytk
Applying R, > R, + R, R;, we have:
3y+k 3y+k 3y+k

A=| y v+k y
y y o y+k

1 1 1

=(3y+k) y y+k y

y oy y+k
Applying C, = C, - Ciand C;, — C; —C,, we have:
1 0 0
A=3y+k)ly k 0
vy 0 k
1 00
:k2(3x+k)y 1 0
y 0 1

LIVE ONLINE TUTORING
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Expanding alone C,, we have:

1

A= (3y+h)| =k Gr+8)

Hence, the given result is proved.

By using properties of determinants, show that:

a—-b—c 2a 2a
G | 2 b-c-a 2b |=(at+b+c)
2c 2c c—a->b
xX+y+2z x y
)| =z y+z42x y |=2(x+y+z)
z b z+x+2y

Solution 11:

a—-b-c 2a 2a
G| 26 b-c-a 2b |=(a+b+c)
2c 2c c—a-b

Applying R, - R, + R, + R,, we have:
a+b+c a+b+c a+b+c
A=| 2b b-c—a 2b
2c 2¢ c—a-—>b
1 1 1
=(a+b+c) 2b b-c—a 2b
2c 2¢ c—a-b
Applying C, —> C, - C,, C, = C,— C, ,we have:

1 0 0
A=(a+b+c)|2b —(a+b+c) 0
2¢ 0 —(a+b+c)
1 0 0
=(a+b+c)2b -1 0
2c 0 -1

Expanding along C,, we have:

A=(a+b+c) (-1)(-1)=(a+b+c)

LIVE ONLINE TUTORING
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Hence, the given result is proved.

X+y+2z x v
(i) A= z y+z+2x y
z X z+x+2y

Applying C, — C, +C, + C;, we have:

2(x+y+z) 2 y

A:2(x+y+z) y+z+2x y
2(x+y+z) X z+x+2y

1 x y

:2(x+y+z)1 y+z+2x y
1 x z+x+2y

Applying R, - R,—Rand R, > R, — R, we have:

1 X y
A:2(x+y+z)0 X+y+z 0

0 0 xX+y+z
I x
=2 (x +y+ z) 0 1
0 0
Expanding along R,, we have:
A =2(x+y+z)3 (1)(1—0) =2(x+y+z)3
Hence, the given result is proved.

y
0
1

1estion 12:
By using properties of determinants, show that:

1 x x
x* 1 x:(l—x3)2
x x*1
1 x X
A=lx> 1 «x
¥ o1

Applying R, - R, + R, + R, ,we have:

LIVE ONLINE TUTORING
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l+x4+x° T+x+x> l+x+x°
A=l x* 1 X

X x* 1

Applying C, — C, — Ciand C; — C; —C,, we have:
1 0 0
A:(1+x+x2)x2 1-x* x-x°

x x*—=x 1l-x

1 0 O
:(l+x+x2)(l—x)(1—x)x2 I+x x
x —=x 1
1 0 O
:(l—x3)(l—x)x2 l+x x
x —x 1

Expanding along R,, we have:

A=(1-x)(1-x)(1) l_” )IC
:(1—x3)(1—x)(1+x+x2)
—(1-2)(1-+)

=(1—x3)

Hence, the given result is proved.

By using properties of determinants, show that:

1+a® —b? 2ab -2b
2ab  1-a+b  2a |=(1+d*+b*)
2b —2a l1-a*>-b*
1+a*>-b* 2ab —2b
A=| 2ab 1-a*+b° 2a
2b —2a 1—-a*-b*

Applying R, = R, +bR;and R, — R, —aR,, we have:

19
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l+a>+b° 0 —b(1+a2+b2)
A= 0 1+a*>+b* a(1+a2+b2)
2b —2a 1—a?-b?
1 0 b
:(1+a2+b2) 0 1 a

2b -2a 1-a*-b’
Expanding along R,, we have:

2 1 a
A=(1+a’+b") [(1)‘_261 g _p?

=(1+a* +5%) [1-a* ~b* +2a> ~b(~2b)]

0 1
-b
‘2b —2a

|

(1+a2+b2)2 (1+a2+b2)

1+a® +b?)
(1+a*+5?)

Question 14:
By using properties of determinants, show that:

a’+1 ab ac
ab  b*+1  be |=1+a*+b*+c?

ca ch  *+1

olution 14:
a’+1  ab ac
A=| ab b*+1 bc

ca ch A+l

Taking out common factors a,band c from R, R, and R, respectively, we have:

a+l b c
a

A=abc| a b+l c
b

4 Determinants

\\\\\\\\\\\\\\\\\

20




Class XII — NCERT — Maths Chapter 4-Determinants \ { | n

LIVE ONLINE TUTORING

Applying R, >R, —R and R, > R, — R, we have:

a+l b ¢
a
A =abc —l l 0
a b
1o, 1
a c

Applying C, =»aC,, C, - bC,and C, —cC;, we have:
a+1 b
A =abcx €1 =l 1 0

abc
-1 0 1
Expanding along R,, we have:
b2 2 2 1 bZ
a=—1" “|a* ™
1 0 -1 1

=—1(—c2)+(a2+l+b2)=l+a2+b2+02

Hence, the given result is proved.

Question 15:
Choose the correct answer.

Let A be a square matrix of order 3x 3, then |kA| is equal to
k|4

k|4

k|4

3k|A

o 0w

Answer: C
A is a square matrix of order 3x 3.

a b ¢
Let A=|a, b, c

a, by ¢
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ka, kb, ke,
Then, kA=|ka, kb, kc,
ka, kb, kc,
ka, kb kc,
|kA| =\ka, kb, kc,
ka, kb, kc,
al bl cl
=k’la, b, ¢, (Taking out common factors k from each row)
a, by ¢
=k|4
~Jed| =K |4

Hence, the correct answer is C.

Question 16:

Which of the following is correct?

Determinant is a square matrix.

Determinant is a number associated to a matrix.
Determinant is a number associated to a square matrix.

oDOow»

None of these.

Solution 16:
Answer: C

We know that to every square matrix, 4= [aij] of order n. We can associate a number called

the determinant of square matrix 4, where aij = (i, j )th element of 4.

Thus, the determinant is a number associated to a square matrix.
Hence, the correct answer is C.
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Exercise 4.3

Find area of the triangle with vertices at the point given in each of the following:

@ (1,0), (6,0) ,(4,3)
(i) (2,7), (L1), (10,8)
(iii) (—2,-3), (3,2), (-1L.-8)

on 1:

(i) The area of the triangle with vertices (1,0),(6,0),(4,3) is given by the relation,
1 01

:%[1(0—3)—0(6—4)+1(18—0)]

= l[—3 +18] = L} square units
2 2

(ii) The area of the triangle with vertices (2, 7) A (1,1) , (10,8) is given by the relation,

2 71
A=lll 1

2

10 8 1
:%[2(1—8)—7(1—10)+1(8—10):|
=%[2(—7)—7(—9)+1(—2)]
:%[—14+63—2]=%[—16+63]

47 .
= 7 square units

(iii) The area of the triangle with vertices (—2, —3) , (3, 2) , (—1, —8) is given by the relation,

-2 31

A:l 3 2 1
2

-1 -8 1
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:%[_2(2+8)+3(3+1)+1(—24+2)]

= %[—2(10)+3(4)+1(—22)]

~L[20412-22]
2

30
2

Hence, the area of the triangle is |—15| =15square units

-15

estion 2:
Show that points A(a,b+c),B(b,c+a),C(c,a+b) are collinear

Solution 2:
Area of AABCis given by the relation,
a b+c 1
A:lb c+a 1
c a+b 1
a b+c 1
=%b—a a-b 0 (Applying R, >R, —Rand R, >R, —R))
c—a a-c O
a b+c 1
=%(a—b)(c—a)—1 10
1 -1 0
a b+c 1
:%(a—b)(c—a)—l 1 0 (Applying R, > R, +R))
0O 0 O

=0 (All elements of R, are 0)
Thus, the area of the triangle formed by points 4, Band C is zero.
Hence, the points A4, Band C are collinear.

