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Vedantis

INVERSE TRIGONOMETRIC FUNCTIONS

INVERSE TRIGONOMETRIC FUNCTIONS

BASIC CONCEPTS

INVERSE CIRCULAR FUNCTIONS

Function Domain Range
T T
L y=sin'xiffx=siny -1<x<1, Y
2. y=cos!xiffx=cosy —-1<x<1 [0, ]
T T
3. y=tan! xiffx =tany <X < DO 22
4. y=cot!xiffx=coty —0 < X < 00 [0, 7]
. T o
5. y=cosec’ x iff x = cosec y (-0, — 1] U [1, o] —3.0 ) O’E
T T
6. y=sec!xiffx=secy (=00, 1] UL, 0] O.E U E’n

s A

(1) Sin 'x & tan ' x are increasing functions in their domain.

®

Sol.

(1) Cos™'x & cot ' x are decreasing functions in over domain.

PROPERTY — |

sin'x +cos'x=n/2, forallx e [ -1, 1]

Let,sin'x=0

then, 0 € [-7n/2, /2]
-n/2<0<n/2
—n/2<-0<7/2

0<X _9<n
2

T
5796[0,71]

Now, sin'x=0

s

(D)
xe[-1,1]]

= x=sin6
T

= KL

= X COS[2 ]

_ o1
—  COS IX:E_G

from (i) and (ii), we get

. T
sin'x +cos'x = 5

{--x e [-1,1]and (/2-0) € [0, ])

= 0O+cos'x=m/2
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INVERSE TRIGONOMETRIC FUNCTIONS

(i) tan'x+cot'x=n/2,forallx € R = O-+cosec'x=m/2 ..(i)
Sol. Let, tan"'x=0 ..() from (i) and (ii); we get
then, 0 € (-n/2, n/2) {-+x€eR) sec!x + cosec'x =1/2
— Top<l PROPERTY - I
2 2
T T o . 1
= 75<7e<5 @i sin! (—j =cosec ' x, forallx € (—oo, 1]U[1, )
X

T Sol. Let,cosec'x=6 ()
= 0<—-06<m
2 then, x = cosec O

1
T_ —=sin O
= [2 GJE(O,T[) = "
Now, tan"'x=0 1
{xe(00,~-1]U[l,0)= — €[-1,1] {0}
= x=tan0 X

= x=cot(n/2-06) cosec'x=0=0 e [- /2, w/2] - {0}
-1, T - aff 1L A
= cot X_E_e {~-m/2-06€(0,m)} = O=sin (—j ... (i)
X
—  O+cotx= g . (i) from (i) and (ii); we get
(1Y) K
from (i) and (ii), we get sin (;J =cosec X

tan'x + cot'x = /2

1
(i) cos™! (—j =sec!'x, forallx € (—o0, 1] U[1, )
X

(iii) sec'+cosec!'x= g, forallx € (—oo,—1]U[1, 0)
Sol. Let, sec'x=0 (1)

then, x € (-0, IJU[1,0)and O € [0, 1] — {m/2}

Sol. Let, sec'x=0 .. (1)
then, 6 € [0, ] — {n/2}  {--x € (-o0,—1]U[l, )}
= 0<50<mO=+n/2

= —-n<-0<£0,0=%m/2

Now, sec'x=0

= x=secH

1

= <X <X X p20 =

2 2 2°2

1

T T Tn| T = Gzcos_l(—j ... (11)

—=0|e|-—=,—|,=-06=%0
= [2 j [ 2 2} 2 X
Now, sec'x=0 1% = (o0 ~ 1] W[, 0}

= x=secH 1
= —¢e[-1,1]- {0} and 6 €[0, ]
= x=cosec(n/2-0) X

= cosec'x=m/2-0 from (i) & (ii), we get

E—Oje[—ﬁ,ﬁ}z—O;tO} _(lj_ .
{ (2 2°2]2 cos | — | =sec (x)
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(iii) tan [lj = { cot'x , forx>0 tan™' (lj =—qn+cot x,if x<0

INVERSE TRIGONOMETRIC FUNCTIONS

X —m+cot'x, forx<0 X
) Hence,

Sol. Letcot'x=6. ThenxeR,x+0and6 € [0, n] . (1)

