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Example: 1

9
4x 5
(i) Find the 7™ term in the expansion of [?_ZJ

11
1
(ii) Find the coefficient of x” in (aXZ +&j

Solution
4x 5 jg

0] In the expansion of [?—5

9-r r
) 4x 5
The general terms is T, =°C, 5 5

For 7" term (T_), Putr =6

9x8x7 _ 1

10500
= T, = 3

11
. 2, 1 .
(i) In (ax +—j general termis T, = %C all b x2%
bx r+l r

for term involving x” , 22 - 3r=7
= r=5
Hence T_,, or the 6" term will contain x’.

(1) 11x10x9x8x7 a®  462a°
T, =1"C, (ax?) bx) - 5 b X' = b5 X

62a®

Hence the coefficient of x” is 5

Example : 2

2

9
X 1
Find the term independent of x in (T—gj

Solution

. a2 ) 1Y . a2 ) 1Y -
T.=°C |73 3x) = G| 2 ax) *

for term independent of x, 18 —3r=0
= r=6
Hence T, or 7" term is independent of x.

9-6
r oo [3E] (LAY L9xBx7 (3) (1) _ 7
7T Ve | 2 3x) 3 2 3) 18
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Example : 3
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Find the coefficient of x! in the expansion of (2x? + x — 3)8.

Solution

(2x2+x—=3)°=(x—1)° (2x + 3)®
term containing x* in (2x2 + x — 3)°

(x=1)°=°C x*—°C, x*+°C,x*-°C x>+
(2x +3)°=°C, (2x)° + °C, (2x)*> 3 + °C, (2x)* 3* +

term containing x* in the product (x — 1)° (2x + 3)° = [C,x°] [°C, (2x)*3] - [°C, X°] [°C, (2x)° ]
=32 (18 x) — 6 (64) x1* =192 x4

= the coefficient of x* is 192
Example : 4

Find the relation between r and n so that coefficient of 3r" and (r + 2)" terms of (1 + x)?" are equal.
Solution

In(1+x), T, ="CXx

T3r = 2nC3r—1 X

T - 2nC Xr+1

r+2

r+1

If the coefficient are equal then >"C, | =2"C |
There are two possibilities

Case-1
r=1=r+1
= r=1
= T,=T,and T _,=T,
= T, and T , are same terms
Case -2
2nC3r— = 2nCr+1
= 2nC3r—1 = 2nC2n—(r+1)
= r—=1=2n-(r+1)
r=n/2
Example : 5

Find the coefficient of x® in the expansion (1 + x + x?)" .

Solution

(L+x+x)" =[1+x (1 +x)]"="C,+"C x (1 +x)+"C,x* (L +x)*+

Coefficient of x* = "C, [coeff of x in (1 + x)?] + "C, [coeff of x° in (1 + x)?]

Example : 6

"C,(2)+"C, (1) =

2n(n-1) n(h-Y(n-2) n(n-1
2 3l =76

nin-)(n+4)
6

[6+n-2]=

If "C_is denoted as C, show that

(@)

(b)

Solution

(@)

CoCyn..Cp(n+1)"

(C,+C)(C,+C)(C,+C) e (C_,+C)= =
o G2 Cs Ch  n(n+)

c T2 s 3~ T + = -

Co 2 C, 3 C, n Chs 5

LHS = (C,+C)) (C,+C)) (C,+C) ...... (C,, + C))

c

using _n-r+1
Cr—l -
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b)  LHS= 222 .3, s
(b) =C C, c, T n C..
usin G, n-r+1 [n—1+1]+2(n—2+1]+ (n-n+12)
g Cril - r - 1 2 ------- n
=n+(n-1)+"n-2)+..... +1
n(n+1
= Sum of first n natural numbers = nin+1) =RHS
Example : 7
Show that
2 2 2 2 2 _(2n)!
(a) Co+Ci+C5+C5 + .t +Cp = nlnl
(2n)!
(b) C,C,+CC,+CC,+.... C..C = —(n —1) (n+1)!
Solution
Consider the identities (1 + x)" =C, +C x+C X+ ........... +Cx" (1 +x)"
=CX"+C X+ C, X"+ ... +C,
multiplying these we get another identity
L+x)"(x+1)"=(C,+Cx=(C,+Cx+CxX°+ ... +Cx)=Cx"+Cx"+Cx"2+ ... +C)
(a) Compare coefficients of x" on both sides
In LHS, coeff. of x" = coeff of x"in (1 + x)*" =2"C,
In RHS, terms containing x” are C?x" + C2x" + C2 X" + ....... +C2x
= Coeff. of XY onRHS =C?+ C 2+ C2+ ....... +C?
equating the coefficients C? + C 2+ C2 + ......... Cz=%C,
2 2 2 2 m
Co+Ci+C5+......... +CL = i
(b) Compare the coefficients of x™* on both sides
In LHS, coeff. of x"* ="C_
In RHS, term containing x"*is C C, x™* + C,.C, x™* + ........
Hence coeff. of x**inRHS=CC, +CC,+C,C +......
equation of the coefficients,
, (2n)!
CC, +CC,+.... =C_,C =*C = —(n—l)!(n+1)!
Example : 8
Let S, =1+q+Q*+Q+......... +qn
2 3 n
_q . (9t q+1 g+l
s=1+ () 4 (S e (%
prove that ™C, + n+2C2 s, + ”*103 S, F e +™C S =2"S
Solution
_ qn+1

S,=sum of (n + 1) terms of a G.P. =

L (ary
2 2n+1 (q+l)n+l
Sy 1 [q ) (1-q)2"
2
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Consider the LHS ="™!C, + "™'C, 1-q)* "™iC, 1-q )t +™C

1
= 1-q ["C, (1-q)+™C,(1-0) +.......... +™C L (1-g™)]

1
- —1_ q [(n+1Cl + n+1C2 + .. n+1Cn+1) _ (n+1C1q +n+1 C2q2 T +n+1 Cn—lqml)]

2n+l _ (1+ q)n+l

1
= — n+l __ _ n+l _ - — 2n -
1-g @ -1-(@+ay-1) g 'S =RHS
Example: 9
Show that 322 — 8n — 9 is divisible by 64 if n € N.
Solution

3FM2_8n-9=(1+8)"-8n-9=[1+(n+1)8+("C, 8+ ... ]-8n-9
=mIC, 8%+ ™IC, 83+ ™IC 8% + .........

=64[™C,+™C,8+™C,8 +....... ]

which is clearly divisible by 64

Example : 10
Find numerically greatest term in the expansion of (2 + 3x)°, when x = 3/2
Solution

9 9
(2+3x)°=2° 1+3—X =29 1+g
2 4

x(n+1) (9/4)(9+1) 90 12

Letuscalculatemzw :m :E :6E

as m is not an integer, the greatest term in the expansion is T T

[m]+1 = 7

oy oo 26_ 7x38
= the greatest term = 2° (T ) = 2° °C_ 1) 73
Example : 11
Ifa,, a,, a, and a, are the coefficients of any four consecutive terms in the expansion of (1 + x)", prove that
a, as 2a,

+ =

Solution
Let a, = coefficientof T, ="C = a,="C_ ="C,
= a2 = nCr+1 ! a3 = nCr+2 ! a4 =" r+3
n n n n
N & _ Cr _ Cr _ r+1 and as _ Cr+2 _ Cr+2 _ r+3
= = nal = = = a1l =
a;+a nCr +nCr+1 " Cria n+1 az +ay nCr+2 +" Ci.3 n Cii3 n+1
LHS = a4 . as L+l _r+3  2rr+2)
a;+a, az+a; n+l n+l n+1
n n
RHS = 23, _ 2°Ciy _ 2°Cig _ 2(r+2)
= = = 1 =
a; +as "Criy +'Criz "Cr.2 n+1

Hence R.H.S. =L.H.S

Page # 4.
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Example : 12
Prove that following (C_="C)
@) C,+2C,+3C, +.......... nC =n2"t

(b) C,—2C,+3C,+—........ =
(c) C,+2C +3C, +....... +(n+1)C =(n+2)2"*

Solution
Consider the identity : (1 +x)"=C_ +Cx+ C x>+ ........ +Cx"
Differentiating w.r.t. X, we get another identity n(1 + x)"*
=C,+2C,x+3Cx* + ... +NnC X" 0]
@ substituting x = 1 in (i), we get :
C,+2C,+3C, +....... +nC =n2"t ... (if)
(b) Substituting x = =1 in (i), we get
C,—2C,+3C,-4C, + ... +nC (1) =0
(c) LHS=C,+2C, +3C,+ ... +(n+1)C =(C,+C +C,+ ... )+ (C +2C,+3C, + ... +nC)
=2"+n2"=(n+1)2"! [using (ii)]

This can also be proved by multiplying (i) by x and then differentiating w.r.t. x and then substituting x = 1.

Example : 13
Prove that
C n+l
(@) Co G, 02 G y o271
1 2 3 4 n+1 n+1
C C, Cs no_ 4™
b 3C,+32 — +3 [ +3 —= +.... +3mt =
() 0 2 3 4 n+1 n+1
Solution
Consider the identity :
(1+x)"=C,+Cx+C,x*+ ... +C X" (i)
@ Integrating both sides of (i) within limits 0 to 1, we get
1 1
j A+x)" gy = J. (Co+CiX + e C,x") dx
0 0
ne1 ]t 2 3 C ne1
(A+x) R &2 S 7L nX
N+l =C,x —g e N+l .
2n+1_1:C+&+&+ +Cn
- ot S 3 o 1
(b) Integrating both sides of (i) within limits — 1 to + 1, we get:

1 1
j(1+x)” dx = j (Co +CyX + oo+ Cx") dx
] a

1 +1
(1+ X)n+l C1X2 C2X3 Can+l
Thil _1-C0x+ st g e + o1
n+1
2 _O:[CO+&—&+ ..... + C“]_(—CO+&—&+ ....... ]
Nl 2 3 n+1 2 3
oml 2C, 2C,
= 1720 T T e
n C C
= A N

n+1 ° 3 5
Hence proved
Page # 5.
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Note : If the sum contains C,C,C,, C, ....... C, (i.e. all +ve coefficients), then integrate between limits O
to 1. If the sum contains alternate plus and minus (+ — signs), then integrate between limits — 1 to
0. If the sum contains even coefficients (C,, C,, C, .....), then integrate between — 1 and +1.

Example : 15
1°C +2°C,+3C +........ +n2C =n(n+1)2v2
Solution
Consider the identity :
(L+x)"=C +Cx+C,x*+ ........... +C x"
Differentiating both sides w.r.t. x;
NL+x)"=C +2C, x+........ +nC_ x"*
multiplying both sides by x.
NXL+x)"=C x+2C, x*+ ... +nC x
differentiate again w.r.t. x;
nXx(N-1) (1+x)"2+n(L+x)""=C +22°C, X+ .......... +n?C, X
substitute x = 1 in this identity
nn-1)2"2+n2"=C +2°C, +3C_ + ... +n2C,
= n22n+1)=C, +2°C,+ .............. +n*C,

Hence proved

Example : 16
If>C =C_ ,provethat: C?-2C2+3C2—+ ... -2nC,?=(-1)"*nC, .
Solution
Consider
(1-x)"=C,-C x+CxX°—+ ........... +C, x* 0)
and
X+1)*=C,x*"+C X"+ C, X"+ ... +C, x+C, ... (i)

We will differentiate (i) w.r.t. x and then multiply with (ii)
Differentiating (i), we get :

-2n(1-x)"*t=-C, +2C,x=3Cx*+ .......... +2nC, x>t
= 2n (1-x)"t=C,-2C,x+3C, x* =+ ...... —2n Cn x2n-1
new multiplying with (ii)
2n (L—xprt(x+1)" =(C x*+C x* "+ ... +C,)x(C,—2C,x+3C, ¥ —+ ... -2nC, x*)
Comparing the coefficients of x> on both sides; coefficient in RHS
=C2-2C2+3C2—+... -2nC,?