LIVE ONLINE TUTORING
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Find values of & if area of triangle is 4 square units and vertices are
(i) (£,0),(4,0),(0,2)
(i) (—2,0),(0,4).(0,k)

We know that the area of a triangle whose vertices are (x,,,),(x,,»,)and (x,,y;)is the
absolute value of the determinant (A), where
x »n 1
A=—x 1
21 b
ooy 1

It is given that the area of triangle is 4 square units.
S A=14,
(i) The area of the triangle with vertices (k,0),(4,0),(0,2)is given by the relation,
k 0 1
1

A=—l4 0 1
2

:%[k(0—2)—0(4—0)+1(8—0):|

:%[—2k+8]:k+4

Sk +4=%4
When —k + 4 =—-4,k=8.
When —k + 4 =—-4,k=0.
Hence, £=0,8.
(ii) The area of the triangle with vertices (—2,0),(0,4),(0,k)is given by the relation,
-2 0 1
a=o 41
2
0 k£ 1

1
=5[=2(4=8)]
=k -4
Lk—4=+4
When k£ —4 =—-4,k=0.
When k£ — 4 =4,k=8.
Hence, £=0,8.
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(i) Find equation of line joining (1,2)and (3,6)using determinates

(ii) Find equation of line joining (3,1)and (9,3)using determinants

(i) Let P (x, y) be any point on the line joining points A(l, 2) and B (3, 6) . Then, the points A4, B

and P are collinear. Therefore, the area of triangle ABP will be zero.

1 21
l3 6 1=0
2
x y 1

1
:>5[1(6—y)—2(3—x)+l(3y—6x)] =0
=6-y-6+2x+3y—-6x=0
=2y—-4x=0
=>y=2x
Hence, the equation of the line joining the given points is y =2x.
(i) Let P(x,)be any point on the line joining points A4(3,1) and
B(9,3) . Then, the points A4, Band P are collinear. Therefore, the area of the triangle ABP will

be zero.
3 1 1
l 9 3 1=0
2
x y 1

:>%[3(3—y)—1(9—x)+1(9y—3x)]=0
=9-3y-9+x+9y-3x=0

= 6y—2x=0

=>x-3y=0

Hence, the equation of the line joining the given points is x—3y = 0.

If the area of triangle is 35 square units with vertices (2,—6), (5,4)and (k,4). Then k is

A. 12
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B. -2
C. -12,-2
D. 12,-2

Solution 5:

Answer: D

The area of the triangle with vertices (2,—6),(5,4)and (k,4)is given by the relation,

=5 A
1
1

2
A=ils 4
2

ko4
:%[2(4—4)+6(5—k)+1(20—4k)]
=%[30—6k+20—4k]

1
=— [50 — IOk]
2
=25-5k
It is given that the area of the triangle id +35.
Therefore, we have:

= 25-5k==£35
= 5(5-k)=%35
= 5-k=%7

When 5—-k=-7,k=5+7=12.
When 5—-k=-7,k=5-7=-2.
Hence, £ =12, —2.

The correct answer is D.
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Exercise 4.4

Write Minors and Cofactors of the elements of following determinants:

) 2 -4
i

0 3

(i) a c¢
ii

b d

n 1

(i) The given determinant is

2 —4‘

Minor of element a; is M.
.. M,, = minor of element a,, =3
M,, = minor of element a,, =0
M,, = minor of element a,, =—4
M,, = minor of element a,, =2
. i+j
Cofactor of a;is 4, =(-1)" M,.
1+1 2
sA,=(-1)" M, =(-1) (3)=3
1+2
4, =(-1)
242 4
Ay =(=172 M, =(-1)' (2) =2

a c
(ii) The given determinant is

Minor of element a,is M.

. M,, = minor of element a,, =d
M,, = minor of element a,, =b
M,, = minor of element a,, =c¢

M,, = minor of element a,, =a

Cofactor of a,is 4, =(~1)"" M

i*

cdy=(-1)" M, =(-1)' (d)=d
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Ay =(=1)" M, =(-1) (b

- )
Ay =(=1)" My =(-1) (¢)=—¢
Ay = (1) My, =(-1) (a)=a

,_

Write Minors and Cofactors of the elements of following determinants:

(M)
0
1
0
(ii)
1 0 4
3.5 -1
1 2

Solution 2:

1 00
The given determinantis 0 1 0
0 0 1

By the definition of minors and cofactors, we have:

1 0

=1
0 1‘

M,, = minor of a,, =‘

4.Determinants 29
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. 0

M,, = minor of a,, = o 1l” 0
. 1

M,; = minor of a, = =0
0 0
. 0

M,, = minor of a,, = 5 =0
, 0

M,, = minor of a,, = ol =1
, 0

M,, = minor of a,, = o o™ 0

M,, = minor of a;, = | =0
, 0

M,, = minor of a,, = - 0

. 1 0

M,; = minor of a,, =

A,, = cofactor of a, =(~1)"" M, =1

A,, =cofactor of a,, = (—1)1+2 M,, =0
1+3

A,; =cofactor of a,; =(-1) M, =0

A, =cofactor of a, =(~1)" M, =0
2+2

A,, = cofactor of a,, =(-1)""M,, =1

A, = cofactor of a,; =(~1)""M,, =0

LIVE ONLINE TUTORING
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A, = cofactor of a, =(~1)" M, =0

A, =cofactor of a,, =(-1)""M,, =0

A,; = cofactor of a,, = (—1)3+3 M,, =1

1 0 4

The given determinantis (3 5 -1

01 2

By definition of minors and cofactors, we have:

M,, = minor of g, :‘
1

3
M,, = minor of a,, = ‘0
, 3

M,; = minor of a,; =
_ 0

M,, = minor of a,, =
, 1
M,, = minor of a,, = 0
, 1
M,, = minor of a,; = 0
‘ 0

M,, = minor of a;, =
1

M,, = minor of a,, = ‘3

=10+1=1
2‘
-1
‘:6—026
2
5
‘:3—0:3
1
4‘
=0-4=—4
2
‘:2—0:2
0‘
=1-0=1
1
4
=0-20=-20
4
=-1-12=-13
-1

LIVE ONLINE TUTORING

31




Class XII — NCERT — Maths Chapter 4-Determinants

1
M;, = minor of a;, =‘3 5‘=5—0=5

A,, = cofactor of a, =(~1)"M,, =11

1+2

A,, =cofactor of a, =(-1) " M,, =—6
A, =cofactor of a; = (—1)1+3 M,; =3

A, =cofactor of a,, =(—1)"" M,, =4

)2+2

A,, = cofactor of a,, =(—1)""M,, =2

A, =cofactor of a,, = (—1)2+3 M,, =—1
A, =cofactor of a;, = (—1)3+1 M,, =-20
342

A, = cofactor of ay, =(—1) M, =13

A, =cofactor of a,, =(~1)""M,, =5

N O W
W = o0

5
Using Cofactors of elements of second row, evaluate A =|2
1

5 3 8
The given determinantis 2 0 1
1 23

We have:
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38
M,, = =9-16=—7
2 3

.. A,, =cofactor of a,, = (—1)2+1 M, =7
5 8

My =l |=15-8=7

. A, = cofactor of a,, = (—1)2+2 M,, =7

5 3
M,, = =10-3=7
1 4

2+3

. A,y = cofactor of a,; =(—1)" My, =—7

We know that Ais equal to the sum of the product of the elements of the second row with their
corresponding cofactors.

