Chapter

APPLICATION OF
DERIVATIVES

+» With the Calculus as a key, Mathematics can be successfully applied
to the explanation of the course of Nature.” — WHITEHEAD

6.1 Introduction

In Chapter 5, we have learnt how to find derivative of composite functions, inverse
trigonometric functions, implicit functions, exponentia functionsand logarithmic functions.
Inthischapter, wewill study applications of thederivativein variousdisciplines, e.g.,in
engineering, science, socia science, and many other fields. For instance, wewill learn
how the derivative can be used (i) to determinerate of change of quantities, (ii) to find
the equations of tangent and normal to acurveat apoint, (iii) to find turning pointson
the graph of afunction which in turn will help us to locate points at which largest or
smallest value (locally) of afunction occurs. Wewill also usederivativetofindintervals
on which afunctionisincreasing or decreasing. Finally, we use the derivative to find
approximate value of certain quantities.

6.2 Rate of Change of Quantities

ds
Recall that by the derivative o e mean the rate of change of distance s with

respect to thetimet. In asimilar fashion, whenever one quantity y varies with another
quantity x, satisfying some rule y= f(x), then % (or f/(X)) represents the rate of

dy
change of y with respect to x and dx} (or f’(x,)) represents the rate of change
X=X0

of y with respect tox at x=X, .
Further, if two variablesx and y are varying with respect to another variablet, i.e.,
if x=f(t)and y=g(t),thenby ChainRule

ﬂ:ﬂ %,if %io
dx dt/ dt dt
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Thus, the rate of change of y with respect to x can be calculated using the rate of
change of y and that of x both with respect to t.

Let us consider some examples.

Example 1 Find the rate of change of the area of a circle per second with respect to
itsradiusr whenr =5 cm.

Solution The area A of acircle with radiusr is given by A = nir2. Therefore, the rate

, . o dA d, ,
of change of the area A with respect toitsradiusr is given by W=a(ﬂ'f )=2nr

dA
When r =5 cm, E=10n. Thus, the area of the circle is changing at the rate of

10m cné/s.
Example 2 The volume of a cube isincreasing at arate of 9 cubic centimetres per

second. How fast is the surface area increasing when the length of an edge is 10
centimetres ?

Solution Let x be the length of aside, V be the volume and S be the surface area of
the cube. Then, V = x®and S = 6x?, where x is a function of time .

dv _
Now s = 9cm?/s (Given)

Theref 0= ¥ _9060)- 9 ). 2 @y ChainRule
eretore Tdt o x> B ule)
:3X2'%

dt
d_3 .
or G X - ()
ds d,. ., d _ , dx _
— = —(6x°)=—(6Xx")-—
Now m Olt( ) dx( ) g  (ByChanRule)
3) 36
—12x| = |== -
(ij ” (Using (1))

ds
Hence, when x=10cm, e 3.6cm?/s
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Example 3 A stoneis dropped into aquiet lake and waves move in circles at a speed
of 4cm per second. At the instant, when the radius of the circular wave is 10 cm, how
fast is the enclosed area increasing?

Solution The area A of acircle with radiusr is given by A = nr2. Therefore, the rate
of change of area A with respect totimet is

dA d, , d oy dr dr .
— = —(nr)=—(nmr°).-— = -
prallioen (mr?) I (mr?) kil i (By Chain Rule)
. dr
Itisgiven that i 4cm/s

dA
Therefore, whenr = 10 cm, o =21 (10) (4) = 80r

Thus, the enclosed areais increasing at the rate of 80r cm?/'s, whenr = 10 cm.

% is positive if y increases as x increases and is negative if y decreases

as X increases.

Example 4 The length x of a rectangle is decreasing at the rate of 3 cm/minute and
thewidth y isincreasing at the rate of 2cm/minute. When x =10cm and y = 6¢cm, find
the rates of change of (a) the perimeter and (b) the area of the rectangle.

Solution Since the length x is decreasing and the width y isincreasing with respect to
time, we have

%z =-3cm/min and ﬂz 2cm/min
at at
(@) The perimeter P of arectangleisgiven by
P=2(x+Yy)
dP (dx dy) :
— =2 —+—|=2(-3+2)=-2cm/min
Therefore pm a ( )
(b) TheareaA of the rectangle is given by
A=x.y
dA
Therefore = dX- +x-y

at T oa T
—3(6) +10(2) (asx=10cmandy=6cm)
=2cm?/min
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Example 5 Thetotal cost C(x) in Rupees, associated with the production of x units of
anitemisgiven by
C(x) = 0.005 x*—0.02 x + 30x + 5000
Find the marginal cost when 3 units are produced, where by marginal cost we
mean the instantaneous rate of change of total cost at any level of output.

Solution Since marginal cost is the rate of change of total cost with respect to the
output, we have

dc
Marginal cost (MC) = ~—-= 0.005(3x%) — 0.02(2x) + 30
When x =3, MC = 0.015(3%) — 0.04(3) + 30

=0.135-0.12 + 30 = 30.015
Hence, the required marginal cost is Rs 30.02 (nearly).

Example 6 Thetotal revenue in Rupees received from the sale of x units of a product
is given by R(x) = 3x? + 36x + 5. Find the marginal revenue, when x = 5, where by
marginal revenue we mean the rate of change of total revenue with respect to the
number of items sold at an instant.

Solution Since marginal revenueistherate of change of total revenue with respect to
the number of units sold, we have

dr
Marginal Revenue (MR) = vl 6x+36
When x =5, MR =6(5) + 36 = 66
Hence, the required marginal revenue is Rs 66.
| EXERCISE 6.1
1. Find therate of change of the area of a circle with respect to its radiusr when
(@ r=3cm (b) r=4cm

2. The volume of a cube is increasing at the rate of 8 cm®/s. How fast is the
surface area increasing when the length of an edge is 12 cm?

3. Theradiusof acircleisincreasing uniformly at the rate of 3 cm/s. Find the rate
at which the area of the circle isincreasing when the radius is 10 cm.

4. An edge of avariable cube isincreasing at the rate of 3 cm/s. How fast is the
volume of the cube increasing when the edge is 10 cm long?

5. A stoneisdropped into a quiet lake and waves move in circles at the speed of
5 cm/s. At the instant when the radius of the circular waveis 8 cm, how fast is
the enclosed area increasing?
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The radius of acircleisincreasing at the rate of 0.7 cm/s. What is the rate of
increase of its circumference?

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the
widthyisincreasing at therate of 4 cm/minute. When x=8cm andy = 6cm, find
the rates of change of (@) the perimeter, and (b) the area of the rectangle.

A balloon, which awaysremainsspherical oninflation, isbeing inflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of
the balloon increases when the radiusis 15 cm.

A balloon, which alwaysremains spherical hasavariableradius. Find therate at
which its volume isincreasing with the radius when the later is 10 cm.

A ladder 5 m long is leaning against awall. The bottom of the ladder is pulled
along the ground, away from thewall, at the rate of 2cm/s. How fast isits height
on the wall decreasing when the foot of the ladder is4 m away from the wall ?
A particle moves along the curve 6y = x® +2. Find the points on the curve at
which the y-coordinate is changing 8 times as fast as the x-coordinate.

1
Theradiusof anair bubbleisincreasing at the rate of 5 cm/s. At what rateisthe
volume of the bubble increasing when the radiusis 1 cm?

3
A balloon, which always remains spherical, has a variable diameter > (2x+1).

Find the rate of change of its volume with respect to x.
Sand ispouring from apipeat therate of 12 cm?®/s. Thefalling sand formsacone
ontheground in such away that the height of the coneisalwaysone-sixth of the
radius of the base. How fast is the height of the sand cone increasing when the
heightis4 cm?
The total cost C(X) in Rupees associated with the production of x units of an
itemisgiven by

C(x) = 0.007x¢ — 0.003x2 + 15x + 4000.
Find the marginal cost when 17 units are produced.
The total revenue in Rupees received from the sale of x units of a product is
givenby

R(x) = 13x® + 26x + 15.

Find the marginal revenue when x=7.

Choose the correct answer in the Exercises 17 and 18.

17.

The rate of change of the area of acircle with respect toitsradiusr at r =6cmis
(A) 10rn (B) 12n (C) 8rn (D) 11n
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18. The total revenue in Rupees received from the sale of x units of a product is

givenby
R(X) = 3x* + 36x + 5. The marginal revenue, when x = 15is
(A) 16 (B) 9% (C) 2 (D) 126

6.3 Increasing and Decreasing Functions

Inthissection, wewill usedifferentiation to find out whether afunctionisincreasing or
decreasing or none.

Consider the function f given by f (X) = X3 x € R. The graph of thisfunctionisa
parabola asgiveninFig 6.1.

Valueslefttoorigin Vauesrighttoorigin

X | f(x=x X X | f(X)=x
-2 4 0 0
_3 9 1 1
2 4 £ 2 4
xl]
-1 1 . height of 1 1
7 1 © graph at x, 3 9
2 | 4 Ixe——eriay X2 | 4
0 0 T 2 4
as we move from left to right, the v as we move from left to right, the
height of the graph decreases Y height of the graph increases

Fig 6.1

First consider the graph (Fig 6.1) to the right of the origin. Observe that as we
move from left to right a ong the graph, the height of the graph continuously increases.
For thisreason, the function is said to be increasing for the real numbersx > 0.

Now consider the graph to the left of the origin and observe here that as we move
from left to right along the graph, the height of the graph continuously decreases.
Consequently, the function is said to be decreasing for the real numbers x < 0.

We shall now give the following analytical definitions for a function which is
increasing or decreasing on an interval.
Definition 1 Let | bean openinterval contained in the domain of areal valued function
f. Then fis said to be
(i) increasingonlif x <x,inl = f(x)<f(x) foralx,x, e I
(if) strictly increasingon | if x, <x,inl = f(x) <f(x) foralx, x, e I.
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(i) decreasingon |l if x <x, inl = f(x)=f(x) foral x, x,  I.
(iv) strictly decreasingon | if x, <x,inl = f(x)>f(x) foral x, x, € I.
For graphical representation of such functions see Fig 6.2.

