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Continuity and Differentiability

Thischapter requiresagood understanding of limits. The conceptsof continuity and differentiability aremoreor
lessobviousextensionsof the concept of limits.

Section -1 INTRODUCTION TO CONTINUITY

Westart with avery intuitiveintroduction to continuity. Consider thetwo graphsgivenin thefigure below:

Jx) J)

fo) =G@—1)° J) = [x]

\ » X > x

1 1

I

Fig-1

Our purposeisto analysethe behaviour of thesefunctionsaround theregionx=1.

The obvious visual difference between the two graphs around x = 1 is that whereas the first graph passes
uninterrupted (without abreak) through x = 1, the second function suffersabreak at x =1 (thereisajump).

Thisvisud difference, putinto mathematica language, givesusthe concept and definition of continuity. Mathematicaly,

wesay that thefunction f (x) =(x—1)° iscontinuousat x=1while f (x) =[] isdiscontinuousatx=1

For f(X)=(x—1)2,
LHL (atx=1)=lim(x-1)° =0

X-1"

ad

RHL (atx=1)= Iin:n(x—l)2 =0

X-1

and
f(1)=0
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0 LHL=RHL =f(1)

For f(x)=[x],

LHL (atx=1) =lim[x] =0
and

RHL (atx=1) = lim[x] =1
and

f(1)=1

O LHE RHL= f (1)

From the discussion above, try to seethat for afunction to be continuousat x=a, al thethreequantities, namely,
LHL, RHL andf (a) should beequal. In any other scenario, the function becomes discontinuous.

Discontinuitiesthereforeariseinthefollowing cases.

@ One or more than one of the three quantities, LHL, RHL and f (a) is not defined. Lets
congder someexamples.

i f(x) =% around x = 0.

LHL == o0, RHL =+ oo, f (0) isnot defined. Therefore, f (x)= 1 s discontinuousat x = Owhich
X

isobviousfromthegraph:
J(x) 4

Fig-2

1

2_
(ii) f(x):g);_l forx#% around x = 1
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LHL =RHL =2but f (1) isnot defined. Therefore, thisfunction’sgraph hasaholeat x=1; itis
discontinuousat x = 1:

Fig-3
(b) All thethreequantitiesar edefined, but any pair of them isunequal (or all threeareunequal).
Letsgo over someexamplesagain:
(i) f(X)=[x] aroundanyintegerl
LHL=1-2,RHL =1, f() =1

O LHE RHL=f (1) sothisfunctionisdiscontinuousat al integersasweaready know.

(i) f(x)={x}aroundany integer |
LHL =1,RHL =0, f(1)=0

O LHE RHL=f (1) sothisfunctionisasodiscontinuousat al integers.

(iii) f(x):% );(DDZZE around any integer |

S

Fig-4
Fromthefigure, wenoticethat at any integer I, LHL =1, RHL =1, f(I) =0
O LHL=RHE f (1) sothat thisfunctionisagain discontinuous
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(iv) f(x)=0 ] around x =0

o x=d]

S

A

Fig-5
At x=0, we seethat
LHL=-1,RHL =1, f(0)=0

O LHE RHE f(0) andthisfunctionisdiscontinuous

Tosummarize, if weintend to eval uatethe continuity of afunction at x =a, which meansthat wewant to determine
whether f (x) will be continuousat x = a or not, we haveto evaluateal thethree quantities, LHL, RHL andf (a).
If thesethree quantitiesarefiniteand equal, f (X) iscontinuousat x = a. In al other cases, it isdiscontinuous at
X=a

LHL (atx=a)=RHL(atx=a)= f(a): for continuity at x = a

Example - 1

X" = (m+1)x+m
(x-1)°

Solution: Wearegoing to encounter alot of questionssimilar to the one above over thenext few pages, weare
givenadefinition of f (x) and are asked to determinef (a) so that f (X) becomescontinuousat x =a.

X z1iscontinuousat x=1

Findthevalueof f (1) if thefunction f (x) =

Wesimply evaluate lim f (x) andif it exists, welet f (a) equal tothislimit. Thisensuresthat the

necessary and sufficient condition for continuity atx=a, i.e
limf (x) = f (a)
issatisfied.
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For thisquestion,

m+l
im f (x) = lim (M) x+m
x-1 x-1 (X_l)

i (xm+l - x) -m(x-1)

x-1 (x—l)2
i x(xm —1) -m(x-1)
x-~1 (x—1)2

_m(m+1)
2
Therefore
1
f (1) = m(r121+ ) <

Example — 2

. . .
Findthevaueof f if thefunction
Hat

f(X)_«/Ecosx—l xiz
cotx-1 ' 4

. . T
Iscontinuousat X = Z

Solution: Thisquestionisvery smilar tothepreviousone:

fim £ (x) = lim Y2005X 1
X~ /4 x-74  cotx—1
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(\/Ecosx—l) [fsinx)

x-m4  (cosx—sinx)

~ im (\/Ecos x-1) (@cosx—l— l) (cos x+ s1nx)
e (cosx—sinx) (v/2cos x+1) (cosx-+sin x)

~

2cos” x—-1 cosx+sinx)
fcosx+1)

[Sinx
x~n/4coszx sin? x

) 0SX+SINX _.
= lim ﬁi@nx

x-m4 2 cosx+1

T f %
4 2
2
1
"2
Therefore,
DHEI 1

"2 <

Example — 3

Findthevauesof aandbif

[x(1+acosx) —bsinx O
O , xzQ
f(x)=0 % 0
H 1, x=CH

iscontinuousat x=0
Solution:  Weobvioudy require

limf (x)=f (0)=

X-a
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(Notethat in all thethree examplesabove, we have not found the LHL and RHL separately; weonly
determinethelimit assumingit exists, or in other words assuming that LHL = RHL. Wewill soon
encounter caseswhere LHL and RHL need to be separately determined)

We usethe expansion seriesfor sin x and cosx to get:

xz x4 X3 x5
X+ ax 1—54‘?—... —b x—;+§—...
lim £ (x)=lim — —

x—0 x—0 X

X X
. . . (+a-b)x o
Now noticethat (1 + a—b) must be necessarily 0 otherwise IXIrTOIT will becomeinfinite,
Hence,
l+a-b=0 (1)
Also,
, __Oa bO_
AT
6a—2b+12=0 ()
Solving (i) and (i), we get
-5 -3
a=— b=—
2 2 <

Example — 4

Find the condition onf (x) and g (X) which makesthefunction

f (x)+x*"g(x
F(x)=lim (x) . 9(x)
n-e 1+x™
Solution:  Note from the definition of F(x) that we have avariable n present. Letsfirst try to make F(X)
independent of n.
The obviousway isto consider three separate casesfor X:

continuouseverywhere.

