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1 Definition of determinant

Determinant is a scalar that measures the “magnitude” or “size” of a square matrix.

Notice that conclusions presented below are focused on rows and row expansions. Simi-
lar results apply when the row-focus is changed to column-focus.

Definition (verbal): For each n x n (square) matrix A, det A is the sum of n! terms,
each is the product of n entries in which one and only one is taken from each row and
column. The sum exhausts all permutations of integers {1,2,--- ,n}. Terms with even
permutations carry a “4” sign and those with odd permutations a “-” sign.

Permutation: any rearrangement of an ordered list of numbers, say S, is a permutation
of S.
Example 1.1: For S = {1,2, 3}, there are a total of 3! = 6 permutations:

{123, 231, 312, 132, 213, 321}.

Definition: For each permutation (jijs - - - j,) of the ordered list S = {1,2,--- /n},

o(j1je -+ + jn) = min number of pairwise exchanges to recover order (12---n).

Even/odd permutations: a permutation (jij2---j,) is even/odd if the value of
o(j172 -+ jn) is even/odd.
Example 1.2: For S ={1,2,3}:

0(123) =0, o0(231) =2, o(312) =2 are even;

0(132) =1, o0(213)=1, o(321)=1 are odd.



Example 1.3.1: Show that the determinant of diagonal and triangular matrices is equal
to the product of diagonal entries.

Answer: In each one of these matrices, there is only one way of picking one and only
one entry from each row and each column that is not a zero.

a1 0 0 a1 0 0 ai *
0 929 0 * 29 0 0 929
= . . . . = . . . . = 011022 * * - Anp.-
0 0 Ann * * QAnn 0 0 Qnn

Example 1.3.2: Show that if A has a zero column (or row), det A = 0.

Answer: Since in every term of the determinant, there is one number from each row
and each column. Thus, there is at least a 0 in each product which makes every term
equal to 0!

all PR a’l] DY aln all DY 0 DY aln
0 -+ 0 - 0 |=|aq -+ 0 - ay |=0.
anl o .. an] .. ann a/nl o .. 0 .. ann



Definition (formula): V n x n matrix A = [a;;] (1 <4,j <n)

ajp ai2 - Qip
21 Q92 - Qo . .
_ _ _\ededn) g o
det A = : : .. : - Z (=1) @15, @25y Anjn
’ ’ ’ ’ (J1j2°-gn)
An1 QAp2 - App

where the sum is taken over all possible permutations of integers (12---n) (a total of
n!) and that
(—1)oGzdn) = +1, if o(jija-- - Jn) is even,
—1, if 0(jijz- - jn) is odd.

A column focused formula reads

aj;p a2 - Aip
Q21 Q22 - Q2p e
g(1112-°1
detA=| . o .= E (=172 g g, ag,
an1 QAp2 - App

Example 1.4: For a 3 x 3 matrix A = [a;;] (1 <14,5 < 3),

aip a12 ai3 o
E o(j17527:
det A = | Q21 Q22 423 = (-1) (‘“”‘“)aljl a2j2a3j3

azy Qap2 33 (417233)
o(123)=0 o(231)=2 o (312)=2
= (=1)7"%)=0  agass + (—1)7 V201500308 4+ (—1)7 7201509, a3

(—1)0(132):1%1@23@32 + (—1)0(213):1%2@21@33 + (—1)0(321):1%3@22@31

= 11022033 + Q12023031 + 13021032 — (11023032 — A12021G33 — Q13022031 .

Remark: For matrices larger than 3 x 3, this formula is not practical to use by hand.
So, it shall be mainly employed in demonstrating important properties of determinants.



2 Row and column expansion formulas

As an engineer, you may not need to know how to prove each formula that we learn. In
this section, I will focus on the “how-to” without saying “why”.

For all practical purposes, an engineer should know how to calculate the determinant
of a large matrix using either row or column expansions. We have already learned how
to calculate a 3 x 3 matrix using expansion in the first row of a matrix.