Y Y Y
/ ’
Y’ vy’ Y
Increasing function Strictly Increasing function Decreasing function
@ (i) (i)
Y Y

~ LD L
° N/

X'<5 >X
N
Y’ \
. . . Y’
Strictly Decreasing function Neither Increasing nor Decreasing function
(iv) )

Fig 6.2
We shall now define when afunction isincreasing or decreasing at a point.

Definition 2 Let x, be apoint in the domain of definition of areal valued function f.
Then f issaid to beincreasing, strictly increasing, decreasing or strictly decreasing at
X, if there exists an open interval | containing x, such that f isincreasing, strictly
increasing, decreasing or strictly decreasing, respectively, in|.
Let usclarify thisdefinition for the case of increasing function.

A functionf issaidto beincreasing a x, if thereexistsaninterval | = (x,—h, x; + h),
h > 0 such that for x, X, € |

X <xinl=f(x)< f(x)

Similarly, the other cases can be clarified.
Example 7 Show that the function given by f(x) = 7x — 3is strictly increasing on R.

Solution Let x; and x, be any two numbersin R. Then
X <X, = TX <7X, = 7X —3<7X,-3= f(x) <f(x)
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Thus, by Definition 1, it followsthat fisstrictly increasing on R.

We shall now givethefirst derivative test for increasing and decreasing functions.
The proof of this test requires the Mean Value Theorem studied in Chapter 5.

Theorem 1 Let f be continuous on [a, b] and differentiable on the open interval
(a,b). Then

(@) f isincreasingin[a,b] if f’(x) >0 for eachx e (a, b)

(b) f isdecreasingin[ab] if f'(X) <0 for each x € (a, b)

(c) f isaconstant functionin[a,b] if f’(x) = 0 for each x € (a, b)
Proof (a) Let x,, X, € [a, b] be such that x, < Xx,.

Then, by Mean Vaue Theorem (Theorem 8 in Chapter 5), there exists a point ¢
between x, and X, such that

f(x) —f(x) = f'(c) (x, —x)
i.e f(x,) —=f(x) >0 (asf’(c) > 0 (given))
ie. f(x,) >f(x)
Thus, we have
X <X, = f(x)< f(x), foral x,x, €[a,b]

Hence, f isanincreasing function in [a,b].
The proofs of part (b) and (c) are similar. It isleft as an exercise to the reader.
Remarks

(i) fisstrictly increasingin (a, b) if f’(x) >0 for each x € (a, b)

(i) fisstrictly decreasing in (a, b) if f(x) <0 for each x € (a, b)

(iii) A function will beincreasing (decreasing) in R if itissoin every interval of R.

Example 8 Show that the function f given by
f(X) =X -3¢ +4x,xe R
isstrictly increasing on R.
Solution Note that
f’(X) =3x*—6x+4

=3x*-2x+1)+1

=3(x—12+1>0,inevery interval of R
Therefore, the function fisstrictly increasing on R.
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Example 9 Prove that the function given by f(X) = cos x is
(a) dtrictly decreasingin (0, i)
(b) dtrictly increasingin (i, 2m), and
(c) neither increasing nor decreasingin (O, 2r).

Solution Note that f’(X) = —sin x

(@) Since for each x € (0, m), sin x > 0, we have f’(x) < 0 and so f is strictly
decreasing in (0, ).

(b) Since for each x € (m, 2m), sin x < 0, we have f’(x) > 0 and so f is strictly
increasing in (m, 2m).

(c) Clearly by (a) and (b) above, f is neither increasing nor decreasing in (0, 2m).

| &= Note|Onemay notethat thefunctionin Example9isneither strictly increasingin

[, 21t] nor strictly decreasing in [0, it]. However, since the function is continuous at
the end points 0 and it, by Theorem 1, fisincreasingin [r, 2rt] and decreasing in [0, mt].

Example 10 Find the intervalsin which the function f given by f(X) = x* —4x + 6is
(a) strictlyincreasing (b) strictly decreasing

Solution We have
f(x) =x*—4x+6
or f'(x) =2x—-4
Therefore, f/(X) = 0 gives x = 2. Now the point x = 2 divides the real lineinto two
digoint intervals namely, (— <, 2) and (2, =) (Fig 6.3). In the interval (— oo, 2),
f’(X) =2x—-4<0.
Therefore, f is strictly decreasing in this

interval. Also, intheinterval (2,0), f'(x)>0 —® 2 +00
and sothefunction f isstrictly increasing inthis Fig 6.3
interval.

Note that the given function is continuous at 2 which isthe point joining

thetwo intervals. So, by Theorem 1, we concludethat the given functionisdecreasing
in (—eo, 2] and increasing in [2, oo).

Example 11 Find theintervalsin which thefunction f given by f (X) = 4 —6x2—72x + 30
is(a) strictly increasing (b) strictly decreasing.

Solution We have
f(x) =4x® —6x2—72x + 30
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or f/(x) =12 - 12x — 72
=12(x* —x - 6)
=12(x-3) (x+ 2)
Therefore, f'(X) = 0 givesx = — 2, 3. The : :

pointsx =—2and x=3dividestherea lineinto - -3 -2 400
threedigointintervals, namely, (—eo,—2), (-2, 3) Fig 6.4
and (3, ).

Intheintervals (— e, —2) and (3, =), f’(X) is positive whilein theinterval (-2, 3),
f’(x) is negative. Consequently, the function f is strictly increasing in the intervals
(=0, —2) and (3, =) while the function is strictly decreasing in the interval (— 2, 3).
However, f is neither increasing nor decreasing in R.

Interval Sign of f’(x) Nature of function f
(=0, —2) = E==>0 fisstrictly increasing
(-2,3) =) <0 fisstrictly decreasing
(3, ) HH>0 fisstrictly increasing

Example 12 Find intervalsin which the function given by f () = sin 3x, XG[O,%:| is

(@) increasing (b) decreasing.
Solution We have

f(x) =sin3x
or f’(x) = 3cos 3x
3r
Therefore, f(x) =0givescos3x=0whichinturngives 3X—g 7 [Og}
implies 3xe | 0.~ ). So X=— and = . Thepoint X=— dividestheinterval {OE}
P 2| 6 N NP 6 2
T 1 t }
: o T x I
mtotwodls;omtlntervals[ 6) } 0 : 5

Fig6.5
TT
Now, f'(x)> 0 for all XG[O,EJ asO£x<%:>0£3x<g and f'(x)<0 for

al XE(E —j <x<£:>£<3x<3—n.
6 2 6 2 2 2
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T
Therefore, fisstrictly increasingin | 0:— | and strictly decreasing in I,
6 6 2

T
Also, thegivenfunctioniscontinuousat x=0and X= rE Therefore, by Theorem 1,

I T T
fisincreasing on [Og} and decreasing on [EE} .

Example 13 Find the intervalsin which the function f given by

f(X) =sinx+cosx, 0<x<2n
isstrictly increasing or strictly decreasing.

Solution We have
f(X) =sinXx + cos X,

or f’(X) =cosx—sinx

5n
Now f’(x) =0 givessinx = cos x which gives that X=—, — ®0<x<2n

I

5
The points x=% and X= 7“ dividetheinterval [0, 2r] intothreedisioint intervals,

T n 51 51 0 T S pX
Ol_ [_,_) _ 4 4
namely[ 4) 17 and(4,2n] '
Fig6.6
Notethat f'(x)>0 if m{O,%)u(%,Za}
o . L 5n
or f isstrictly increasing in theintervals {O’Zj and (I’ZR}
T 51
f'(X)<0if x [——)
Also (X) € 272
T 51
or f isstrictly decreasing in [Z?)
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Interval Signof f'(x) Nature of function
T
{O,Z) >0 f isstrictly increasing
24 <0 f isstrictly decreasing
5n
(T,ZR} >0 f isstrictly increasing
|[EXERCISE 6.2|

Show that the function given by f (x) = 3x + 17 isstrictly increasing on R.
Show that the function given by f (x) = e*is strictly increasing on R.
Show that the function given by f (x) = sinxis

T T
(a) strictlyincreasingin (O’Ej (b) strictly decreasingin (Eﬂtj
(c) neither increasing nor decreasing in (0, )
Find the intervalsin which the function f given by f(x) = 2x2—3x s

(a) strictlyincreasing (b) strictly decreasing
Find the intervalsin which the function f given by f(x) = 2 -3x—36x + 7 is
(a) strictlyincreasing (b) strictly decreasing

Find the intervals in which the following functions are strictly increasing or
decreasing:

(@ x*+2x-5 (b) 10-6x—2x2

(c) 23-9x*-12x+1 (d 6—-9x—x°

(6 (x+1p°(x-3)

2X
Show that y=Ilog(1+ X)—m, X > —1, is an increasing function of x

throughout itsdomain.
Find the values of x for which y = [x(x — 2)]? is an increasing function.
4sin6

Provethat y=—————-0 isanincreasing function of g in 0,E :
(2+ cos0) 2
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Prove that the logarithmic functionisstrictly increasing on (0, o).

Prove that the function f given by f(x) = x> —x + 1 is neither strictly increasing
nor strictly decreasing on (-1, 1).

Which of thefollowing functions are strictly decreasing on [Og) ?

(A) cosx (B) cos 2x (C) cos 3x (D) tan x
On which of the following intervalsisthe function f given by f (x) = x*® + sinx-1
strictly decreasing ?

(A) (0,1) (B) [%n) (©) (o,%) (D) None of these

Find the least value of a such that the function f given by f(x) = x*+ ax + 1is
strictly increasing on (1, 2).
Let | be any interval digoint from (-1, 1). Prove that the function f given by

f(x)= x+l isstrictly increasingon |.
X

Provethat thefunction f given by f (x) =log sinx isstrictly increasing on (0%)

and strictly decreasing on [g n‘) .

Prove that the function f given by f(X) = log cos x is strictly decreasing on
s . . . s

(O,EJ and strictly increasing on (E,nj .

