18

INVERSE TRIGONOMETRIC FUNCTIONS

Inthe previouslesson, you have studied the definition of afunction and different kinds of functions.
We have defined inverse function.

Let us briefly recdl : f

Let f be a one-one onto function from A to B.

Let y be an arbitary element of B. Then, f being ‘ ’
onto, J anelement x JA suchthat f (x) =y.

Also, f being one-one, then x must be unique. Thus f=!

foreach y 0 B, Oauniquedement x 0 A such A . 15.1 B

that f (x) =y. So we may define a function,
denotedby f-1asf-1:B o A

N fl(y)=x = f(x)=y
The above function f -1 iscdled the inverse of f. A functionisinvertiable if and only if f is
one-one onto.

In this case the domain of f -1 istherange of f and therange of f -1 isthe domainf.

Let us take another example.

Weddineafunction: f:Ca _ Regigration No.

If wewrite, g: RegigrationNo. _. Car, we seethat thedomain of f isrange of g and the
range of f isdomain of g.

So, wesay gisan inversefunctionof f,i.e, g="f"2.

Inthislesson, wewill learn more about inversetrigonometric function, its domain and range, and
amplify expressons involving inverse trigonometric functions

1
I ceiecrives

After studying thislesson, you will be ableto:
° define inverse trigonometric functions;
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° date the condition for the inverse of trigonometric functionsto exist;
° define the principa vaue of inverse trigonometric functions,
. find domain and range of inverse trigonometric functions;

° date the properties of inverse trigonometric functions, and
. amplify expressons involving inverse trigonometric functions.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of function and their types, domain and range of afunction

. Formulae for trigonometric functions of sum, difference, multiple and sub-multiples of
angles.

18.1 ISINVERSE OF EVERY FUNCTION POSSIBLE ?

Take two ordered pairs of afunction (x,, y) and (x5, y)
If we invert them, we will get (y,%) and (y, o)

Thisis not afunction because the first member of the two ordered pairsis the same.
Now let us take another function :

. T 0. m 1°C O] T[\/_[
o b B EA g S E

Writing the inverse, we have

@smnE E\/—_ 5'”4Eand B_ sin BE
which isafunction.
Let us congder some examples from daily life.

f: Student _. Scorein Mathematics
Do you think f -2 will exig ?

It may or may not be because the moment two students have the same score, f ~*will ceaseto be
a function. Because the first dement in two or more ordered pairs will be the same. So we
conclude that

every function is not invertible.

SCILLCECEN If f:R _ Rddinedby f(x)=x3 +4. What will bef+?

Solution : Inthiscasef is one-to-one and onto both.
O fisinvetible
Let y= X3 +4

L y-4 =3 0 x %‘y 4

So f, inversefunction of fi.e, f1 (y)=3y-4
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The functions that are one-to-one and onto will be invertible.

Let us extend thisto trigonometry :

Takey =dn x. Here domain isthe st of dl rea numbers. Range isthe sat of al rea numbers
lying between —1and 1, induding -1 and 1li.e. -1 <y <1.

We know that thereisaunique vaue of y for each given number x.

In inverse process we wish to know a number corresponding to a particular vaue of the sine.

. 1
Suppose y=S|nX:E

. T . 5m_ . 13m
N sinx=sin—=sin—=sin— =....
6 6 6
T 5m 13m
xmeyhavethevduesasE, e ?=

Thus there are infinite number of vaues of x.
y =dn x can be represented as

T B

Theinverse rdation will be

LIRS

1
Itisevident that it isnot afunction asfirst e ement of dl the ordered pa'rsisE , which contradicts

the definition of afunction.
Congder y=sanx, wherex || R(domain) andy LI [-1, 1] or —1 <y <1 whichiscaledrange.
Thisis many-to-one and onto function, thereforeit is not invertible.

Can y =4n x be made invertible and how? Yes, if we redrict its domain in such away that it
becomes one-to-one and onto taking x as

Tt TT
Loyl -
0] > > y U [-1, 1] or
i) Dex<X -1, 1] o
2 "7 y !
.. 5mn 31
(iii) D) =X 5_? y U [-1, 1] etc.

Now consider the inverse function y =sin™x.