As a matter of fact, the first row is not always the best to use in an expansion for-
mula. So, we here extend that formulas to expansions in any row of a matrix.

ayp - Aayy Qin 11 Ay Qin
i a/:ij Qi | = an(=1)"" ;,1 a;j @, + -
An1 -+ QApj QAnp, n1 a;’l] Ann,
11 a5 Q1n 11 Q1 fn,
+aij (_1)i+j a:zl 1] 270 +-- "I’ain (_1)z+n 73] Q75 in
a;ﬂ a;zj Qnn a;ﬂ a;zj a;zn
= ;1Ci1 + 0+ G+ QG — row expansion formula,
where
e A;;is the (n—1) x (n— 1) matrix obtained by deleting the i row and j™ column
of A:
11 a4 Q1n a1 ay Q1n
Aij = 7T ] i ) det Aij = 51 ] 27p)
Gn1 Ay 5 Qpn anl CL. J ar‘m

e det A;; is called the (i, 7)™ minor of A.

e c;; = (—1)" det A;; is called the (i,7)" cofactor of A.
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Similarly, we can expand in the j** column of a matrix.

11 - Q1 v Alp @11 17 1
ai aij Wi, — alj(—1)1+‘j a1 07./‘7. Ain _|_
anl ) a/nj ) ann anl .. an] ) a"I’L’rL
all .. al] ) aln all IR alj .. aln
+aij<_1)i+j 731 i 2703 +- - '+anj<_1)n+j (07 aij T Qin
Ap1 *++ Qpj - Anp tnT 5 Grn
= aijcij+ -+ Qi+ anicy;j. — column expansion formula.
Example 2.1:
2 0 2 4
0 0 3 2
- —?
det A 9 9 4 4 7
3 0 6 2
Ans: Using expansion in the first row, we obtain
4 4
00 3 2 0 0 2 00 3 2
_ (_1\1+1 _ 1\143 q\1+4
detA—(1)22244+(1)222 4+(1)4224
3 0 6 2 3 0 2 3 0 6 2
0 3 2 0 0 2 0 0 3
=212 4 4]|4+22 2 4|—-4]2 2 4
0 6 2 3 0 2 3 0 6




Using expansion in the second row, we obtain

2 0 2

‘21 202 2 0 4 2 0 2
det A = (—1)*"3 5 o 4+(—1)2+42 50 9 4 =-3/2 4 4422 2 4
3006 2 306 502 306

But the simplest is to expand in the second column,

2p 24 2 2 4
det A= (~1)*2| ) [ ° Z —(—1)%2]| 0 3 2 |=(-2)(12+ 12— 36— 24) = 72.
2 b 6 9 36 2

Remarks:

(i) Row (column) expansion is the sum of the products between all entries of that row
(column) multiplied by the corresponding cofactors.

(ii) The (i, 7)™ cofactor ¢;; = (—1)"*7 det A;;, where A;; is the (n—1) x (n— 1) matrix
obtained by deleting the i** row and the j*" column of matrix A.



Derivation/proof of the expansion formula (Not required!):

n n
det A = Z aij(—l)”j det A;; = Z ;;Cij-
j=1 j=1
Proof: Based on the definition:
det A — Z (_1)0’(lln.li-~-ln) [alll e aili e anln]
(l-li-ln)
= Z (—1)U(lill"'l(i—l)l(H-l)"'l”)*(ifl) [ailialh T A=) VA D) 'anln]
(Li+li-ln)
= 3 (m1)Uhrtenteny ) =(-D=G-1 [aijalh iy AT anzn]
(1Ll
n lp#j for all k
- a; .(_1)z+9 Z (_1)U(l1...l(i—1)l(i+l)'-~ln) [alll ) Vi D) " anln]
J=1 (Ll—n vy ln)
n

= aij(—l)iﬂ det Al]
j=1

In the derivation above, we used the following identities:
() ol i) = o(lily - Ll - - In) — (i = 1),

because it takes (i — 1) pairwise exchanges to turn (lily - --l—1)l41) - - ln) into
(il L)

(ii) O'(lill s l(i—l)l(i—i—l) s ln) = O'(jll s l(i—l)l(i—i—l) s ln) — (] — 1),

because it takes (j — 1) pairwise exchanges to turn (1---7---n) into (j1---(j —
DG +1)---1,).

(i) (~1)~0+9)=2 = (=1)79) = (~1)i*.