Prove that the function given by f (x) = x* —3x* + 3x — 100 isincreasing in R.
Theinterval inwhichy = x? e*isincreasing is

6.4 Tangentsand Normals

In this section, we shall use differentiation to find the equation of the tangent line and
the normal lineto a curve at a given point.

Recall that the equation of a straight line passing through a given point (x,, Y,)

having finite lopemisgiven by

Y=Y, =MX=X)
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Note that the slope of the tangent to the curvey =1 (x)

M
e
e‘\‘\“‘e
‘@‘\%

at the point (x,, y,) is given by %} (=1t'(%)). So
X J60.%0)

2
3
=
<
%
2

the equation of thetangent at (x,, y,) tothecurvey=f(x)
isgiven by

Y=Y, = 06X = %)
Also, sincethe normal isperpendicular to the tangent,
the slope of the normal to the curvey = f(x) at (x,, y,) is

1 _ Fig6.7
T, if f'(x,)=0. Therefore, the equation of the
(%

normal to the curvey =f(x) at (x,, y,) isgivenby

-1
y-Y, = TXO)(X—Xo)

e (Y= ¥) F'(%) + (x=%)=0
| Note|If atangent lineto the curvey = f (x) makes an angle ® with x-axisin the

positive direction, then % = slope of the tangent = tan© .

Particular cases

(i) If slope of the tangent lineis zero, then tan 6 = 0 and so 6 = 0 which means the
tangent lineis parallel to the x-axis. In this case, the equation of the tangent at

the point (x,, y,) isgivenby y =y,.

@ 1fo —>g , thentan 6 — o, which meansthe tangent lineis perpendicular to the

x-axis, i.e., paralel to the y-axis. In this case, the equation of the tangent at
(X, Y,) isgiven by x=x (Why?).

Example 14 Find the slope of the tangent to the curve y =x® —xat x = 2.

Solution The slope of the tangent at x = 2 is given by

dy )
dezz 3x —1]X=2 =11,
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Example 15 Find the point at which the tangent to the curve y=+/4x-3 -1 hasits

2
slope§.
Solution Slope of tangent to the given curve at (X, y) is
dy 1 = 2
— = —(4x-3)24=
dx 2( ) 4x—-3
o 2
Theslopeisgivento beg.
2 2
= Jax-3 7 3
or 4x—-3=9
or x=3
Now Y=+4x-3-1 Sowhenx=3, y=4/4(3)-3-1=2.

Therefore, the required point is (3, 2).
Example 16 Find the equation of all lineshaving slope 2 and being tangent to the curve

2

y+;t§=0.

Solution Slope of the tangent to the given curve at any point (x,y) is given by
dy 2
o (x—3)?

But the slopeis given to be 2. Therefore

2 —_
-3

or x=3)2=1

or X—3=z%x1

or x=2,4

Now x =2 givesy = 2 and x = 4 givesy = — 2. Thus, there are two tangents to the
given curve with slope 2 and passing through the points (2, 2) and (4, —2). The equation
of tangent through (2, 2) isgiven by

y—2=2(x-2)
or y—-2x+2=0
and the equation of the tangent through (4, — 2) is given by
y-(=2=2(x-4
or y—2x+10=0
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2 2

Example 17 Find pointson the curve XZ + )2/—5 =1 at whichthetangentsare (i) parallel

tox-axis(ii) paralel to y-axis.
X2 y2
Solution Differentiating ) + %= 1 with respect to x, we get

X, 2ydy

2 25dx'O

dy —25x
x 4y
(i) Now, thetangent isparallel to the x-axisif the slope of the tangent iszero which

25X . L Xy .
———=0.Th ossibleif x=0. Then —+=—=1 for x=0 gives
gives 2y isis possibleif x T X giv

or

y2=25i.e,y=%5.
Thus, the points at which the tangents are parallel to the x-axis are (0, 5) and
(0,-5).
(i) Thetangent lineis parallel to y-axisif the slope of the normal is 0 which gives
2 2
ﬂ: 0,i.e,y=0. Therefore, X—+y—:l fory=0givesx =+ 2. Hence, the
25% 4 25
points at which the tangents are parallel to the y-axisare (2, 0) and (-2, 0).
X—7
E le 18 Find th [ f the t t to the curve y=————— at the
xample ind the equation of the tangent to urve y (x—2)(x-3)

point where it cuts the x-axis.

Solution Note that on x-axis, y = 0. So the equation of the curve, wheny = 0, gives
X =7. Thus, the curve cutsthe x-axis at (7, 0). Now differentiating the equation of the
curve with respect to x, we obtain

dy _ 1-y(2x-5)

dx ~ (x=2)(x-3 (Why?)

\ o] 1o s
dXlzo (5)(4) 20
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1
Therefore, the dope of the tangent at (7, 0) is — . Hence, the equation of the

20°
tangent at (7, 0) is
1
-0=—(x- or 20y-x+7=0
y AL y
2 2
Example 19 Find the equations of the tangent and normal to the curve x3 + y3 =2
at (1, 1).
2 2
Solution Differentiating x3 + y3 = 2 with respect to x, we get
-1 -1
3 37 dx
q 1
d_ (Y
” dx - (xj
. dy
Therefore, the slope of the tangent at (1, 1) is — =-1.
X Jr g
So the equation of the tangent at (1, 1) is
y—-1=-1(x-1) or y+x—-2=0
Also, the slope of the normal at (1, 1) isgiven by
-1 _q
slope of thetangent at (1,1)
Therefore, the equation of the normal at (1, 1) is
y—-1=1(x-1) or y—x=0
Example 20 Find the equation of tangent to the curve given by
x=asnt, y=bcos*t . (D

. T
atapomtwheret:E.

Solution Differentiating (1) with respect to t, we get

%=3asin2tcost and ﬂz—Sbcosztsint
dt dt
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d

dy dt _ —3bcos’tsint _—bcost

> d« dX 7 3asn’tcost a sint
dt

T
Therefore, slope of the tangent at t = > is

—bcos™
ﬂ} _ 2
dx

Also, when t =% , Xx=aandy = 0. Hence, the equation of tangent to the given

curve at t:% ,i.e,a(a 0)is

y—-0=0(x—a),i.e,y=0.

| EXERCISE 6.3
1. Find the slope of the tangent to the curvey = 3x* —4x at x = 4.

, -1
2. Find the slope of the tangent to the curve yz%, X# 2 at x=10.

3. Find the slope of the tangent to curvey = x® — x + 1 at the point whose
x-coordinateis 2.

4. Find the slope of the tangent to the curve y = xX* —3x + 2 at the point whose
x-coordinateis 3.

5. Find the slope of the normal to the curve x = acos’6, y=asin®0 at 9:%-

6. Find the slope of the normal to the curve x=1-asin®,y=bcos?6 at 6= g

7. Find points at which the tangent to the curve y=x®—3x2—-9x + 7 isparallel to
the x-axis.

8. Findapoint onthecurvey = (x—2)? at which thetangent isparallel to the chord
joining the points (2, 0) and (4, 4).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

MATHEMATICS

Find the point on the curvey = x® — 11x + 5 at which the tangent isy = x —11.
Find the equation of all lines having slope —1 that are tangents to the curve

1
=—— xz1
y x-1
Find the equation of al lines having slope 2 which are tangents to the curve
1
=—— ,Xx#3.
y X-3
Find the equations of al lines having slope O which are tangent to the curve
yo—t
X2 —2x+3

2 2

, : X :
Find points on the curve 5 + i/—6 =1 at which the tangents are

(i) pardlel tox-axis (i) paralel toy-axis.
Find the equations of the tangent and normal to the given curvesat theindicated
points:
(i) y=x*—6x3+13x*—10x+ 5 at (0, 5)
(i) y=x*—6x3+13x*—10x + 5 at (1, 3)
(i) y=xat (1, 1)
(iv) y=x*at (0, 0)

(V) x=cost,y=snta tzg

Find the equation of the tangent line to the curvey = x> — 2x +7 which is
(@) pardlel totheline2x—y+9=0
(b) perpendicular to theline 5y — 15x = 13.

Show that the tangents to the curvey = 7x3 + 11 at the points where x = 2 and
X=—2areparaldl.

Find the points on the curve y = x® at which the slope of the tangent is equal to
the y-coordinate of the point.

For the curve y = 4x® — 25, find all the points at which the tangent passes
through theorigin.

Find the points on the curve x? + y?2 — 2x— 3 = 0 at which the tangents are parallel
to the x-axis.

Find the equation of the normal at the point (am?,am?) for the curve ay? = »3.
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21. Find the equation of the normalsto the curvey = X3 + 2x + 6 which are parallel
tothelinex+ 14y +4=0.

22. Findthe eguationsof the tangent and normal to the parabolay? = 4ax at the point
(at?, 2at).

23. Provethat the curves x = y? and xy = k cut at right angles* if 8k?* = 1.

24.  Findtheequations of thetangent and normal to the hyperbola :—z - Z—z =1 atthe
point (X, Y,)-

25.  Find the equation of thetangent to thecurve y = /3x— 2 whichisparalel tothe
line 4x-2y+5=0.

Choose the correct answer in Exercises 26 and 27.

26. The slope of the normal to thecurvey =2x2+3sinxat x=0is

1 1
(A) 3 ® 3 ©-= O 5

27. Theliney = x+ 1isatangent to the curve y? = 4x at the point

6.5 Approximations

In this section, we will use differential sto approximate values of certain quantities.
Letf: D — R, D c R, beagivenfunction 4

and let y = f(x). Let Ax denote a small Q(x+Axy+Ay)

increment in x. Recall that theincrementiny S (x +dx, y +dy)

corresponding to theincrement in x, denoted

by Ay, isgiven by Ay =f (x + Ax) —f (x). We

definethefollowing

(i) Thedifferential of x, denoted by dx,is  —
defined by dx = Ax.

(i) The differential of y, denoted by dy, X' o X
is defined by dy = f(x) dx or /
Fig6.8
dyz(ﬂij.
dx

*  Two curvesintersect at right angleif the tangents to the curves at the point of intersection
are perpendicular to each other.
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Incasedx = Axisrelatively small when compared with x, dy isagood approximation
of Ay and we denote it by dy = Ay.