We know the domain and range of the function. We interchange domain and range for the
inverse of the function. Therefore,
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i -— <y<— -
0] 5> V=3 X L [-1,1] or
3 51
' —<y< — -
(i) > y > x U[-1,1] or
. STt 3
(iii) ———sSYys——/— x U[-1,1] etc.

Here we take the least numerica vaue among al the values of the real number whose sneisx
which is cdled the principle vdue of si nlx.

T T - :
Forthistheonlycaseis—z sy SE.Therefore, for principd valueof y =sin 1x, thedomain

11
is [-1, 1] i.e.xUl [-1, 1] and rangeis 5

<y <

NS

Similarly, we can discuss the other inverse trigonometric functions.

Function Domain Range
(Principal value)
01 mnC
1. y:sin_lx [-1, 1] E_E'EE
2. y=costx [-1, 1] [0, 7]
T T
3. y:tan_lx R E,EE
4, y:cot_lx R [0, 1]
C
5. y:sec_l)( x=1lor x<-1 @12@1%17-[%
O C
6. y:cosec_lx x=1lor x<-1 5'31 Oﬁﬂ ﬁ)'gg
18.2 GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS
y y
\ /2
-1
| e 1 O 1
12 y
y=sin"tx y=cos *x
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1% y
/2 |-————==
________ s
5 xk
0
::_/____ /2
y v
y=tan1x y=cot 1 x
v y

— e ﬂz_“(;\_

-1 T

Yy y

y=sec 1 x y = COSEC - X

Fig. 18.2

Sk  Find the principa vaue of each of thefollowing :

. .. 01 C,. —1%1E 40 1¢C

1) sin i) COs - 1) tan —

0] B7§E() > (iii) T 7F
L _ a

Solution : (i) Let sin H:e

a1 _ . OnL _m
or sind = snBZE or 0 2

1
0 cosO:——:cosErT—E%cos?E or G:Z—H
2 3 3 3

Gijte tentE L6 o Lot o tanG:tanﬁJ—TE
H 30 6

w

[l e:—E
6
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SNEOFERN  Find the principal value of each of the following :

@ 0 cos_lﬁ\/—_E (i) tan~L(-1)

(b) Hndttevdueofthefollowing using the principd vaue:

LBE
o5t
lution ' cos_lDl D:G h
Solution: (a) (i) Let %E , then
1 )
— =cosf or cos0 = cos—
J2 4
] :E
4
(ii) Let tan™'(-1) =8, then
-1=tan@ or tan 0= tanﬁgg
0 o=-_
4

—=cos0 or cosf= COSEEE

0O 30 o omg. 2
LJ N —— = -~
B e B T e
Smplify the following :
(i) cos[sintx] (ii) cotlcosecx]

Solution : (i) Let sin"tx =9

O X =sinB

L coslsin x] = cos@=~1-sin?@ =v1-x2

(i) Let cosec Ix =0

0 X = cosec 0

MATHEMATICS
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Also cotf= Jcosecz 6-1
=/x?-1

Q
\ Y. 4 CHECK YOUR PROGRESS 18.1

1 Find the principa vaue of each of the following :

(@ cost % E b))  cosec(—2) (c) sin™ E—% E
@ @ (B) © cot™(D)
2. Evauate each of the following :
(a) cos @:os‘lé E (b) cosec ! H:osecl: E (©) CosD osec ™t % E
(@) tan(sec™v2) (6 cosec Fbot™ (—/3)E
3. Smplify each of the following expressons:
(a) sec (tan2x) (b) tan @:osec‘lg E (©) cot (cosec™ x2)

(d) cos(cot™ x2) (€ tan (5| n(y1-x ))

18.3 PROPERTIESOF INVERSE TRIGONOMETRIC FUNCTIONS
property . [EUSCORTIRE SR

Solution ; Let SnB=x

O 0=sin"!x
=sin"(sin6)=6
Also sin(sin"x) =x

Similarly, we can prove that

0) cos*(cosB) =8, 0<6<m

T Tt
i -1 -9 ——<B<—
(ii) tan* (tanB8) = 0, 5 5

’W @)cosectx=sin" %E (i) cot tx =tant @%E
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i) sec'x=cos™ @%E
Solution : (i) Let cosec 1x =0
0 X =cosecB
0 1 =sind