Now two cases arises : . _{ 1 j cot''x, forx>0

an”| — |=
CaseI: Whenx >0 X —m+cot”'x, forx<0
In this case, 0 € (0, ©/2)
o PROPERTY - Il

cot'x=0

= x=cotb @ cos!(=x)=n—cos!(x),forallx e [1,1]

- 1_ tan 0 (i) sec’, (—x)=m—sec'x, forallx € (—o0,-1]U[1, )

X (iii) cot!(—=x)=m—cot'x, forallx e R
(1 @iv) sin!'(—x)=-sin"!(x), forallx e [-1, 1]
O=tan | — ... (i)
X v) tan'(—x)=-tan'x, forallx e R
from (i) and (ii), we get {--0€(0,n/2)} (vi) cosec’!(—x)=-—cosec!x, forallx € (—o0, —1]U[1, )
1 Sol. (ii) Clearly,—x € [-1, 1] forall x € [-1, 1]
tan”" (—] =cot™' x, for all x > 0. .
X let cos!(—x)=60 (D)
Case Il : Whenx <0 then, —x = cos 6
In this case 0 € (1/2, ) {--x=cot0<0) = Xx=-cosb

= x=cos(n—-0)

Now, Zco<n
2 {+xe[-1,1]andt—0 € [0, =] forall O € [0, «]

cos'x=m—-0

= -Z<o-n<0 .
2 = 0O=m-cos'x .. (if)
= 0-me(-1/2,0) from (i) and (ii), we get
cot 'x=0 cos!(—x)=m—cos'x

= e Similarly, we can prove other results.

N 1 X (i) Clearly,—x € [-1, 1] forallx € [-1, 1]
* let sin™ (—x) =0

1 then, — x = sin 6 (D)
= —=—tan(n—0) ’
X = x=-sin6

x =sin (—0)

U

1
= —=tan(0—n) {-: tan (n—-0) =—tan 6}
X = —0=sin'x
1 {-+xe[-1,1]and—0 € [-1/2, /2] for all 6 € [-n/2, /2]
= O-n=tan'|— {-0-me(—n/2,0)}
X = 0=-sin'x ...(>ii)

from (i) and (ii), we get

—1 1 _
— tan (;j =-n+0 (i) sin!(—x) =—sin"! (x)

from (i) and (iii), we get
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INVERSE TRIGONOMETRIC FUNCTIONS

PROPERTY - IV

(i) sin(sin'x)=x,forallx € [-1,1]

(i) cos(cos'x)=x,forallx e [-1,1]

(i) tan(tan'x)=x, forallx e R

(iv) cosec (cosec'x)=x, forallx € (—o0,—1]U[1, )
(v) sec(sec'x)=x, forallx € (—o0,—1]U[1,0)

(vi) cot(cot'x)=x, forallx e R

Sol. We know that, if f : A — B is a bijection, then f': B —> A
exists such that fof ' (y) = f(f ' (y)) =y forall y € B.

Clearly, all these results are direct consequences of this
property.
Aliter : Let 6 € [-n/2, n/2] and x € [-1, 1] such that sin 6 =

X.
then, 6 =sin'x
X = sin 0 = sin (sin'x)
Hence, sin (sin"'x) =x forall x € [-1, 1]
Similarly, we can prove other results.
Remark : It should be noted that,

sin”! (sin 0) # 0, if ¢ [- /2, ©/2]. Infact, we have

-n—0, if0e[-3n/2,—7n/2]
o il o 0, if 06 e[-n/2, /2]
sin~ (sin 0) = )
n—0, if 0e[n/2,3n/2]
2n+0, if0e[3n/2,51/2] andsoon.
Similarly,
-0, if 0 €[-m, 0]
- 0, if 6 €[0, n]
cos” (cos 0) = )
2n—-0, if0e[m, 2n]
2+, if0e[2r, 3n] and so on.
-n—-0, if0e[-3n/2,—n/2]
1 0, if0e[-n/2, /2]
tan™ (tan 0) = )
0-m, if 0 e[n/2,3n/2]
0—2n, if 0c[3n/2,5n/2] andsoon.

PROPERTY -V

(i) Sketch the graph for y = sin™' (sin x)

Sol. As, y=sin!(sin x) is periodic with period 2.
to draw this graph we should draw the graph for one interval
of length 2m and repeat for entire values of x.