For geometrical meaning of Ax, Ay, dxand dy, one may refer to Fig 6.8.

|@= Note|In view of the above discussion and Fig 6.8, we may note that the
differential of the dependent variable is not equal to the increment of the variable
where as the differential of independent variable is equal to the increment of the
variable.

Example 21 Use differential to approximate /36.6 -
Solution Take y=+/x.Let x=36and let Ax = 0.6. Then

AY = Jx+AX —/x =+/36.6 —/36 =/36.6 -6

or \36.6 =6+Ay
Now dy is approximately equal to Ay and is given by

(W) et 06 = -1 (06 = _
dy = [dxj AX = o (0.6) N (0.6) =0.05 (as y=+/X)

Thus, the approximate value of /36.6 is6 + 0.05=6.05.
1
Example 22 Use differential to approximate (25)3.
1
Solution Let y=x3. Let x= 27 and let Ax = — 2. Then
1 1 1 1 1
Ay = (X+Ax)3 -x3 = (25)% - (27)3 =(25)% -3
1

or (253 = 3+ Ay
Now dy is approximately equal to Ay and is given by
dy 1 2
= | —= =—(-2 as y=x3
dy ( dxj (-2 (Bsy=x)

3x3
- ——(-9-2--o00n4
3((27)3)?

1

Thus, the approximate value of (25)5 isgiven by
3+ (—0.074) =2.926
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Example 23 Find the approximate value of f(3.02), where f(x) = 3x* + bx + 3.
Solution Let x = 3 and Ax = 0.02. Then
f(3.02) =f(x+ Ax) = 3(Xx + AX)? + 5(x + AX) + 3
Note that Ay = f (X + AX) — f (X). Therefore
f(x+Ax) =f(X) + Ay
=f(x) + f’(X) A (as dx = AX)

or f(3.02) = (3x* + 5x + 3) + (6x + 5) Ax

= (3(3)2+5(3) +3) + (6(3) +5) (0.02) (asx=3,Ax=0.02)
(27 + 15+ 3) + (18 + 5) (0.02)
45+ 0.46 = 45.46
Hence, approximate value of f(3.02) is45.46.

Example 24 Find the approximate change in the volume V of a cube of side x meters
caused by increasing the side by 2%.

Solution Note that

VvV =x3
— (d—VJAX — 2
or av = ax = (3x%) Ax
= (3x%) (0.02x) = 0.06x3 m? (as 2% of x is 0.02x)

Thus, the approximate change in volume is 0.06 x3m?.

Example 25 If the radius of a sphere is measured as 9 cm with an error of 0.03 cm,
then find the approximate error in cal culating its volume.

Solution Let r be theradius of the sphere and Ar be the error in measuring the radius.
Then r =9 cm and Ar = 0.03 cm. Now, the volume V of the sphereis given by

4 3
V=_mr
37‘C
&y,
or g = A
av
Therefore dav = (WJN = (4nr?)Ar

= 4(9)? (0.03) = 9.72n cm®
Thus, the approximate error in calculating the volume is 9.72r cm?.
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| EXERCISE 6.4

1. Using differentials, find the approximate value of each of thefollowing upto 3
places of decimal.

() V253 (i) 495 i) 06
(V) (0009 ) (0999 ) (15
(vii) (26)% (vii) (255)% (%) (82):11
() (401)% (xi) (0.0037)% (xii) (26.57)%
(i) (815)" () (3.968)° () (32155

2. Find the approximate value of f(2.01), wheref(x) = 4x% + 5x + 2.

3. Find the approximate value of f(5.001), where f(x) = x3 —7x* + 15.

4. Find the approximate change in the volume V of acube of side x metres caused
by increasing the side by 1%.

5. Find the approximate change in the surface area of a cube of side x metres
caused by decreasing the side by 1%.

6. If theradiusof asphereismeasured as 7 mwith an error of 0.02 m, then find the
approximate error in cal culating itsvolume.

7. If theradiusof asphereismeasured as9 mwith an error of 0.03 m, then find the
approximate error in calculating its surface area.

8. If f(x) =3x2+ 15x + 5, then the approximate value of f (3.02) is
(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66

9. The approximate change in the volume of a cube of side x metres caused by
increasing the side by 3%is
(A) 0.06x*m* (B) 0.6x m* (C) 0.09x% m*(D) 0.9x® m?

6.6 Maximaand Minima

In this section, we will use the concept of derivatives to calculate the maximum or
minimum values of variousfunctions. In fact, wewill find the ‘turning points' of the
graph of a function and thus find points at which the graph reaches its highest (or
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lowest) locally. The knowledge of such pointsisvery useful in sketching the graph of
agiven function. Further, wewill aso find the absol ute maximum and absol ute minimum
of afunction that are necessary for the solution of many applied problems.

Let us consider the following problemsthat arisein day to day life.

(i) The profit from a grove of orange treesis given by P(x) = ax + bx?, where a,b
are constants and x is the number of orange trees per acre. How many trees per
acrewill maximisethe profit?

(i) A bal, thrown into the air from a building 60 metres high, travels along a path

2
givenby h(x) = 60+ x - % ,wherexisthehorizontal distancefrom the building

and h(x) is the height of the ball . What is the maximum height the ball will
reach?

(i) An Apache helicopter of enemy is flying aong the path given by the curve
f(X) =x2+ 7. A soldier, placed at the point (1, 2), wants to shoot the helicopter
when it is nearest to him. What is the nearest distance?

In each of the above problem, thereis something common, i.e., wewish to find out
the maximum or minimum values of the given functions. In order to tackle such problems,
we first formally define maximum or minimum values of a function, points of local
maximaand minimaand test for determining such points.

Definition 3 Let f be afunction defined on an interval I. Then
(@) fissaidto have amaximumvalueinl, if there existsapoint cin| such that
f(c)> f(x),fordl xe I.

The number f(c) is called the maximum value of fin | and the point ciscalled a
point of maximum value of fin I.

(b) f issaidto haveaminimumvalueinl, if there existsapoint cin | such that
f(c)<f(x), fordl xe l.
The number f (c), inthiscase, iscalled the minimum value of fin | and the point
c, inthis case, is called a point of minimum value of f inl.

(c) fissaidto have an extreme value in | if there exists a point ¢ in | such that
f (c) is either amaximum value or aminimum valueof f inl.

The number f(c), inthiscase, iscalled an extremevalue of f inl and the point c
is called an extreme point.

Remark In Fig 6.9(a), (b) and (c), we have exhibited that graphs of certain particular
functions help usto find maximum value and minimum value at apoint. Infact, through
graphs, we can even find maximum/minimum value of afunction at apoint at which it
isnot even differentiable (Example 27).
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Fig 6.9

Example 26 Find the maximum and the minimum values,
if any, of thefunctionf given by

f(X) =%, xe R.

Solution From the graph of the given function (Fig 6.10),
we have f(x) =0if x=0.Also
f(x) >0, foral xe R.

Therefore, the minimum value of f is0 and the point
of minimum value of fisx= 0. Further, it may be observed
from the graph of the function that f has no maximum
value and hence no point of maximum value of f inR.

If we restrict the domain of fto[-2, 1] only,

then f will have maximum value(—2)? =4 at x =—2.

Example 27 Find the maximum and minimum values
of f,if any, of thefunction givenby f(x) =|x|, xe R.

Solution From the graph of the given function
(Fig 6.11) , note that

f(x) =0, foralxe Rand f(x) =0 if x=0.

Therefore, the function f has aminimum value 0 X<
and the point of minimum value of fisx = 0. Also, the
graph clearly shows that f has no maximum valuein
R and hence no point of maximum valueinR.

Y
N
—t—t X
-3-2-10] 1
v
Y(
Fig 6.10
Y
N
13
T2
+1
——t ——t >X
3210|123
4
Y!
Fig6.11

(i) If werestrict thedomain of fto[—2, 1] only, thenfwill have maximum value

I-2|=2.
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(i) One may note that the function f in Example 27 is not differentiable at
x=0.

Example 28 Find the maximum and the minimum values, if any, of the function
givenby
f(x) =x,xe (0, 1).

Solution The given function is an increasing (strictly) function in the given interval
(O, 1). From the graph (Fig 6.12) of thefunctionf, it Y
seems that, it should have the minimum value at a T
point closest to 0 on itsright and the maximum value
at a point closest to 1 on its left. Are such points
available? Of course, not. It isnot possibleto locate
such points. Infact, if apoint x; is closest to 0, then

>X

we find %<X0 for al x, €(0,1). Also, if x, is X¢5
1
1 Y f@=xin(0,1)
> foral x €(0,3). Fig 6.12
Therefore, the given function has neither the maximum value nor the minimum
valueintheinterval (0,1).

Remark The reader may observe that in Example 28, if we include the points 0 and 1
inthedomain of f,i.e, if weextend thedomain of f to[0,1], thenthefunction f has
minimum value 0 at x = 0 and maximum value 1 at x = 1. Infact, we have the following
results (The proof of these results are beyond the scope of the present text)

Every monotonic function assumes its maximunm/minimum value at the end
points of the domain of definition of the function.

A more general result is
Every continuous function on a closed interval has a maximum and a minimum
value.

By a monotonic function f in an interval |, we mean that f is either
increasingin | or decreasingin .

X +
closest to 1, then

M aximum and minimum values of afunction defined on aclosed interval will be
discussed later in this section.

L et us now examine the graph of afunction as shown in Fig 6.13. Observe that at
pointsA, B, C and D on the graph, the function changes its nature from decreasing to
increasing or vice-versa. These points may be called turning points of the given
function. Further, observethat at turning points, the graph haseither alittlehill or alittle
valley. Roughly speaking, the function has minimum value in some neighbourhood
(interval) of each of the points A and C which are at the bottom of their respective
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Fig 6.13

valleys. Similarly, the function has maximum val uein some neighbourhood of points B

and D which are at the top of their respective hills. For this reason, the pointsA and C

may be regarded as points of local minimum value (or relative minimum value) and

points B and D may beregarded as points of local maximumvalue (or relative maximum

value) for the function. The local maximum value and local minimum value of the

function arereferred to aslocal maximaand local minima, respectively, of thefunction.
We now formally givethefollowing definition

Definition 4 Let f beareal vaued function and let ¢ bean interior point in thedomain
of f. Then

(@) ciscaledapoint of local maxima if thereisan h > 0 such that
f(c)=2f(x), foral xin(c—h,c+h)
The value f(c) is called the local maximum value of f.
(b) ciscaledapoint of local minimaif thereisan h > 0 such that
f(c) <f(x), foral xin(c—h,c+h)
The value f(c) is called the local minimum value of f .