LA =ayAy +anh,, +apAg
=2(7)+0(7)+1(—7)=14—7 =

Question 4:

1 x yz
Using Cofactors of elements of third column, evaluate A=|l y zx
1 z xy
Solution 4:
1 x yz
The given determinantis [l y zx
1 z xy
We have:
1y
M,; = EZ=Y
z
1 x
M,, = =z-X
1 z
I x
M;; = =y—-X
Ly

1+3

A, =cofactor of a; =(—1) " M,; =(z—y)
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A, = cofactor of a,; = (—1)2+3 M, =—(z—x)=(x-2)
A, = cofactor of @, =(~1)"" M, = (y—x)
We know that Ais equal to the sum of the product of the elements of the second row with their

corresponding cofactors.
A=aAj;+ayAy +agAg,

=yz(z—y)+zx(x—z)+xy(y—x)
=y =y z+xz—xz" +x° —x’y
:(xzz—yzz)+(yz2 —xzz)+<xy2 —x2y)
—y2)+zz(y—x)+xy(y—x)
z(x=y)(x+y)+z* (y—x)+xy(y-x)
x—y)[zx+zy—zz—ny
—y)[z(x—z)+y(z—x)]
—y)(z=x)[=z+Y]
=(x=y)(r-2)(z-x)

Hence, A=(x-y)(y-z)(z—x).

(2

=

(
(
(

=

For the matrices 4 and B, verify that (AB)' = B' 4 where

1
(@) A=|-4[B=[-1 2 1]
3

0
(i) 4=[1[,B=[1 5 7]
2

1 -1 2 1
() AB=|-4|[-1 2 1]=| 4 -8 —4
3 -3 6 3
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-1 4 -3
.(4B)'=|2 -8 6
1 -4 3

-1

Now, 4 =[1 -4 3],B =|2

-1 -1 4 -3
CBA=2|1 4 3]=|2 -8 6
1 1 4 3

Hence, we have verified that (AB)' =BA.

0 0 0 0
(i) 4B=|1|[1 5 7]=[1 5 7
2 2 10 14
01 2
~(4B) =|0 5 10
0 7 14
1

Now, 4 =[0 1 2],B =|5

01 2
~BA4=5][0 1 2]=|0 5 10

0 7 14
Hence, we have verified that (AB)' =BA.

Chapter 4-Determinants
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Exercise 4.5

Question 1:

1 2
Find adjoint of each of the matrices. L 4}

Solution 1:

1 2
Let A=
B

We have,
A11 =4, A12 =-3, A13 =-2, Azz =

Question 2:
1 -1 2
Find adjoint of each of the matrices | 2 3 5
-2
Solution 2:
I -1 2
Let A= 2 3 5|
-2 0 1
We have,
A, = 303 =3-0=3
0 1
A, = ‘N :—(2+10):—12
-2 1
A, = 23 =0+6=06
-2 0
4, = 01 f:—(—l—O)zl
A, = 1 2:1+4:5
22 _2 1

4 Determinants www.vedantu.com 36
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A, A4, A4, 3 1 11
Hence, adjA=| 4, A, A4, |=|-12 5 -1
A, A, Ay, 6 2 5

Question 3:
Verity A(adj A)=(adj A)A= A|1

2 3
-4 -6
Solution 3:

e

We have,
|4|=—12—(-12)=—12+12=0

e

Now,
A, =-6A,=4A, =-3,A, =2,

) -6 -3
c.ad) A=
4 2

Now,

4 Determinants www.vedantu.com
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A(ade):{z 3}[—6 —3}

4 6|4 2

12412 —6+6] [0 0

:{24—24 12—12}:{0 o}
Also, (ade)A=[_6 _3}[ 20 }
4 2|-4 6

12412 —18+18] [0 0

:[ 88 12—12}{0 0}
Hence, A(adj A)=(adj A)A=|A|1.

Juestion 4:
Verify A(adj A)=(adj A)A=|A|I .

Solution 4:

1 -1 2
A=|3 0 -2
1 0 3

|4=1(0-0)+1(9+2)+2(0-0)=11
1 0 0] [11 0 0
~|41=1110 1 0|=|/0 11 0
00 1[0 0 11

Now,

A,=0,4, :—(9+2):—11,A13 =0

A, :—(—3—0)=3,A22 =3-2=1,4,, =—(O+1):—1
A,=2-0=2,4,, :—(—2—6):8,/133 =0+3=3

0 3 2
sadjid=|-11 1 8
0 -1 3

Now,
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1 -1 2 0O 3 2
A(adjA)=3 0 -2|-11 1 8
1 0 3 0 -1 3
[0+11+0 3-1-2 2-8+6
=/ 0+0+0 9+4+0+2 6+0-6
| 0+0+0 3+0-3 2+0+9
11 0 o0
=0 11 O
10 0 11
Also,
0 3 2|1 -1 2
(adj A).A=|-11 1 8|3 0 =2
0O -1 3|1 0 3

[ 0+9+2 0+0+0 0-6+6
=[-11+3+8 11+0+0 -22-2+24
i 0-3+3 0+0+0 0+2+9

11 0 0
=0 11 0
0 0 11

Hence, A(adj A)=(adj A)A=A=|A|I.

-1 5
Find the inverse of each of the matrices (if it exists). [ 3 2}

-1 5
Let A=

-3 2
We have,

|4 =—2+15=13

Now,
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A,=2,4,=3,4,, =-5,4,, =-1

L[S
C.a =
S

.'.AlzLade:i[z _5}
|4] 13[3 -1

S NN
w B~ W

1
Find the inverse of each of the matrices (if it exists). | 0
0

Solution 7:

123
Let A=|0 2 4

005
We have,
|4=1(10-0)-2(0-0)+3(0-0)=10
Now,

4,=10-0,4,=—(0-0)=0,4,=0-0=0
A, =—(10-0)=-10,4,, =5-0=5,4,, =—(0-0)=0
Ay, =8-6=2,4,=—(4-0)=-4,4,,=2-0=2

10 -10 2
sadid=| 0 5 -4
0 0 2
10 -10 2
st =Laga=Llo 5 4
|4| 10
0 0 2
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1 0 O

Find the inverse of each of the matrices (if it exists). |3 3 0

1 0 0
LetA=|3 3 0

5 2 -1
We have,

|4=1(-3-0)—0+0=-3

Now,

5 2 -1

Ay =-3-0=-3,4,=-(-3-0)=3,4,=6-15=-9
A, =—(0-0)=0,4,, =—1-0=—1,4,, =—(2-0) =2
Ay =0-0=0,4,=—(0-0)=0,4,=3-0=3

3 0 0
~adid=| 3 -1 0
9 2 3
3 0 0
L1
nA'=—adid==|3 -1 0
|4 3
9 -2 3

2 1 3

Find the inverse of each of the matrices (if it exists). | 4 -1 0

2 1 3
Let A= 4 -1 0

-7 2 1
We have,

|4|=2(-1-0)-1(4-0)+3(8-7)

-7 2 1
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=2(-1)-1(4)+3(1)
=-2-4+3
=-3
Now,
AH:—1—0:—1,A12:—(4—0):—4,/113:8—7:1
A22=—(1—6):5,A22=2+21:23,A23=—(4+7)=—11
A31:0+3:3,A22:—(0—12):12,/133:—2—4:—6
-1 5 3
LadiA=|-4 23 12
1 -11 -6

. ' -1 5 3
DA =—adidA=—=|-4 23 12
2l 3
1 -11 -6
Question 10:
1 -1 2
Find the inverse of each of the matrices (if it exists). [0 2 -3
3 2 4
Solution 10:
1 -1 2
Let A=|0 2 -3
3 2 4