As we know,

X; ——<x<

i
. . 2
sin”' (sin x) =

(m—x); —ESTE—X<E ie.,
2 2

b T
X, ——<x<—
o =il ;g 2 2
or sin (sin x)=
T 3n
n—X, —<X<—,
2 2

which is defined for the interval of length 2 &, plotted as ;

A
Repeated Curve Main Curve  Repeated Curve
/2 \
----------- ool I R g/------- s mmmmea ey =77/2
& R o
V) Lt -, Sy Ve M
- A\ K 2 e O 0
- : —— = » X Ory=
AL 202 /10 & om\ :m v 2
TP +2 2 2° 2o, 7 > ”
.................. - e e P A B T
—n/2 .

Thus, the graph for y = sin™! (sin x), is a straight line up and
a straight line down with slopes 1 and —1 respectively lying

55
between 2 |

s A

Students are adviced to learn the definition of sin! (sin x) as,

S5 3n
X+2w ; ——<x<——
2
-T—X —%SXS—%
o g o b
y=sin_ (sin X)=9 x ;0 ——<x<—
2 2
T—X E<XS3—Tt
2 2
3n 5w
X—21T 73X$7 ... and so on
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INVERSE TRIGONOMETRIC FUNCTIONS

(i) Sketch the graph for y = cos™' (cos x).
Sol. As, y=cos'(cos x) is periodic with period 2.

to draw this graph we should draw the graph for one interval

of length 2m and repear for entire values of x of length 2.
As we know;

O X; 0<x<nm
cos  (cos x) =
2n—-%x; 0<2mn—x<m,
i ) X; 0<x<m

cos” (cos X) =
or 2n—x; mw<x<2m,

Thus, it has been defined for 0 < x< 2r that has length 2.

So, its graph could be plotted as;

y
A
-------- """""'r""""(-TE:T[-)--------r--------iy—ﬂ?
w \‘f),\ x(\?”" X X X /“'?’ ’ Z‘\\
PR N A + '\"0 “.;.
A e t - t W/ »x ory=0
0 T 2r 3m 4n

Thus, the curve y = cos™ (cos x).

(iii)

Sol.

Sketch the graph for y = tan! (tan x).
As y =tan' (tan x) is periodic with period 7.

to draw this graph we should draw the graph for one interval
of length m and repeat for entire values of x.

As we know; tan! (tan x) = {x;—g <x< g}

Thus, it has been defined for —g <x< g that has length .

So, its graph could be plotted as;

y
A
----------- R - o cogococonogooccoocageaccnoca o>y = G
« X
T //|\ Eal ~_
| I O 1 A | l | -
-31/2 T —nZ/ 2.1 302 S on Su2
.................. e _ccccRfcoccoooccoonoos = =a2

Thus, the curve for y = tan™' (tan x), where y is not defined

forx e (2n+1)g.

FORMULAS

. X+y
tan”'x + tan'y = tan ™' »xy <1
() tan'x+tan'y=tan —xy Xy
.. -y
Ay _ tan-ly = tan-1 LXY > —
(i) tan'x—tan'y=tan T+ xy Xy 1
2x
(iii) 2tan*1x:tan*11_xz,\x|<l
(iv) 2tan™'x =sin +X2,|x|sl
(v) 2tan'x=cos” 7-x20
I+x
(vi) sin'x+sin'y=sin"(x \1-y* +yv1-x>)
(vii) sin'x—sin"'y =sin"'(x \[1-y? —y~1-x?)
(viii) cos'x +cos 'y =cos! (xy — y1-x? \/1-y*)
(ix) cos'x—cos'y=cos(xy+ 1-x2 /1_y2)
(x) Iftan'x +tan'y +tan'z = tan™'
X+y+Z—Xyz
l-xy—yz-zx |1f, x>0,y>0,z>0&
xy+tyz+zx<l1
Note :
0] Iftan”' x +tan'y +tan"'z=n thenx +y + z=xyz
T
11 tan” X +tan"'y +tan"z=— thenxy +yz+zx=
ii Iftan™! ! ! 2 h 1
REMEMBER THAT :
3n
1 sin XxX+siny+sm'z=— — X=y=2z=
S in-1 1 ly 111 2 y 1
(i) cos'x+cos'y+tcos!'z=3nx=y=z=-1
(iii) tan'1+tan'2+2tan!'3=

n
2

1 1
—1 + -1 L =l =
tan™' 1 + tan 5 tan 3
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