Geometrically, theabove definition statesthat if x=cisapoint of local maximaof f,
then the graph of f around c will be asshownin Fig 6.14(a). Note that thefunctionf is
increasing (i.e., f’(x) > 0) intheinterval (c—h, ¢) and decreasing (i.e., f’(X) <0) inthe
interval (c, ¢ + h).

This suggests that f’(c) must be zero.

Y f©=0
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Similarly, if cisapoint of local minimaof f, then the graph of f around c will beas
shownin Fig 6.14(b). Heref isdecreasing (i.e., f’(x) < 0) intheinterval (c—h, ¢) and
increasing (i.e., f’(X) > 0) in theinterval (c, ¢ + h). This again suggest that f ’(c) must

be zero.

The above discussion lead usto the following theorem (without proof).

Theorem 2 Let f beafunction defined on an openinterval |. Supposec € | be any
point. If f hasalocal maximaor alocal minimaat x = ¢, then either f ’(c) =0 or f isnot

differentiable at c.

Remark The converse of above theorem need
not betrue, that is, apoint at which the derivative
vanishes need not be a point of local maxima or
local minima. For example, if f (X) =x3, thenf ’(X)
=3x?and so f ’(0) = 0. But 0 is neither a point of
local maximanor apoint of local minima(Fig 6.15).

A point c in the domain of afunction
fat which either f(c) =0 or fisnot differentiable
is called a critical point of f. Note that if f is
continuous at ¢ and f’(c) = 0, then there exists
anh>0suchthat fisdifferentiableintheinterval
(c—=h, c+h).

Xr

Y

flo)=x

X
point of inflection

YV
Fig 6.15

We shall now give aworking rule for finding points of local maxima or points of

local minimausing only thefirst order derivatives.

Theorem 3 (First Derivative Test) Let f be afunction defined on an open interval |.

Let f be continuous at acritical point cinl. Then

(i) If f’(X) changes sign from positive to negative as x increases through c, i.e., if
f’(x) > 0 at every point sufficiently close to and to theleft of ¢, and f ’(x) <0 at
every point sufficiently close to and to the right of ¢, then ¢ isa point of local

maxi ma.

(i) If f’(x) changes sign from negative to positive as x increases through ¢, i.e., if
f’(x) <0 at every point sufficiently close to and to theleft of ¢, and f ’(x) > 0 at
every point sufficiently close to and to the right of ¢, then c isapoint of local

minima.

(i) If f”(x) does not change sign as x increases through c, then ¢ is neither a point of
local maximanor apoint of local minima. Infact, such apoint is caled point of

inflection (Fig 6.15).
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[a== Note|If cisapoint of local maximaof f , then f (c) is alocal maximum value of
f. Similarly, if cisapoint of local minimaof f, then f(c) isaloca minimum valueof f.

Figures6.15 and 6.16, geometrically explain Theorem 3.

point of
local maxima
Y point of non differentiability
\ f(c)=0 and point of local maxima

point of non differentiability

: point

' of local ' and point of local minima
X' N minima N . >X
(0] , C; C, C, C,
Yl

Fig6.16
Example 29 Find all points of local maxima and local minima of the function f
givenby
f(x) =x*—-3x+ 3.

Solution We have

f(x) =x*-3x+3
or f'(x) =3¢ -3=3(x-1) (x+1)
or f'x) =0atx=landx=-1

Thus, x =+ 1 aretheonly critical pointswhich could possibly bethe pointsof local
maximaand/or local minimaof f . Let usfirst examine the point x = 1.

Note that for values close to 1 and to theright of 1, f’(x) > 0 and for values close
to 1 and to the left of 1, f'(X) < 0. Therefore, by first derivative test, x = 1 isapoint
of local minimaand local minimum valueisf (1) = 1. In the case of x = —1, note that
f’(x) > 0, for values close to and to the | eft of —1 and f’(x) < O, for values close to and
totheright of — 1. Therefore, by first derivativetest, x=—1isapoint of local maxima
and local maximum valueis f(-1) =5.

Valuesof x Sign of f’(x) =3(x—1) (x + 1)
to theright (say 1.1 etc.) >0

Closeto to the left (say 0.9 etc.) <0
totheright (say — 0.9 etc.) <0

Closeto -1 \ {5 the left (say —1.1 etc)) >0
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Example 30 Find al the points of local maxima and local minima of the function f
givenby

f(X) =2 —6X2 + 6X +5.
Solution We have

f(X) =2¢—-6x*+6x+5
or f/(X) =6x*—12x+ 6 = 6(x— 1)?
or f’x) =0 a x=1

Thus, x=1istheonly critical point of f.We shall now examinethispoint for local

maximaand/or local minimaof f. Observethatf’(x) >0, for all xe R andin particular
f’(x) > O, for values close to 1 and to the left and to the right of 1. Therefore, by first
derivative test, the point x = 1 is neither a point of local maxima nor a point of local
minima. Hence x = 1isapoint of inflexion.

Remark One may note that since f’(x), in Example 30, never changesits sign on R,
graph of f has no turning points and hence no point of local maximaor local minima.

We shall now give another test to examine local maxima and local minima of a
given function. Thistest is often easier to apply than the first derivative test.

Theorem 4 (Second Derivative Test) Let f be afunction defined on an interval |
andce |. Letf betwice differentiable at c. Then

(i) x=cisapoint of loca maximaif f’(c) =0andf”(c) <0
Thevaluef (c) islocal maximum value of f.
(i) x=cisapoint of loca minimaif f’(c)=0 andf”(c) >0
Inthiscase, f (c) isloca minimum value of f.
(i) Thetest failsif f’(c) = 0and f”(c) = 0.
In this case, we go back to thefirst derivative test and find whether cisapoint of
local maxima, local minimaor apoint of inflexion.

[ Note| As f is twice differentiable at ¢, we mean - T
second order derivative of f exists at c. @R_ g

Example 31 Find local minimum value of the function f
givenby f(x) =3+ |x|,xe R.

Solution Notethat thegiven functionisnot differentiable X<t — —gr————X
at x =0. So, second derivative test fails. Let ustry first
derivative test. Note that O isacritical point of f. Now ,
totheleft of 0, f(X) =3 —xand sof’(x) =—1 < 0. Also Fig6.17
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to theright of 0, f(x) =3 + xand so f’(x) = 1> 0. Therefore, by first derivative test,
x=0isapoint of loca minimaof f andloca minimum vaueof f isf(0) =3.

Example 32 Find local maximum and local minimum vauesof thefunction f given by

f(X) =3x"+ 43 -12¢ + 12
Solution We have
f(X) =3¢ +43-12 + 12

or f/(x) =12¢ + 12¢ - 24x = 12x (x—=1) (x + 2)
or f’'(X) =0ax=0,x=1andx=-2.
Now f7(x) =36x2 +24x —24 = 12(3x* + 2x - 1)
f"(0) =-12<0
or f"1) =48>0
f"(-2) =84>0

Therefore, by second derivative test, x = 0 isa point of local maxima and local
maximum valueof fat x=0isf (0) = 12 whilex =1 and x = — 2 are the points of local
minimaand local minimum valuesof fat x=—1and—2aref (1) = 7and f (-2) =20,
respectively.

Example 33 Find al the points of local maxima and local minima of the function f
givenby

f(X) = 2x® — 6X° + 6x +5.
Solution We have

f(X) = 23 — 6%* + 6x +5

{f’(x) =6x% — 12X+ 6= 6(x—1)>
or

f"(x)=12(x-1)
Now f’(x) = 0 gives x =1. Also f”(1) = 0. Therefore, the second derivative test
failsin this case. So, we shall go back to the first derivative test.
We have aready seen (Example 30) that, using first derivativetest, x =1 isneither
apoint of local maximanor apoint of local minimaand so itisapoint of inflexion.

Example 34 Find two positive numbers whose sum is 15 and the sum of whose
squaresisminimum.

Solution Let one of the numbers be x. Then the other number is (15 — x). Let S(x)
denote the sum of the squares of these numbers. Then
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S(X) = X% + (15— x)? = 2x* — 30x + 225
S(x)=4x-30
or
S(x)=4

Now S'(x) =0gives x= % .Also S”(%j =4> 0. Therefore, by second derivative

test, x= % isthe point of local minimaof S. Hence the sum of squares of numbersis

minimum when the numbers are % and 15— % = % )

Remark Proceeding as in Example 34 one may prove that the two positive numbers,
whose sum is k and the sum of whose sgquares is minimum, are g and g .

Example 35 Find the shortest distance of the point (0, c) from the parabolay = X,
where0<c< 5.

Solution Let (h, k) be any point on the parabolay = x?. Let D be the required distance
between (h, k) and (0, ¢). Then

D=4/(h—0)?+(k—c)® =\[h*+ (k—c)? (1)
Since (h, k) lies on the parabolay = x?, we have k = h%. So (1) gives

D=D(K) = Jk+(k-0)

o D'k 1+2(k—-c)
I =
2.k + (k—c)?
2c-1
Now D’(k) =0gives k =—

2c-1
Observe that when k<CT,then 2(k—-c)+1<0, i.e, D'(k)<0.Alsowhen

2c-1 2c-1

k> ,then D'(K) > 0. So, by first derivativetest, D (k) isminimumat k =

Hence, the required shortest distance is given by
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2 2 2 2

D(2c—1j:\/2c—1+(2c—1_cj2 _fAc-1

The reader may note that in Example 35, we have used first derivative
test instead of the second derivative test as the former is easy and short.