=1 >1 <1
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2n
F ()= lim- X)X ()
n- e 1+X

-2n
i (97609
n-e X +1

=g (X) (becausex‘z” ~ Oasn - wfor X >1)

¥ <1:

2n
F ()= lim- X)X ()
n— o 1+X

=1 (x) (becausex2n ~ 0asn - o for |x| <1)

Therefore, we can now rewrite F(X) independently of n inthefollowing manner

O f(x) when|x< 1 or -1<x<10

O+ 9(x) _ _ 0
(x)=G—~=——"~% when|x=1 or x=1-10

2 O
g g(x) when|x|>1 or x<-1x>

F(x) could bediscontinuousat only 2 points,x =1or x = -1
To ensure continuity at these points

LHL (atx=-1) =RHL (atx =-1) =F (1)

()= 1 () =2

2
D 5 {1
LHL (atx=1)=RHL (at x =1) =F (1)

(@=o@="00

2

0B o)
Therefore, for continuity of F (x),
f(1)=9(1)
f(-1) =9(-1) <
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E(1+|sinx|)®, _—éT<x<q%

If f(x)= % b, x=0 % iscontinuousat x = 0, find thevalues of aand b.
E tan2x ng
et&hSX’ O< X < —
| 60

Solution:  For continuity at x=0,
LHL (atx=0)=f(0)=RHL (atx=0)

LHL(atx=O):lirg]f(x)
= lim (1+sin x|}

_ 1, Bvhere |sinX = y§
=lim(1+y)y" 0 0
y-0 Fesx - 07,y - 0g
=e?
RHL (atx=0) = lim f (x)

tan2x

= lim etan3x

X-0

2tan2x 3x
= lime3 2x tan3x
x-0"

— a2/3
=€

Oe b e”°

0 & %andl; e”? <

Example — 6

Let f:R - R beafunctionsatisfying f (x+y) = f (x) +f (y) for al x, y OR. If thefunctionf (X) iscontinuous
at x=0show thatitiscontinuousfor all xOOR
Solution:  Inquestionsthat have such functional equations, we should try to substitute certaintria valuesfor the

variablesto gain useful information; inthisparticular question, Snceweare given some condition about
f (X) at x=0, weshouldtry to find f ()
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Puttingx=y =0, we get
f(0) = 2f (0)
Of0)=0
Now, sincef (X) iscontinuousat x=0,
LHL =RHL =1 (0)

D lm (3 lim 63 1(0) o
or equivaently
Limf(—h)zLi[r()\f(h):f(O) =0
For continuity at an arbitrary valueof x, theLHL, RHL and f(x) should beequal.
LHL (at x) =lim f (x=h)

=lim{ f (x)+ f (-h}

-

lim f (x) +lim f (-h)
=f(x)
Smilaly,
RHL (at x) =f (x)
Therefore, f (X) iscontinuousfor all valuesof x |

Example — 7

g i 0
Dsm2x+smx X< Q]
X
Let f(x)=0] a x:(ﬁ . Findthevaluesof aandb sothat f (x) iscontinuousat x = 0.
0 0
[V x+bx% =/x
B bx¥? X>(E

Solution: LHL (atx=0)= 1@ f (x)

. Sin2x+sinx
=lim————
X-0" X
. [2.sin2x sin(
=limA———+—
x=0[] 2X X[

=3
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f(0)=a
RHL (at x=0) =

im £ (x)
Jx+bx —x

bX3/ 2

Vx+bx? —/x (\/X"‘bX2 +\/;)
2 (Wh&)

li
X

=1 m
-0

bx?

- °b3’2(m+f)

=lim———

X*O\/;+\/x+bx

, 1
=lim————
x-01++/1+bx
1
2

Since LHL # RHL, nosuch valuesof a and b exist that could makethe function continuous
ax=0 <

Example — 8

1 0 1 O

f (x)Cx f (x)Cx
LetF(X)= + X+ » E, Xi(ﬁ andG(X): + » E , Xic%
= , x=0F Bk , x=0g

wheref (X) issome function of x. If F(x) iscontinuousat x =0, find thevalue of k sothat G (X) isalso continuous
atx=0.

Solution:  Since F(X) iscontinuousat x =0,

limF (x)=F(0) =¢’

X-0

e3
x-0 X

m(m

Dim x L)
0
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x-0 ¥

For G(x) to be continuousat x = 0, k should beequal to limG (x)

Therefore,

Example — 9

Oet* -1
Show that thefunction f (x) = [elm Ix 11 when Xi(@ isdiscontinuousat x=0

Solution: LHL (atx=0)= Iirrol f (—h)

e—l/h _1

e—l/ h +

=lim
h-0

=

Now, as h o,%lﬂ —0o S0 .0

Therefore, LHL = -1
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Smilaly,
RHL =li

h-0

3

-
—~

0
~

Since LHL # RHL # f (0), f (x) isdiscontinuousat x=0 |

Example — 10

DaZ[X]“{)} -1 OD
F———— X#*
=2[q +{% B Evaluate the continuity of f(x) at x=0.

H /na x=OH

Solution: TheLHL and RHL might differ dueto the discontinuous natureof [x] and{ x} . Letsdeterminetheir
vaue

Let f(x)

LHL (at x=0) =lim f (-h)

h
i az[‘h]*{‘f} -1
RECEC

For h>0, itisobviousthat [~h| = -1and {4} =1-h.

a—2+1—h _ 1

-2+1-h
ath-1
=lim
h-0 —1-h

Therefore, LHL = Iirrol

h

Since, LHL # RHL; f (x) isdiscontinuousat x = 0. <
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Note:

() Someauthorstalk about removableand irremovable discontinuities. L et usdiscusswhat thismeans:
x> -1

Consider f(x)=—>=,x#1

TheLHL and RHL at x=1 exist and both areequal to 2.

Fig-6

Thereisaholeinthegraph at x =1 and therefore the function isdiscontinuousat x =1
Wecan, if wewant to, fill thisholeby redefining thefunction inthefollowing manner:

2_
EA S
f(x)=0x-1 0

=0x
42 x=H
Theadditiona definition at x =1 fillsthe holeand removesthe di scontinuity. Hence, such adiscontinuity
would be called aremovable discontinuity.

By now, you should haverealised that adiscontinuity isremovableonly if the LHL and RHL areequal,
sinceonly then we can redefinef (a) to makeall thethree quantitiesequal.

If theLHL and RHL arethemsalvesnon-equal, no redefinition of f (a) could possibly makethefunction
continuous and hence, such adiscontinuity would be called irremovable. For example, f (x) =[x] and
f(X) ={x} suffer fromirremovablediscontinuitiesat all integers.

(i) If f and g aretwo continuousfunctionsat apoint x = a (whichiscommon to their domains), then f + g

f
and fgwill aso becontinuousat x = a. Furthermore, if g(a) # 0, then g Will sobecontinuousat x=a.

(@ii)  Ifgiscontinuousat x=aandfiscontinuousat x = g(a), thenf(g(x)) will becontinuousat x=a.
(iv)  Any polynomid functioniscontinuousfor al valuesof x.

(v) Thefunctionssinx, cosxand e*(or &) are continuousfor al valuesof x. Inx (or log, X) iscontinuousfor
al x>0.
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TRY YOURSELF - |

Q.1 Findthevaluesof aandf (0) if f (x) iscontinuousat x =0, where

¢ (x): sin2x+asinx

X3

Q.2 Findthevaueof aif f (x) iscontinuousat x =0, where

X#EO

1-cos4x

XZ

N [ O
e
X X
V N

=
I
0
N o N |

H/16+/x -4
Q.3 If thefunction f (x) defined by

f(X):élog(hax))—(Iog(l—bx) y 0%
i

H k X=

iscontinuousat x=0, find k.