X

L] G:Sin‘l%E
0 cosecix=si n‘l%g

(iif) secix =0

O X =secH

L L = cos0 or
X

L sectx =cos™ %E
STkl () sint(-x)=-sin"x

(iii) cos™ (-=x) =m-cos 1x

Solution : (i) Let Sin"(-x) =6

O -X =sinB or

L -0=sin"!x or

or sint(-x)=-sin"tx

(i) Let tan™(-x) =0

U -X=tanb or

L @=—tantx O

(i) Let cos(-x)=0

0 —X = coso or

L cos tx=m-0

L cos(—x) =11- cos ' x

(i) SN~ x +cos™ x =12[
i)  cosec'x+secix = g

I nver se Trigonometric Functions

()Lt cot™ix =6
O X =cotB
0 1=tan6
X
0 0= tan L[~ E

L cot™tx=tan?t @%E

0 =cos ™ @}(E
(i) tan"t(-x) =—tan"tx

x =-sin@=sin(-0)

0=-sintx

x =—tan®=tan(-0)

tan 1 (-x) =—tan"tx

X =—cos0 = cos(m—0)

- _ T
tan"* x +cot 1 x =2

(i)
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Soluton : (i) sin"*x +cos ™t x =7—2T

Let sintx=6 O x:sinG:cosEg—GE

or cos‘lx:ﬁE—GE
2

_ T o _ T
0 6+coslx:5 or sin 1x+coslx:5

(i) Let cot™tx=0 O x:coteztanﬁg—GE

T tantx=2-g o g+tanix=1
2 2

_ Tt
or cot 1X +tan'1x:5

(iii) Let cosec™*x =0

O _x:cosecezsecﬁg—GE

L scix="-9 or O+secix =2
2 2

[ cosec'x +sec™tx :1—2T

. _ 4. . qOx+yCLC
vy (ORI e

L Ox-y C
i) tan"x —tan ty =tan ¥
(i) y HexyE

Solution: (i) Let tan*x =0, tanty=¢@ O x=tanB,y=tan@

_ B} L Ox+y L
Wehaveto provethat tan™tx +tan'y =tan*
I]_-_XVE

By subgtituting that above vaueson L.H.S. and RH.S,, we have
LHS =0+pad RHS =tanto@ndrtanegr
o= @ an Ao WE
=tan'Gan (0+@)E=0+@=LH.S

LI Thereault holds.
Smiarly (i) can be proved.
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. -1, _ 0 2x 402X [
Functions |MEESERAY 2tan'x=sn™ B E-co EL?H_ 1%——XZE

L

0; (i)
Let x=tan©
Subdtituting in (i), (i), (iii), and (iv) we get

Notes 2tantx=2tan"1(tan0) =26

—1D —1D tan® [

TH " Hrtn?el

4 [2tanB [

9" Bk

=sin™!(2sin cosB)
=sin"!(sin28)=248

1Eﬂ.— 26[

EM—XH_ - BTE

: _1Dcos 6-sin?6L
= CoS

cos’0+sin’ 0
= cos *(cos?0-sin26)
=cos *(cos20) =26

10 2 _1D 2tan0 [

b e et

=tan"!(tan20) =20
From (i), (if), (i) and (iv), we get
40 2x

Provey -

_ 101 O
=S¢ o1
1-x 0

L H1-x2E

[-Iiﬂ

O x C
= cosec LE
K E

cot

(i)

2 -1 =q —
tan “x =9n H]: E COS o X
0 sin"x = cos ™ (V1-x?) = tan ™ 2

)

S—tan ] 2X

C
0 —ng

L
2 L

1-x"C
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_y2 [
cos ' x=sint (\/1— X 2) =tan Elllxixg

(i)

_ 20 1 C

= C0oSeC ™

1-x°C

10 X O]

O oL

N1-x“C
:saflEuD
E

Proof : Let Sin"'x=0 ] sn@=x

= cot

X — 2
() cos®=~1-x? , tanB=  secB= 1 corp=YIX
1-x2 1-x2 X
U sin_lx:e:cos_l(\/l—xz):tan‘lDD X ZE
N1-x° C
_ 0 1 C
=SC gL
N1-x“ C
D,/ _y2L
—oot VX
0 x L
:cowc'l&lg
(i) Let cos™ x =0 O X = C0osH
J1—x2 1 3
L sin@=+1-x2, tanB= 1-x . sch=—,£ cotf=
X X
1
and CosecH=
1-x2