Example 36 Let AP and BQ be two vertical poles at 2

pointsA and B, respectively. If AP=16m, BQ=22m
and AB = 20 m, then find the distance of a point R on
AB from the point A such that RP? + RQ? is minimum.

P

16m
22m

Solution Let R be apoint on AB such that AR =x m.
Then RB = (20 —x) m (asAB =20 m). From Fig 6.18, A ]
we have xm - RS20 " 9m
RP2 = AR? + AP? 20m

and RQ? = RB? + BQ Fig6.18
Therefore RP* + RQ? = AR? + AP* + RB? + BQ?

=X+ (16)* + (20 — x)? + (22)?

= 2x* —40x + 1140
Let S=S(x) = RP? + RQ? = 2x% — 40x + 1140.

Therefore S'(x) = 4x —40.

Now S'(x) = 0 gives x = 10. Also S”(x) =4 > 0, for all x and so S”(10) > O.
Therefore, by second derivativetest, x = 10 isthe point of local minimaof S. Thus, the
distance of R from A onAB isAR =x =10 m.

Example 37 If length of three sides of atrapezium other than base are equal to 10cm,
then find the area of the trapezium when it is maximum.

Solution Therequired trapeziumisasgivenin Fig 6.19. Draw perpendiculars DP and

D 10 cm C
§
S, G
N [
%
A [ 1 ]
xcem P 10 cm Q xcm B

Fig 6.19
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CQonAB. Let AP=xcm. Notethat AAPD ~ ABQC. Therefore, QB = x cm. Also, by
Pythagoras theorem, DP= QC = /100 — x? - Let A be the area of the trapezium. Then

1
A=A(X) = - (sumof parallel sides) (height)

. %(2x+10+10)( 1002

(x+10)(v100-2)

x+10—=2X (V00— )

or A’(X)

2100 x*
—2x% —10x+100
© J100-x2
Now A’(X) =0gives2x* + 10x—100=0, i.e, X =5and x=-10.
Since x represents distance, it can not be negative.
So, x =5. Now
J100— X2 (~4x-10) — (-2x% —10x+100)=2X)__
no — 21/100- x*
A (X) - 2
100-x
2x*-300x-1000 .
= 3 (onsimplification)
(100— x?)2
2(5)% - -1 -2250  -30
or A7) = (5)° —300(5) -1000 B <0

- = =
= 75V 75 75
(100~ (5)*)? V75
Thus, area of trapezium is maximum at x =5 and the areais given by
A (5) = (5+10)y/100— (5) =15J75 = 753 cm?
Example 38 Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of the cone.

Solution Let OC =r bethe radius of the cone and OA =h beitsheight. Let acylinder
with radius OE = x inscribed in the given cone (Fig 6.20). The height QE of the cylinder
isgiven by
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QE EC i
oA - oC (since AQEC ~ AAOC)
QE r-x
or h _I’
h(r — X
or QE= ( )

Let S be the curved surface area of the given
cylinder. Then

2nxh(r — x 2rh
S =5()= = f ) ’: (rx—x2)

Fig 6.20

S’(x):z%h(r - 2X)

or

S'(x) = —4zh

r r
Now S'(x) = 0 gives X=§. Since S”(x) < 0 for all x, S’(sz<0. So X=§ isa

point of maximaof S. Hence, the radius of the cylinder of greatest curved surface area
which can be inscribed in agiven coneis half of that of the cone.

6.6.1 Maximum and Minimum Values of a Function in a Closed Interval
Let us consider afunction f given by
f(x) =x+2,xe (0,1)
Observethat thefunctioniscontinuouson (0, 1) and neither hasamaximum value

nor has a minimum value. Further, we may note that the function even has neither a
local maximum value nor aloca minimum value.

However, if we extend thedomain of f totheclosedinterval [0, 1], thenf still may
not havealocal maximum (minimum) valuesbut it certainly does have maximum value
3 =1(21) and minimum value 2 = f(0). The maximum value 3 of f at x = 1 is called
absolute maximum value (global maximum or greatest value) of f on the interval
[0, 1]. Similarly, the minimum value 2 of f at x = 0is called the absolute minimum
value (global minimum or least value) of f on [0, 1].

Consider the graph given in Fig 6.21 of a continuous function defined on a closed
interval [a, d]. Observe that the function f has a local minima at x = b and local
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X
e if(a) if(b) if(C) e
O, a b c d
Y/
Fig 6.21

minimum valueisf (b). Thefunction also hasalocal maximaat x = candloca maximum
valueisf (c).

Also from the graph, it is evident that f has absolute maximum value f (a) and
absolute minimum value f (d). Further note that the absolute maximum (minimum)
valueof f isdifferent from local maximum (minimum) value of f.

We will now state two results (without proof) regarding absolute maximum and
absolute minimum values of afunction on aclosed interval .

Theorem 5 Let f be a continuous function on an interval | =[a, b]. Then f has the
absolute maximum value and f attains it at least once in |. Also, f has the absolute
minimum value and attainsit at least oncein .

Theorem 6 Let f be a differentiable function on a closed interval | and let ¢ be any
interior point of I. Then

(i) f’(c) =0if fattainsits absolute maximum value at c.

(i) f’(c)=0if fattainsitsabsolute minimum value at c.

Inview of theaboveresults, we havethefollowing working rulefor finding absolute
maximum and/or absolute minimum values of a function in a given closed interval
[a, b].

Working Rule
Step 1: Find al critical points of f in the interval, i.e., find points X where either
f’(x)=0 orf isnot differentiable.

Step 2: Takethe end points of the interval.
Sep 3: At dl these points (listed in Step 1 and 2), calculate the values of f.

Sep 4: Identify the maximum and minimum valuesof f out of thevaluescalculatedin
Step 3. Thismaximum valuewill be the absol ute maximum (greatest) val ue of
f and the minimum value will be the absolute minimum (least) value of f.



230 MATHEMATICS

Example 39 Find the absol ute maximum and minimum values of afunction f given by
f(X) = 2¢ —15x% + 36x +1 on theinterval [1, 5].

Solution We have
f(X) =2 -15x + 36x + 1
or f'(X) =6x2—30x+36=6(x—3) (x—2)
Note that f'(xX) = 0 gives x=2and x = 3.
We shall now evaluate the value of f at these points and at the end points of the
interval [1,5],i.e,ax=1x=2,x=3anda x=5. S0
f(1)=2(1%-15(1»)+36(1) +1=24
f(2)=2(2°)-15(25) +36(2) +1=29
f(3)=2(3)-15(3%) +36(3) +1=28
f(5) =2(5°) —15(5%) +36(5) + 1 =56
Thus, we conclude that absolute maximum value of fon[1, 5] is56, occurring at
x =5, and absolute minimum value of f on [1, 5] is 24 which occursat x = 1.
Example 40 Find absolute maximum and minimum values of afunction f given by

4 1
f(x)=12x3 - 6x3, xe[-1 1]
Solution We have
4 1

f(x) = 12x3 —6x3

1
2 2ex-))
or f'(x) = 16x° —— = 2
x3 x3

1
Thus, f’(X) = 0 gives X= 3 Further note that f’(x) is not defined at x = 0. So the
1 . .
critical pointsare x =0 and x=§. Now evaluating the value of f at critical points

1
x=0, 3 and at end points of theinterval x = -1 and x = 1, we have

f(-1) = 12(-1)3 -6(-1)3 =18
f(0) =12(0)—6(0) =0



APPLICATION OF DERIVATIVES 231

. 4 1
f(—j - 12(%3 —G(ET -9
8 8 8) 4

4 1

f(1) = 12()% -6(1)3 =6
Hence, we conclude that absolute maximum value of f is18that occursat x =—1

- 1
and absolute minimum value of fis 79 that occursat X= 3

Example 41 An Apache helicopter of enemy is flying along the curve given by
y=x?+ 7. A soldier, placed at (3, 7), wants to shoot down the helicopter when it is
nearest to him. Find the nearest distance.

Solution For each value of x, the helicopter’s position is at point (x, x* + 7).
Therefore, the distance between the helicopter and the soldier placed at (3,7) is

Jx=32+(C+7-7)2 i, \J(x-3)7+x*.
Let f(x) =(x=3)*+x*
or f/() =2(x=3) + ¢ =2(x—1) (2¢ + 2x + 3)
Thus, f’(xX) =0 givesx = 1 or 2x¢ + 2x + 3 = 0 for which there are no real roots.
Also, there are no end points of theinterval to be added to the set for which f” is zero,

i.e., there is only one point, namely, x = 1. The value of f at this point is given by
f(1) = (1-3)*+ (1)* =5. Thus, the distance between the solider and the helicopter is

Jf@®=+5.
Notethat /5 is either amaximum value or aminimum value. Since
JF(0) =J(0-3%+(0)* =3>+/5,

it follows that /5 isthe minimum value of ./f(x). Hence, /5 isthe minimum
distance between the soldier and the helicopter.

|EXERCISE 6.5|
1. Find the maximum and minimum values, if any, of the following functions
givenby
(i) T =(2x-1)*+3 (i) T() =9+ 12x+2

(iii) f(x) = — (x— 1) + 10 (iv) g =+ 1
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Find the maximum and minimum values, if any, of the following functions
givenby

) f=Ix+2|-1 () g(x)=—|x+1|+3

(i) h(x)=sin(2x) +5 (iv) f(x) =|sin4x + 3|

V) h(x)=x+1,xe (=11
Find thelocal maximaand local minima, if any, of thefollowing functions. Find
also thelocal maximum and the local minimum values, as the case may be:

i f(x)=x (i) g(¥) =x®-3x
(iii) h(x)=sinx+cosx,0<x<g
(iv) f(x) =sinx—cosx, 0<x<2n
) X 2
(V) f()=x—6x+9x+15 (Vi) g(X)=§+;, x>0

x21+2 (Vi) f(X)=xJ1-Xx, x>0

Provethat thefollowing functions do not have maximaor minima:
(i) f(x) =¢e (i) g(x) =log x
@) h(xX)=x+x+x+1
Find the absol ute maximum val ue and the absol ute minimum val ue of thefollowing
functionsinthegivenintervals:
() fx)=x, xe [-2, 2] (i) f(x) =sinx+cosx,xe [0, x|

(vi)) 9(x) =

(i) f(x) =4x—%x2, Xe[—Z,g} (iv) f(x)=(x-22+3 xe[-31]

Find the maximum profit that a company can make, if the profit function is
givenby
p(x) =41 —24x —18x?
Find both the maximum value and the minimum value of
3-8+ 12x2 —48x + 25 on theinterval [0, 3].
Atwhat pointsintheinterval [0, 2r], doesthe function sin 2x attain its maximum
value?
Wheat is the maximum value of the function sin x + cos x?