N

Q.4 Let f(xy) =f(x) f(y) for every x, yOR. If f (X) iscontinuous at any one point X = a, then prove that
f (X) iscontinuousfor all XxOOR ~{0} .
Q.5 Find thevaluesof aand b sothat f (X) iscontinuousat x = 0, where

0 3 x=0
O X O
f(X)=D]1+ax+bx3DU Cg
00 x*#{
M X O O
Q.6 Discussthe continuity of f (x) =[x] +[—X] at integer points.
Q.7 Discussthe continuity of f (x) in[0, 2] where

0 COSTTX X<

F0)=ox-a[q x>F

1, x<@
Q.8 If f(x)= EO , x:(Eand g(x) :x(l—xz), then discuss the continuity of f (g(x)), and

Hl , x>(H
g (f ())-
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Section - 2 DIFFERENTIABILITY

Having seen the concept and the physical (graphical) significance of continuity, we now turn our attention to the
concept of differentiability.

Wewill again start with anintuitive, graphical introduction.
Consder thetwo graphsgiveninthefigure below:
1) Jx)

A A

)
\f(x)l—lxl /"X(x)]-xz
» X »
0 \ / 0 \
Fig-7

What isthe striking difference between thetwo graphsat the origin (gpart from onebeing linear and the other, non-
linear)? Thefirst hasasharp, sudden turn at the y-axiswhile the second passes‘ smoothly’ through they-axis.

1

X

L etsmakethisideamore concrete. Imagineaperson called Thetawalking onthegraph of f (x) = 1—|x|, towards
they-axis, oncefromtheleft and oncefromtheright:

Jx) Jx)

A A

N X
— —

Fig-8
Whilewalking fromtheleft, Thetawill be moving in anorth-east direction as he approachesthey-axis,; while
waking fromtheright, hewill bewakinginanorth-west direction.

Now consider Thetawalking onf (x) = 1—x2, oncefrom theleft and once from theright, towardsx = 0.
Jx) Jx)

A A

i -

AN N
A

Fig-9

Maths / Continuity and Differentiability




LOCUS 17

AsThetaapproachesthey-axis, we seethat hemoves*amost’ horizontaly near they-axis, in both the cases. The
line of travel becomesamost the samefrom either sidenear x=0. At x=0, thelineof travel becomesprecisely
horizontd (for aningtant), whether Thetaiswalking fromtheleft or theright. (Thisuniquelineof travel isobvioudy

thetangent drawn at x=0)
1)

Fig - 10

In mathematical language, sincethe lines of travel from both sidestend to become the same asthey-axisis
approached or more precisaly, thetangent drawn to theimmediateleft of x=0and the oneto theimmediateright,
become precisaly the same at x = 0 (aunique tangent), we say that thefunction f (X) = 1 — x?isdifferentiable
at x=0. Thismeansthat the graph is* smoothly varying” around x= 0 or thereisno sharp turnat x=0.

Inthecaseof f (X) = 1— [X|, thelines of travel from theleft hand and theright hand sidesare different. Theline of
trave (or tangent) to theimmediateleft of x = 0isinclined at 45°to thex-axiswhilethe oneto theimmediateright
isinclined at 135°. Precisaly at x = 0, thereisno uniquetangent that can bedrawn to f (x). Wetherefore say that
f (X) = 1—|x|isnon-differentiable at x = 0. Thismeansthat the graph hasasharp point (or turn) at x=0, asis
evidentfromFig.- 7.

Section - 3 LEFT AND RIGHT DERIVATIVES

L et usnow put the discussionswe have done abovein concrete mathematical form.
Consider the curvef (x) = 1 + [x| — X2

/ \

Fig - 11

Thetaiswaking onthiscurvetowardsthey-axisfromtheright. When heisinfinitesmally closetothey-axis, his
direction of travel will be along thetangent drawn to the right segment of thegraph, atan  x-coordinateinthe
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immediateright neighbourhood of theorigin; or equivaently, at apoint ontheright segment of thegraphwhichis
infinitesmally closeto thepoint (0, 1).
y y

Fig - 12
How dowefind out thisdirection of travel near the point (O, 1)?In other wards, how do wefind out the dope of
atangent drawn to theright part of thegraph, at apoint extremely (infinitesmally) near to (O, 1)?

- > X
...:,:Z').Q ........ \

Fig- 13

Toevaluatethisdope, wefirst drawn asecant onthisgraph, passing through (0, 1), asshown inthefigure below:
Jx)

— ; ? \ > X
Jtx)
Fig - 14
L et the x-coordinate of the point Q beh. The slope of thesecant PQis
tané = @
PR

Noticethat QRisf (h)—f (0) and PRish. Therefore,

IRIORIO o
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Now we makethis secant closer to atangent by reducing h: look at thefigure below; ashisreducedoras h _, 0,

the secant PQ ‘tends' to becomeatangent drawn ‘at’ P (or more accurately, atangent at apoint infinitesmally
closetothepoint P):

\ > (%)

~
=
X EEEEEE
>
3
= -----
> @-————-
R BT

Fig- 15
We seethat asthepoint Q — P oras h - 0, thesecant PQ tendsto become atangent to the curve; to find the

slopeof thistangent, wefind |im (tan6) wheretan Bisgivenby (i)

f(h)-1(a)
h

Thislimit givesusthedopeof thetangent ‘a’ thepoint P. (By ‘a’ wemean‘just near’ ). Letsevaluatethislimit for
thisparticular function:

Slope of tangent = Ih| m

f (x) =1+ -x°
o f(h)=1+h-h?
and f (0)=1

Slope of tangent = IirrgM

h

i
=1

Thismeansthat thetangent drawn at P (on theright part of the graph) isinclined at 45°to the x-axis.

In mathematical jargon, thelimit we havejust evaluated iscalled the Right Hand Derivative (RHD) of f () at

x=0. Thisquantity, aswe have seen, givesusthe behaviour of the curve (itssope) intheimmediateright side

vicinity of x=0.
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Obvioudly, therewill exist aLeft Hand Derivative (LHD) asothat will give usthe behaviour of thecurveinthe
immediateleft sdevicinity of x= 0. In other words, the LHD will giveusthedirection of travel of Thetaasheis
‘just about’ to reach the point (O, 1) travelling from theleft towardsthe y-axis.

Fig- 16
ToevaduatetheLHD, wefollow aproceduresmilar to the onewe used to eva uatethe RHD ; only thistimewewill
drawn the secant PQ on theleft side of the graph.

\
AY
N \
I T
SURNERN
NN
AN NN y
N NN A
AN N \ \
~ S NSOV N
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~ \
N
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> ~ S N ‘\
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v s
S~
NSINE
\\ N ~

WS N

NRIS

O
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\

Fig-17
Asthepoint Q - P oras h - 0,thesecant PQ again tendsto become atangent. Asfor the previous case, the
dopeof thistangent will begiven by;

Slope of tangent =— lim {why did we put a negative sign‘?}

(f(h);f(o)]

(LHD) h—0
_f(0)-1(0)

h-0 -h

For thisparticular case:

(1+h-n?) 1

LHD =lim
h-0 -h

=-1
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Thetangent drawn to theleft part of thegraph ‘just near’ P will beinclined at 135°to the x-axis.