3 Important properties of determinants

3.1 detA =det AT

Because the “row-focused” and “column-focused” formulas are identical.

detA = Z (_1)U(jlj2mjn)a1j1 A24y * * * Unjy,
(J1g2-+dn)

(ivi2--in)

Example 3.1:



3.2 det A—k(—)l = —det A

Proof:

Suppose that matrix A’ = A, is obtained by swapping the k™ and j* rows of A.
Thus, a}; = a;; except that aj; = a; and aj; = ay; for all 1 < j <n.

Then,
I _ _\eUdzdkdrdn) of A
det A" = E (—1) Ay, gy * " Apgjp =~ * Ay == A,
(J1j2°+dn)
_ E o Ud2 gk dn) g g e e e e
= ( 1) ", Az , agjy, Ak, Anjn,
(J172-+7n)
_ _1\o(rd2 - drdidn) R v )
= E (=1) "y Qg v Ayt gy Gng,
(J1g2-dn)
_ _1\o(1gz2didregn) 1, . I L=
= E (1) WA, g - Qg e gy, G, = — det A
(J172-+9n)

Note that o(j1jo--Jr--Ji - jn) = c(J1j2 " Ji-++Jr - Jn) + 1 because the two differ
by one pairwise swap.

Example 3.2:

DN~

‘—4—6——2, but 'i’ '—6—4—2.

IS )
W =

1 2
3 4
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3.3 det Ak:1 =0

If two rows (columns) of a matrix A are identical (i.e. A = Ayey), then

det A =det Ay = —det A = 0.

Alternatively, if two rows are identical or are constant multiples of each other, then

the rows in A are not linearly independent. Thus, A is not invertible which implies
det A = 0.

Example 3.3:

1 2
HE{

11



3.4 Determinant is linear in each row/column

Suppose a row vector is a linear combination of two row vectors, say the k' row

ap =sb+tc (k=1,2,--- n), where s, t are scalars. Then,
[ a; ] EN [a; ]
Ao Ao A
det sbttc| =% det b + tdet c
| a, |  a, | | a, |

Equivalently, we can also express this property in the following form

a1 Q12 Q1n a11 a2
21 22 Q2 Q21 A22

Sb1 + tCl Sbg + tCQ Sbn + tCn bl bg

an1 an2 e Ann ap1  Ap2

Proof:

det A= (=1)79= M ay; a5, - ay, - an,
(j1g2-dn)

= > (=) ay ag;, - (sby, + teg,) - g,

(J1j2°-dn)

=3 Z (—1)"(jlj2---j")a1j1a2j2 - bjk - anjn+t Z (_1>U(j1j2---jn)a1j1 Ajy ** Cjp - -

(J142°+4n) (J172--dn)

12

Q1n
Q2

+t

11
21

&1

an1

a12
a22

Co

An2

A1n
Q2n

Cn

anjn .




This property can also be expressed in form of two related properties:

11 a12
21 22
W .
k1 SAk2
an1 an2
a1 a2
21 a2

b1 + bg + ¢

Gn1 An2

Example 3.4:

a b

3 5‘—5@—36, ’

at+c b+d| |a b
3 5 135

A1n
Q2n

SQin

a/TL’I’L

2b

Q1n
A2p

11
21

Akl

Gn1

Q12
22

ag2

Ap2

a1
a21

by

Gn1

Q12
22

by

(p2

Q1n
Q2n,

Akn

ann

A1n
Aon

‘lea—Gb:2(5a—3b):2
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a

3

a1; a2
Q21 A22
1 C2

an1  Ap2

b

5

Q1n
A2p,




3.5 Adding a scalar multiple of one row to another

Let matrix A’ be identical to A except that k™ row multiplied by scalar s (# 0) is added

to 1" row (1 <k <1<n).
Thus, a;; = a;; for all 1 <4, j < n except that a;; = aj; + say;. Then,

det A’ = det A.

Proof:

r_ _\eUdedn) o o s !
det A" = E (—1) a5, A2j, gy, * " A,
(jle"'jn)

— _1\oUigzgn) 5 L. .. ) )., .
- E ( 1) ", Ak, (al]l + Sak]z) njn,
(9192°+9n)

(i1 oeni (i1 i
= g <_1) (4172 ]n)aljl e ak}k Ce a‘ljl e anjn+s E (_1) (4172 Jn)aljl e ak‘jk- e akjl e anjn

(]1J2Jn) (J1]2]n)

=det A+ 0 = det A.