Find the maximum value of 2x® — 24x + 107 in the interval [1, 3]. Find the
maximum value of the same functionin[-3, —1].



11.

12.
13.
14.
15.

16.

17.

18.

109.

20.

21,

22.

23.

24,

25.

26.

APPLICATION OF DERIVATIVES 233

Itisgiventhat at x= 1, thefunction x* — 62x* + ax + 9 attainsits maximum value,
ontheinterval [0, 2]. Find the value of a.

Find the maximum and minimum valuesof x+ sin2xon|[0, 2x].
Find two numbers whose sum is 24 and whose product is as large as possible.
Find two positive numbers x and y such that x + y = 60 and xy? is maximum.

Find two positive numbers x and y such that their sumis 35 and the product x?y®
isamaximum.

Find two positive numbers whose sum is 16 and the sum of whose cubes is
minimum.

A sguare piece of tin of side 18 cm is to be made into a box without top, by
cutting asquare from each corner and folding up the flapsto form the box. What
should be the side of the square to be cut off so that the volume of the box isthe
maximum possible.

A rectangular sheet of tin 45 cm by 24 cm isto be made into a box without top,
by cutting off square from each corner and folding up the flaps. What should be
the side of the square to be cut off so that the volume of the box is maximum ?

Show that of al the rectanglesinscribed in agiven fixed circle, the square has
the maximum area.

Show that the right circular cylinder of given surface and maximum volumeis
such that its height is equal to the diameter of the base.

Of all the closed cylindrical cans(right circular), of agiven volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface
area?

A wire of length 28 mis to be cut into two pieces. One of the piecesisto be
made into a square and the other into a circle. What should be the length of the
two pieces so that the combined area of the square and the circle is minimum?

Prove that the volume of the largest cone that can be inscribed in a sphere of

8
radiusR is 57 of the volume of the sphere.

Show that the right circular cone of least curved surface and given volume has

an altitude equal to V2 timethe radius of the base.
Show that the semi-vertical angle of the cone of the maximum volume and of

givenslant height is tan~+/2..
Show that semi-vertical angle of right circular cone of given surface area and

. .41
maximum volumeis sin 1(5)
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Choose the correct answer in the Exercises 27 and 29.
27. Thepoint on the curve x2 = 2y which is nearest to the point (0, 5) is

(A) (V2,4  (B) (22,00 (© (0,00 (D) (2,2

. 1-x+ X2 .

28. For dl rea values of x, the minimum value of — s
1+ X+ X

1

(A) O (B) 1 © 3 (D) 3

1
29. Themaximumvaueof [X(x-D)+1]®, o< x<1is

1

1
Wl ®; ©1 oo

Miscellaneous Examples

Example 42 A car startsfrom apoint Pat timet = 0 seconds and stops at point Q. The
distance x, in metres, covered by it, int secondsis given by

ele )

Find the time taken by it to reach Q and aso find distance between P and Q.

Solution Let v be the velocity of the car at t seconds.

Now X = tz(z_ij
3
dx
Therefore VzE =4t -t2=t(4-1)

Thus,v=0givest=0and/ort = 4.
Nowv=0at Paswell asat Qandat P t=0. So, at Q, t = 4. Thus, the car will
reach the point Q after 4 seconds. Also the distance travelled in 4 secondsis given by

X _ =& 2-2) 16[ 2]
t=4 3 3) 3
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Example 43 A water tank has the shape of an inverted right circular cone withitsaxis
vertical and vertex lowermost. Its semi-vertical angle is tan™(0.5). Water is poured
into it at a constant rate of 5 cubic metre per hour. Find the rate at which the level of
the water isrising at the instant when the depth of water in the tank is4 m.

Solution Let r, h and o be asin Fig 6.22. Then tana =%-

afr
S o = tan (Fj .
But o =tan?(0.5) (given)
r —_
or e 0.5
_h
or r= E

Let V bethe volume of the cone. Then

1 , 1 (hY
S P L IS
V=3" 3”()

Theref d_V_in_h?’@ by Chain Rul
eretore dt ~ dh| 12 ) ot (by ChainRule)
=Eh2@

4 dt

LAV _
Now rate of change of volume, i.e., E=5m /hand h=4m.
T 2 dh
== -—
Therefore 5 4() o
d 4n 88 7

Thus, the rate of change of water level is % m/h.

Example 44 A man of height 2 metres walks at a uniform speed of 5 km/h away from
alamp post which is 6 metres high. Find the rate at which the length of his shadow
increases.
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Solution In Fig 6.23, Let AB be the lamp-post, the
lamp being at the position B and let MN be the man
at aparticular time t and let AM = | metres. Then,
MS is the shadow of the man. Let MS = s metres.

Note that AMSN ~ AASB

MS MN
or A_S = E

Fig6.23
or AS=3s(asMN =2 and AB = 6 (given))
Thus AM =3s—-s=2s ButAM =1
o [=2s
Therefore a_ Zd—s
dt dt

Since % =5km/h. Hence, the length of the shadow increases at the rate g km/h.

Example45 Find the equation of the normal to the curvex? = 4y which passes through
thepoint (1, 2).
Solution Differentiating x* = 4y with respect to x, we get

dy X

dx 2
Let (h, k) be the coordinates of the point of contact of the normal to the curve
X2 = 4y. Now, slope of the tangent at (h, k) is given by

ﬂ} _h
dXJh ~ 2

2
h
Therefore, the equation of normal at (h, k) is

Hence, slope of the normal at (h, k) =

-2
Sinceit passes through the point (1, 2), we have

) 2
2-k=—=(-N) or k=2+-(1-h) - (2
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Since (h, K) lies on the curve X* = 4y, we have
h? = 4k - (3)
From (2) and (3), we have h =2 and k = 1. Substituting the values of hand kin (1),
we get the required equation of normal as

y—l:%z(x—Z) o x+y =3

Example 46 Find the equation of tangents to the curve

y=cos(x+Yy),-2n < x<2n
that are parallel tothelinex + 2y = 0.

Solution Differentiating y = cos(x + y) with respect to x, we have

dy _ —sin(x+y)

dx  1+sin(x+y)

or slope of tangent at (x )—M
P g Y= 1+sin(x+Yy)

Sincethetangentsto the given curve are parallel to thelinex + 2y = 0, whose slope

is —, we have

2

—sin(x+y) -1

1+sin(x+y) ~ 2
or sn(x+y)=1

T
or x+y=n7c+(—1)"?nez
Then y = cos(X +y) = cos(mw(—l)” gj, ne Z
=0,fordlne Z

Also, since —2n < x< 271, we get x=_—§n and x=g. Thus, tangents to the

given curve are paralel to theline x + 2y = 0 only at points (_—gnoj and (20) :

Therefore, the required equation of tangents are
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-1 3n
y—0=—|X+—| or 2x+4y+3n=0
2 2
_ —_1()(_&)
and y-0= 5 5 or 2x+4y-n=0
Example 47 Find intervalsin which the function given by
3.4 4., > 36
= —X —=X"=-3X"+—x+11
f0=30" "5 5

is(a) strictly increasing (b) strictly decreasing.
Solution We have

34 453 o2 36
= —X —=X"=-3x"+—x+11
f0=7""5 5
3, .3 4, 5 36
(xX) = —(4x°) —=(3x") - 3(2X) + —
Therefore f/(x) 10( ) 5( )—3(2x) =
6 T
= g(x—l)(x+ 2)(x-3) (onsimplification)
Now f’(x) =0givesx=1,x=—2,0rx=3. The i i
pointsx =1, —2, and 3dividethereal lineinto four ~ —2 1 3
digoint intervals namely, (— e, —2), (-2, 1), (1, 3) Fig6.24

and (3, «) (Fig 6.24).
Consider theinterval (—eo, — 2), i.e,, when —eco < x < —2.
In this case, we havex—-1<0,x+2<0andx—-3<0.
(In particular, observe that for x = -3, f'(X) = (x—1) (x+ 2) (x=3) = (-4) (- 1)
(-6)<0)
Therefore, f’(X) <Owhen —eo < x<-2.
Thus, the function f is strictly decreasing in (— oo, — 2).
Consider theinterval (-2, 1), i.e, when —2<x<1.
In this case, we havex —1<0,x+2>0and x-3<0
(In particular, observe that for x =0, f’(x) = (x—1) (x + 2) (x—3) = (-1) (2) (-3)
=6>0)
So f’(x) >0when—-2<x<1.
Thus, fisstrictly increasingin (—2, 1).
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Now consider the interval (1, 3), i.e.,, when 1 < x < 3. In this case, we have
Xx—=1>0,x +2>0and x-3<0.
o, f’(X) <Owhen 1<x<3.
Thus, fisstrictly decreasingin (1, 3).

Finally, consider theinterval (3, ), i.e., when x> 3. Inthiscase, wehavex—1>0,
x+2>0and x—3>0.Sof’(x) >0whenx>3.

Thus, f isstrictly increasing intheinterval (3, «).
Example 48 Show that the function f given by

f(x) =tan*(sinx + cosx), x>0
isalwaysan strictly increasing functionin (o%) .