Noticethat becausethereisasharp point at x =0, or in other words Theta sdirection of travel will changewhen
crossing they-axis, theLHD and RHD havedifferent values. Wewould say that thisfunctionisnon-differentiable
at x=0. Notangent can bedrawntof (x) precisely at x=0.

Ontheother hand, for a‘* smooth’ function, theLHD and RHD at that point will beequal and such afunctionwould
be differentiableat that point. Thismeansthat aunique tangent can bedrawn at that point.

Beforesummarizing, let uswritedown thegeneral expressionsfor theLHD and RHD

LHDax=a
fory=f(x)
5
S(ath) peenmensmnmennmenan e 4
f(@ .
—
x=a x=a+th >
Fig - 18
o= L@ (a=t) (@)1 (2)

O [LHD(atx &} Limf(a_h)_f(a)

-0 -h
RHDatx=a
fory=f(x
y=1(x) 1o
S(@
f(a-ﬁ ----- e .
» X
x=a-h x=a
Fig- 19
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To summarize:
Consider acontinuousfunctiony =f (x)

* If at aparticular point x = a, the LHD and RHD have equal numerical values, wesay that f (X) is
differentiableat x=a. In graphical terms, thismeansthat the graph crossesx=a‘smoothly’,
without any sharp turn. Thisalso meansthat auniquetangent can bedrawnto thecurvey =f (X)
a x=a.

Thederivativeat x= aimpliestheslopeof thetangentat x=a;i.e.
Derivative(atx=a)=LHD =RHD

{ Obvioudly, thederivativeexistsonly if f (X) isdifferentiableat x=a}
Thederivativeat x=aisdenoted by f'(a)

* If at aparticular point x=a, the LHD and RHD have non-equal valuesor one (or both) of them does
not exist, wesay that f (X) isnondifferentiableat x =a. Graphicaly, thismeansthat the graph doesnot
passthroughx=a ‘smoothly’, thereisasharpturnat x=a.

For adiscontinuousfunctionf (x) at x=awecan defineLHD and RHD separately. (We' Il haveto dightly modify
our techniqueto evaluate LHD and RHD; can you seewhat modificationisrequired?).

But for any discontinuousfunction at x=a, f (x) would alwaysbe non differentiable at x=a since no unique
tangent could bedrawntof (X) at x=a.
Therefore, for differentiability at x=athe necessary and sufficient conditionsthat f (x) hasto satisfy are:
(i) f(x) must becontinuousat x=a.
(i) LHD=RHD atx=a.
Wewill consider some examplesto makethisdiscusson moreclear.

0} f(x)=x°

fix

A

Fig - 20
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The graph of f (x) is‘smooth’. Lets verify this by evaluating the LHD and RHD at any general

LOCUS
x-coordinate.
Lhp = im =N =T ()
h-0 -h
. (x—h)2 -
=lim -h
—lim x* +h? —2xh —x*
" h-o -h
lim h? —2xh
" h-o -h
=2X
RHD = fim- M) =T (%)
h-0 h
_ (x+h)"-x?
"h'f‘é‘ h
B Iim2xh+h2
" h-o h
=2Xx

Weseethat LHD = RHD for every x value. Hencef (X) iseverywhere differentiable (smooth). Also

the dopeat any coordinate x hasanumerical value 2x (equal tothe LHD and RHD).

We say that the derivateof f (x)=x"is2x.

) f) =x°
A Tangent drawn
atx =2

will have slope

2x =4 \

'\ Tangent drawn ,"
\\ atx = -1 J
> will have slope 4
4
‘\ 2x=-2 1/
N V4
. 1
.
. |
\‘ 1
K I
: Tangent drawn
| atx =1 will
1 1 W\:/ have slope 2x = 2
(RN |
I ‘! I I
1: | oL L >I » X
-1 ," 1 2

Tangent drawn at x = 0
will have slope 2x = 0

Fig - 21
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Fig - 22
Thegraph hasasharp turn (corner) at x=0. Thismeansthat at x =0,  (x)=|x shouldbe
non-differentiable. Letsverify thisagain:

f (x=h)-f(x)

-h

LHD=|irr01

= Iing f (O_h)h_ f (0) B wewant toevauateLHD at x=0
- - O

[-h

-h

3

li
h

o

-1

Smilarly,

RHD=1
Thisresultisvisualy obviousfrom Fig- 22; theleft segment is Y = —x whichhasadope-1, whilethe
right sesgmentis y = X, whichhasdope 1.

(i) f(x)=[x and f (x) ={%

Jx) J&)

A A

2 ——0

14 ——0 1
2 <10 // //0
i i i i » X F—c F— » X

1 2 3 2 -1 0 1 2
—o-/
—o 2
Fig-23
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Theanalyssof thesetwo functionsisstraightforward graphically.
For f (x)=[x], theLHD and RHD at any integer areboth 0, but f (x) is discontinuoustoo. Hence,
although LHD = RHD, f (x) isnon-differentiable at integral points. At all other valuesof x, itis
differentiablewith thederivative' svauebeing 0.
Similarly, for f (x)={% , theLHD and RHD &t any integer areboth 1, but dueto discontinuity &t all
integers, f (X) isnon-differentiableat all integers. At dl other valuesof x, f (X) isdifferentiablewiththe
derivative'svauebeing 1.
(iv) f (x)=sinx
S
/ on 0 n\/
Fig - 24

Thisfunction seems*smooth’ everywhere. Wewill now verify this.

= COs X

Hence, LHD =RHD for al valuesof x; sin xiseverywheredifferentiable. Thederivativeat x (dope
of tangent at x) hasthe numerical value cosx.
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0 Thederivativeof SinXisScosx.

) The tangent drawn
A at x = nt/2 has slope
""" cos L =
2
/\‘ l
» X
0 T T
2 \/

The tangent drawn
atx = 0 has slope %,
cos 0 =1 !

------

Fig - 25
By now you should be pretty clear about the meaning and graphica significanceof differentiability and
evaluating the derivative. Evaluating the derivative using the process we have described aboveis
cdled differentistion usingfirst principles.

Thisdiscussonisextremely important towhatever we' Il study afterwards. You must ensurethat you' ve
fully understand this.

Example — 11

2 -1<x<
X lex<d o usitscontinity anddifferentiability.
-4 ,2<x<4f

1 (x)= @B
X
Solution:  Inquestionsinvolving eva uation of continuity and differentiability, we can of courseproceed andyticaly
by writing down the expressionsfor LHD and RHD (at those pointswherewefed thefunction might
not be continuousor differentiable); but wewill awaystry tofollow agraphica gpproach aso, wherever
possible, sinceit givesmuch useful information about the behaviour of thefunction.

Notethat in piecewise defined functions such asthe one above we haveto use different definitions of
f () indifferent intervals. So for example, to evaluate f (a—h) we will have to use the function
definition for x < a, whereasfor f (a+ h) we haveto usethe definitionfor x> a.

Inthisquestion, thereisonly onepoint, namely x= 2, wherethisfunction could bepossibly discontinuous
and /or non-differentiable. The two functions 3 — x* and 2x — 4 are otherwise continuous and
differentiableintheir separateintervals. Hence, weneed to andyse the continuity and differentiability
only at x = 2{ such pointsare sometimesreferred to ascritical points}

Analytical approach:
LHL (at x=2) =lim f (x)

X-2"

=1im(3-x)

X-2

=-1
RHL (at x=2) = lim f (x)

x-2"
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=lim2x-4
X—2

=0
Note that we used the lower
function to evaluate f(2) because of

S(2)=2(2)—4 R

the placement of equality signwith 2
in 2x-—4, 2<x<4

=0

Thisfunctionisdiscontinuousat x = 2 and therefore also non-differentiable.