By expanding along C1, we have:
|4|=1(8—6)—0+3(3—-4)=2-3=-1

Now,

A,=8-6=2,4,=-(0+9)=-9,4,=0-6=—6

A,y =—(-4+4)=0,4, =4-6=-2,4,, =—(-2+3)=-1
A, =3-4=-1,4,=—(-3-0)=3,4,=2-0=2
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2 0 -1
sadid=|-9 -2 3
-6 -1 2

| 2 0 -1 -2 0 1
LA = made =-11-9 -2 3 (=9 2 3
-6 -1 2 6 1 -2

on 11:

) 0

Find the inverse of each of the matrices (if it exists). | 0 cosa sina

0 sina -—cosa

Solution 11:

1 0 0
Let A=|0 cosa sina |a

0 sina -—cosa
We have,
|4]= 1(—cos2 a—sin” a) = —(cos2 a+sin? a) =-1
Now,

—_— 2 ] 2 —_— —_— —_—
A4,=-cos"a-sin"a=-1,4,=0,4,=0
A4, =0,4,, =—cosa, 4, =—sina

A4, =0,4,, =—sina, 4;; =cosa

4 Determinants www.vedantu.com
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-1 0 0
sadjA=| 0 —cosa -sina
0 —sina cosa
-1 0 0 1 0 0
.'.A‘1=Lade=—1 0 —cosa —sina|=|0 cosa sina
|A| 0 —sina cosa 0 sina -—cosa
tion 12:

3 7 6 8 . -1 =l =il
Let A= 5 s and B = 7 9 Verify that (4B) =B"'4

Solution 12:

3 7
Let A=
2 5

We have,
|4|=15-14=1

Now,

A11 :5”412 :_271421 :_7»’422 =3

adJA:{s —7}

2 3

a_ 1 "5
|4 L2

6 8
Now, let B =
7 9

We have,

4 Determinants
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|B|=54-56=-2
B 9 -8
.a =
B R
9
Lo 1[9 —8}_ 5 4
|B| 2|-7 6 i
2
Now,
9
-~ 4
B*lAfl_ 2 |:5 _7}
7 42 03
2
| 35 49 || 47 61| T M
=46 -——-9 — -
2 2 2 2
Then,

3 716 8
AB =

B
[18+49 24+63
112435 16+45

|67 87
147 61
Therefore, we have |AB| = 67x61-87x47=4087-4089=-2.

Also,

.-.adj(AB){ 61 —87}

47 67

~(4BY" = adj(4B) _1{ 61 —87}

| 4B 2|47 67

LIVE ONLINE TUTORING
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61 87
2 2
|47 67
2 2

From (1) and (2), we have:
(4B) ' =B"'4"

Hence, the given result is proved.

Juestion 13:

3
IfAz{

Solution 13:

N

3 1] 3 1

LA =54+71
8 31

i 5 1 0
-5 +7
-5 3 -1 2 0 1
(8 5] [15 5 . 7 0
-5 3] |-5 10] [0 7
(=7 0 . 7 0 0 0
0 —7] [0 7] [0 O
Hence A*—54+71=0.

SLA-A-54=-T1
5447 ' =-714""

= Ao

4 Determinants
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1
2} ,show that 4> —54+71=0. Hence find 4™

3+27 [8 5
—~1+4| |-5 3

[Post-multiplying by A 'as| 4| = 0]
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= A(AA-I)—sz =747
= AI-51=-74"
= A == (4-51)

= A" :%(51—/1)

A D
o=l 3]

Question 14:

3 2
For the matrix 4 = L J .find the number @ and b such that 4> +ad+bI=0.

Solution 14:
3 2
A=
, |3 2|3 2 9+2 6+2 11 8
A = = =
1 1|1 1 3+1 2+1 4 3

Now,
A*+ad+bl =0
= (44) A +add +bIA =0 | Post-multiplying by 4 'as [4]+0 |

:>A(AA’1)+aI+b(]A’1):O
= Al +al +bA™" =0
= A+al =-bA"

= A" :l A+al
b

Now,

A =—adjd=- =
|4] -1 3] [-1 3

We have:
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—3-a 2
1 2 (|3 2 a 0 1|3+a 2 b b
= —— =+ = —— =
-1 3 b{|1 1 0 a bl 1 l+a 1 —l-a
b b
Comparing the corresponding elements of the two matrices, we have:
1 -1=b=
b
_3b_a 1> -3-a=a=-4

Hence, —4 and 1are the required values of a and b respectively.

Question 15:
m 1 1

For the matrix A={1 2 -3 |showthat 4’—64>+54+111 =0.Hence, A"

2 -1 3

Solution 15:

I 1 1
A=|1 2 3
2 -1 3

I+1+2 1+2-1 1-3+3 4 2 1
=|1+2-6 1+4+3 1-6-9(=|-3 8 -14
2-1+6 2-2-3 2+3+49 7 3 14

4 Determinants
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4 2 11 1 1
A=4-4=|-3 8 -14||1 2 -3

7 -3 142 -1 3
[ 44242 4+4-1 4-6+3
=|-3+8-28 -3+16+14 -3-24-42
| 7-3+28  7-6-14  7+9+42

8 7 1

=23 27 -69

132 -13 S8
LA =64 +54+111
8 7 1] 4 2 1 1 1 1 1 00
=123 27 -69|-6/-3 8 -—14|+5/1 2 =3|+11/0 1 ©
132 -13 58 7 -3 14 2 -1 3 0 0 1
8 7 1 ][24 12 6] ([5 5 5] /[11 0o o

=-23 27 -69|-|-18 48 -84 |+|5 10 -15|+/0 11 O
132 13 58| |42 -I18 84 2 =5 15 0 0 11

24 12 6 24 12 6
=|-18 48 -84|-|[-18 48 -84
|42 -18 84| |42 -18 84

000
00 0=0
000
Thus,4> — 64> +5A4+111 =O.
Now,
A —64 +54+11 =0.
= (AAA) A —6(A4) A" +5447 +11I4" =0 | Post-multiplying by 4 'as |4]#0 |

=N AA(AA")—6A(AA")+5(AA’1):—ll(lA’l)
= A —6A4+5[=-114"
=SS =—%(A2—6A+51) (D)

Now,
A*—6A4+51
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4 2 1 I 1 1 1 00
=-3 8 -14|-6/1 2 -3[+5/0 1 O
i -3 14 2 -1 3 0 0 1
4 116 6 61][500
=|-3 -14|-1 6 12 -18|+|0 5 O
7 3 14 ] |12 -6 18| |0 0 5
9 2 116 6 6]
=-3 13 -14|-|6 12 -18
7 -3 19 ] [12 -6 18
'3 -4 -5
=9 1 4
-5 3 1
From equation (1), we have:
3 4 -5 -3 4 5
A‘I:—l -9 1 4 L 9 -1 4
11 11
-5 3 1 5 3 -1

Question 16:
2 -1 1
If A=| -1 2 —1|verify that 4’ —6A4>+9A4—4I =0and hence find 4™

I -1 241 -1 2

4+1+1 -2-2-1 2+1+2
=-2-2-1 1+4+1 -1-2-2
2+1+2 —-1-2-2 1+1+4
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-1
2

-1
)
18
)