Example 3.5:

a b

Cd’—ad—bc.

a b _ab+2ab_ab
c+2a d+2b| | c d a b| |c d

14



3.6 det AB = det A det B.

Example 3.6:
2 1 1 1

detA:’3 4‘:8—3:5, detB:'_4 3 =3—(-4)="T7.
-2 5 -2 5

15



Proof(1): (Not required!)

Case I: If at least one of A and B is noninvertible, i.e. either det A = 0 or det B =0 or
both, then AB as the composite transformation of the two must also be noninvertible.
Thus,

det(AB) = 0 = det Adet B.

Case II: If both A and B are invertible, then based on the results on elementary
matrices:

A:AlAQ"'Ak, B:BlBQ“'Bl,

where Ay, ---, A, and By, ---, B; are all elementary matrices. Therefore,

det(AB) = det(A1Ay -+ AyB1By -+ - By) = (det Ay - - - det Ay)(det By - - - det B;) = det Adet B.

16



Proof(2): (Not required!)

Note that AB = [(AB),;], where (AB);; Zazlblj

det AB= > (—1)U(j1j2"'j")(AB)1j1(AB)%"'(AB)njn
(1 jojn)

_ Z (_1)a(j1j2-~~jn) (Z alllbhﬁ) (Z a212bl2j2) e (Z anlnblnjn>
)

(J1j2°-Jn =1 lo=1 ln=1
All non—selfavoiding terms cancel (i.e. 11,l2,---,In must be distinct)

7
because an identical term with opposite sign occurs when sumed over all permutations of (jij2::jn)

Z a(j1jz+jn) Z (alll blljl)(aﬂgblzjz) T (anlnblnjn)
(l1l2--1n)
Z U] N (g, agy -+ @) (01, Dugo <+ D)
(lhla-ln)
Z o (jrjz++jn) Z (a1, az, - ..anln)(_l)a(zlzg,..zn)(b1j1b2j2 c b))

(]1]2 Jn) (ZIZQ"'Zn)

= Y (S0 I by by b)Y (=17 0y, - a,)
(j1j2+dn) (Lila-ln)

= det Bdet A.

The key step in the proof above is to eliminate all the non-selfavoiding terms. Here, a
“non-selfavoiding term” refers to those terms in which [; = [; (i # j) happens for at
least one pair of i, j (1 < ¢,5 < n). To see this more clearly, we show the case when
only two subscripts exists for 2 x 2 matrices. In this case,

(12) or (21)

det AB = Z (—1)7972) (AB),(AB)a;,

(j142)
(12) or (21) 2 2
Y (e (zb) (zb)
(jlj?) l1:1 l2:1

(12) or (21)
= > (=179 (aniby, + aizbs;,) (azibyy, + azsbj,)

(4172)

= (a11011 + a12b21) (a91012 + aebas) — (11012 + a12b22) (a21011 + a22bar)

Terms with identical color cancel each other.

Self —avoiding colors!
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= @11bl1a22522 + a12521a21512 - 0/11512a22521 - C112[?220/21511

2

= E (@11, 01,1091, b1,9 — @11, by,2021,b151)
l1,l2=1, (I1#£12)
2

oy
=D > (=179 ay by ambug = Y Y (1P aw by g azbig,

li,le=1, (li#l2) (j1J2) (l1l2) 1132)

= > ()79 gy, am,) (b i) = Y D> (=1)7992) (ay, az, ) (= 1)) by, by, )
(ll2) (Juz) (ll2) (4172)

= > (=17 (ayaz,) Y (=1)799) (b, by,
l1l2 (]1]2)

= det Adet B.

Here, non-selfavoiding terms are terms like a11b11a21b12 and aj2b21a99b99 in which entries
from the same column or row of a matrix occur twice in the same product. They all
cancel out in the summation. Therefore, “self-avoiding” means in each term of the ex-
pression, there must be one and only one entries from each row and each column of each
matrix. The same conclusion works in a similar way when the matrix is bigger. For any
term that contains at least one pair of non-selfavoiding entries, we can use the same argu-
ment for this particular pair of entries in exactly the same way as we treat the 2 x 2 case.