S

The slope of this tangent/——b’,"' 1 /—\ Th? 510279 ZJ;;giS tangent
gives the RHD b gives the

Fig - 26 ¥

f(2-h)-f(2
LHD (at x=2) =lim (2=n)=1(2)
h-0 h
Thisshould betheexpressionto evaluate LHD at x=2. But noticethat for f (2), we cannot substitute
‘0’ sincex = 2ispart of theother segment i.e. x=2 doesnot liein thedomain of theleft hand function.
Sowhat shouldweusefor f (2)? Think about thiscarefully and youwill realisethat wewould haveto

use lim f (x) or LHL at x=2inplaceof f (2). (Thisisthe modification we mentioned alittlewhile

X2

back). ThisLHL vaueis—1.
Therefore,

LHD(atx=2)=|iErg f(2-h)-(-1)

h
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Example — 12
A functionf (X) isdefined as.
0 -x2, x<0 O

£ (x) = H 5x—-4, 0<x SE
()=0, ¢ _ax. 1<x< 2 Discussthecortinuity and cifferentiability of ().
Ha3x+5,  x>2H

Solution:  Thecritical pointsfor thisfunctionarex=0, 1, 2.

Letsanalysef (x) for each of thesecritical pointsseparately.

@ [x=0 {f(0)=¢

RHL = lim (5x-4) = 4

h-0"
im f (h)—(R:L at x=0)

5h-4+4 _
h
Therefore, thisfunctionisnon-continuous (and non-differentiable) at x=0.

@ x=1{f(©)=1

LHL =lim(5x-4) =1

Xx-1

RHD

=

=

=i
h-

5

o
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LOCUS
LHD = lim &= = ()
h-o0 h
_ Iim5(1— h)-4-1
h-0 -h
=5

SinceLHL =RHL and LHD =RHD, f (x) iscontinuousand differentiableat x=1

(i) [x=2{f (2) =14

LHL :Xlir121_(4x2 —3x) =10

LHD:Iingf(z_hg_f(Z)

h

_ m{4(2 —h)’ —_3h(2 -h} -10

13

RHL = lim (3x+5) =11

X2

RHDZIimf(2+h)—(12HLatx:2)

h—0

Observecarefullyhowwe
wrotetheexpressionforRHD

:Iim{3(2+h)+5} -11
h-0 h

3
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We seethat f(x) isnon-continuous (and non-differentiable) at x=0and x= 2.

Thegraphisplotted below:

3x+5

11 ¢
10 ¢

4x°-3x

Theeaborate anaysisdonefor thisquestion will not be donefor subsequent questionswherewe
will try focus more on the graphica approach.

Example — 13

_O0-1 -2sx=sQ _
Let f(x)_EP(‘l 0<x52Eand g(x)=f(|x)+|f (x).

Eva uatethe continuity and differentiability of g(x) intheinterval [-2, 2] by drawingthegraph.
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Solution:  Fromthegraphof f (x), wecan easily derivethegraphsof f (|X|) and|f (x)|, and add them point
by point to get the graph of g(x).

Saxl) |1

A A

2 -1\ / 3 B 1 5
Z] 1 -1

4 S)H

Fig - 28
Verify for yourself theresult of the addition of thetwo graphs.

Itisobviousfrom theresultant graph that g(x) iscontinuousevery where but non-differentiable at

x=0and x=1 <

Example — 14

[Px®+12x+16, —-4<x<-2J
If £ (x)= 2| . -2 <x <1H, evaluatethecontinuity and differentiability of f(x)
E4x—x2—2 . 1<x<3 E

Maths / Continuity and Differentiability




I —. Y

Solution:  Thisgraphwill have 3 different ssgmentswhich can easily beplotted asshowninbelow (you areurged
to carry out the plotting on your own):

Fig - 29

Wefirst draw al thethreefunctions' graphson the axis using dotted curves and then darken the
relevant portionsas specified in the piecewise domain.

For example, we selected only that segment of 2x2 +12x +16 for which x D{— 4 2] andsoon.

Itisclear fromthegraphthat f (X) iscontinuousinitsentiredomain[—4, 3] but isnon-differentiableat
3pointsx=-2,0,1.

Theevauation of left and right derivativeson each of thesethree pointsisleft to you asan exercise.

Theresultsare:

LHD =4 RHD =-1

x=0 LHD =1 RHD =-1

x=1 LHD=-1 RHD =2 |
Example — 15

Afunction f ;R - R sdisfies|f (x)- f (y)|<[x—y[ fordl x,yOR. Provetha  (x) isaconstant function.

Solution:  For aconstant function f (x) =k, thetangent drawn at any point would bethesameliney = kitself.
Hence, the dope of tangent at any point (the derivativeat any point) hasthevaueO.

Therefore, our aimin thisquestion should be to somehow show that f(x) hasderivativeOat al points.
Let usevauatethe RHD at any x:
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RHD a x = lim- <) = (x)
h-0 h

Therefore,

IRHDat = lim (h)=1 ()
h-0 h ‘

f (x+h)~f(x),
LT

[(x+h) -(x)” [Using thegiven[]
h-0 || Erelation E
=lim|h" =0
h-0
O |RHB} 0
Since |RHD| cannot be negative, it hasto be 0.

[0 RHE 0 foradlx
Similarly, LHD =0for al x

O f(x)isaconstant function.

Example — 16

A1 18
fr.B
Let f (x) = @xe o Y x# C@ Eva uatethe continuity and differentiability of f (x)

&Y , x=0
. . . : (X ,
Solution: Weshould first of all writef(x) separately for x>0 andx<0; using | =0 .
X,
O -2 U
Er<e X x>%
f(x)=00 x=
0
X X<
7 G

>Q]

X<cH
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At thisjuncture, wedo not have sufficient knowledgeto accurately plot thegraph for x> 0; wewill
hencefollow theanalytical approach.

Thecritical pointisonly x=0

LHL (atx=0)=lim(x) =0

— — 1 —2/Xx\ — H
RHL(atx-O)-lLrQ(xe )—O (Verify)

LHD(atx:o)=Lim%r‘]f(o)

=lim
h-0

=0
Therefore, thisfunctioniscontinuousat x =0 (and everywhere el se)

but not differentiableat x=0 <
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TRY YOURSELF - Il

Q.1 It £ (x)=min{|x,|x=2], 2-|x -1} , draw the graph of f (x) and discuss its continuity and
differentiability.
Ox(3e"* +4)
Q.2 If f(X)=00 2-e¥* ' Xi(@ discussthe continuity and differentiability of f (x) ax=0.

H o . x=¢H

Q.3 Let f(x) bedefinedintheinterval [-2, 2] suchthat

U [x] ,—ZSXS‘}/D

O

fF=0 | 1 O and g(x) = f(Ix)+| fF(X)].
Px° -1 , —<x<2 [
[l 2 [l

Discussthedifferentiability of g(x) in[-2,2].

qx-11(1-x) E testitsdifferentiability at x=1.