Required coeff. in LHS = coeff. of X" in 2n (1 — x)?* (1 + x)>! (1 + x)
= coeff. of x> in 2n (1 — x?)?"! + coeff. of X" in 2nx (1 — x?)? -1
= coeff. of X" 1in 2n (1 — x?)>! + coeff. of x"2 in 2n (1 — x?)"1
Now the expansion of (1 — x?)?"! contains only even powers of x.
Hence coefficients in LHS :
= 0 + 2n [coeff. of x>2in (1 — x?)2™1]
= 2npic, ()]

(2n-D'
2n (m(—l) j

= n 2nC (_1)n—1
n
Now equating the coefficients in RHS and LHS, we get C?—2C?+3C2—+ ....... 2nC,?=(-1)""'n*C_

Example : 17
Find the sum of series :

n r r r
Z (D' nc (z—lr+%+7—+15 Hereem terms}
r=0 '

Solution

Page # 6.
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-y 1) N on 1Y 1)
) e [Z] 2D "G (2] = i 1-=
Z C, 5 Z r 5 expansion of 5
n n
3r 3 r 3 n
Z -0’ "C, [;] = Z "C [—Zj = expansion of [1—Zj

o ay 4 o n 7Y 7Y
Z:,) - "C, (Fj = z C [— gj = expansion of [1—§j andsoon ............
r=

r=0

Now adding all these we get ;

n r r r

1 3 7 15
Required Sum = z (_1)r nCr [—+—+—+—+ ........ m terms]
r=0

1
VR
T
N | =
N—

p=}

+
7N\

T
Alw

N—
p=}

+
N\

T
0|~

N—
>

+

3

—

@

=

3

7]

1 1
=2—n+4—n+8—n+ ....... m terms of GP
1 1
2n 2mn 2mn _1
T o-l o T enopem
2
Example : 18
fFA+x)"=C,+C x+CxX°+........... + C_x"then show that the sum of the products of the Cs taken two
. _ (2n)!
at a time represented by : Z Z CiC; is equal to 22" — oninl
0<i<j<n
Solution
The square of the sum of n terms is given by :
(C,+C, +C # . C)2=(C2+C2+C2 + e +C2+2 Y. > CC
0<i<j<n
substituting C,+C, +C,+........ +C =2"
and C2+C2+Cr+....... +C2="C,
2! ¢ (2n)!
we get (20?=2"C_+2 z z CiC; = z z CC; = — 0o=22n1_ ol
0<i<j<n 0<i<j<n
Example : 19

If (2 +V3)" =1+ f where I and n are positive integers and 0 < f < 1, show that I is an odd integer and
@a-fa+f=1.
Solution

(2 +V3)" = f where 0 < f < 1 because 2 — V3 is between 0 and 1

Adding the expansions of (2 + V3)"and (2 —V3)",we get; 1 + f+ = (2 +V3)" + (2 —3)"
=2[C,2"+C, 2™ (V3)? +....] = eveninteger  ......... (i)

= f + f'is also an integer

nowO<f<landO<f<1 = O0<f+f<2

The only integer between 0 and 2 is 1

Hencef+f =1 ... (ii)

Consider (i)
1+ f+f =even integer

N I+ 1 =even integer [using (ii)]
Page # 7.
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= I = odd integer
also  (I+f)(I-f=(1+f)(F)=@+V3)"(2-V3)"=1

Example : 20
If (66 + 14)*1 = P, prove that the integral part of P is an even integer and P f = 202! where f is the
fractional part of P.
Solution
Let I be the integral part of P
= P=1+f=(6V6+14)>*
Let f = (6V6 — 14) lies between 0 and 1, 0 < f' < 1
subtracting ' from I + f to eliminate the irrational terms in RHS of (i)
[+f—1f = (6V6 + 14)2"*1 — (676 — 14)2"1 = 2[*™1C_ (6V6)>" (14) + 2*1C, (6V6)**2 (14)° + ......... ]

=eveninteger L (i)
= f—fis aninteger
now O0<f<l1 and 0<f<1
= 0<f<1 and -1<-f<0
adding these two, we get; -1<f-f<1
= f-¥=0 L (iii)
Consider (ii)

1+ f—1f =even integer
= I+ 0 = even integer [using (iii)]
= integral part of P is even

Also  Pf=(I+f)f=(1+f)f =(6V6+14)2" (66 — 14)21 = 216 — 196)2™1 = 2021

Example : 21
2-X ) ) ) ) _
Expand m in ascending powers of x and find x". Also state the range of x for which thise x -
pression is valid.
Solution
) _ 2-X
Given expression = —(1_ X)(3—-x)

On expressing RHS in the form of partial fractions, we get

1 1
Given expression = 20-x) T 2(3-x)

Gi i = 1 1 —1+1 1_5 '
= iven expression = 5 1-x) 6 3

Using the expansions of (1 — x)*, we get

2 3
_ _ 1 1 X X, x
Given expression = = (1 +X +x* + X+ .. )t g (1+3+ g o7t J

: : S I S 1. 1) i1
= Given expansion = 56 Tl 18 ) Xt 2 5a ) X H e 13 63’ X+

G' H _E+§ +£ 2+ +1(1+ij "+
= iven expression = = + o X+~ ¢+, > gt ) Xt

1 1
Coefficient of x" = > (1+ 3”1] Xt

Since (1 —x)tis valid for x € (-1, 1) and (1 — x/3) is valid for x € (=3, 3), the given expression is valid for
x € (-1, 1) (i.e. take intersection of the two sets)

Page # 8.
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2—X

Hence m isvalidfor—-1<x<1
Example : 22

If —3+3;5+3'57 + till infinity, show that y?+ 2y —-7=0

y= 2t a8 ag1p T ill infinity, show that y y—7=
Solution

Itis ai h__3+£+3.57+

tisgiventhat:y = 2t a8 2812 Fo t0 o

On adding 1 to both sides, we get :

1+ —1+3+3;5+—3'57+ t

y= 248 T 282 T 00 eeeeees 0]

Now we will find the sum of series on RHS or (i)
For this consider the expansion of (1 + t)" , where n is negative or fraction :

nin-1 N n(n-1)(n-2)

n — 3 o .
@+t)=21+nt+ 12 123 B+ tocowhere |t <1 .............. (ii)
On comparing (i) and (ii), we get

nt=34 (iii)
nn-1 ,_ 35 |
12 t2= 28 e (iv)
and @+tn=1+y

. . nh-3 35
Consider (iv) : 12 t?= 18

(h-nt 5 A

> 8 [using (iii)]

= (n=-1)t=—

nt—t= E
= T2

3 5 o
= 2 —t= 2 [using (iii)]
= =-1/2 and =-3/2

2

= 1+y=(1-1/2)%2 = 2%2=1+y
On squaring, we get 8 = (1 + y)?

= y2 + 2y -7=0

Hence proved

-3/2
= Sum of series on RHS of (i) = (1——j

Example : 23
Find the coefficient of x,2 x, x, in the expansion of (x, + X, + Xx.)* .
Solution
To find the required coefficient, we can use multinomial theorem in the question.

Page # 9.
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4
The coefficient of x * x, X, in the expansion of (x, + x, + x,)* = oy - 12

Hence coefficient of x,? x, x, = 12
Note : Also try to solve this question without the use of multinomial theorem

Example : 24
Find the coefficient of x” in the expansion of (1 + 3x — 2x3)1° .
Solution
Using the multinomial theorem, the general term of the expansion is :
10!
Toar™ prgn (17 (3X)7(2¢)"

where p + g + r = 10. Find the coefficient of x” , we must have q + 3r = 7.
Considerg +3r=7
From the above relationship, we can find the possible values which p, g and r can take

Taker=0

= g=7andp=3

= P, 9nN=@,7,0 . (i)
Taker=1

= g=4 and p=5

= P.9.N=641) (ii)
Taker=2

= g=1 and p=7

= (p.a,nN=(7,1,2) ... (iii)

If we take r > 2, we get q < 0, which is not possible.
Hence (i), (ii) and (iii) and the only possible combination of values which p, g and r can take.

10! 10! 10!
Using (i), (ii) and (iii), coefficient of x” = 137 3+ S 3 (-2 + o 3! (—2)? = 62640

Hence coefficient of x” = 62640

Example : 25
Find the coefficient of x%° in the expansion : (1 + x)1°%° + 2x (1 + x)%° + 3x? (1 + x)%% +
Solution
It can be easily observed that series is an Arithmetic-Geometric series with common difference = 1,
common ratio = x/(1+x) and number of terms = 1001

....... + 1001x10%,

Let S = (1 + Xx)¥0% + 2x (1 + x)%° + 3x2 (1 + X)%% + ....... +1001x10 . ()
Multiple both sides by x/(1 + x) to get
XS/ +X) =X (1 +x)%° + 2x2 (1 + x)%%8 + 3x3 (1L + )% + ....... 1000x19% + 1001x0/(1 + X) ........ (i)
Shift (ii) by one term and subtract it from (i) to get :
S/ +x) = (1 +x)190 + x (1 +x)%° +x2 (1L +x)%%8+ ... X100 — 1001x0 /(1 + x)
= S = (1 + X)W + x (1 + x)10% + x2 (1 + X)°° + ......... X000 (1 + x) — 1001 x1oot

Now the above series, upto the term x°%° (1 + x), is G.P. with first term = (1 + x)%°* | common ratio
= x/(1 + x) and number of terms = 1001

<1>{1[j}
1+x

S= < — 1001 x100?

1+x

= S = (1 + x)1002 — x1001 (7 + x) — 1001 x100t

Coefficient of x* in the series S = coeff. of x*° in (1 + x)1002 (- other terms can not produce x*°)
= Coefficient of x*° in the series S = *?C_;

Hence the coefficient of x*° in the given series = *?C_,

Example : 26

Page # 10.
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Find the total number of terms in the expansion of (x +y +z +w)", ne N.

Solution
Consider the expansion :
X+y+z+w)=(X+y)+"C (X+y)" (z+wW)+"C, (X+Yy)"?(Z+W)*+ ... +"C (z+w)
Number of terms onthe RHS=(n+1)+n2+(n—-1) .3+ ......... +(n+1)

= Zn: (nN-r+YH(r+1)= Zn: (n+1) + Zn: nr — z r?
r=0 r=0 r=0 r=0

=(n+1) ; 1+n; r—; r2 =(n+1)(n+1)+ n(n)(2n+1) - nin+1(n+1

0 =0 6

= (n;rl) [6(n + 1) + 3n% — 2n? —n] = “T+1 [° + 5 + 6] = (n+1)(n22)(n+3)

Using multinomial theorem :

Nl anyn2 PAITT

Ly mxyrzw -
x+y+z+w)= “~ ninyingn,! where n, n,, n, and n, can have all possible values for

0,12, ... , N subjected to the conditionn, +n,+n,+n,=n ... @
Therefore, the number of distinct terms in the multinomial expansion is same as the non-negative integral
solutions of (i)

= Number of distinct terms = Number of non-negative integral solutions
= Number of distinct terms = coefficient of x" in the expansion (1 + X + X2+ ........ + X"
1— Xn+l 4
= coefficient of X" in
1-x

= coefficient of x" in (1 — x™)* (1 = x)™* ="*'C, = "3C,

. (n+H(n+2)(n+3)
= Number of distinct terms = 6
Example : 27
Let n be a positive integer and (1 + x + X?)"=a  + a X+ a,x* + ........ +a, x*".
Show thata?-a?’—-+...+a,>=2.
Solution
Consider the given identity : (1 +x +x?)"=a +aX+axX + ....... +a, X' 0]
Replace x by —1/x in this identity to get :
1 1) a; a a,,
[1_;+X_2j =a0—7X—2—+ ...... +XW
= (L-x+x)"=a x"—a xX*"'+a,x*"?—+ ... +a, e (i)
Multiply (i) and (ii) and also compare coefficient of x>" on both sides to get :
af—a’+a/’—+... + a, = coefficient of x*" in (1 + x + x*)" (1 — x + x?)"
= LHS = coefficient of x>"in (1 + x? + x*)"
= LHS = coefficient of x*" in a, + a,x* + a,x* + ........ +a X+ . +a, X" [replace x by x* in (i)]
= LHS =a,
Hence af—a’+aj?—+..... +a,’=a,
Example : 28
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If z a,(x-2) zb (x-3)" and a, = 1forallk > n, showthatb =2"C

Solution
Lety=x-3 = y+1l=x-2
So given expression reduces to :

2n 2n
> ay+D = Y b(y)
r=0 r=0
= a,+a (y+1)+.... +a, (y+1)"=b,+by+..... +Db, y*>"
Using a, = 1 for all k > n, we get
= a,ta (y+1)+......... a , (y+)mt+(y+1)"+ . +(y + 1)

=b, +by+.... +hy' + ... +b, y>
Compare coefficient of y" on both sides, we get :
"C, +™C +™C + ... +2C =b,
Using the formula, "C ="C_, we get:
"C,+ ™C, +MC, + +2°C =b,
Using, "C, = "!C for first term, we get :
MIC, + ™IC, + ™2C, + .. +2°C =b,
On combining the first two terms with use of the formula,
"C_, +"C ="C, weget:

MIC, +MC, + +2C =b,
If we combine terms on LHS like we have done in last step, finally we get :
*C =b, = b, =2"C _, (using"C ="C_))

Hence b _=2"1C
n n+1

Example : 29

-13
Prove that Z (-3)7 7'Cy1 =0 , Where k = 3n/2 and n is an even positive integer.

r=1
Solution
Letn=2m = k=3m
m
r-1
LHS = Zi (=3) " emc__ =emC —36nC_+QOMC_— .. +(=3PmienC . (i)
Consider (1 +x)°m=0mC_ +°5"C x +°"C, x> + .......... +0omC_xom and
(L —x)em=0o"C —°"C x +°"C x>+ .......... +0omC_xo"
On subtracting the above two relationships, we get
(1+x)°fm=(1=x)f"=2("C x+°MCx*+°"Cx° + ......... +omC . xom )

Divide both sides by 2x to get :

@+ x)%M —(1-x)°m
2X
Put x = V3i in the above identity to get :

(1+iv/3)%™ — (1-iv/3)8™

o =6nC —36MC_+ ... F(3pmrenC, (il

— 6m 6m 2 6m 6m-2
=omC +MC, X2+ L +oMC, X

Comparing (i) and (ii), we get

6m 6m
26M| [ cos® 4isin®| —|cosX—isin’
3 3 3 3

LHS =
2./3i
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25M[(cos 2rm +isin2am) — (cos 2m — isin 2zm)]

= LHS =

2,3

25M2isin2nm

25™ sin2xm

= LHS = 2\/§| = ﬁ

Example : 30

(using De morvie’s Law)

=0 (because sin 2 tm = 0)

Show by expanding [(1 + x)" — 1]™ where m and n are positive integers, that

mC,"C,_ —"C,#C_+"C,¥C ...

Solution

= (=1)™ nm,

Consider : [(1 + x)" — 1]™ and expand (1 + x)" binomially

= [(A+x)=1"=[1+"C x>+ .......