1
~1|-4
2
9
—9|—
18

6 -5 5
=|-5 6 -5

5 -5 6

6 -5 512 -1 1
A=A4=|-5 6 -5|-1 2 -1
5 5 611 -1 2

[ 1245+5 —6-10-5 6+5+10
=|-10-6-5 5+12+5 —5-6-10

104546 -5-10-6 5+5+12

(22 21 21
=|-21 22 -21

21 21 22
Now,
A —64+94-41

22 21 21 6 -5 5 2
=|-21 22 -21|-6/-5 6 -5[+9|-1

21 21 22 5 -5 6 1

22 21 21 36 =30 30 18
=|-21 22 -21|-|-30 36 -30|+|-9

21 21 22 30 30 36 9

40 30 30 40 -30 30 0 0 0
=|-30 40 -30(-|-30 40 -30|=|/0 0 O

30 -30 40 30 30 40 0 0 0

LA —647+94-41=0
Now,
A —64>+94—-41=0

= (A444) A7 —6( A4 )+9447 4147 =0

= AA(AA")-64(A447")+9( 44" )=4(147")

= AAl —6 Al +9] =44
= A —64+91=44"

= A" =i(A2—6A+9I)

[Post-multiplying by A 'as |4 = O]

(1)

S O B~ O O

S b~ O O = O
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A*—6A4+91
(6 -5 5] 2 -1 1 0 0 0
=|-5 6 -5|-6/-1 2 —1[+9/0 0 0
|5 -5 6| 1 -1 2 0 00
(6 -5 5] [12 =6 6 9 0 0
=|-5 6 -5|-|-6 12 —6[+[0 9 0
|5 -5 6] |6 -6 12| |0 0 9
(3 1 -1
=1 3 1
-1 1 3
From equation (1), we have:

3 1 -1
A= 3

4

-1 1 3

Question 17:

Let A be nonsingular square matrix of order 3 x 3. Then |aa"jA| is equal to
A |4
B. |4
3

C. |4
D. 3|4|

ion 17:
We know that,

|4

(adjd)=A=|AI=]| 0

4 Determinants

0

4] 0
= |(adjid)4=| 0 |4] ©

0 O

0
|4
0

0

|4

0
0
|4

LIVE ONLINE TUTORING

52




Class XII — NCERT — Maths Chapter 4-Determinants

100

=fadidld=|A0 1 0=|] (1)
00 1

. |adjd| =4[

Hence, the correct answer is B.

on 18:
If Ais an invertible matrix of order 2, then det (A’1 ) is equal to

A. det(A4)
1
det(4)
C. 1
D. 0

B.

Solution 18:
1

|4

Since A4 is an invertible matrix, 4'exists and 4~ = — adjA.

b
As matrix Ais of order 2, let 4= {a d}'
c

d -b
Then, A|:ad—bc and ade={ }
- a
Now,
d b
Al |4
oL |
|4 < a
4 4]

4 Determinants www.vedantu.com
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det(A_l)

~ det (4)
Hence, the correct answer is B.

Exercise 4.6

Question 1:

Examine the consistency of the system of equations.
x+2y=2

2x+3y =3

on 1:
The given system of equations is:
x+2y=2
2x+3y =3

The given system of equations can be written in the form of 4AX = B, where

e ]

Now,
|4=1(3)-2(2)=3-4=-1=0

4 Determinants www.vedantu.com 54




Class XII — NCERT — Maths Chapter 4-Determinants

.. Ais non-singular.
Therefore, A" exists.
Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
2x—y=5
x+y=4

ition 2:
The given system of equations is:
2x—y=5
x+y=4

The given system of equation can be written in the form of AX =B ,where

o el
A= ,X=| l|and B=| |.
I 1 z 4
|4|=2(1)—(-1)(1)=2+1=3=0
.. Ais non-singular.

Therefore, A" exists.
Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
x+3y=5
2x+6y =8

The given system of equations is:
x+3y=5
2x+6y =8

The given system of equation can be written in the form of AX = B , where

e

Nedantu,
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Now,
|4]=1(6)-3(2)=6-6=0

.. Ais a singular matrix.

(ade){fz —13}

Rk B el

Thus, the solution of the given system of equations does not exists, Hence, the given system of
equations is inconsistent.

Juestion 4:
Examine the consistency of the system of equations.
x+y+z=1
2x+3y+2z=2
ax+ay+2az=4

Solution 4:

The given system of equations is:
x+y+z=1

2x+3y+2z=2

ax+ay+2az=4

The system of equation can be written in the form of AX = B ,where

1 1 1 X 1
A=|2 3 2 |,X=|yl|land B=|2]|.
a a 2a z 4

Now,

|4 =1(6a—2a)—1(4a—2a)+1(2a—3a)
=4a-2a-a=4a-3a=a#0

.. A1s a non-singular matrix.

Therefore, 4™ exists.
Hence, the given system of equation is consistent.
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Examine the consistency of the system of equations.

3x—y—-2z=2
2y—z=-1
3x-5y=3

The given system of equation is:

3x—y—-2z=2

2y—z=-1

3x-5y=3

This system of equations can be written in the form of AX = B, where
3 -1 2 X 2

A=|0 2 -1|,X=|y|and B=|-1
3 -5 0 z 3

Now,
|4]=3(-5)-0+3(1+4)=—15+15=0

.. A is a singular matrix.

Now,
-5 10 5
(ade)z -3 6 3
-6 12 6
-5 10 51| 2
.’.(ade)B: -3 6 3| -1
-6 12 6| 3

-10-10+15 -5
=| -6-6+9 |=|-3|%0
-12-12+18 —6

Thus, the solution of the given system of equation does not exist. Hence, the system of equations

1s inconsistent.
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Examine the consistency of the system of equations.
Sx—y+4z=5

2x+3y+5z=2
Sx-2y+6z=-1

The given system of equation is:
Sx—y+4z=5

2x+3y+5z=2
S5x=2y+6z=-1

The system of equation can be written in the form of AX = B ,where

5 -1 4 X 5
A=|2 3 5|, X|yl|and B=| 2
3 2 6 z -1

Now,
|4]=5(18+10)+1(12—25)+4(—4-15)
=5(28)+1(—13)+4(—19)
=140-13-76

=51#0

.. Ais non-singular.

Therefore, A" exists.

Hence, the given system of equations is consistent.

Solve system of linear equations, using matrix method.

Sx+2y=4
Tx+3y=5

The given system of equation can be written in the form of AX = B, where
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i o

Now |4|=15-14=1#0

Thus, A is non-singular. Therefore, its inverse exists.
Now,

1

A

P
c-wa 2]
=L

Hence, x=2and y=-3.

A7 = (adjA)

Question 8:
Solve system of linear equations, using matrix method.

2x—y=-2
3x+4y=3
8:

The given system of equation can be written in the form of AX = B ,where

2 -1 X -2
A= , X = and B = .
[3 4} L’} { 3 }
Now,

Now [4|=8+3=11#0

Thus, 4 is non-singular. Therefore, its inverse exists.
Now,
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1 114 1
A= (adjd)=—
|A|(aj) 11{—3 2

L1412
S X=A"B=—
11{-3 2| 3
3
x| 1[-8+3] 1[-5 11
= = = — =
y| 11} 6+6 11)12 12

11

-5
Hence, x=—and y=2.

1 11
Question 9:
Solve system of linear equations, using matrix method.
4x-3y=3
3x-5y=17
Solution 9:

The given system of equation can be written in the form of AX = B ,where

4 -3 X 3
A= ,X=| |and B=
L —5} u M
Now,

|4|=-20+9=-11=0

Thus, A is non-singular. Therefore, its inverse exists.
Now,

1 1[5 3] 1[5 -3
A7 = (adjd)=—— -
|A|(‘”) 11{—3 4} 11{3 4}

L[5 33
L X=A'B=—
113 4|7

4 Determinants
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1| -6
11 -19
_6
_| 11
L
11
Hence, x:_—6and yz_—19
11 11

Question 10:
Solve system of linear equations, using matrix method.