. f(x)=
Q.4 If f(X) 5 0 x-17

Q.5 Given | f(x) - f(y)|<|x-yP, and f(0) =1, find f(x).

Dl |x9 i

- X

Q.6 If f(x)= @ﬂm IO | lsmg discussthe continuity and differentiability of
H o Ix>H

9(x) = f(x+D) +f(x -1

OX+2y0_

Q.7  If f:R - R satisfies f Y +32f(y) foral x, yO R, and f'(0) =1 provethat

f (x) iscontinuousforal x OR .

Q.8 Findthevaluesof a, band cif thefunction f (x) =a|sinx|+be" +c|x [ isdifferentiableat x=0.
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SOLVED EXAMPLES

Example - 1

Bsin3x+asin2x+bsinx X¢CH

If f(X)=0 X° ’ 0 iscontinuousat x=0, finda, band c.
5 c . x=0§

Solution: For continuity, werequire:

[_HL and RHL will bed
Bhe same so we do notH

lIimf(x)=c
x-0 () Epeedtoevaluatethem%
Feeparately H
Iimf(x):“mEr5|n3x+asm52x+bsm>%
X-0 xﬁ0|:| X |:|
3 5 3 5 3 5
{3x—(3x) +(3x) —...}Jra{Zx—(zx) +(2x) —. }+b{x—x+x—..}
. 3! 5! 3! 5! 315!
= lim ;
x—0 X
Bioaiiyix- 28, b s (283 320, b s
i T L6667 120120120

These terms must
be 0.

Asin Section -1, example-3, notethat
3+2a+b=0 .. (1)
27+8a+b=0 . (i)

OIf this does not hold,

3
: imEH 20X gy (27 82 +D)X
D X-0 X X-0 X

H\Ni” become infinite

I o

Solving (i) and (i), we get
=—-4 b=5
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Thelimit now reducesto

[243+32a+ b Dx5+.
Hi20 " 120 " 120H

5

...(higher order terms)

[im

X-0 X
_243+32a+b
120
=1
Hence,
c=1 <

Example — 2

Let f:R — R beafunctiondefinedby f (x+y)="f(x)f(y) foral x,ydR.If f(x) iscontinuousat

x=0, show that f (x) iscontinuousforal xR,
Solution:  Since f (x) iscontinuousat x =0,
i (-h) =tim { ()= 1 0) -0
Toevauate f (0), wesubstitute x = y =0 inthegiven functiona relationto get.
£(0)=f(0)
O f(0) Oor f(0F 1
() If £(0)=0, then f(x)=f(x+0)=f(x)F(0)=0ie
f (x) =0 for &l valuesof xsothat f () iscontinuouseverywhere.

(i) Wenow assume f (0)=1.

Now,
LHL aany x=lim f (x—h)
h-0

=lim f (x) Cf (-h)

=f (x)F (0) (From (i)
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Hence, f (x) iscontinuousforal xOR

Example — 3

1 1
Letf(x)=§x‘°‘”§ ! Xidéand g(x)=§(sn;’ Xidé.
H 0 , x=( H o0 , x=CH

Evauatethecontinuity and differentiability of f(x) and g(x).

Solution: Wewill first try to graphically understand the behaviour of these two functionsand then verify our

resultsandyticaly. Noticethat no matter what theargument of thesinfunctionis, itsmagnitude will
alwaysreman between—1and 1.

Therefore,
<|Xx|

1
Xsin—
X

and <|xf

.1
x2sin=
X

This meansthat the graph of xsin1 will awayslie between thelinesy =+ xand the graph of
X
2gnd :
X sm; will awaysliebetweenthetwo curvesy = + x?.

Also, noticethat as| x | increases, i decreasesin aprogressively slower manner whilewhen | x|is
X

closeto0, theincreasein 1 isvery fast (as| x | decreasesvisudisethegraph of y :l).Thismeans
X X

that near theorigin, thevariationinthegraph of sin 1 will beextremely rapid becausethe successive
X
zeroes of the graph will become closer and closer. Aswe keep onincreasing X, the variation will

become dower and dower and thegraph will * spread out’ . For example, for x> % therewill beno
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finiteroot of thefunction. Only when x — oo will sin1 again approach 0.
X

fx)=x sin é

A

Fig. - 30

IR |
fx) =x sin—-

A

g
]
I

“ﬁv‘(‘v

Maths / Continuity and Differentiability




I —— Y

Figures 30 and 31 show the approximation variation we should expect for thesetwo functions.
Noticehow thelinesy =+ x ‘envelope’ thegraph of thefunctioninthefirst case and the curves
y = +x* ‘envelope’ thegraph of thefunction in the second case.

Theenvelopesshrink to zero vertical width at theoriginin both cases. Therefore, wemust have:

lim xsin= =0 and lim X2sin =0

X-0 X X-0 X
(Thisisalsoandytically obvious; sn; isafinite number between—1 and 1; when it getsmultiplied
by x(wherex — 0), thewholeproduct getsinfinitesmally smal).
Now letstry toget a‘feel” onwhat will happen to the derivativesof thesetwo functionsat theorigin.

For f(x) =xsin % , thedopeof theenvelopeiscongtant (+1). Thus, thesinusoida functioninsdethe

envelopewill keep on oscillating asweapproach theorigin, while shrinking in width dueto the shrinking
envelope. The dopeof the curve also kegps on changing and does not approach afixed value.

1
However, for g(X) = XZSIH;, the slope of the envelopeisitself decreasing as we approach the

origin, gpart from shrinking inwidth. Thisenvelopewill * compress' or ‘hammer out’ or ‘flatten’ thesin
oscillationsnear the origin. What should therefore happen to the derivative? 1t should becomeO at the
origin!

Letus‘zoomin’ onthegraphsof both thefunctionsaround the origin, to seewhat ishappening:
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)

©/ /9

J)

Fig - 32

J)
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These graphsarenot very accurateand areonly of an approximate nature; but they do giveussome
feeling on the behaviour of thesetwo functionsnear theorigin.

The xsin 1 graph keeps* continuing’ inthe same manner no matter how much we zoomin; however,
X

inthe x*si n1 graph, the decreasing slope of the envel opeitself tendsto flatten out the curveand
X
makeitsdopetendto 0. Hence, thederivativeof xsi n1 at theoriginwill not haveany definitevaue,
X

whilethederivativeof x* sin1 will beOattheorigin.
X

Letsverify thisandyticaly:

M |f(x)= xsin%atxzo

Thislimit, aswe know, does not exist; hence, thederivativefor f (X) doesnot exist at x=0

(i) f(x):xzsin%atxzo

hzsinl—o
LHD=RHD =Ilim
h-0 h
=lim hsin1
h-o0 h
=0
Thisverifiesour earlier assertion »
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Example — 4

If £ (x+y)=1(x)f(y)fordl x, yORand f (x) =1+g(x)G(x), where limg(x) = 0and limG (x) exisis
provethat f (x) iscontinuousfor all XUR.
Solution: Wehave Lipgg(h):Li[gg(—h):O

and Ihi[gG(h) = IhimG(—h) = k{some finite numbet}

Now, LHL of f(X) (at any x)

Smilaly, RHL (at any x) of f (x) =f(X)

O f (x) iscontinuousfor al x

Example - 5

g p-1-1 , x<§ - o
0, discussthe continuity and differentiability of f ().

dox-3-x-2 . x>E

If f(x)=

Solution: Notethat f (X) can equivalently berewritten as:

x> -2 x<-1 0O
O

-X —1<xs1D
f(X)=01-x 1<x<3/2]

%Sx—S 3/2<x<2%

Hx-1 2<x H
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Wewill now smply draw thegraph:

Jx)
\ T/
Z » X
) 1 2
NNV
-1
Fig - 33
: : : : . 3
We seethat f (X) isnon-continuousat x = 1 and non-differentiableat 4 points, x=-1, 1, > 2 4

Example — 6

Letafunction f :R - R begivenby f(x+y)=f(x)f(y) foral x,yORand f(x)#0 forany xUR.
If thefunction f (x) isdifferentiableat x=0, showthat f'(x) = f '(0) f (x) forall xUR.