18



4 Formula for the inverse of n X n matrices

Definition of minor and cofactor:
V n x n matrices A = [ay;], the (i, )" —minor and (i, j)"—cofactor are
mij = det Aij, Cij = (—1)i+jmij,

where A;; is the (n — 1) x (n — 1) matrix obtained by deleting the i'" row and j"* column
of A.

Definition of cofactor matrix:

V n x n matrices A = [a;5], its cofactor matrix is defined as

Ci1 Ci2 -+ Cin
Co1 Co2 -+ Cop

C = [ey] = : S : ’
Cn1 Cp2 - Cnn

where ¢;; = (—1)" det A;; is the (4, j)""—cofactor of matrix A.

Formula for A~ ':

V invertible n X n matrices A with a cofactor matrix C:

1
-1 _ T
AT = <detA) ¢
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Example 4.1: Consider the matrix A = | —1

(a) Show that it is invertible using the row expansion formula;

(b) Find A~! using the cofactor formula.

Ans:

(a) First calculate the cofactors for the expansion in row 1:

1 0 -1 0 -1 1
C11=+'_5 2’:2; 012:—‘ 9 2‘22; 013=+‘ 9 _5‘23-
— det A = (O)Cll -+ (2)012 -+ (1)613 =44+3=7 7& 0!
(b) Then, calculate all the other cofactors:
2 1 0 1 0 2
0212—‘_5 2‘:—9, 022=+‘2 2’:—27 023:—’2 _5‘24-
2 1 0 1 0
031=+'1 O‘:_l’ 032——‘_1 0‘2—1; 033=+‘ 1 1‘22
Therefore,
2 2 3 1 1 2 -9 -1
C=|-9 -2 4 = A—lz(d A)CT:? 2 -2 -1
1 -1 2 et 3 4 2
Verify,
2 -9 -1 0o 2 1 1 700 1 00
ATTA=-12 —2 —1 —110:?070:010:
3 4 2 2 -5 2 0 0 7 0 0 1

20



Derivation/proof of the cofactor formula for inverse: (Not required!)

1
-1 _ T
AT = <detA) ¢

Proof: Based on the definition of det A:

n
Cij

det A = i Q;iCij — Z aijm =1

Jj=1 J=1

lth

Let A’ = [aj;] be a matrix obtained by replacing the it" row of A by its I'" row. Then,

n n

det A" = g ;;Cij = g ay;Cij.

j=1 j=1

If [ =i (no change), then A’ = A

n n n n Cl )
detA/:Za;jCij :jzzlaljcij :;a”cw :detA — ;al]’m =1 ( forl:l).

Jj=1

If [ # 4, then A’ has two identical rows ¢ and [, thus

detAlIOZZangij:j;aleij — ;aljm:o (for I #1).

Jj=1
Therefore,

=

ia‘ Cij . 1, lfl:Z,
- UdetA | 0, if I #4.

21



Introduce a new matrix B = [b;;] such that

Cji

bj; = ——.
7 det A

Now, let D = AB = [d;;]. Based on definition of matrix multiplication

n

o L G [, ifl=i,
dll_zal]bﬂ_z;al]detA_{O, lfl#'l
=

Jj=1

Therefore, D =1 = AB =

22



5 Cramer’s rule (not in syllabus)

Cramer’s Rule on component-wise solution of matrix equation Ax = b:
Let A=[cy cy -+ ¢,] where ¢; (j =1,2,...,n) are its column vectors.

If det A # 0, then
a1

1
=| | =4"p= C™b.
* : det A

Tn

Thus, component-wise we have

1 «— 7 1 < :
x':detA]ZIC‘]b]:m]ZIb]C]” (Z:1,2,...,TL),

where

n
Z bjc;; — is detA in form of expansion in i" column with aj; replaced by b;!
j=1

Thus,

aix v G13i-1) by A1(i+1)

Z bjij = det A(i:b) = det[c1 e G b Ciy1 * - Cn] =
j=1

Ap1 - Ap(i-1) bn QA (i+41)

where A(;_y, is obtained by replacing the i’ column of A by the vector b!

Therefore,

23

A1n

a'nn




Example 5.1: Solve Ax = b for x component-wise using Cramer’s Rule, where

3] - 18]

Ans: Using Cramer’s Rule

10 1
det A(l:b) 20 1 10 — 20
T T et A 2 1 21
1 1

Therefore,
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