Sx+2y=3
3x+2y=5

Solution 10:

The given system of equation can be written in the form of AX = B ,where

ofs ol )

Now,
|4]=10-6=4+0

Thus A4 is non-singular, Therefore, its inverse exists.
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Solve system of linear equations, using matrix method.
2x+y+z=1

3
xX=2y—z=—
TTEES

3y-5z=9

The given system of equation can be written in the form of AX = B ,where
1

2 1 1 X
A=]1 -2 -1 ,X=yandB=%.
0 3 -5 z 9

Now,

|4]=2(10+3)-1(-5-3)+0=2(13)—1(—8) =26+8=34=0
Thus A4 is non-singular. Therefore, its inverse exists.

Now,

A,=13,4,=54,=3

A4, =8,4,=-10,4,, =6

4, =14, =3,4,=-5

1 NIERE
A = —(adid)=—| 5 -10 3
|Aﬁ =2z
3 —16 -5
3 8 17!
L 3
“X=A"B=—|5 -10 3|3
36 sl
X | 13+12+9
|y |=—|5-15+27
2 3945
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1
1 > 1
=—| 17 |=| =
34 51 2
) 3
L 2]
3
Hence, x=1, y=—,and z=-——.
2 2
stion 12:
Solve system of linear equations, using matrix method.
x—y+z=4
2x+y—-3z=0
x+y+z=2

Solution 12:
The given system of equation can be written in the form of AX = B ,where

I -1 1 X 4
A=|2 1 -3|,X=|y|and B=|0].
I 1 1 z 2

Now,
|4 =1(1+3)+1(2+3)+1(2-1)=4+5+1=10=0

Thus A4 is non-singular. Therefore, its inverse exists.
Now,
A,=4,4,=-54,=1

4,=2,4,=0,4,, =-2
Ay =2,4, =545, =3

4 Determinants
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16+0+4
:i -20+0+10
1 4+0+6
20
1

=—|-10
10
10

N =

=|-1
1

Hence, x=2, y=—1land z=1.

Question 13:

Solve system of linear equations, using matrix method.
2x+3y+3z=5

x=2y+z=-4
3x—y—2z=3

ion 13:
The given system of equation can be written in the form of AX =B ,where
|4 =2(4+1)-3(2-3)+3(-1+6)
=2(5)-3(-5)+3(5)
=10+15+15=40=0

Thus, 4 is non-singular. Therefore, its inverse exists.
Now,
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4, =5,4,=54;=5
A, =3,4,=-13,4,;=11
Ay =9, 4, =1, 45 =7

| . 5 3 9
.'.A‘1:|A|(ade)=— 5 13 1
5 11 -7
5 3 91 5
X=A'B="|s 213 1| -4
40
5 11 =71 3
X 25-12+27
=y =L 25+52+3
z 25-44-21
40
:% 80
—40
1
=2
-1

Hence, x=1,y=2and z=-1.

Question 14:

Solve system of linear equations, using matrix method.
xX—y+2z=7

3x+4y—-5z=-5

2x—y+3z=12

The given system of equation can be written in the form of AX = B ,where

I -1 2 X 7
A=|3 4 5|, X=|yl|and B=|-5]|.

2 -1 3 z 12
Now,
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|4]=1(12-5)+1(9+10)+2(-3-8) =7+19-22=4=0
Thus, 4 is non-singular. Therefore, its inverse exists.
Now,

A,=7,4,=-19,4,=11

4, =14, =-1,4,=-1

A, =-3,4,=11,4,=7

o . 7 1 -3
S A |A|(ad]A) 2 _ﬁ _1 171
7 1 3|7
ax=a'B=1_19 1 11]|-5
4 11 -1 7 (|12
X 49-5-36
=y :% —133+5+132
z =77+5+84
8 2
:l 4 |=|1
4
12 3

Hence, x=2, y=1and z=3.

2 -3 5
If A=|3 2 -4/, find 4" Using A solve the system of equations
1 1 2

2x-3y+5z=11
3x+2y—4z=-5

xX+y—-2z=-3
2 -3 5

A=3 2 4
1 1 2

S AE2(4+4)+3(-6+4)+53-2)=0-6+5=—-1+#0
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Now, 4, =0,4,=2,4,=1
Ay =-1,4,=-9,4,,=-5
A, =2,4,=23,4,;,=13

Now, the given system of equations can be written in the form of 4X = B, where

0 -1 2]
.'.AI:%(ade):— 2 9 23|=
4] 1 =5 13]
2 3.5 [x 11
A=|3 2 4|, X=|ylandB=|-5
1 1 =2 E: -3
The solution of the system of equations is given by X = A™'B
x 0 1 211
yi=l-2 9 23| -5| [Using(1)]
z -1 5 13| -3
0-5+6 1
=|-22-45+69 |=|2
-11-25+39 3

Hence, x=1, y=2,and z =3

Chapter 4-Determinants

0 1
-2 9
-1 5

-2
=23
-13

()

The cost of 4 Kg onion, 3kg wheat and 2kg rice is Rs 60. The cost of 2 kg onion, 4 kg wheat

and 6kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.

Find cost of each item per kg by matrix method

ion 16:

Let the cost of onions, wheat and rice per kg be Rs X, Rs Y and Rs Zrespectively.

Then, the given situation can be represented by a system of equations as:

4x+3y+2z=60
2x+4y+6z=90
6x+2y+3z=70
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This system of equations can be written in the form of AX = B , where

4 3 2 X 60
A=|2 4 6|,X|yland B=|90 |.
6 2 3 z 70

|4|=4(12-12)-3(6—36)+2(4—24)=0+90—-40=50+0
Now,

A, =0,4,=30,4, =20
Ay ==5,4,, =0, 4,, =10
A, =10, 4;, =20, 4y, =10

0 -5 10
sadiA=] 30 0 =20
—20 10 10
| | 0 -5 10
.-.A-‘=|A|ade=— 30 0 -20
-20 10 10
Now,
X=A4"'B
0 -5 10 ][60]
:X:i 30 0 =201 90

-20 10 10 || 70

| 0-450+700
=y =5— 1800+ 0-1400
z —1200+900+ 700 |

| [250
= —| 400

50
400
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sx=5,y=8and z=8

Hence, the cost of onions is Rs5per kg, the cost of wheat is Rs8per kg, and the cost of rice is
Rs8per kg.

Miscellaneous Exercise

Question 1:
X sind cos@
Prove that the determinant |-sind —x 1 |is independent of 6.
cosd 1 X
Solution 1:

X sin@ cosé

A=|-sinf@ —x 1

cos @ 1 X
:x(x2—1)—sin¢9(—xsin6’—cos0)+cos@(—sint9+xcost9)
=x* — x+ xsin® @+sin & cos @ —sin O cos @+ x cos> €
=x —x+x(sin26’+cos2 6’)
=X —Xx+Xx
=x" (Independent of &)

Hence, Ais independent of 6.

Without expanding the determinant, prove that
a a bel | a@& o
b b* cal=|l b* b

2 2
c ¢ abl I & &

Solution 2:
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a a bc
LHS.=b b* ca
c ¢ ab

a- a abc

LIVE ONLINE TUTORING

1
=—|b> b abc [R —>aR,R, - bR,,andR; —>cR, |
abc| , |
¢~ ¢ abc
. a a 1
=——.abclp® b 1 [Taking out factor abc from C, ]|
abc .
c ¢ 1
a a 1
=b> b 1
¢ 1
1 @& o
=1 » b [Applying C, <> Ciand C, <> C;]
1 & ¢
=R.H.S.

Hence, the given result is proved.