+1C_x") — 1]"

= [(A+x)"=1]"=["C, x+"C, x>+ ..... +"C x""
= [(A+x)=1"=x"["C +"C, X+ ....... +0C x™m 0]
Now consider : [(1 +x)" = 1]" = (-1)" [1 — (1 + x)"]"
= [(A+x)=1D)"=CD"[1-"C, (1+x)"+"C, (L +X)*"—..cccenn | T (i)
Comparing (i) and (ii), we get :
XM["C +"C X+ . +C XM [1-"C, (1+X)"+"C, (L+x)"—........ ]
Compare coefficient of x™ on both sides to get :
nm= (1) [-"C, "C_+"C,*C —"C,*C_ + ....... ]
= mC,"C, —"C,*"C_+"C,*"C —+ ... = (=1)mtpm
Hence proved
Example : 31
n c N1
Show that z (G Z T
r=1 r r=1
Solution
Consider: (1 -x)"=C, —Cx+Cx* —.......... +(=1)"C_ x"

........ +(C X (- C =1)

0

= 1-(1-x"=Cx-C,x*+C, x>+
Divide both sides by x to get :
_ _ n
% = C,—C, X+ C )+ o + (1) C_x

Integrate both sides between limits 0 and 1 to get :

f 1% 2
= ! 1-a-x) =Cx-C, > =C

3
X RN
g T + (=1)"'C, n |,

1
Xn

It can be easily observed that integrand on the LHS is the summation of n terms of G.P. whose first term

is 1 and common ratio is (1 — X).

1
S B0’ 4 v oxrgde=c, -
0

n-1
Co G + DG
2 3 n
n 1 1
A-x" | c_C, G -)"'c,
n O - l 2 3 ------- n
+ Cs — (_1)nilcn
) 3 e .
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n

n

r-1 C 1

= Z D —r' = Z T - Hence proved
r=1 r=1

Example : 32

C, C, Cg C, 4"nl
— ot = ot +(=1)" =
5 9 13 4n+l  1.5.9...(4n+1)

Co
Show that T -

Solution
On observing the LHS of the relationship to be proved, we can conclude that the expansion of (1 — x*)"
must be used to prove LHS equals RHS Hence,
(L-x)"=C,-Cx*+CxX*-Cx?+ ... +(=1)"C_x*
Integrating both sides between limits 0 and 1, we get :

c, C
f(l—x4)” G & B S +(=1)" S 0
: 15 "9 " 13 4n+1
1
4
et 1= f @=x e (ii)
0

apply by-parts taking (1 — x*)" as the I part and dx as the II part ,

=

S =@, | A ooy xax
0

1 1
S =an [ XXM = an [ -0 xI- X dx
0 0

1 1
= I =4n I (1-x")" gx —an _[ (@-xM)" gy
0 0

= [L=4nl _ —4nl
LI
= 0T a1
Replacenby 1, 2,3,4, ... , h=1 in the above identity and multiply all the obtained relations,
_4n 4n-1) 4(n-2) 4
= I = anel 4n—3 ° an_7 v 5 (iii)
Finding I,

I, can be obtained by substituting n = 0 in (ii) i.e.

1 1
T G L
0 0

Substitute the value of I in (iii) to get :

[ = 4an 4n-1) 4(n-2) 4

n_ 4n+1 . 4n_3 . 4n_7 .......... 5
4" nl

= |

"~ 1.59.13....(4n+1)
Using (i)
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Cob, & G G

[ Downloaded From: http://www.iitportal.com ]

4" nl

+ -+

15
Hence proved

Example : 33

— =75t + (-1)"
9 13 D 4an+1

T 15.9...(4n+1)

Show that x" — y" is divisible by x —y if n is natural number.

Solution
Let P(n) = x"—y" is divisible by x —y
We consider P(1)
P(1) : xt — ytis divisible by x —y
= P(1) is true
Now let us assume p(k) to be true

ie. we are given P(k) : x*— y¥is divisible by x —y

Letxk—yk =(x=y)m,me I

Consider P(k + 1) :

P(k + 1) : X<t — y** js divisible by x —y;

NOW Xk+1 _ yk+1 — Xk+1 _ Xky + Xky _ yk+1
=XC(X=y) +y (X - Y9
=xX(X=y) +y (x—y)m
= (x—y) (x<+ my)

Hence P(k + 1) is true whenever P(K) is true.

Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 34
Show that 52"2 — 24n — 25 is divisible by 576.
Solution
Let P(n) : 52 — 24 — 25 is divisible by 576
P(1) : 5202 — 24 (1) — 25 is divisible by 576
P(1) : 576 is divisible by 576
= P(1) is true
P(k) : 52— 24k — 25 =576m, m € N
P(k + 1) : 5%+ - 24 (k + 1) — 25 is divisible by 576
Consider 5+ — 24 (k + 1) — 25
=5%*4 _24 (k+1)-25
=5%2 5224k — 49
=25 (24k + 25 + 576m) — 24k — 49
= (576) 25m — 576k + 576
=576 (25m —k + 1)
= 52k+4 _ 24 (k + 1) — 25 is divisible by 576
Hence P(k + 1) is true whenever p(K) is true

[using P(K)]

Hence according to the principle of Mathematical Induction P(n) is true for all natural numbers.

Example : 35
Show that 2" > n for all natural numbers
Solution
LetP(n):2">n
P(1):2'>1
= P(1) is true
P(k): 2<>k
Assume that p(k) is true
Pkk+1):21>k+1
consider P(k) : 2<> k
= 2k > 2k
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= 291>k +k
But we have k > 1
Adding 2* + k >k + k + 1
2¥1>k+1
Hence P(k + 1) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 36
Prove by the method of Induction that | —— + —— + ——— + .+ 1 .
rove by the method of induction that : 57 + 277 + 7775 * - (n-D(@n+3) - 3(4n+3)
Solution
LetP(n): — + = & — 1 4 1 __n
etPM 37 * 711 T 11 T (4n—1)(4n+3) - 3(4n+3)
1 1
P37 = 34+3)
1 1
P 37 = 57
= P(1) is true
1 1 1 k
PO 37 * 700 o * @k—1)(8k+3) ~ 3(ak+3)

Assume that P(k) is true

1 1 1 1 k+1
Pk+ D37 * 700 Yo Y (ak—1)(ak+3) T (Bk+3)(dk+7) ~ 3(4k+7)
_ (i+i+ +k termsj ;
LHS =157 711 T (Ak+3)(dk+7)
k 1

T 3a+3) T (Ak+3)(ak +7) [using P(k)]

B k(dk+7)+3
T 3(ak +3)(4k +7)
(4k +3)(K +1) (k+1)
34k +3)(4k+7) 3(dk+7) RASOMPk+1)

Hence P(k + 1) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 37

Using Mathematical Induction, show that n(n? — 1) is divisible by 24 if n is an odd positive integer.
Solution

To prove a statement for odd numbers only, it is required to show that

(@)
(b)

P(1) is true
P(k + 2) is true whenever p(k) is true

P(1): 1 (12-1) is divisible by 24

=

P(1) is true

P(K) : k(k2 — 1) is divisible by 24 if k is odd

Assume that P(k) is true

Letk (k* — 1) =24m where me N

Pk +2):(k+2)[(k+2)?—1]is divisible by 24, if k is odd
Consider (k + 2) [(k + 2)? — 1]

= (k + 2) (K + 4k + 3)
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=k®+6k*+ 11k + 6
=(24m + k) + 6k? + 11k + 6

=(24m + 6k* + 12k + 6 [using P(K)]
=24m + 6 (k + 1)?

=24m + 6 (2p)? [+ kis odd]
=24m + 24p?

=24 (m+p?)

Hence P(k + 2) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 38
sin2"x
Prove that cos x cos 2x cos 4X ....... cos2™t X =
2" sinx
Solution
(1) - _ sin2x
(1) - cos x = 2sinx
P(1) : cos x = cos x (using sin 2x = 2 sin X COS X)
= P(1) is true
sin2Xx
P(K) : cos x cos 2x cos 4X ....... CoS 2t X =
2" sinx

Let P(k) be true. Consider P(k + 1)

; k+1
sin2™7x
P(k = 1) : cos x cos 2X €0S 4X .... c0S 2! x cos 2"X = 7
2% 1sinx

sin2*x o _ 2sin 2%xcos2¥x  sin2*1x
LHS = Kainy | €OS 2% = Fginx = Fginx =RHS
Hence P(k + 1) is true whenever P(K) is true
by mathematical induction P(n) is true Vne N
Example : 39
By the method of induction, show that (1 + x)">1+nxfornN,x>-1,x#0
Solution
LetP(n): (1 +x)">1 + nx
= PAQ):(1+x)!>1+x whichis true
Let P(k) be true = @+x)f=1+kx ... ()
Consider P(k + 1) : @A+ x)}t>1+ (k+ 1)x
From (i) : (1 +x)k=>1+kx
= (1+x)1> (1 +kx)(1+Xx) (as (1 +x)>0)
= L +x)1>1+ (k+ 1)x +kx?
as kx? is positive, it can be removed form the smaller side.
= @A+ x)}1t>1+ (k+ 1)x
= P(k + 1) is true
Hence P(1) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true for alln € N
Example : 40
Prove that x(x"! — na™?') +a" (n— 1) is divisible by (x—a)’forn>1andne N
Solution
Let P(n) : x(x™! —na™?) + a" (n — 1) is divisible by (x — a)?
As n > 1, we will start from P(2)
For n = 2, the expression becomes
=x(x—2a)+a?(2-1)=(x—a) which is divisible by (x — a)?

= P(2) is true
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Let P(k) be true

= X (X1 — kak?) + ak (k — 1) is divisible by (x — a)?

For n = k + 1, the expression becomes = x[xk — (k + 1) a¥] + a*"*k = x¥** — kxa* — xa* + kak*!
= [xk+1— kx2akt + xak (k — 1)] + kx2 @<t — xak(k —1) — kxak — xa* + ka***

= X[X(X< — kak?) + ak (k — 1)] + kak* (x2 — 2ax + a?)

= divisible by (x — a)? from P(k) + ka“* (x — a)?

Hence the complete expression is divisible by (x — a)?

= P(K + 1) is true

Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N
Alternate Method : Let f(x) = x(x"t —na™?!) + a" (n—1)

It can be show thatf(a) =f'(a) =0
= f(x) is divisible by (x — a)?

Example : 41
For any natural number n > 1, prove that i + i > E
y P N+l ne2 T on 24
Solution
Let P(n) : L + ! + + =3 > B
OF n+l n+2 777 2n 24
forn-2i+i>E l>£whichistrue
9241 242 24 7127 24
= P(2) is true
Let P(k) be true
1 1 1 13
= — 4+ S S + — > —
k+1 k+2 2k 24
Consider P(k + 1) :
1 + ! + + 1 > E
= kt2  k+3 k+D)+(k+1) ~ 24
Using P(k) we have :
1 1 1 13
= — 4+ o, +— > —
k+1 k+2 2k 24
addin 1 + 1 on both sides, we get
g 2k+1  2k+2 k+1 ’ 9
1 1 1 1 13 1 1 1
= + o + + > — + + -
k+2 k+3 2k+1  2k+2 24 2k+1 2k+2 k+1
1 1 1 13 2k+2)+(2k+D)-2(2k +1)
........ = > — +
= k+2 k+1  2k+2 24 2(k +1)(2K +12)
= 1 + 1 + _t > 13 + S
k+2 T 2k+1  2k+2 " 24  2(k+1)(2k+1)
1

as m is positive, it can be removed the smaller side

1 1 13
= o + > —
k+2 2k+1 2k+2 24
= P(k + 1) is true
Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N
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Example : 42

n+1\"
If n>1, prove that n! < Ty

Solution

n+1\"
LetP(n):n!< -

2
3
forn=2,2!I< (E] which is true

= P(2) is true
Let P(k) be true

| k+1 k
= kl < N

K42 k+1 -
Pw+n:w+n!<[2 ] ....... (i)

using P(k), we have

K k+1 k
I < e

k+l k+1
= (k+ 1)< % ....... (i)
Let us try to compare the RHS of (i) and (ii).
k+1
k + 1)k k+2
Let us assume that % < [—] ....... (iii)
2 2
K42 k+1 1 k+1
1+—
= [k+1j >2 = [ k+l] >2
Using Binomial Expansion :
1+k+1 L +K1C iz+ >2
= ( ) Kol o\ kar) Foee
1V
= 1+1+%C [T—— ] +......... >2 which is true
2\ {k+1

Hence (iii) is true
From (ii) and (iii), we have

(k+1<t_(kr2)
2 2

K+ 2 k+1
= (k+ 1)< |

P(K + 1) is true
Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N

(k+1) <

Example : 43
Prove that A = cos n@ if it is given that A, = cos 6 , A, = cos 26 and for every natural number m > 2, the
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relation A =2A ,CcosO-A_
Solution

The principle of induction can be extended to the following form :

P(n) is true for alln € N, if

0] P(1) is true and P(2) is true and

(i) P(k + 2) is true whenever P(k) and P(k + 1) are true

Let P(n) : A = cos no

P

Hence A, =cos 6, A, = cos 20 = P(1) and P(2) are true
Now let us assume that P(k) and P(k + 1) are true
= A ,=coskéandA, =cos(k+1)6
We will now try to show that P(k + 2) is true
Using A =2A ,COsO0-A_,, (form > 2)
We have A,.,,=2A,, COSO-A, (for k > 0)
= A.,, =2cos(k+1)6cos6=cosko
=cos (k + 2)0 + cos k6 — cos kO
=cos(k+2)6
= Pk + 2) is true
Hence P(1), P(2) are true and P(k + 2) is true whenever P(k), P(k + 1 are true
= By induction, P(n) is true for alln € N