Solution We have
f(x) =tan?*(sinx + cosx), x>0

1 :

Therefore f'(x) = COSX—SiNX

) 1+ (sinx +cosx)? ( )

COSX—SinX T
= orsnox (onsimplification)
. . Tc

Note that 2 + sin 2x > 0 for all xin [O’Z) :
Therefore f’'(x) >0 if cosx—sinx>0
or f’(x) >0 if cosx>sinx orcotx>1
Now cotx>1iftanx<1,i.e.,if0<x<%

Thus £/(x) >0 in (o,%)

Hencef isstrictly increasing functionin (O, gj :

Example 49 A circular disc of radius 3 cm is being heated. Due to expansion, its
radius increases at the rate of 0.05 cm/s. Find the rate at which its areais increasing
when radiusis 3.2 cm.
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Solution Let r be the radius of the given disc and A be its area. Then

A =T1r?
d—A = 27trﬂ by Chain Rule
o dt dt (by ule)

dr
Now approximate rate of increase of radius = dr = EM =0.05cn/s.

Therefore, the approximate rate of increase in areais given by

dA dr
= —(At) = 2nr| —At
dA dt(t) n(dt j

=21 (3.2) (0.05) = 0.320 cm?/s (r = 3.2 cm)

Example 50 An open topped box isto be constructed by removing equal squaresfrom
each corner of a3 metre by 8 metre rectangular sheet of aluminium and folding up the
sides. Find the volume of the largest such box.

Solution Let x metre be the length of a side of the removed squares. Then, the height
of the box isx, length is 8 — 2x and breadth is 3 — 2x (Fig 6.25). If V(X) isthe volume

of the box, then

& < I [ |x
' L=
' N
82 i x| 2
xﬂ [_x 8-2x
(a) (b)
Fig6.25

V(X) =x(3-2x) (8—2x)
=43 — 222 + 24X

Therefore V'(X) =12x2 — 44x + 24 = 4(x—3)(3x - 2)
V'(X)=24x—-44
Now V’(x) =0 gives x= 3,% . But x# 3 (Why?)

2
Thus, we have X=§. Now V”(§j=24[§)—44=—28<0.
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Therefore, x:% is the point of maxima, i.e., if we remove a square of side %

metre from each corner of the sheet and make a box from the remaining sheet, then
the volume of the box such obtained will bethelargest and it is given by

(343 =

200
=—mMm
27

Example 51 Manufacturer can sell x items at a price of rupees [5—%} each. The

cost price of x itemsisRs (g + 500) . Find the number of items he should sell to earn

maximum profit.

Solution Let S(x) be the selling price of x items and let C(x) be the cost price of x
items. Then, we have

2
S(x) = (5—ijx=5x—x—
100 100

X
and C(x) = g+ 500
Thus, the profit function P(x) is given by

P(x) = S(x)—C(x)=5x—m—§—500
= P(X) = %X—X—Z—SOO
5 100
or P = -2
5 50
Now P'(xX) = 0 gives x = 240. Also P"(X) =;—;. So P"(240) =;—é< 0

Thus, x = 240 is a point of maxima. Hence, the manufacturer can earn maximum
profit, if hesells240 items.
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Miscellaneous Exercise on Chapter 6

Using differentials, find the approximate value of each of thefollowing:

(@ [E_D‘l‘ (b) (395

Show that the function given by f (x) = logx has maximum at x = e.
X

The two equal sides of an isosceles triangle with fixed base b are decreasing at
the rate of 3 cm per second. How fast is the area decreasing when the two equal
sides are equal to the base ?

Find the equation of the normal to curve x? = 4y which passes through the point
1,2).
Show that the normal at any point @ to the curve
X=acosh+a0snb,y=asind —ad cosd
is at a constant distance from the origin.
Find theintervalsin which the function f given by

4s8in X — 2X— XCOSX

f(xX)=
() 2+ COSX

is(i) increasing (ii) decreasing.

Find theintervalsin which thefunction f given by f (x) = X +i3, x=0is
X

(i) increasing (i) decreasing.
2 y2

Find themaximum areaof an isoscel&striangleinscribedintheellipse¥+? =1
with its vertex at one end of the mgjor axis.

A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth is2 m and volumeis 8 m?3. If building of tank costs
Rs 70 per sq metres for the base and Rs 45 per square metre for sides. What is
the cost of least expensive tank?

The sum of the perimeter of acircle and square isk, where k is some constant.
Prove that the sum of their areas is least when the side of square is double the
radius of the circle.
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12.
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14.

15.

16.
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18.
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A window isin the form of arectangle surmounted by a semicircular opening.
Thetotal perimeter of thewindow is10 m. Find the dimensions of thewindow to
admit maximum light through the whol e opening.

A point on the hypotenuse of atriangleis at distance a and b from the sides of
thetriangle.

2 2 3
Show that the maximum length of the hypotenuseis (aé i bé)i :

Find the points at which the function f given by f (xX) = (x—2)* (x + 1) has
(i) loca maxima (i) loca minima
(ifi) pointof inflexion
Find the absol ute maximum and minimum val ues of the function f given by
f(X) =cos? x +sinx, x € [0, m]
Show that the altitude of the right circular cone of maximum volume that can be

4r
inscribed in asphere of radiusr is 3

Let f be afunction defined on [a, b] such that f’(x) > O, for all x e (a, b). Then
provethat f isan increasing function on (a, b).

Show that the height of the cylinder of maximum volumethat can beinscribedin

asphereof radiusRis 2R . Also find the maximum volume.

V3

Show that height of the cylinder of greatest volume which can beinscribedin a
right circular cone of height h and semi vertical angle o is one-third that of the

4
cone and the greatest volume of cylinder is Enhg’ tan’ o .

Choose the correct answer in the Exercises from 19 to 24.

19.

20.

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314
cubic metre per hour. Then the depth of the wheat isincreasing at the rate of

(A) 1méh (B) 0.1 m¥h

(C) 11mdh (D) 0.5m%h

The slope of the tangent to the curve x =t + 3t — 8, y = 2t? — 2t — 5 at the point
2-1is

22 6 7 -6
(A) = (B) 7 © s (D) -
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21,

22.

23.

24,

MATHEMATICS

Theliney = mx + 1 isatangent to the curve y? = 4x if the value of mis

) 1 ®2 ©3 O
The normal at the point (1,1) on the curve2y + x? = 31is
(A) x+y=0 (B) x-y=0

(C) x+y+1=0 (D) x—-y=0

The normal to the curve x* = 4y passing (1,2) is

(A) x+y=3 (B) x-y=3

(C) x+y=1 (D) x-y=1

The points on the curve 9y? = x3, where the normal to the curve makes equal
intercepts with the axes are

8 -8
(A) (4’ ig) (B) [4;)
o 53] o (+43)
Summary

¢ If aquantity y varieswith another quantity x, satisfying somerule y= f (x),

then % (or f'(x)) representsthe rate of change of y with respect to x and

dy
dx} (or f'(x,)) represents the rate of change of y with respect to x at
X=X0

X=X -
If two variables x and y are varying with respect to another variablet, i.e., if
x= f(t)and y=g(t), then by Chain Rule

yzﬂ % if %io_
dx dt/ dt’ dt

A function f issaidto be
(@) increasing onaninterval (a, b) if
X, <X, in(a b) = f(x) <f(x) foral x, x, € (a b).
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Alternatively, if f(x) > 0 for each x in (a, b)
(b) decreasing on (a,b) if
X, <X, in(a b) = f(x) = f(x) for al x, x, € (a, b).
Alternatively, if f/(x) < 0 for each x in (a, b)
The equation of the tangent at (X, y,) tothecurvey = f (x) is given by

Y-V, =—J (X=%)
’ dx (X:Yo)

d
If &y does not exist at the point (x,,Y,) , then the tangent at this point is

parallel to the y-axis and its equation is x = X,.

If tangent to acurvey =f (x) at x = x, is parallel to x-axis, then ﬂ} =0.
Wb

Equation of the normal to the curvey = f (x) at apoint (x,,Y,) iSgiven by
-1
Y=Yo= T(X— )
AX Jix,y0)

If % at the point (X, Y,) iSzero, then equation of the normal isx = x,.

d
If &y atthepoint (x,,Y,) doesnot exist, then the normal isparallel to x-axis

anditsequationisy =y..
Let y = f(X), Ax be a small increment in x and Ay be the increment in y
corresponding to the increment in x, i.e., Ay = f(x + AX) — f(x). Then dy

given by
dy= f’(x)dx or dyz(g—zg AX .

isagood approximation of Aywhen dx = Ax isrelatively small and we denote
it by dy = Ay.

A point c in the domain of afunction f at which either f’(c) = 0 or f is not
differentiable is called a critical point of f.
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@ First Derivative Test Let f be a function defined on an open interval |. Let

f becontinuous at acritical point cinl. Then

(i) If f’(x) changessign from positive to negative as x increases through c,
i.e., if f’(x) >0 at every point sufficiently close to and to the left of c,
and f’(x) < 0 at every point sufficiently close to and to the right of c,
then cis a point of local maxima.

(i) If f’(X) changes sign from negative to positive as x increases through c,
i.e., if f’(x) <0 at every point sufficiently close to and to the left of c,
and f’(x) > 0 at every point sufficiently close to and to the right of c,
then cis a point of local minima.

(i) If f’(x) does not change sign as x increases through c, then c is neither
apoint of local maximanor apoint of local minima. Infact, such apoint
is called point of inflexion.

Second Derivative Test Let f be a function defined on an interval | and
ce l. Letf betwice differentiable at c. Then

(i) x=cisapoint of loca maximaif f’(c)=0andf”(c) <0
The valuesf (c) islocal maximum value of f.
(i) x=cisapoint of loca minimaif f’(c) =0andf”(c) >0
In this case, f (c) islocal minimum value of f.
(i) Thetest falsif f’(c) =0andf”(c) = 0.
In this case, we go back to the first derivative test and find whether cis
apoint of maxima, minimaor apoint of inflexion.
Working rulefor finding absol ute maximaand/or absolute minima

Step 1: Find al critical points of f in the interval, i.e., find points x where
either f’(x) = 0 or fis not differentiable.

Step 2:Take the end points of the interval.
Step 3: At all these points (listed in Step 1 and 2), calculate the valuesof f.

Siep 4: Identify the maximum and minimum values of f out of the values
calculated in Step 3. This maximum value will be the absolute maximum
valueof f andthe minimum valuewill be the absolute minimum value of f.

—_— % —
L4