Solution:  Substitutingx=y=0inthegivenrelation, weget
f(0)=f0)°0 f(0y 1 {sincef(x) z0foranyx}
Itisgiventhat f (x) isdifferentiableatx=0,i.e,, f '(0) exists.
f(h) - f(0)
h
_ lh'fro' f(hg -1 Q)
Now wewritedowntheexpressionfor f '(x):
f(x+h)-f(x)
h
F)LF(h) - f(X)
h
f(h)-1
h
= f(x) O '(0) {from (i)}
O f'(x)=f(0) (x) foradlx <

f(0) =i

[im
h-0

f'(x) =Ihim

[im
h-0

f(x).lhlm
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Example — 7

If f(xy)=f(x)+f(y)fordlxy>0and f(x) isdifferentiableat x=1, thenprovethat f (x) isdifferentiable
foral x>0

Solution:  Substituting x =y =1, weget f(1) =0
Since f(x) isdifferentiableat x =1, f ‘(1) exists
fd+h)-f(Q)

Fo=im
.. f@+h) .
=lim H (i)
Now, f'(x)=Lingf(X+hr)]_f(X)

Toevaluate f '(x), wehaveto somehow manipulateits expression so that we are ableto usethe
expressionfor f '(1) weevaluatedin (i)
Wedothisasfollows:
f(x+h)—f(x)
h

pr(EHh%—f(x)
=lim—2 2 X
-0 h

f'(x)=|i[rg

h

h

h
{f(x) + f(l + x )} ~/) {USing the relation }

=lim : . .
h—0 h given in the question
—lim f (1+h/x)
h-0 h
¢H+N0
—lim x Ontroduction of xirH
heo B hedenominator 7
X
:”mf(1+6) Ee:_ha
-0 x[B O xd
X
Therefore, f '(x) hasafinitevalueforal x>0
O f(x) isdifferentiableeverywhere. <
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Example — 8

If f(x)=x*-2|x|and g(x) = CMin (1) :-2<ts<X, _ZSX<O}E draw thegraph of g(x) and discuss
aqff(): Ostsx, 0=<x<30
itscontinuity and differentiability.

Solution: Thegraph of f(x) issketched below (intherelevant domain):
Jx)

Fig - 34
Now we must understand what the definition of g(x) means.
Consider the upper definition of g(x):
g(x)=Min{f(t): 2<t<x, —-2<x<0}
Toevauate g(x) at any x, wescantheentireinterval from—2tox, (thisiswhat thevariabletisfor),

select that va ueof f(t) whichisminimum inthisinterva ; thisminimum vaueof f(t) becomesthevaue

of thefunction at x.
Thefigurebdow illustratesthisgraphicaly for four different vauesof x (weareconsdering theinterva

-2 < x <0, theupper definition of g(x)):

) J&x)
A A
— In this interval, the minimum value of
f the function is at x itself \
— —
o x 0 > X L 0 > X
) %)
A A
— In this interval, the minimum value of
f the function is at t = -1 \
[ | P
2 l1 x |o > -2 -l] X 0 . x
Fig - 35
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Noticethat wherex crosses—1 (when—1 < x < 0), the minimum value of thefunctionintheinterval
[-2, X] becomesfixed at t =—1. When—-2 < x< -1, theminimum value of thefunctionintheinterval
[2,X]isatt=x

S0, how do wedraw thegraph of g (X)?In[-2, —1], thegraph of g (X) will the sameasT (x) (because
the minimum value of f (x) isat t = xitself, as described above). In [-1, 0], the minimum value
becomesfixedatt= —1, equal to—1, sothat in thisinterval the graph of g(x) isconstant; g (x) =—1

for xOF 1,0] . Thegraph of g (x) for xOF 2,0] issketched below;

A g(x)for-2<x<0

-2 -0

< + » X

Fig - 36

For 0 < x < 3, thed€finitionis

g(x)=Max{ f (t);0<t<x0<x<3 . Thefigurebelow illustrateshow to obtain g(x) in thiscase
for four different valuesof x:

In this interval, the maximum value of

Jx) fx)isatt =0 itself 1x)
A \x
«—> 3—»
t » X t » X
0 X 2 0 x /2
X
1) Infthis interval, the maximum value ffk)
* f of f(x) is at t = 0 itself
—>
X
» » X
0 h > 0 b x
——>

;

In this interval, the maximum value

of flx) isatt =x
Fig - 37
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Noticethenuntill xliesintheinterval [0, 2], themaximum valueof f(x) intheinterval [0, X] isat t =0,
equal to 0.

Assoon asx becomesgreater than 2, themaximumvalueof f (X) intheinterval [0, X] isnow at t =x.
Thegraph of g(x) for theinterva [0, 3] issketched below:

gx)for0<x<3

A

31

» X

Fig - 38
Theoverall graphfor g (X) istherefore:

gx)
A

3+

0 . >

AN 5 5
1

Fig - 39

We seethat g (X) isdiscontinuous at x = 0 and non-differentiableat x= 0, 2. |

Try todraw thefollowing graphson your own:
0 f(x)= max{Zx—xz;Ost <x,0<x 52}

@ f(x)= min{‘x2 -1; 2 <t <x, 2 <x s2}

Example — 9

_x+a ,x<0OJ A x+1 X <(H
-t f(X)_Hx—]] ,szHand g(X):de—l)2+b ,xz%j

whereaand b are non-negative real numbers. Determinethe compositefunction g(f (x)). If g(f (X)) iscontinuous
for all real x, determinethevauesof aand b. For thesevauesof aand b, will g(f (X)) bedifferentiableat x=07?
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Solution:

Eval uation of thecomposition of piecewise defined functions can betricky; hencefollow thesolution
tothisproblem carefully.

g fOr1 f(x<@
f 0

D=0 (-1 b 1(x)202

Theconditions'f(x) <0 and* f (x)=0’ haveto bewrittenintermsof x.
Noticefrom thedefinition of f (X) that f (X) <0 only whenx+a<0i.e.

f(x)<0O0 x- a
so, f (x)=Owhen x> -a. But also noticethat the definition of f (x) changesat x=0.
Hence, g(f (X)) can berewritten as.

B f(xpH1

x<—aﬁ
Hf(x)—1)2+b xz—a.g
x<-a U

g(f(x)=

U x+a+1

2
=fx+a-1)" +b -asx<

H|x—]j —1)2+b x>0 E

0 x+a+l1 X<-a [

5 [l
_E(x+a—1) +b -a<x <@
_B X2 +b 0sx<1%
E(x—2)2+b 1<x E

Thisisthe‘smplified” definition of g(f (x)). Reread thewhol e discussion above carefully till you fully
understandit.