Example : 44

ahes

1
Letu,=1,u,=landu_,=u_ +u_ forn=1. Useinductionto showthatu = E [ 2 2

foralln>1.
Solution

1 _1+\/§n 1_£n
Let P(n):un=ﬁ { 2 _{ 2 j}

1+45) [(1-45)
1|1+ -
P(l):ul=ﬁ [ 2 _{ 2 J]=1 which is true

1 |(1e48) (1-4BY
P(2):u2=ﬁ 2 R =1 which is true

Hence P(1), P(2) are true
Let P(k), P(k + 1) be true

1k
= We have : u, = E 2 2

1 {% k+1 ) {ﬁ}kﬂ

And u.,= E 2 2

Let us try to prove that P(k + 2) is true
From the given relation : u,,, = u, +u,,,

1 {14-\/5}'(_{1—\/5}'( 1 {1+£Jk+l_{l_£jk+l
2 2 -5 2 2
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bt 4 [

1 {ﬂjkﬁ _{&JHZ
=5 2

= L'Ik+2 - \/g 2
= Pk + 2) is true
Hence P(1), P(2) are true and P(k + 2) is true whenever P(k), P(k + 1) are true
= By induction, P(n) is true foralln € N
Example : 45

L . zn: k? "c
Use mathematical induction to prove that k =n(n+1)2"2forn>1
k=0

Solution

n
2
Let P(n): Z k* "Cy =n(n+1)2"2
k=0

n
2 1
forn=1: Zk Ck =1(1+1)2+2
k=0

ie. 1 =1 which is true = P(1) is true
Let P(m) be true

m

2
= Zk mCkzm(m+1)2m-2
k=0

m+1

2 1
consider P(m + 1) 2 K2 ™ Cu = (m + 1) (m + 2) 2™
k=0

m+1 m+1 m m+1

2 1 2 2
LHS of Pm + 1) 1= 2K "C = DK (o wmg, )= DK mg, 4 ) K
k=0 k=0 k k=1

=0

m
2

=m(m+1)2m2 + Z (t+1)° "C, substituting k =t + 1

t=0

m+1 ) m m
=m(m+1)2m2+ Dot "C +2 2t"C, "G

t=0 t=0 t=0
using P(k)and C, + 2C, + 3C_ + ............ "C, =n2"t

= LHS=m(m+1)2™2+m(m+1)2™2+2 (m2™Y) +2™ = 2™ [m(m + 1) + 2m + 2]
=2™(m+1)(m+2)= RHS

= P(m + 1) is true
Hence P(1) is true and P(m + 1) is true whenever P(m) is true
= By induction, P(n) is true for alln € N

Example : 46
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5 3
n n
Using mathematical induction, prove 5 + 3 + 15 is an integer foralln e N
Solution
Letpm: T+ T+ T i an it
et P(n) 5 3 15 s an integer
P S S A e
().5 315 " is an integer = (1) is true
k5 3
Let us assume that P(k) is true i.e. P(K) : = + 3 + 15 is aninteger ... 0]

Consider LHS of P(k + 1)

(k +1)° .\ (k+12)3 . 7(k +1)
5 3 15

LHS of P(k + 1) =

k® +5k* +10k® +10k? + 5k +1 . k3 +3k%+3k+1 . 7(k +1)

5 3
—E+E+7_k+k4+2k3+3k2+2k+1—1
~ 5 3 15 53

= P(k) + k* + 2k* + 3K + 2k + 1 [using (i)]

15

’
15

+

As P(k) and k both are positive integers, we can conclude that P(k + 1) is also an integer

= Pk + 1) is true

Hence by principle of mathematical induction, P(n) si true forallne N

Example : 47
Using mathematical induction, prove that for any non-negative integers n, m, r and Kk,
k
Z(”‘m) (+m)!  (r+k+D | n K
o m k! r+1 r+2
Solution
In this problem, we will apply mathematical induction on k.
k
' nem (+#m)l _ (+k+nt | 0 K
Let P(K) : r;( ) Ty PR
Consider P(0)
0
(r+m)! rl
— n-m — -
LHSofP(O)—rZ(:)( i~ =n o =0
D [ 0] ngenr
RHS of P(0) = =, r+1 r+2|° 31 -
= P(0) is true
Let us assume that P(k) is true for k = p
P I
nem @+my (+p+D'F n p .
- mZ:;( ) e PRy [ ()

Consider LHS of P(p + 1)

p+1

LHS of P(p + 1) = 2, (N—M)
m=0 m

using (i), we get :

(r+m) _ i (n-m) r+m)! +(n
! m=0 m'

r+p+1!

RANCYS]

_p_
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r+p+D' [ n  p } (r+p+1!
p! [r+1 r+2 *(-p-1) (p+1)!

LHS of P(p + 1) =

_ (r+p+D)! _n(p+1)_(p+1)+n_(p+1)}
T o+ [ r+1 r+2

_ (r+p+D)! _[”(p+1)+nj—[w+(p+l)j
= e | ret e

(r+p+1)! _(p+r+2)n_(p+1)(p+r+2)}
T e+ | r+1 r+2

(r+p+2)! [ n  (p+)
- (p+D! r+1 r+2

= P(p + 1) is true
Hence, by principle of mathematical induction, P(n) is true foralln=0, 1, 2, 3, ........

} = RHS of P(p + 1)

Example : 48
If x is not an integral multiple of 2r , use mathematical induction to prove that :

n+1 . hx X
COS X + COS 2X + ......... + COS NX = COS T X sin ? cosec E

Solution

n+1 . nx X
Let P(n) : cos X + cOS 2X + ......... + COS NX = COS T X sin ? cosec E

LHS of P(1) = cos x

1+1 . 1x X
RHS of P(1) = cos - X sin > cosec Py = COoS X

Let us assume that P(k) is true

. k+1 . kx X
ie. P(k) : cos X + COS 2X *+ ........... + cos kx = cos Ty X sin > cosec 2

Consider LHS of P(k + 1)
LHS of P(k + 1) = cos x + €c0S 2X + ............ + cos kx + cos (k + 1) x
Using P(k), we get :

k+1 kx X
LHS of P(k + 1) = cos —— x sin —— cosec — +cos (k + 1) x

2 2 2
cosk—ﬂxsi k—X—cos(k+1)xsin5 Zcosk—Jrlxsink—x—Zcos(k+1)xsin5
2 2 2 _ 2 2 2
- X - . X
sin— 2sin—
2
. (2k+3 . kx
sin 2k +1 x—sink—x+sin 2k +3 X —sin 2k +1 X sm( jx—sm
2 2 2 2 2 2
- . X - . X
al 2sin—
Zsm2 >
(k+2j . [k+1j
2C0s| —— [Xsin| —— [X
: . (k+2j i (k+1] X RHS of P(k + 1
= =cos Xsin | —5 | xcosec — = 0 +
Zsing 2 2 2 ( )

= Pk + 1) is true
Hence by principle of mathematical induction, P(n) is true for alln e N
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Example : 49

Using mathematical induction, prove that for every integer n > 1, 32" _1is divisible by 22 but not divisible
by 2n+3 .
Solution
Let P(n) : 32" —1 is divisible by 22, but not divisible by 2.
P(1) : 8 is divisible by 23, but not divisible by 24 .
= P(1) : 8 is divisible by 8, but not divisible by 16
= P(1) is true
Let P(k) is true

ie. 32 _1 is divisible by 242 | but not divisible by 2*3
= 32 _1 =m 22, where m is odd number so that P(k) is not divisible by 2 ... ()
Consider P(k + 1)
2k+1 2k 2
LHSof P (k +1) = 32 —-1= [3 ) -1

Using (i), we get :

LHS of P(k + 1) = (m22 + 1)2 -1
= m? 22k*4 4+ 2m.2k*2
= 23 (M2 2¢1 + m)

=p 23 where p is an odd number because m? 2<*! is even and m is odd.
= P(k + 1) is divisible by 23 | but not divisible by 2¥** as p is odd
= Pk + 1) is true

Hence, by mathematical induction, P(n) is true foralln e N

Example : 50
Using mathematical induction, prove that: "C "C, +"C,"C,_, +™C,"C, _, +...... +MC, "C,=m™"C, forp<q,
where m, n and k are possible integers and ’C,=0 forp<aq.
Solution
First apply mathematical induction on n
Let P(n):"C,"C,+™C,"C,_, +"™C,"C,, + ....... +mC "C,=m™"C,
Consider P(1)
LHS of P(1) =™C, , *C, + "C, 'C = ""'C, = RHS of P(1)
= P(1) is true
Assume that P(n) is true forn ='s
ie. P(s):"C,°C +™C *C,_, +"C,°C,, + ....... +MC, °C, ="mC,
Consider LHS of P(s + 1)
LHS of P(s + 1) ="C, **'C, + "C, *"'C,_, + "C,*"'C, , + ....... +MC, *1C,
= LHS of P(s + 1) ="C, (°C, +°C, ) +"C, (°C,_, +°C, ) + ........ +"C, *C,
=["C,°C,+™C *C_, + ....... +MC °C]-["C,°C,_,+"C,°C, ,+........ +MC,_,°C]
= P(S) + P(S)]Where k is replaced by k — 1 in the P(s)
= LHS of P(s + 1) = ™<C,_+ ™<C,_, = ™*"'C, = RHS of P(s + 1)
= P(n+1)istrue forallne N
Similarly we can show that the given statement is true for all m € N.

Example : 51

Let p > 3 be an integer and a, 8 be the roots of x> — (p + 1) x + 1 = 0. Using mathematical induction, show

that o + 3"
® is an integer and
(i) is not divisible by p
Solution
Itis given that ooand  are rootsof x> — (p+1)x+1=0
= o+B=p+1 and of=1 0)
® Let P(n) : " + B"is an integer
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P(1): o+ B =p+1lisaninteger
As it is given that p is an integer, P(1) is true.
P(2): 02 +pP2= (o +PB)*—20p = (p + 1) 2 is an integer.

As p is an integer, (p + 1)2 - 2 is also an integer = P(2) is true
Assume that both P(k) and P(k — 1) are true
ie. of + B¢ and ot + gt both are integers

Consider LHS of P(k + 1) i.e.
LHS of P(k + 1) = o** + B* = (a0 — B) (0 + b¥) — aff (ot + b*?)

= LHS of P(k + 1) = p P(k) - P(k -1) [using ()]
= LHS of P(k + 1) = integer because p, P(k — 1) and P(k) all are integer
= P(k + 1) is true. Hence P(n) is true for n € N.
(ii) Let P(n) = a" + B" is not divisible by p
P(1): oo+ =p + 1 = anumber which is not divisible by p = P(1) is true

P(2) : o? + p? = (o + B)* — 20B
=(p+1-2=p(p+2)-1
= a number which is divisible by p — a number which is not divisible by p
= a number which is not divisible by p = P(2) is true
P@):ol+b®=(a+P)(?+P*—of)=(p+1)[(p+1)°-3]=p[(p+1)°-3]+pp+2)-2
=pl(p+1y>+p-1]-2
= a number which is divisible by p — a number which is not divisible by p

= a number which is not divisible p = P(3) is true
Assume that P(k), P(k — 1) and P(k — 2) all are true
ie. of + B¢, ot and o? + %2 all are non-divisible by p.
Consider LHS of P(k + 1) i.e.

LHS of P(k + 1) = o** + B = (o0 + B) (o + b¥) — o (0t + b*2)
= p(ock _ bk) + (ak + bk) _ (ak—l + bk—l)
=p P(k) + [(p + 1) (0t = b*) — (002 + B*2)] — (o + bY)
=pPK) +pPk-1)-Pk-2)
=p[P(k) + Pk —1)] - P(k-2)
= a number which is divisible by p —a number which is not divisible by p
= a number which is not divisible by p
= Pk + 1) is true
Hence, by principle of mathematical induction P(n) is true forallne N

Example : 52
: H : dn Ioﬂ (_1)n |ng_1_1_ _1
Use mathematical induction to prove that " x )T el 5 n ) foraline Nand
x> 0.
Solution
d" (logx " 1 1
. I = |0 X_l_—_ ...... -
Let P(n) : o ( X j N g 5 n
1
d (logx —.x-logx  1-logx
LHSof P(1): — | — | = X = >
dx X X2 X
(-D! 1-logx
RHS of P(1) = 2 (logx—1) = 2
= P(1) is true
Let us assume that P(k) is true i.e.
d“ (logx) _ (- 1 1
e | = logx —1-——...... -= i
PK) : v [ X ]- = g 5 7 RS 0]
Consider LHS of P(k + 1) i.e.
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d“**  (logx d | d* (logx
LHS of P+ 1= — 7 [T | = o o\ x

= % [LHS of P(K)] = % [RHS of P(K)] [using (1)]
d [(DR( .1 1

= [ o (Iogx 1 5 T kﬂ
C(-DKI(-D(k +1) (mgx—l—l— _gj (-D*kt 1
= Xk+2 2 ......... k + Xk+1 ;
_ (DK 2! [mgx_l_i_ _Lj

= e —_— 1

= P(k + 1) is true

Hence by principle of mathematical induction, P(n) is true forallne N

Example : 53

n

1 1
Use mathematical induction to prove that o (x" log x) = n! ('09X+1+§+ ----- +Hj for all n € N and

x> 0.
Solution
i | Iogx+1+1+ +1
Let P(n) : 0" (x"log x) = n! 5 Feee -

d X
LHS of P(1) = [dx] (x log x) = log x + M =logx+1

RHS of P(1) =1! (logx+ 1) =logx + 1
= P(1) is true
Let us assume that P(k) is true i.e.

d" logx+1+ 1 i
P(K) : Py (x<log x) = k! | 109X+ +E+ -------- +E ......... 0]
Consider LHS of P(k + 1) ie.

k+1
LHS of P(k + 1) = v (x**1 logx)

d [d
{&(xk 1Iogx)}

dxX

K k+1
Ak Dxklogx + 2
dx® X

dk dk Xk+l
=(k+1)ﬁ[x"logx]+@ X
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= Pk + 1) is true
Hence by principle of mathematical induction, P(n) is true foralln e N

Example : 54
o _ nf sin? nx
Use mathematical induction to prove ) sinx dx=1+ 3 + 5 o + o1 foralln e N.
Solution
_ -[ sin? nx 1 1
Consider I = } sinx dx—1+3+5+ ......... *ono1
.2 nl2
i j Sin_nx J. sinx dx =1
from left hand side, I, = ) sinx dx
from right hand side, I, = 1
= I, is true
Assume that I is true i.e.
jﬁ sin? kx 1 1 1 _
I = sinx dx=1+§+§+ ....... +2k—l .......... 0]

2 sin?(k + 1)x " sin?kx
Consider I, , -1 = _[ sinx X I
0

"% sin?(k + )x — sin?kx "% sin(2k + )x sinx
| e P
0

- o1~ k= sinx sinx dx
/2 /2
_ [ sincreax— -SSR 1
0 2k +1 ok 1
= L. =1+ 1 - [ =L+ 1
k+l — Tk 2k +1 K+l — Tk k+1
[ =1+ 1 + 1 + + 1 + 1 _ .
= kel 3 gt k-1 ka1 [using (i)]
= I istrue.

k+1
Hence by principle of mathematical induction I is true for all values of n € N

Example : 55

T
1-cosnx
Letl = ) 1—cosx Ux. Use mathematical induction to prove that =nrnforalln=0,1,2,3, ...