1
and cosecH =—
X
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i)  snix+sinty=sntHy1-y2 + W12

@  cosx+cos™y=cos™Hy —1-x2 \/1—7 E
@)  sin*x-sinly =sn }Bgll y? y\/l N
)  cos*x -costy =cos tHky 4\/1?\/17 L

Proof (i) : Let x=sinB, y =sing, then
LHS =06+¢

RH.S. =sin"*(sin B cosp+ cosb sin )

=sin" Bin(0+9)E=0+¢
LI  LHS=RH.S
(i) Let X =cosO and y =cos@
LHS =8+0@

R.H.S.= cos™ (cosB cos@-sinBsin ¢)
=cos 'os(0+@)E=06+ @
L] LHS =RH.S.
(i) Let x=sin@, y =sin@
LHS =6-0
RH.S. = sint /1 y? -yW1- x2F
=sin[8in6y1-sin?-sing1-sin?6F
=sin"}[sin Bcos @~ cos Bsin ¢
=sin" 5in(6-¢)E=06-¢
LI LHS =RHS

(iv)Let x=cosb, y=cos@
LI LHS=06-¢

RH.S.= cos™[cosBcos@+sinBsing|

=cos 'os(6-@)F=0-¢
Ll LHS =RH.S

MATHEMATICS
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Example 18.5 gESYE [V (h

4 5L
13EF

. 115
Soluton : Let sin'lgﬁze and Sin 1%3ﬁ:(9,then

. 3 . 5
sing=— sin@=—
5 and sIn@ 13

0. 13 .
cossin ~—+9n
F" 5

N cose—i d coscp—l—2
5 I 13

LI The given expression becomes cos|[6 + ¢
=c0osB cosp-sinBsn@

4G1£ BEE 33

513 513 65

ST [NEACE Prove that
B Gy fron
7 3

Solution : Applying the formula:
tan" x +tan "ty =tan™* Drx y E we have

DllD

B T o

—_ X
7 13
SYETl [N E Prove that
o e e 5
3 5

Applying the property
cos tx +costy=cos™ (xy —1-x2 \1-y? ) , We have

cost % @r cost ﬁ% ﬁ: cos‘l L4, 12 \/ \/1— % E
_ 1[B3
= cos %E
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ST [SHESRSE Prove that
tan /X = = cos ™ ﬁ? E
2 +X

Solution : Let \/x = tgn g then

1 _1Eﬂ.—tan ol 1
LHS =g and RHS =008 L [F~ cos™*(cos26)
:ix 20=0
2

Ll LHS=RHS

el NEAE Solve the equation
tan‘lﬁgﬁzltan‘lx,x >0
+ X 2

Solution : Let x =tan 0, then

= E% tan® @: L (tan 6)
+tanBd 2

1

-1 om0
0 tan Eanaz—e 29
T 1
0 2_9259
m 2 T
. "4"37s
Tt 1
L x:tanﬁg%ﬁ

=SET[SHESHION Show that

2
L+x® +11-x ﬁ_f+1cos 1(x2)
1+x —\/1—x2 4 2

Solution : Let x? =cos20, then

tan~t

26 =cos(x?)
1 -1,2
==cos "X
- 2
Subdtituting x2 = cos26 in L.H.S. of the given equation, we have

_15\/1+x +1- X2 n _1DJ1+00529+J1 cosP L
14 x2 —1- x> H: 1+c0529 -\1-cos®
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. 2c0s 0+ \/fsinGE
[N2cos8-~/2sin B

—tant %ose +sin9E
0SB —-sind
—tan®

=tan™* éanﬁ%ﬂ%%'%

+0

MODULE - IV

=tan} Functions

=tan*

J>I:| N |

+1 cos 1(x2)
2

N\
L@A‘ CHECK YOUR PROGRESS 18.2

1.  Evduaeeach of thefollowing :

D‘[ 1EI 1
(@ sm H’ 5 % 0  cot(tanta+cot™ta)
1Es|n G +cos‘1iE
(C) ZD :|.+X2 1+y2 C
41 41 T
tan [Ptan 1—E tanHZtan 1———E
@ + 5 © 5 4

2. If cos'x +cos™y =, prove that
x2 —2xycosp+y? =sin’p
3. If cos™'x +cos Tty +cos 'z =T, provethat

x2+y%+z%+2xyz =1
4.  Proveesch of thefollowing :

411 1 2 Tt .14 . 45 . 116w

SN —=+sin = b SN —+snT—+sinTT—=—

@ 5 B2 © 5 13 65 2
(© cos‘lil+tan‘1§:tan‘lz (d) tan_11+tan_1l+tan_1£—1[
5 5 11 2 5 8 4
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dl LET USSUM UP

Inverse of atrigonometric function exigs if we redrict the domain of it.