Now our task iseasy. Wejust need to equate LHL and RHL at each of thecritical pointsx=-a,0, 1
tofind out aandb.

Theremaining part of thisquestionisleft asan exercisetoyou. Theanswersare:
a=1 b=0
For thesevaues, f (X) isnon differentiableat x = +1 <
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Example — 10

Let f (x) bethefunction (defined in Example-14, Section-3)

[(Px? +12x+16 , -4<x<-7J

f(x)=0 2-4 2<x <1 S
0 ’ L Plot [f (x)] and discussits continuity.
O 4x-x*-2 , 1<xs<3n

Solution:  Wedrew thegraph of thisfunctionin Fig. 29. Wearereplicating it in more detail here:
f®)

3+

2

X, X, 0

Fig - 40

Todraw therequired graph, noticethat thevalueof [f (x)] will change every time (thevaueof ) f(x)
crossesaninteger.

For example, noticefrom the graph thefollowing facts:
When xO€ 4,x],6c f(xg-10 H (5 1
When xO(x,%,)r = f(xk- D B (8 2

When x=0 orx=2f(x)=20 Ef (x)g§ 2
andsoon.
X, and x, can be eval uated by solving

f (x) =2x2 +12x +16 = -1
O2x 12%x 17 0

Dx—ﬂﬁ
4
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For the sake of compl eteness, the complete definition of [f (x)] isgiven below :
g o x=-4 [
S -1 -4 <X < XE
0-2 X <X <x,0
S -1 X, X< =
H 0 -2<x<-H
X =
Ef( )@ B 1 —1sx<0%
g 2 x=0 U
O O
o 1 0<x<2p
O -2 0O
0 2 X=2 1
g 1 2<x<3(
Thegraphof [f (X)] is:
[fx)]
2 4 °
o—1<—o—o
-4 X X,-2 -1
A g t » X
23
o——0
Fig - 41
Thisfunctionisdiscontinuousat thefollowing points:
X=—4, X, %, -2, -1, 0, 2 <

Example — 11

Let g OR. Provethatafunction f : R - R isdifferentidbleat a if andonly if thereexistsafunction g: R - R

whichiscontinuousat a andsatisfies f (x)- f (o)

g(x)(x-a) foral xOR.

Maths / Continuity and Differentiability




I ——..

Solution: Theproof that we seek istwo-way that is, when we say that
(Pistrue) if andonly if (Qistrue)
we mean that
(Pistrue) implies(Qistrue)
and (Qistrue)implies(Pistrue).
For thisquestion, wefirst assumethe existence of afunction g (x) whereg (x) satisfies

f (x)=f (a)=g(x)(x-a) andg(x) iscontinuousat x =a.

Duetothiscontinuity,
limg(x) exists
f(x)-f
But, limg(x)=lim (9)-f(a)
X-a X-a X—a
f(a+h)-
_lim (a+h)-f (a)
h-0 h
=1'(a)
Hence, f'(a) existsor f (x) isdifferentiableat x = a.
The other way proof isleft asan exerciseto thereader |
Example — 12

Evaluatethedifferentiability of  (x)=[x] +{%
Solution:  Wedrew thegraph of thisfunction inthe unit on Functions. That graphisreplicated here:
Jx)

{2

Fig - 42
f (X) isobvioudy continuousevery where but non-differentiableat all integer points. L et usevaluate

the LHD and RHD at each integer. For that ,we analyse the segment of the curve between any two
adjacent integers. Lets pick up the segment between 0 and 1; thissegment is part of the segment

f(x):«/;:
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( Corresponds t

o
RHD atx =0 )‘\

Corresponds t

0
A ( _
LHD atx =1 )
L/

Fig

43

ThelinesL, and L, correspondtothe RHD at x=0and LHD at x= 1 respectively.

RHD(atx:O)=I|ng

h

h

o3

I
o=
o3

e o

00

h

lim
-0

=

1
ThereforeLHD at eachinteger is 5

g(0+h)-g(0)
h
Evh -8

O——0
h g

(This tangent isvertica).

LHD (at x = l):lingg(l_h)_g(l)

h
Vvi1-h-1

-h
-h

—h(\/ﬁ +1)

(By rationalization)

and RHD at eachinteger is «o
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EXERCISE
Q.1 Findthevalueof aandbif f iscontinuousat x =77/ 2, where
D tan6x D
O o= O<x<m/ &
0 BsH i
f(x):E a+2 X=11/2 %

O b ]
E(1+|cot x|)5‘tanx‘ T ex<nO

2 O
[] ]

Q.2 Evaluatethe continity of thefunction f (x) = B¢E-[X]”.

_ 2 —|x-|qIn2-1

2

Q.3 Find thevalueof f (0) sothat f (x)
X

, X z0 iscontinuousat x=0.

D@@E—l 0
D 2
Q.4 A functionf (x) isdefined as f (x): Oy -1 X ¢% . Discussthe continuity of f (x) at x= 1.

4 0 x=f

In(2+x)-x*"sinx

Q.5 Discussthe continuity of thefunction f (x) = lim T ax=1.
sinmg”
Q.6 Discussthecontinuity of f (x)=1lim X intheinterval [0, 2].
=] 2 [

@(’“Sin% ,xi(ﬂ

[]- Find the set of values of mfor which
H 0 x=¢

(i) f(x)iscontinuousatx=0

(i) f(x)isdifferentiableatx=0

(iii) f(x) iscontinuousbut not differentiableat x=0.
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Q.8

Q.9

Q.10

Q.11

Q.12

Q.13

Q. 14

Q.15

55
Hji-4x| ,0<x<H{
Let f(x)=0 , 0 . Discussthe continuity and differentiability of g (x)in (0, 2).
X -2xg 1sx<g

@nax{ ():Ostsx;Osxs]}%
Q 3-X, 1<x<2 [
Discussthe continuity and differentiability of g (X) intheinterva (0, 2)

Let f(x)=x*-x*+x-1and g(x)=

Let f(x)=|x+1(]x| +|x -1]). Draw thegraph of f (x) and analyzeitscontintity and differentiability.

Cmin{ f (t):0<t<®}, 0<x<]
If f(x)=x*=3x and 9(X)= (2x 5) , 2<x5§,

H(x-2) . x>3 [
draw thegraph of g (x) and discussitscontinuity and differentiability.

Let g (x) beapolynomial of degree oneandf (x) bedefined as:
0 g(x) X< O
f (%)= Cox+101"

N
Hﬂr-‘_za ,X>(:E.

Find g (x) suchthat f (x) iscontinuousand f'(1) =f (-1).

: : . X2 +1 |
Examinethecontinuousfunction f (x) :% .
B +ax? +bx [X

<
>

E for differentiability.

Consder thefunction

B‘nln{x|\/1—x} —1<X<E
- I x< 74

Plotthegraphfor f (X) and discussitscontinuity and differentiability.

If afunction f :[-2a,2a] - R isanoddfunctionsuchthat f (x) = f (2a-x) for xJ[a,2a] and
theleft hand derivativeat x=ais0, thenfind theleft hand derivativeat x=—a.
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