Solution
¢ 1-cosnx
We have to prove I = I 1—cosx dx=nm
0
Forn=0
¢ 1-coso f
_ | — |1 0dx=0
= El; 1-cosx dx = El; :

The value of the integral fromthe RHS=0xn=0
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= The given integral is true forn =0
Fromn=1

Il_j J.dx—n

The value of the integral fromthe RHS=1xnt ==
= The given integral is true forn =1
Assume that the given integral is true forn=k —-1and n =k

1-cosx
1-cosx

-Tf 1-cos(k —1)x _
Ik—l = 0 1—Ccos X dx = (k - 1) T (|)

¢ 1-coskx )
L= ¢ 1-cosx dx=kr (ii)

coskx —cos(k +1)x

Consider I, — 1 dx

n
=1
0

= 1-cosx
; 2sin§sin2k+1x x sin 2K 1
= k+1_Ik:J- 2-2X dx = J. - X o
sin“ = >y
: ) o sin >
_ jE cos(k — 1)x — cos kx
Consider I, -1, , = ! 1-cosx dx
n 25in§sin2k_1x x sin 21y
= L-1.,= I dx= J. g o
2sin2 X o sin2
0 2 2

Subtracting (iv) from (iii), we get :

2k +1 2k -1

T Sin X —sin

!

X

[, =25 +L = dx

. X
Sin—

. X
n 2coskxsin—

N Ik—1_21k+lk—1:J‘ dX_ZJ.coskxdx 2——
0 sin—
2
= =2, -1, =2kn— (k- 1) [using (i) and (ii)]
= L, = (k + 1) n
= The given integral is true forn =k + 1

Hence, by principle of mathematical induction, the given integral
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i.e.

T

sinkx ~0

istrue foralln=0, 1, 2, 3,
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Example: 1
Find the value of t so that the points (1, 1), (2, -1), (3, —2) and (12, t) are concyclic.
Solution
LetA=(1,1) B=(2,-1) C=(3,-2) D=(12,1)
We will find the equation of the circle passing through A, B and C and then find t so that D lies on that
circle. Any circle passing through A, B can be taken as :

x y 1
xX-1)x-2)+(y-1)(y+1)+k|1 1 1/=0
2 -11

= X2+y?—3x+1+(2x+y—-3)=0
C = (3, —2) lies on this circle.
9+4-9+1+k(6-2-3)=0
k=-5
circle through A, Band Cis:
xX2+y?—-3x+1-52x+y-3)=0
X2+y2—12x -5y +16=0
D = (12, t) will lie on this circle if :

= 144 +t> - 156 -5t + 16 =0
= t2-5t+4=0
= y=1,4
= fort=1,4 the points are concyclic
Example : 2
Find the equation of a circle touching the line x + 2y = 1 at the point (3, —1) and passing through the point
(2, 1).
Solution

The equation of any circle touching x + 2y — 1 = 0 at the point (3, —1) can be taken as :
x=3)2+(y—-12?+k(x-2y—-1)=0 (using result 5 from family of circles)

As the circle passes through (2, -1) :

2-3)2+(1+1)2+k(2+2-1)=0

= k=-5/3

= the required circle is : 3 (x2 +y?) —23x—4y +35=0

Notes :

1. LetA=(3,-1)andB=(2,1)

Let L, be the line through A perpendicular to x + 2y = 1. Let L, be the right bisector of AB. The
centre of circle is the point of intersection of L, and L, . The equation of the circle can be found by this
method also.

2. Let (h, k) be the centre of the circle.
The centre (h, k) can be found from these equations.

[h+ 2k —1]
= — % - =32 +(k+1? = (h-2)% + (k-1

The centre (h, k) can be found from these equations

Example : 3
Find the equation of a circle which touches the Y-axis at (0, 4) and cuts an intercept of length 6 units on
X-axis.
Solution
The equation of circle touching x = 0 at (0, 4) can be taken as :
(x=0)2+(y-4)+k(x)=0
xX2+y?+kx—8y+16=0
The circle cuts X-axis at points (x,, 0) and (x,, 0) given by :

x2+kx+16=0

X-intercept = difference of roots of this quadratic :
6 =[x, — x|

= 36 = (X, + X)) —4x, X,
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= 36 =k, -4 (16)
= k=+10
Hence the required circle is : x> +y? + 10x — 8y + 16 = 0

Note :
1. If a circle of radius r touches the X-axis at (1, 0), the centre of the circle is (a, £ 1)
2. If a circle of radius r touches the Y-axis at (0, b), the centre of the circle is (1, b).
Example : 4
Find the equation of the circle passing through the points (4, 3) and (3, 2) and touching the line
3X-y-17=0
Solution

Using result 4 from the family of circles, any circle passing through
A= (4, 3) and B = (3, 2) can be taken as :

xX=4) x=3)+(y-3)(y-2)+k

w b~ X
N W

X2+y?—7x—-5y+18+k(x—-y—-1)=0
This circle touches 3x -y —-17=0

7-k k+5 —k)? 2
centrez(—2 — ]and radiusz\/(7 k) +(k+5) -(18-k)
4 4

For tangency, distance of centre from line 3x —y — 17 = 0 is radius

7-k k+5
|3(]_[j_17| — 2
= 2 2 :\/(7 k) +(k+5) -18+k
Jo+1 4 4
~ak-18)' 7—K? + (K + 52— 72 + 4k
—F— | =(7-k?+(k+52*-72+
= 70 (7 =K+ ( )
= 4(4k? + 81 + 36k) = 10 (2k? + 2)
= k?—- 36k -76=0 = k=-2,38
= there are two circles through A and B and touching 3x —y — 17 = 0. The equation are :
X2+y?—7x—-5y+18-2(x-y—-1)=0 and
X2+y?—7x—-5y+18+38(x—-y—-1)=0
= X2+y?—-9x—-3y+20=0 and
x2+y?+31x—43y—-20=0
Notes :
1. Let C = (h, k) be the centre of required circle and M = (7/2, 5/2) be the mid point of AB.

C lies on right bisector of AB
= slope (CM) = slope (AB) =-1

[k—S/Zj
ho7r2)*@=-1

Also CA = distance of centre from (3x —y — 17 = 0)
|3h-k-17]|

= Jh-4)2(k-3)? = N

We can get h, k from these two equations.

=
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Example : 5

Find the points on the circle x* + y?> = 4 whose distance from the line 4x + 3y = 12 is 4/5 units
Solution

Let A, B be the points on x? + y? = 4 lying at a distance 4/5 from 4x + 3y = 12

= AB will be parallel to 4x + 3y =12

Let the equation of AB be : Ax+3y=cC
_ . le-12] 4
distance between the two lines is : —m =5

= c=16,8

= the equation of ABis : 5x + 3y =8 and 4x + 3y =16

The points A, B can be found by solving for points of intersection of x2 + y2 = 4 with AB.
AB=(4x+3y—-8=0)

8—4x\?
= X2 + =4

3

= 25x2 —64x +28 =0
= X =2, 14/25

= y =0, 448/25

AB = (4x+ 3y —-16 =0)

16 - 4x\’
= X2 + 3 =4

= 25x2 - 128x+220=0

= D<0 = no real roots

Hence there are two points on circle at distance 4/5 from line.

A=(2,0) and B = (14/25, 48/25)

Alternate Method :

Let P = (2 cos,2 sin) be the point on the circle x2 + y? = 4 distant 4/5 from given line.
The distance from line = 4/5.

| 4(2cos0) +3(2sin0) —12 |
5
Solve for 6 to get the point P.

_4
~5

Example : 6
Find the equation of circle passing through (-2, 3) and touching both the axes.
Solution
As the circle touches both the axes and lies in the lind quadrant, its centre is :
C=(-rr), where r is the radius
Distance of centre from (-2, 3) = radius

= Jr-22+@-n? =t

= r=5+243
= the circles are : (x + 1)2 + (y —r)2 = r2

= X2+y2+2(5+243)x-2(5+23)y+(5£243)2=0

Example : 7
Tangents PA and PB are drawn from the point P(h, k) to the circle x? + y? = a2. Find the equation of
circumcircle of APAB and the area of APAB
Solution
AB is the chord of contact for point P.
Equation of AB is : hx + ky = a2
The circumcircle of APAB passes through the intersection of circle
x2+y?—a?=0 and the line hx + ky —a?2=0
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Using S + k L = 0, we can write the equation of the circle as :
(x®2+y? —a?) + k (hx + ky — a?) = 0 where k is parameter

As this circle passes through P(h, k) ;

= h2+k?-a?+k(h?+k?*-a?) =0

= =-1

The circleisx? +y?—hx—-ky =0

Area of APAB = 1/2 (PM) x (AB) (PM is perpendicular to AB)

_ |h? +k? -a?|
PM = distance of P from AB = —F——
vh? +k?

PA = length of tangent from P = /42 4 k2 _ 52

1
Area= — PM [2 PAZ—PMZ] = PM +JPA2 —PM?

2
|h? +k? —a? | a(\/hz +k? —azj
Area =
Vh? 4 k2 Vh2 k2
2 L2 _.2pP/2
Area = a(h +k“-a )3
h? +k?
Note that h? + k> —a? > 0 (h, k) lies outside the circle
Example : 8

Examine if the two circles x? + y2— 8y —4 = 0 and x? + y? — 2x — 4y = 0 touch each other. Find the point of
contact if they touch.
Solution
For X2+y?—2x—4y =0 centre C, = (1, 2)
and X2+y?—8y—4=0 centre C, = (0, 4)

using r = 4/g° +f*—c: rlzﬁ andrzzzﬁ

Now C,C,=(0-1%+(4-2)? =5

= r2—r1:2x/_—\/_=«/§
= C,C=r,-r

= the circle touch internally
For point of contact :

Let P(x, y) be the point of contact. P divides C, C, externally in the ratio of «/g : 2«/5 =1:2
using section formula, we get :

_10)-2@1) _
X = 12 =2
_1®-20) _,
= 1 =
= P(x,y) = (2, 0) is the point of contact
Example: 9

Find the equation of two tangents drawn to the circle x2 + y2 — 2x + 4y = 0 from the point (0, 1)
Solution

Let m be the slope of the tangent. For two tangents there will be two values of m which are required

As the tangent passes though (0, 1), its equation will be :

y—1=m(x-0) = mx—-y+1=0

Now the centre of circle (x* + y2—2x+4y =0)=(1,-2)and r = \/g

So using the condition of tangency : distance of centre (1, —2) from line = radius (r)
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|m@)-(=2)+1] N

m2+1 VO
= (3+m)2=5(1+m? = m=2,-1/2
= equations of tangents are :

2x—y+1=0 (slope=2) and X+ 2y —2=0 (slope =-1/2)

Example : 10
Find the equations of circles with radius 15 and touching the circle x? + y? = 100 at the point (6, —8).
Solution

Case—-1:
If the require circle touches x? + y? = 100 at (6, —8) externally, then P(6, —8) divides OA in the ratio 2 : 3
internally.
Let centre of the circle be (h, k). Now using section formula :
2k+3(0)
2+3
2k+3(0)
2+3
= k=15 and k=-20
= (x—15)2+ (y + 20)? =225 is the required circle.
Case—-2:

If the required circle touches x2 + y2 = 100 at (6, —8) internally, then P(6, —8) divides OA in the ratio 2 : 3
externally. Let centre of the circle be (h, k). Now using section formula :

2h-3(0) _
2-3

2k-3(0)
2-3
= h=-3 and k=4
= (x +3)2+ (y — 4)? = 225 is the required circle.

Example : 11
For what values of m, will the line y = mx does not intersect the circle x2 + y? + 20x + 20y + 20 = 0?
Solution
If the line y = mx does not intersect the circle, the perpendicular distance of the line from the centre of the
circle must be greater than its radius.