Question 3:
cosacos S cosacsinfi —sina
Evaluate| —sin /g cos f 0

sinacosf  sinasinff  cosa

tion 3:

cosacosff cosacsinff —sina
A=| —sinf cos 0

sinacosf sinasinff  cosa

Expanding along C,, we have:

A= —sinoc(—sinozsin2 [ +cos’ ,Bsina)+cos05(cosovcos2 [ +cosasin’ ,B)

=sin’ Oz(sin2 [ +cos’ ,B) +cos’a (cos2 [ +sin’ ﬂ)

=sin” a(1)+cos” a(1)
=1
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b+c c+a a+b
If a,band c are real numbers, and A=|c+a a+b b+c|=0

a+b b+c c+a
Show that either a+b+c=00r a=b=c.

b+c c+a a+b
A=lc+a a+b b+c|=0
a+b b+c c+a

Applying R, - R + R, + R, , we have:
2(a+b+c) 2(a+b+c) 2(a+b+c)

A= c+a a+b b+c
a+b b+c c+a
1 1 1

=2(a+b+c)lc+a a+b b+c
a+b b+c c+a
Applying C, - C, —C,and C, — C, —C,, we have:
1 0 0
A=2(a+b+c)c+a b-—c b-a
a+b c—a c-b
Expanding along R,, we have:
A= 2(a+b+c)(l)[(b—c)(c—b)—(b—a)(c—a)]
:2(a+b+cn}b2—cz+2bc—bc+ba+ac—a2]
=2(a+b+cﬂﬁb+bc+ca—a2—bz—ﬁj
It is given that A = 0.
(a+b+cnﬁb+bc+ca—a2—bz—f}zo

= Either a+b+c=0,0or ab+bc+ca—a’>—b>—c* =0.
Now,

ab+bc+ca—a*—b* —c* =0
— 2ab—2bc—2ca+2a’ +2b° +2¢° =0
:>(a—b)2 +(b—c)2 +(C—(1)2 =0
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= (a-b) =(b—c)2 =(c—a)2 =0 [(a—b)2 ,(b—c)2 ,(c—a)2 are non-negative}
:>(a—b)=(b—c)=(c—a):0

=a=b=c
Hence, if A=0, then either a+b+c=00r a=b=c.

xX+a X X

Solve the equations | x x+a x [=0,a#0

X X xX+a

olution 5:

x+a x X

x x+a x |[=0

X X x+a

Applying R, > R +R, + R, , we get:
3x+a 3x+a 3x+a

X xX+a x |=0

X X X+a

1 1 1

:>(3x+a)x x+a x [=0
X X x+a

Applying C, - C, —-C,and C;, - C, - C,, we have:
1 11

:>(3x+a)x a x|=0
X X a

Expanding along R,, we have:
(3x+a)[lxa2] =0

=a’ (3x + a) =0

But a#0.

Therefore, we have:
3x+a=0
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> x=—=

Prove that |a® + ab

lution 6:

2
a

A=l|a*+ab
ab

Taking out common factors a,band c from C,,C, ,and C,, we have:

a
A=abcla+b
b

c

b
b+c

a+c
a

c

Applying R, > R, — R, and

a
A=abc| b
b—a

Chapter 4-Determinants

2 bc ac+c’
b’ ac |=4a’b*c?
ab b* +bc ¢’
bc ac+c’
b’ ac
b* +bc ¢’

R, > R, —R,, we have:

Applying R, = R, + R, we have:

a
A=abcla+b
b—-a

c a+c
b—-c —c
b —a
¢ a+c
b

b -a

Applying R, = R, + R, , we have:

a
A=abcla+b
2b

a
=2ab’*cla+b
1

4 Determinants

c a+tc
b a

2b 0

c a+c

b

1

\\\\\\\\\\\\\\\\\
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Applying C, = C, —C,, we have:
a c¢c—a a+c
A=2ab’cla+b -a a
1 0 0
Expanding along R,, we have:
A= 2abzc[a(c—a)+a(a +c)]
=2ab’c [ac -a’+a’+ acJ
=2ab’c (2ac)
=4a’b’c’

Hence, the given result is proved.

Question 7:
1 21

Let A=[-2 3 1 |verify that
I 1 5

@) [adid]" =adj(4™")

(i) (47) =4
Solution 7:
1 -2 1
A=|-2 3 1
1 5

|4 =1(15-1)+2(-10-1)+1(-2-3)=14-22-5=-13

A, =14,4,=11,4,=-5
Now, 4, =11,4,,=4,4,, =3
Ay =54, =-3,4,=-1
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14 11 -5
sadid=[11 4 =3
-5 -3 -1
1
A7 == (adjA)
4
14 11 -5 ~14 -11 5

R TR | S IR
13
-5 -3 -1 5 3 1

(@
|adjd|=14(-4-9)-11(-11-15)-5(-33+20)

=14(-13)-11(-26)-5(-13)
=—182+286+65=169

We have,
-13 26 -13
adj(ade)z 26 -39 -13
-13 -13 -65
- 1
diAd| = dj(adjA
[a‘]] |ade|(a](a] ))
-13 26 -13
:L 26 -39 -13
169
-13 —-13 65
-1 2 -1
=i 2 -3 -1
13
-1 -1 -5
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14 115

~14 —-11 5 13 13 13

Now, A—':i 11 -4 3|= o403
13 s 3 3 13 13

s> 31

13 13 3

_ 4 S R e
169 169 169 169 169 169

- adi(47)= _(_i_ij (1425 _(_£+£)
169 169) 169 169 169 169
=, 0 RV
169" 169 169" 169

169 169
e I
=—|26 -39 -13|=—|2 -3 -l
169 13
~13 -13 —65 -1 -1 -5

Hence, [aa’jA]f1 = aa’j(A’1 )

(ii) We have shown that:

~14 -11 5
A=t a3
5 3 1

-1 2 -l

And ade_':% 2 3 -1

-1 -1 -5

Now,
VB (%)S [—14%(-13)+11x(-26)+5x(-13)]

=[%j3x(-169):—%
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Noadia 11 A
(4)= e
‘ ‘ —13) -1 -1 -5
(1 2 1
=2 3 1|=4
115
(47) =4
Question 8:
X y  x+y

Evaluate | vy x+y x
x+y x y

Solution 8:

X y  x+y

A=y x+y Xx

x+y x y

Applying R, > R + R, + R, , we have:
2(x+y) 2(x+y) 2(x+y)
A= y x+y X

x+y X y
1 1 1
=2(x+y) y x+y x

x+y x y
Applying C, - C, -C, and C, — C, —C,, we have:
1 0 0

A=2(x+y) b% X Xx-y
xX+y -y —x

Expanding along R,, we have:

4 Determinants www.vedantu.com
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1 4x y
Evaluate I x+y y
I x x+y

lution 9:

I x y

A=l x+y y

I x x+y

Applying R, > R, —Rand R, > R, — R,, we have:
I x y

A=l0 y 0

0 0 x

Expanding along C,, we have:
A= l(xy - O) =xy

Question 10:

Using properties of determinants, prove that:

a o> PB+y

B B y+al=(B-r)(r-a)(a-B)(a+B+7)
y 7 a+p

a o> B+y
A= B y+a
y 7 a+p
Applying R, > R, —R,and R, —> R, —R,, we have:
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a a’ L+
A=|f-a B -a° a-p
y-—a y-a’ a-y

2

a «a B+y
=(f-a)(y-a)|]l p+a -1
1 y+a -1
Applying R, = R, — R,, we have:
a o Pty
A=(B-a)(y-a)|l p+a -1
0 y-p 0
Expanding along R,, we have:
A=(B-a)(r-a)~(r-p)(-a-p-7)]
=(B=a)(r-a)(r-B)(a+p+y)
=(a=p)(B-7)(r-a)(a+p+y)

Hence, the given result is proved.