0)

(i)
(i)
)
V)

(i)

- Lo T T
sin x:ylfsmy:xwhere-lSXSl—ESySE

cos 1 x =y if cos y=xwhere -1 <x <1,0< y<T
T T

tan~t x = y if tany = x where XDR,-E< y<s

cot ™t x =y if coty =x where xOR,0<y <Tt

m

seclx=yifsscy=xwhee x21, 0 gor X< —J,E <y<T
1 . 1

cosec * x =y if cosecy =xwhere X2 1,0< ysE

or X< —1,—; <y <0

Graphs of inverse trigonometric functions can be represented in the given intervas by
interchanging the axes asin case of y = 9n x, €c.

Properties:
@) sin(sind)=0, tan"*(tan®) = 6, tan (tan"26) = 6 and sin(sin™10) =0
- M1
(ii) cosec‘lx:sin‘l%g cot‘lx:tan‘lﬁii sec 1 x =cos 1@;%
(i) sint(-x)=-sin'x, tan(-x) =-tan"x, cost(—x) =11- cos*x
(iv) sin_1x+cos‘1x:12[, tan~"x +cot ' x :g, cosec‘lx+sec‘1x:1—2T
) tanix+tenty=tan Y tanix —ten Ty =tan FXYE
H-xy £ Hiorxy £
i - 02 10 2
(i) 2tantx=sin? H= cost —tan
E+x H E+x : E—x E
(vii) sin_lx:cos’l(xll—xz) =tan *E,LE
1-x2 C
_1|:| 1 D 1
=sec Dim—cot [1 D—Cosec @;E
N1-x2? 0
(viii) sin'lxisin'ly:sin*B(\/l—yzile—XZE
) cos ™ x +costy =cos tHyF yV1-x2 \/1 5
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° http: //mmw.wikipedia.org
° http://mathwor|d.wolfram.com

[
Q'l TERMINAL EXERCISE

1. Proveeach of thefollowing :

o B B e T wr B R Lo B

© cos™ %@ tan‘lﬁg’@: tan* %E

2. Prove each of the following :

@ Ztm-lﬁgﬁtanﬂ@%@:tan-ﬁ%@b) tan‘l%@ otan 4%% tan £2

o B B

3. (@ Provethat 2sin"tx = sin'l(ZX\/ 1- x2)
(b) Provethat 2cos™ x =cos*(2x2 -1)

ONh-x 0 ] L
(c) Provetha cos™x =2sin™* 1-x 2cos™t 1+x
N2 H 2 F

4. Provethefollowing:

qOcosx O 1 1cosx—sinx[]_ Tt

@ tan X LI X (b)  tan Al S
Eﬂ+san 4 2 Hcosx+smxH 4

© cot™ %ﬂ @ cot™* ﬁ—bﬁ 1@ cott ﬁ—caJr 1 ﬁ: 0
a-b b-c c-a
5. Solveeach of thefollowing :
@ tan~'2x+tant3x :E (b) 2tan™* (cosx) = tan™* (2cosecx)

-1 -] Tt -1 -1 Tt
COS "X +9in X[E— cot -x—-cot "(x+2)=—, x>0
© 2Es o (x+2)= 33
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B} :nsuers

CHECK YOUR PROGRESS 18.1

Tt Tt Tt
®-; ©-3 @3

1
B, O @1

X2

2
3. (@ y1+x2 (b)ﬁ © Jx*-1 (@ 1

CHECK YOUR PROGRESS 18.2

X+y
L @l B0 O, @
TERMINAL EXERCISE
1
5. @5 B,  ©a @

| I nver se Trigonometric Functions

Clhn

(e) -2

1-x
X

.
(@"I;
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