Centre of circle = (10, —10) ; radius r = 6x/§
dictance of | o fom (10 1oy - CIO-(10)]
istance of line mx —y = 0 from (=10, —10) = «/m2+1
|10 -10m |
= 2 > 6£
m-+1

= 22m+1)(m+2)<0
= —-2<m<-1/2

Example : 12
Find the equation of circle passing through (-4, 3) and touching the linesx +y =2 and x —y = 2.
Solution
Let (h, k) be the centre of the circle. The distance of the centre from the given line and the given point must
be equal to radius

lh+k-2] |h—k-2]
= 2 = 5 =43y
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lh+k-2| |h—k-2]

Consider 2 = 2

= h+k-2=+(h-k-2)

Casel: (k=0)

|h-2]

T=w/(h+4)2+9

(h—2)2=2(h+4)>+18 = h?+20h +46 =0

= h=—10+ 36

g k2] -12+3/6]
raalus = \/E _| ,\/5 |

— [a)2
= circleis:(x+10¢3«/6)2+(y_0)2=@

12+ 2
= xe+y2+2(10£346) x+ (104346 )2 - TZEIO)S 12‘236) =0
= X2+y2+2 (10 £3/6)x +55+24+/6 =0
Case—-2:(h=2)

| k]

N V36 + (k—3)?

= k? =72+ 2 (k—23)? = k?—12k+90=0
The equation has no real roots. Hence no circle is possible for h = 2
Hence only two circles are possible (k = 0)

X2+y2+2(10+3/6) x+55+244/6 =0
Example : 13

The centre of circle S lies on the line 2x — 2y + 9 =0 and S cuts at right angles the circle x? + y? = 4. Show
that S passes through two fixed points and find their coordinates.

Solution
Let the circle S be : X2+y?+2gx+2fy+c=0
centre lieson2x -2y +9=0
= -2g+2f+9=0 .. 0)

S cuts x? + y2 — 4 = 0 orthogonally,
= 29(0) + 2f(0)=c -4
= c=4 L. (i)
Using (i) and (ii) the equation of S becomes :
X2+y?+ (2f+9)x+2fy+4=0
= (x¥+y?+9x+4)+f(2x+2y)=0
We can compare this equation with the equation of the family of circle though the point of intersection of
a circle and a line (S + fL = 0, where f is a parameter).
Hence the circle S always passes through two fixed points A and B which are the points of intersection of
X2+y?+9x+4=0and2x+2y =0
Solving these equations, we get :
X2+x2+9x+4=0
= x=-4,-1/2 = y=4,1/2
= A=(-4,4) and B =(-1/2, 1/2)
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Example : 14
A tangent is drawn to each of the circle x? + y? = a?, x> + y? = b? . Show that if the two tangents are
perpendicular to each other, the locus of their point of intersection is a circle concentric with the given
circles.
Solution
Let P =(x,, y,) be the point of intersection of the tangents PA and PB where A, B are points of contact with
the two circles respectively.
As PA perpendicular to PB, the corresponding radii OA and OB are also perpendicular.
Let LZAOX =6
= ZBOX = 6 + 90°
Using the parametric form of the circles we can take :
A=(acosb6,asinb)
B = [b cos (6 + 90°), b sin (6 + 90°)]
B = (b sin 6, b cos 6)
The equation of PAis : x (a cos 0) +y (a sin 0) = a2
= XcosO+ysind=a
The equation of PB is :
x(-b sin 8) +y (b cos ) = b?

= ycosO—xsin®=b
= P =(x,, y,) lies on PAand PB both
= X, Cos0+y sind=aandy, cos6—-x,sin6=b

As 0 is changing quantity (different for different positions of P), we will eliminate.
Squaring and adding, we get :

X12 + y12 = a2+ bh?
= the locus of P is x? + y2 = @ + b? which is concentric with the given circles.

Example : 15
Secants are drawn from origin to the circle (x — h)?> + (y — k)2 = r? . Find the locus of the mid-point of the
portion of the secants intercepted inside the circle.

Solution
Let C = (h, k) be the centre of the given circle and P = (x, , y,) be the mid-point of the portion AB of the
secant OAB.

= CP LAB
= slope (OP) x slope (CP)=-1

y:—0 y1—K _
= X, -0 x X, —h =-1

= X?+y?—hx —ky =0
= the locus of the point Pis: x2+y2—hx—ky =0
Example : 16

The circle x> + y2— 4x — 4y + 4 = 0 is inscribed in a triangle which has two of its sides along the coordinate

axes. The locus of the circumcentre of the triangle is x + y — xy + k (x? + y?)*2 = 0. Find value of k.
Solution

The givencircleis (x — 22+ (y—2)2=4

= centre = (2, 2) and radius = 2
Let OAB be the triangle in which the circle is inscribed. As AOAB is right angled, the circumcentre is mid-
point of AB.

Let P = (x,, y,) be the circumcentre.
= A=(2x,, 0) and B=(0,2y,)

y

X
= the equation of AB is : 2, + 2y, =1

As AAOB touches the circle, distance of C from AB = radius
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2 2
2 2y,
- L 2L 1= . 0
1,1
4xi 4y
: o . X y
As the centre (2, 2) lies on the origin side of the line o t oy 1=0
1 Y1
2
the expression o T g — 1 has the same sign as the constant term (1) in the equation
1 1
2z 2 .
= 2%, + 2y, 1 is negative
o 2 N 2 1 1 N 1
= equation (i) is : ~l2x, "2y, =2 _4xf _4yf
= =Xty =Xy, = ‘VX%"'V%
= the locusis : x +y —xy + {[x2 +y? =0
= k=1
Alternate Solution
We know, r = A/S where r is inradius, A is the area triangle and S is the semi-perimeter
1
E(le)(Zyl)
= 2=
2%, +2y; + \/4xf +4y?
2
1
E(le)(zh)
= 2= > >
2X, +2y, + \/4xl +4y;
2
2X1Y1
= 2=

2.2
X1+Y1+\/X1 +Y1

_ 2 2 =
= X ty, =Xy, * VX1 tY1 =0

= the locusis : x +y —xy = x2+y? =0 = k=1

Example : 17
A and B are the points of intersection of the circles x? + y? + 2ax —c2 =0 and x2 + y? + 2bx — c2= 0. Aline
through A meets one circle at P. Another line parallel to AP but passing through B cuts the other circle at Q.
Find the locus of the mid-point of PQ.
Solution
Let us solve for the point of intersection A and B
x2+y?+2ax—c?=0 and X2+y2+2bx—c2=0
= x=0 and y = *C
= A=(0,c) and B =(0, —)
Let the equation of AP be : y = mx + ¢, where m is changing quantity and c is fixed quantity (Y-intercept)
= the equation BQ is : y=mx-—c (AP || BQ)
Coordinates of P, Q :

Page # 8.



[ Downloaded From: http://www.iitportal.com ]

Solvey =mx + ¢ and xX2+y?+2ax—c2=0
= x2(mx+c)?+2ax+c?=0
2(a+mc)
= X=————>% and x=0
1+m
2m(a+mc) N q
= =——— —+C an =c
Y 1+m? y
2(a+mc) 2m(a+mc)
= = > T 2 +C
1+m 1+m

Similarly the coordinates Q are :

~ {_ 2(b—mc) 2m(b—mc) —c}
= Q= 1+m? " 14m?

mid-point of PQ is :
{_ (a+b) m(a+b)}

1em?’ 1em? | = %w V)
(a+b) m(a +b)
X = — : = —
- 1 1+m2 ' Vi 1+m?

Elimiate m to get the locus of the midpoint
x?+y?=—(a+b)x
= X2 +y?+ (a+b)x=0isthe locus

Example : 18
Find the equation of the circumcircle of the triangle having x + y =6, 2x +y =4 and x + 2y = 5 as its sides.
Solution
Consider the following equation :
X+y—6)(2x+y—-4)+A(2X+y—-4) (X +2y-5)+u(x+2y-5)(x+y—-6)=0 ....... 0]
Equation (i) represents equation of curve passing through the intersection of the three lines taken two at
a time (i.e. passes through the vertices of the triangle). For this curve to represent a circle,

Coefficient of x? = Coefficient of y? and Coefficient of xy = 0
= 2+2h+u=1+20+20 .. (i)
and 3+5L+3u=0 (iii)

Solving (ii) and (iii), we get A = —6/5 and p=1
Putting values of A and  in (i), we get :
X+y—6)(2x+y—-4)—-6/52x+y—-4) (x+2y-5)+1(x+2y—-5)(x+y—-6)=0
= X2 +y?2—17x—-19y +50 =0
Hence equation of circumcircle of the triangle is : x2 + y2—17x — 19y + 50 = 0

Example : 19
Find the equation of the circle passing through the origin and through the points of contact of tangents
from the origin to the circle x? + y? = 11x + 13y + 17 =0
Solution
LetS=x2+y?2—-11x+13y+17=0
Equation of the chord of contact of circle S with respect to the point (0, 0) is
L=—11x+13y+34=0
Equation of family of circles passing through the intersection of circle S and chord of contact L is

S+kL=0
= X2+y?—11x+ 13y + 17 + k (-11x + 13y + 34) =0 ... @)
Since required circle passes through the origin, find the member of this family that passes through the
origin
ie. Put (0, 0) and find corresponding value of k.
= 02+02-11x0+13x0+17+k(-11x0+13x0+34)=0
= k=-1/2

Put k = -1/2 in (i) to get equation of the required circle
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ie. 2x2+2y?—11x + 13y =0
Alternate Solution
Let centre of the circle S be C. As points of contact, origin and C form a cyclic quadrilateral, OC must be
the diameter of the required circle.
C=(11/2,-13/2) and O = (0, 0)
Apply diametric form to get the equation of the required circle,
ie. (x—11/2) (x—=0) + (y +13/2) (y—0) =0
= 2x2+2y? - 11x+ 13y =0
Hence required circle is : 2x? + 2y? — 11x + 13y =0

Example : 20

1
If [mi’ F] m, >0 fori=1, 2, 3, 4 are four distinct points on a circle. Show that m m,m,m, = 1.
|

Solution
Let equation of circle be x2 + y2+ 2gx + 2fy + ¢ =0

1
As [mi' ] lies on the circle, it should satisfy the equation of the circle

m;
1 1
. y . — = _
i.e. m? + mi2 +2gm, + 2f m, +c=0
= m*+2gm?2+cm? +2fm +1=0

This is equation of degree four in m whose roots are m;, m,, m,, and m,.

coefficient of x° 1

Product of the roots = mm,m,m, = coefficient of x* 1 =1
Hence mm,m.m, =1
ma ma
Example : 21 #3214 m?2

y = mx is a chord of the circle of radius a and whose diameter is along the axis of x. Find the equation of

the circle whose diameter is this chord and hence find the locus of its centre for all values of m.
Solution

The circle whose chord is y = mx and centre lies on x -axis will touch y axis at origin

The equation of such circle is given by :

(x—a)y+y*=a? = X2+y?—2ax=0 ... (i)
Further, family of circles passing through the intersection of circle (i) and the line y = mx is :
xX2+y?—2ax+k(y—-mx)=0 = xX2+y?—x(a+km)+ky=0 ..... 0]

centre of the circle is = (a + km/2, —k/2)
We require that member of this family whose diameter is y = mx

= centre of the required circle lies on 'y = mx.
= —k/2 =am + km?2 = =-2mal/(1 + m?)
Put the value of k in (i) to get the equation of the required circle,
2am’ 2am
24\2 _y | 28— _ =
X2 +y x( 1+m2j 1om? y=0

= QA+m)—-(x2+y?)—2a(x+my)=0
(i) Let the coordinates of the point whose locus is required be (x,, y,)
= (x,, y,) is the centre of the circle (ii)
= (X, y,) =

a .
= X, = omZ (iii) and Yi= e (iv)

On squaring and adding (iii) and (iv), we get :
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X2+y?= = 1+m?=

Substitute the value of (1 + m?) in (jii) to get : x> +y > = ax,
= required locus is : X2 + y? = ax.
Example : 22
Find the equation of a circle having the lines x? + 2xy + 3x + 6y = 0 as its normals and having size just
sufficient to contain the circle x (x —4) +y (y—-3)=0
Solution
On factorising the equation of the pair of straight lines x? + 2xy + 3x + 6y = 0, we get :
x+2y)(x+3)=0

= Two normals are x = -2y ... (@ and =—3 ... (i)
The point of intersection of normals (i) and (ii) is centre of the required circle as centre lies on all normal
lines.

Solving (i) and (ii), we get :
centre =C, = (-3, 3/2)
Givencircleis C,="x (x—-4) +y(y-3)=0 = X2+y?—4x—-3y=0
= centre=C,=(2,3/2) andradius=r=5/2
If the required circle just contains the given circle, the given circle should touch the required circle inter-
nally from inside.
= radius of the required circle = |C, - C,| +r
= radius of the required circle =5 + 5/2 = 15/2
Hence, equation of required circle is (x + 3)? + (y — 3/2)? = 225/4

Example : 23
A variable circle passes through the point (a, b) and touches the x-axis. Show that the locus of the other
end of the diameter through A is (x — a)? = 4by
Solution
Let the equation of the variable circle be x2 + y2 + 2gx + 2fy + ¢ =0
Let B = (x,, y,) be the other end of the diameter whgfe locus is required

2
X my; (x1+a y1+bj

centre of the circle = (—g, —f) = mid point of the diameter AB =

2 2
= —2g=x+ta ... () and =2f=y +b ... (i)
As circle touches x axis, we can write : | f | = radius of the circle
= [fl?P=g?+f-c = g’=c
Substituting the value of g from (i), we get : c=(x,+ad)ld ... (iii)

Since point B = (x,, y,) lies on circle, we can have :
x2?+y?+2gx +2fy +¢c=0

On substituting the values of g, f and c from (i), (ii) and (iii), we get :
XZ+y?l—(x, +a)x, —(y,+b)y +(x,+a)?/4=0

= (x, —a)* = 4by,

Hence, required locus is (x — a)? = 4bhy

Alternate Solution

Let B = (x,, y,) be the other end of the diameter whose locus is required

X;+a y;+b
2 2

centre of the circle = (—g, —f) = mid point of the diameter AB = ( )
length of the diameter of the circle = [(x, —a)* + (y, —b)*]**

= radius =r = 1/2 [(x, —a)® + (y, — b)*]**

As circle touches x-axis, | f|=r1 = [ f]2=r?