Question 11:
Using properties of determinants, prove that:
x x° 1+px’
y ¥ 1+py|= (1+pxyz)(x—y)(y—z)(z—x)

z z¢ 1+pZ°

tion 11:
x x° l+px’
A=ly y* 1+py

z 22 1+p2’

Applying R, > R, —Rand R, > R, — R, , we have:

x x’ 1+ px’

A=ly—x yz_xz p(y3—x3)

2 2 3 3
zZz—X ZzZ —X p(Z —.X)

4 Determinants
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x X 1+ px’

:(y—x)(z—x)l y+x p(y2+x2+xy)
I z+x p(22+x2+xz)
Applying R, = R, — R,, we have:
x X 1+ px’
A:(y—x)(z—x)l y+x p(y2+x2+xy)
0 z—y p(z—y)(x+y+z)
x X 1+ px°
=(y-x)(z=x)(z-y)|l y+x p(y2+x2+xy)
0 1 p(x+y+z)
Expanding along R,, we have:
A:(x—y)(y—z)(z—x)[(—l)(p)(xy2+x3+x2y)
+l+px3+p(x+y+z)(xy)]
=(x=y)(y-z)(z—x)[-pxy* - px’ - px’y
+1+ px’ + px’y+ pxy” + pxyz]
=(x=y)(y=2)(z=x)(1+p0z)
Hence, the given result is proved.

Juestion 12:
Using properties of determinants, prove that:
3a —a+b —-a+c
-b+a 3b -b+c =3(a+b+c)(ab+ba+ca)
—-c+a —-c+b 3¢

3a —-a+b -a+c
A=|-b+a 3b -b+c
—c+a —-c+b 3¢

Applying C, - C, +C, + C,. We have:
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a+b+c —-a+b -—-a+c
A=la+b+c 3b —b+c
a+b+c —c+b 3c
1 —a+b —-a+c
:(a+b+c)1 3b  -b+c
1 —c+b 3c
Applying R, > R, —Rand R, — R, — R, ,we have:
1 —a+b -a+c
A:(a+b+c)0 2b+a a-b
0 a-c 2c+a
Expanding along C,, we have:
A:(a+b+c)[(2b+a)(2€+a)—(a—b)(a—c)]
=(a+b+c)[4bc+2ab+2ac+a2—a2+ac+ba—bc]

=(a +b+c)(3ab+3bc+3ac)
:3(a+b+c)(ab+bc+ca)

Hence, the given result is proved.

Question 13:
Using properties of determinants, prove this:

I 1+p I+ pt+gqg
2 3+2p 4+3p+2q|=1
3 6+3p 10+6p+3g

n 13:
I 1+p 1+ p+g
A=12 3+2p 443p+2¢q
3 6+3p 10+6p+3¢g

Applying R, > R, —2R and R, > R, —3R,, we have:

I 1+p 1+p+g
A=]|0 1 2+p
0 3 7+3p

Chapter 4-Determinants
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Applying R, = R, —3R,, we have:
1 1+p l+p+g
A=|0 1 2+p

0 0 1
Expanding along C,, we have:
I 2+
A=1 Plo1(1-0)=1
0 1
ion 14:

Using properties of determinants, prove that:
sina  cosa  cos(a+6)

sinfi cosff cos(f+65)=0

siny cosy cos(y+6)

Solution 14:
sina@  cosa cos(a+5)
A=|sinf cosf cos(f+5)
siny cosy cos(y+06)
sinsind cosacosd Ccosacosd —sinasind
sin fsind cos fcosd cos ffcosd —sin fsind

sinysind CcoSyCcosd COSyCoso —sin ysinod

sin o cos o

Applying C, - +C, + C,, we have:
. COSCOSO COSQCOSO COS(CosO —sinasind
A=————|cosffcosd cosfcosd coscosd —sin fsinod

sino cos o . .
COSYCOSO COSYCOSO COSyCoso—sinysind

Here, two columns C, and C, are identical.
S~A=0

Hence, the given result is proved.
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Solve the system of the following equations

X y z
+§=1

+ =2

4 6
X vy z
6 9 20
Xy z

n 15:
Let 4 = p,lq,l =7.
5 y oz
Then the given system of equations is as follows:
2p+3q+10r=4
4p—-6g+5r=1
6p+9q+20r=2

This system can be written in the form of 4X = B, where

2 3 10 P 4
A=|4 -6 5 [, X=|ql|and B=|1|.
6 9 20 r 2
Now,
|4|=2(120—45)—3(-80—30)+10(36+36)
=150+330+720
=1200
Thus, 4 is non-singular. Therefore, its inverse exists.
Now,

A, =754,=110,4, =72
4y, =150, 4,, =100, A,, = 0
Ay, =75, 4, =30, Ay, =24

1
A7 = (adjd)
|4
75 150 75
z; 110 -100 30
1200
72 0 -24

Now,
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X=A4"'B
p | 75 150 75 [4
=|q|=——110 —-100 30 |1
1200
r 72 0 242

[300+150+150
=—| 440-100+60
288+0—48

1600
=——|400 |=
240

p—
[\
S
S

W= W= N

1 1
,q=—,and r=—
73 5
Hence, x=2,y=3andz=35.

Lp=

N | —

Question 16:

Choose the correct answer.

If a,b,c,are in A.P ., then the determinant
x+2 x+3 x+2a

x+3 x+4 x+2b

x+4 x+5 x+2c

A.0

B.1

C.x
D. 2x

Answer: A
x+2 x+3 x+2a
A=|x+3 x+4 x+2b
x+4 x+5 x+2c
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x+2 x+3 x+2a

=|x+3 x+4 x+(a+c) (2b=a+c as a,b,andc are in A.P)
x+4 x+5 x+2c

Applying R, > R —R,and R, - R, —R,, we have:

-1 -1 a-c

A=|x+3 x+4 x+(a+c)

1 1 c—a

Applying R, = R, + R, , we have:

0 0 0

A=x+3 x+4 x+a+c

1 1 c—a

Here, all the elements of the first row (R1) are zero.
Hence, we have A = 0.
The correct answer is A.

Choose the correct answer.

x 0 0
If X,Y,Z are non-zero real numbers, then the inverse of matrix A=|0 y 0] is
0 0 z
x' 0 0 x' 0 0
AlO0 y' o0 B.xyz| 0 y' 0
0 0 =z 0 0 =z}
x 0 0 1 00
CL 0 » O DL 01 0
Yo 0 P50 0 1
x 0 0
A=|0 y O
0 0 z

|A| =x(yz—0):)cyz;t0

Now,
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A, =yz,4,=0,4,=0
4,=0,4,, =xz,4,, =0
Ay =0,4;, =0,45; = xy

vz 0 O

sadiA=] 0 xz O
0 0 xy

A7 = ﬁ(adj/l)
yz 0 0]

:L 0 xz O
0 0 xy

(=)
S

1

z

S = |~

The correct answer is A4 .

18:
Choose the correct answer.
1 sin @ 1
Let A=| —sinf 1 sin@ |, where x <0 <2m, then
-1 —sin @ 1
A. Det A) =0
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D, Det(4)e[2,4]

Solution 18:

1 sin @ 1
A=|—-sin@ 1 sin @
-1 —sin @ 1

Ve 1(1+sin2 49)—sin0(—si116’+sin¢9)+1(sin2 ¢9+1)
=1+sin’ @ +sin’ H+1

=2+42sin’ @

= 2(1+sin2 9)

Now, 0<60<2rx

= 0<sinf<1

= 0<sin’0<1

=1<1+sin’0<2

=2<2(1+sin’0)< 4

~. Det(A) €[2,4]

Hence, the correct answer is D.
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