= (Y, +b)’=(x,—a)+(y,~ by

= (x, —a)* = 2by,

Hence, required locus is (x — a)? = 4by
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Example : 24
A circle is drawn so that it touches the y-axis cuts off a constant length 2a, on the axis of x. Show that the
equation of the locus of its centre is x> — y? = a2.
Solution
Let (x,, y,) be the centre of the circle.
As circle touches y-axis, radius of the circle = x,.
So equation of circle is : (x = x)* + (y = y,)* = X
= X2 +y?=2xx—=2yy+y?=0
Intercept made by the circle on x-axis = 2 (g2 — ¢)*? = 2a (given)
= g’-c=a? = X2-y?=a
Hence required locus is x? — y? = a2

Example : 25
Acircle is cut by a family of circles all of which pass through two given points A= (x,, y,) and B(x,, y,). prove
that the chords of intersection of the fixed circle with any circle of the family passes through a fixed point.
Solution
Let S, = 0 be the equation of the fixed circle.
Equation of family of circles passing through two given points Aand B is :
S,=(x=x) (x=x))+(y-y)(y—-y,) +kL =0
where L, is equation of line passing through A and B
= S,=S, +kL, ... 0)
where S, = (x—X,) (X = X,) + (y =y, (Y = )
The common chord of intersecting of circles S, = 0 and S, = 0 is given by :
L=S,-S,=0
Using (i), we get
L=S,-S,-kL, =0
= L=L,—KkL, whereL,=S, - S, is the equation fo common chord of S, and S, .
On observation we can see that L represents a family of straight lines passing the intersection of L, and L,.
Hence all common chords (represented by L) pass through a fixed point

Example : 26
The circle x> + y2 = 1 cuts the x-axis at P and Q. Another circle with centre at Q and variable radius
intercepts the first circle at R above x-axis and the line segment PQ at S. Find the maximum area of the
triangle QSR

Solution
Equation of circle I'is x2 + y? = 1. It cuts x-axis at point P (1, 0) and Q(-1, 0).
Let the radius of the variable circle be r. Centre of the variable circle is Q(-1, 0)
= Equation of variable circleis (x + 1)2 +y?=r2 ... (i)

2
r<-2r 2
Solving circle I and variable circle we get coordinates of R as (—2 =) 4-r j

. 1
Area of the triangle QSR =1/2 x QS x RL = > r 5 «/4—r2

To maximise the area of the triangle, maximise its square i.e.

1 4rt —r®
=— 14 (4-r?)=
Let A(r) 16 " (4-r? 16
~ N = 16r® —6r°
- 16

For A(r) to be maximum or minimum, equate A’(r) =0
_ |8
= r=43

8
See yourself that A” {\/;J <0
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8
= Area is maximum for r = \/;

4

. . 1 138 4 .
Maximum Area of the triangle QRS = > 2 3 \/; = 3\5 sq. units.

Example : 27
Two circles each of radius 5 units touch each other at (1, 2). If the equation of their common tangent is
4x + 3y = 10, find the equation of the circles.
Solution
Equation of common tangent is 4x + 3y = 10. The two circles touch each other at (1, 2).
Equation of family of circles touching a given line 4x + 3y = 10 at a given point (1, 2) is :
Xx=12+(y—-22?+k@x+3y—-10)=0
= x2+y?+(4dk-2)x+(Bk—-4)y+5 10k=0 ... 0]

43k k-4’
= centre = | 1- 2K, —5 | andradius = g7+ £ —c = (2k - 1)+ | — — (5 - 10k)

2

2
As the radius of the required circle is 5, we get : (2k — 1)? + [ j —(5-10k) =5

2
2 = =+ =
= k? =20/25 = k=4 5
Put the values of k in (i) to get the equations of required circles.

The required circles are : J5 (2 +y)+ (8—2«/§)x+ (6—4x/§)y+5«/_ -20=0

and 5 (C+y?)+(8+25)x—(6+4+5)y+5+45 +20=0

Example : 28
The line Ax + By + C=0 cuts the circle X2 +y?+ax+by +c=0in P and Q. The line A’x + B’y + ¢’ = 0 cuts
the circle x2 + y2+ ax + b’y + ¢’ =0in R and S. If P, Q, R and S are concyclic then show that

a-a b-b" c-c
A B C
A’ B’ o4
Solution
Letthe givencircleshe S, =x*+y*+ax+by+c=0and S,=x*+y? + a’x + b’y + ¢’ = 0. Assume that the

points P, Q, R and S lie on circle S, =0
The line PQ =Ax + By + C = 0 intersects both S, and S..

= Line PQ is radical axis of S, and S,

The line RS =A’x + B’y + ¢’ = O intersects both S, and S,

= Line RS is radical axis of S, and S, .

Also radical axisof S, =0and S,=0isgivenby :S, -S,=0
or @-a)x+{bo-b)yy+c-c'=0 ... 0]

The lines PQ, RS and line (i) are concurrent lines because radical axis of three circles taken in pair are
concurrent. Using the result of three concurrent lines, we get :

a-a b-b" c-c
A B C
A’ B’ c’

Page # 13.



[ Downloaded From: http://www.iitportal.com ]

Example : 29
If two curves whose equations are : ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 and
. . L a-b a'-b
a’x? + 2h’xy + b’y? + 2g’x + 2f'y + ¢’ = 0 intersect in four concyclic points, prove that o = ™

Solution
The equation of family of curves passing through the points of intersection of two curves is :
ax? + 2hxy + by? + 2gx + 2fy + ¢ + k (@’x® + 2h’xy + b’y + 2g’x + 2f'y +¢') =0
It above equation represents a circle, then coefficient of x? = coefficient of y? and coefficient of xy = 0
= a+tka’=b+kb ... ()
and 2h+kh)=0 = k =-h/h’
On substituting the value of k in (i), we get :

a-b a' -b'

h h’

Example : 30

Find all the common tangents to the circles x> + y> = 2x -6y + 9=0and x> + y> + 6x — 2y + 1 = 0.
Solution

The centre and radius of first circle are : C, = (1, 3) and rn=1

The centre and radius of second circle are : C, = (-3, 1) and r,=3

Direct common tangents

Let P be the point of intersection of two direct common tangents.

Using the result that divides C,C, externally in the ratio of radiii.e. 1 : 3

. _ 1(-3)-3.1 1.1-3(3)
the coordinates of point P are P = 1-3 ' 1-3 =(3,4)

Let m be the slope of direct common tangent.
So equation of direct common tangentis:y—4=m(x-3) ... ®
Since direct common tangent touches circles, apply condition of tangency with first circle

| =1+ 2m |
= = 2 _ =1+ m2
i.e m 1 = 1=4m?*-4m=1+m
= 3m?+4m =0 = m@m+4)=0
= m=0 and m =4/3

On substituting the values of m in (i), we get the equations of two direct common tangents
i.e. y=4 and 4x -3y =0

Hence equations of direct common tangents are : y =4 and 4x -3y =0

Transverse common tangents

Let Q be the point of intersection fo two transverse (indirect) common tangents.

Using the result that P divides C,C, internally in the ratio radiii.e. 1: 3

_ _ 1(-3)+3.1 1.1+ 3(3) 0 5
the coordinates of point P are P = 143 ' 143 =\"3

Let m be the slope of direct common tangent.
So equation of direct common tangentis:y —5/2 =mx ........... 0]
Since direct common tangent touches circles, apply condition of tangency with first circle

|m=-1/2]
i.e. =1 = 1+4m?—-4m =4 + 4m?
V1+m?
= Om?+4m+3=0
As coefficient of m? is 0, one root must be « and other is m = — 3/4
= m =< and m=-3/4

On substituting the values of m in (i), we get the equations of two direct common tangents
i.e. x=0 and 3x+4y =10
Hence equations of direct common tangents are : x = 0 and 3x + 4y = 10.
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Example : 31

Find the intervals of values of a for which the line y + x = 0 hisects two chords drawn from a point

1+ «/Ea 1- ﬁa
5> ' 5 | tothecircle 2x? + 2y? — (1 +v2a) x— (1 -V2a) y = 0.
Solution
1+ «/Ea 1- ﬁa
Let (m, n) = 2 ' 2
= Equation fo circle reduces to x> + y2— mx —ny = 0.

Let P (t, —t) be a point on the line y + x = 0.
Equation fo chord passing through (t, —t) as mid-point is :

-m -n
xt—yt+7(x+t)+?(y—t)=t2+t2—mt+nt ........... 0]

Since chord (i) also passes through (m, n), it should satisfy the equation of chord

-m -n
ie. mt—nt+7(m+t)+7(n—t)=t2+t2—mt+nt
= A2+ m?+n2=3t(m-n)
On substituting the values of m and n, we get = 42 —3\2at+ (1 +2ad)/2=0 ... (ii)

Now if there exists two chords passing through (m, n) and are bisected by the line y + x =0, then equation
of (ii) should have two real and distinct roots.

= D>0 = 18a2-16 (1 +2a%)/2>0
= az—-4>0 = @a+2)(@a-2>0
= a€ (—eo, =2) U (2, o)

Hence values of aare ae (-0, —2) U (2, ).
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Example: 1
Express the following complex numbers in the trigonometric forms and hence calculate their principal
arguments. Show the complex numbers on the Argand plane
(i) z,=—\3+i (i) z,=—1- 3 (iii) z,=1-i
Solution
(i) z,=—\3+i (z|=2)

z,=2 —£+1i ascose:—ﬁ,sinezl

= 1
cos>E 4isin2l 5
= 2,=2 6 6 = the argument = 6
(ii) z,=—1-3i (Iz| = 2)
= 2, =2 [—%—@J (COSO=——,Sin9=—£J
2
2 {COS[_anﬂsin[_ ﬂ
= Z2 = T -
27
= argument = 3
(i) z,=1-1i (z]=2)

(cose = —i, sSin0 = —i

= LT %%J 2 JEJ

- w7

= argument = s
4
Example : 2
Ifz, =r (coso+isina)andz,=r,(cos P +isin ), show that :
0] |z, z,|=1rT, (ii) arg (z,z,)=o+f
| h , Al
(iii) z, |7, (iv) arg (22] =a-B
Solution
For (i) and (ii) :
z,z, =r.r,(coso+isino)(cosp +isinp)

=r1,1,(cos ocos B —sin asin B +isinocos P +icos asin fB)
=r,1,[cos (o + B) +isin (o + B)]
comparing with z = z | (cos 6 + i sin 0), we get :
|z, z,| =1 T, and arg (z,z,)=o+f
For (iii) and (iv) :
z, r(coso+isina)

z, ~ rIy(cosp+isinp)

:rr_: (cos o +isin o) (cos B —isin B)
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r
= r—l [cos o cos B+ sina sin B +isino cos B —icos o sin f]
2
n L
= [cos (0. —B) +isin (o + PB)]
2
Al 4
= L=, and arg (22] =o—-f
Example : 3
. V2 z-2 b
Show that |z — 2i| =2 V2, if arg 7+2)° 12
Solution
Let zZ=x+yi X, ye R
X—2+Yyi .
= ag {x+2+yi) = 4
_(x—2+yi)(x+2—yi) -
= arg (x+2)2 +y? T4
(X2 —4+y?)+ayi|
= ang | (x+2%)+y? 4
4y _ T
= X2 _4+y2 tan Z
= X2+y?—4y—-4=0
= X2+ (y—-2)2=8
= X+ (y —2)i] = 2N2
= |z — 2i| = 272
Example : 4
If cos o + cos B + cos y=sin a + sin B + sin y= 0, then show that :
(i) cos 3o+ cos 3 +cos3y=3cos(a+P+7)
(i) sin3o+sin3B+sin3y=3sin(a+p+7)
(iii) C0S 20 + cos 23 + cos 2y =sin 2o+ sin 2B +sin 3y=0
Solution
For (i) and (ii) :
Let z, =cosa+isina ;

z,=cosB+isinf ;

z,=cosy+isiny

z,+z,+z,=Ycosa+iXsina=0
for 3o, 3B, 3y we have to consider z*, z,*, 2.2
z3+2z2+2z2=(cosa+isin )+ (cos P +isin )+ (cosy+isiny)?
= (cos 3o + i sin 3a) + (cos 3P + i sin 3B) + (cos 3y + i sin 3y)

=(cos3a+cos3B+cos3y) +i(sin3a+sin3f+sin3y) ... 0]
Now z°*+2z°%+2°=3z2,z becausez +2z,+2,=0

= zP+z2+2z2=3(cosa+isina)(cos P +isinfP)(cosy+isiny)
zP+z2+z2=3[cos(a+P+y) +isin(@+b+g] . (ii)

Equating the RHS of (i) and (ii), we get :
Ycos3a+iysin3oe=3cos(a+P+y)+3isin(o+P+7)

Equating real and imaginary parts,

Y cos3a=3cos(a+P+7) and Ysin3a=3sin(a+p+7)
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For (iii) :
Consider z2+272+2;2
2 2 2 = 2
z2+z72+272=(2,+2,+2)-2(2,2,+2,2,+2,2)

1,11
=0-2z, 2,2, 7, 2z, 2z,

1 1 1
= —+ —+ —
22, 2,2, Losaﬂsma cosp+isinf 005y+|smy}

=-2z,2,z,[cosa—isina+cosP—isinP+cosy—isiny
=-2z,2,z,[X cos o—i2sin o]

=-2,2,2,[0-i(0)]=0

= (cos o +isina)?+ (cosP+isinP)?+ (cosy+isin)>=0

= (cos o +isin 20) + (cos 2B + i sin B)*> + (cos 2y+isin2y)=0
= Ycos200=0 and Y sin20=0

Example : 5

Express sin 56 in terms of sin ® and hence show that sin 36° is a root of the equation 16x* + 20x? + 5 = 0.
Solution

Expand (cos 6 + i sin 0)° using binomial theorem.

(cos 6 +isin 8)°=°C_ c0s®0 + 5C, cos46 (i sin 6) + ......... +°C, 15sin°0

using DeMoiver’s theorem on L.H.S. :

(cos 560 + i sin 50) = (cos®0 — 10 cos®0 sin?0 + 5 cos 0 sin*d) + i 5 [cos*® sin 6 — 10 cos?0 Sin®0 + sin®0]

Equating imaginary parts :

sin 50 = sin 6 [5c0s*0 — 10 cos?0 sin?0 sin?0 + sin*0]

sin 50 = sin O [5(1 + sin“6 — 2 sin?0) — 10 (1 — sin?0) sin?0 | + sin*0

sin 50 = 16 sin®0 — 20 sin®0 + 5 sin 6

for 6 = 36°, sin 56 =sin 180°=0

= 16 sin®36° — 20 sin®36° + 5 sin 36° = 0

= sin 36° is a root of 16x®> — 20x® + 5x = 0

ie 16x*—20x2+5=0

Example : 6
If(A+x)"=P,+PXx+Px+ ... + P x", the show that
(@) P,—P,+P,+ ... =2"2 cos (n m)/4
(b) P -P,+P +. ... = 2"2 sin (n w)/4
Solution
Consider the identity

(L+x)"=P,+Px+Px*+Px*+ ... +P X",
Put x =i on both the sides
(L+)"=P,+Pi+P,P+P,i*+ ... +Pin

equate the real and imaginary parts.

P,—P,+P,— P+ ......= 22 COS

=P, + P, =P+ .. 4
n

P, =Py + Py= o = 2 sin —
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Example : 7
If a, b, c and d are the roots of the equation x* + P.x® + P, x* + P,x + P, = 0, then show that :
1+a)(1+b)(1+c)(1+d)=(1-P,+P)y+(P,-P)?

Solution
As a, b, c and d are the roots of the given equation :
= (x—a), (X -Db), (x—c) and (x — d) are the factors of LHS
= x*+P x*+P,x*+Px+P,=(x-a)(x-b) (x-c) (x—d)is anidentity ... 0]

Put x =i on both sides :
i“+PP+P,P+Pi+P,=(—-a)(i—b)(i—-c)(i—d)

1-P,+P)+i(P,-P)=(-a)(i-b)(i-c)(i-d) ... (i)
Putx=—iin (i) :

i“=PP+Pie-Pi+P,=(-i—a)(i-Db)(-i—c)(-i—d)
1-P,+P)-i(P,-P)=(-i-a)(-i=b)(-i—-c)(-i—-d) ... (iii)

multiply (ii) and (iii) to get
(1-P,+P)+(P,-P)P=(1+a>)(1+b)(1+c*)(1+d)

Example : 8
Show that |z, + Z|? = |z, |* + |z |* £ 2 Re (z1 Z,).
Solution
|z, x 2,7 =(z,£2) (2, £Z;)
=2, 2,+%2,2,%(2, 2, + 2, 2,)

= |Z|2 + |22|2 * (Zl z2 + zl E2)

=z, + |z, +2Re (z, Z,) because z + z =2 Re (2)
Example: 9
If 1, o, ®? are cube roots of unity. Show that :
l-0+0?)(1-0*+0*)(1l-0*+0)..... 2n factors = 22
Solution
LHS=(1-0+0?) (1 -0*+ o) (1-o*+ 0d) ... 2n factors
usingo*=w*=...... —wand w®=w*?=..... = w?
LHS.=l-o0+»)(1-*+0)(l-0o+0?) (1-w?+0)...... 2n factors.

LHS. =[1-o+ o) (1 -+ 0)]"=[(-20) (-20)]"
LH.S.=2"=R.H.S.

Example : 10
Prove that the area of the triangle whose vertices are the points z,, z, , z, on the argand diagram is :

(z2-23)| 24 §
Z{ 4iz, }

Solution
Let the vertices of the triangle be
A(X,Y,) : z, =X *iy,
B (Xz’ yz) : =%t iyz
C (X, Y,) : Z, =X, +1iy,
Area of triangle ABC is :
Xp y1 1

A= 1 X2 y2 1

2 |x3 y3 1

We have to express the area in terms of z,, z, and z,.

Operating C, — C, +iC, (properties of Determinants)
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Xp+iy; y; 1
A= 1 x40y, y, 1
2 Xz +iys yz 1
Z; Y1
A= % Z; Yo
Z3 Y3
z, z,-z; 1
A= l z, 2z, —22 1
4z, 7,-75 1

Operating C, — C, — C, (properties of Determinants)

z; z; 1
11z, z, 1

A= —
4z, z5 1
1 _ _ _
= E[Zl (22_23)+22 (21_23)_23 (Zl_zz)]
1 _ _ _
= A= T (G-2) 7 4-2) - T (2~ 2)

= A= — 221(22_23)

S 12
1 |2, |° (2, —23)
A= —
- 4i Z{ Z;
Example : 11
Show that the sum of nth roots of unity is zero.
Solution

Let S =1 + ei2vn 4 gi4nin 4 + gi2n(n-1)n
the series on the RHS is a GP

= S= I@ = S = Iﬁ
1—e n l_e n
1-1
= S= > =0
=Ll
l-enm
Example : 12
= . 2nr . 2nr
Find the value of : Z S'”T—ICOST
r=1
Solution
5 sinﬂ—icosﬂ -r=6 cosﬂﬂsinﬂ
-t S* 1 7 [ et 7 7

r=

-
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r=6 i@ r=6 i@
_—|Ze7 - Ze7 -1
r=1 r=0
= — i (sum of 7th roots of unity — 1)
=—i(0-1) =i
Example : 13
Find the sixth roots of z =i
Solution

z7=1 cos = +isin—
2 2
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wherek=0,1,2,3,4,5

- cos 111
B 12

50 . . bmn
=—C0S — +1I1SIn —

12

12

( nl2+2kn . n/2+2kn]
z16 = 116 | COS +1SIn
= The sixth roots are :
1+isin1
k=0 = Z,= |12 12
k=1 z—cosﬁﬂsins—JI
- = 17905 12
9r . . 9=
= = — 4+ R
k=2 = z, = cos 1 i sin 12
k=3 z-coslz’)—n+isin13—7E
-z T 12
k=4 z-cosl7—n+isin17—7E
-tz 4= Tp 12
k=5 z—cosﬁﬂsiné
-2 = 5~ 995 5 12
Example : 14

—isin

11x
12

12

3n . . 3m
= cos — —isin —

12

Prove that (x + y)" — x" — y" is divisible by xy (x +y) (x? + y? + xy) if n is odd but no a multiple of 3.

Solution
Letf(x) = (x +y)"—x"—y"
f(0)=(O0+y)—-(0) -y =0
= (x — 0) is a factor of f(x)
= x is a factor of f(x)
By symmetry y is also a factor f(x)
fy) =y +y)"-(y)-y"=0
= (x +y) is also factor of f(x).
Now consider f (oy)
f(oy) = (wy +y)" = (wy)"—y"
=y () — "y —y"

(because n is odd)

where Kk is an integer

=y [-0*" — 0" — 1] (because n is odd)
=—yn [0)2n+0)n+ 1]

n is not a multiple of 3.

= n=3k+1 or n=3k+2

= [ +w'+1]=0 (for both cases)
= floy)=0

= (x — ay) is also a factor of f(x)

Similarly we can show that f(w?y) = 0

= (x —w?y) is also a factor of f(x)

Combining all the factors :
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we get: xy (X +y) (X — 0?y) (x — 0?y) is a factor of f(x)
now (X —wy) (X — %) = X2+ Xy + y?
= f(x) is divisible by xy (x +y) (x — o y) (X — ®?y)

Example : 15
Interpret the following equations geometrically on the Argand plane :
() lz—2-3i|=4 (i) lz-1+|z+1]=4
’ 221} = : n n
(i) arg |5 1) = 2 (iv) 6 <arg (z) < 3
Solution

To interpret the equations geometrically, we will convert them to Cartesian form in terms of x and y coor-
dinates by substituting z = x + iy

0] x+iy—2-3i|=4
= (Xx—2)2+ (y—3)2 =42
= the equation represents a circle centred at (2, 3) of radius 4 units

(i) Ix+iy=-1]=|x+iy+1] =4

= \/(x—1)2+y2 +\/(x+1)2+y2 =4

2 2

_ X y
lify t t:— +—=1
simplify to ge 2 3
= the equation represents an ellipse centred at (0, 0)

X+iy—1 T
(iii) Arg m =Z

= Arg(x+iy—1)—Arg(x+iy+1):%

Yoy 2y
x-1 x+1 _ T = _
= 7—'[&14 = x2+y2—1_1
1+
2
xc -1
= X2+y?-2y—-1=0
= the equation represents a circle centred at z = 0 + i and of radius = V2.
7 E <t -1 X < E
(iv) 6 an | 3
1
= 3 X<y V3 x
= this inequation represents the region between the lines :
y=vV3xandy = (1N3) xin Q,
Example : 16
Find the complex number having least positive argument and satisfying |z — 5i| < 3
Solution

We will analyses the problem geometrically.

All complex numbers (z) satisfying |z — 5i| < 3 lies on or inside the circle of radius 3 centred at z, = 5i.
The complex number having least positive argument in this region is at the point of contact of a tangent
drawn from origin to the circle.

From triangle OAC

OA= 52 _32 =4
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L (OAY (4
and 0,,=sin ocC =sin 5

the complex number at A has modulus 4 and argument sin-* 4/5

o 3 .4
= z,=4(cosO+ising)=4|-+I¢

5 5
12 16
= zZ, = ? +1 ?
Example : 17
Show that the area of the triangle on the Argand plane formed by the complex numbers z, iz and (z +i z)
is (1/2) z2.
Solution
iz =ze™?
= iz is the vector obtained by rotating z in anti-clockwise direction through 90
As |iz|=]i]]z]|, the triangle is an isosceles right angled triangle.

Area = 1/2 = base x height=1/2 |z | | iz |

Example : 18

If | z |> = 5, find the area of the triangle formed by the complex numbers z, ® z and z = ® z as its sides.
Solution

wz =zei2n/3 and |oz| =]z ]|

= z is the vector obtained by rotating vector z anti-clockwise through an angle of 120

As seen from the figure, the triangle formed is equilateral because angle between equal sides is 60°

= Area = \3/4 (side)? = V3/4 | z |? = V3 sq. units.

Note that the third side is

z+wz=(1+w)z=-0’z=erel?B z=7¢em

= this vector is obtained by rotating the vector z anticlockwise through 60°. This can be verified from
the figure
Example : 19

Show that z,, z,, z, represent the vertices of an equilateral triangle if and only if :
2 2 2 —
z?+z2+z22-22,-22,-22 =0

Solution

The problem has two parts :

® If the triangle is equilateral then prove the condition

(i) If the condition is given then prove the triangle is equilateral.
Part (i)

If the triangle ABC is equilateral, the vector BC
can be obtained by rotating AB anti-clockwise through 120°

= (z,-2,)=(z,-z) e

= 2,-2,=(2,-2) 0

= z0-2,0-2,+2,=0

= 2,-2,0°-2,0°+2,w* =0

= z,-1+w?)22+0*z,=0

= z, +wz,+w*z,=0

Taking LHS :

z2+z72+272-22,-2,2,—22 =(2,+0Z,+wz)(z, + 'z, + ®wz,) =0 (usingthe above proved result)
Part (ii)

Give that :

z2+z72+z27-22,-22,-22 =0

= (z, + wz, + w?’z)) (z, + W?Z, + wz,) = 0

= (z,+ wz,+ w’z,=0 OR (z,+w*z,+0z,)=0
Case (1) :

(z,+wz,+wz)=0

= 2,+0z,+(-1-w)z,=0
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= (z,-z)=0(z,-2)
= (z, - z,) is obtained by rotating the vector (z, — z,) anti-clockwise through 120°
= |z, - z,| = |z, — z,| and the angle inside the triangle is 60°
= triangle ABC is equilateral
Case (2) :

(z,+ w’z,+ wz,)=0

= 2, +0z,+(-1-w)z,=0
= (z,-2) = 0(z,-2)
= |z, — z,| is obtained by rotating the vector (z, — z,) anti-clockwise through 120°
= |z, - z,| = |z, - z,| and the angle inside the triangle is 60°
= triangle ABC is equilateral
Example : 20

Let the complex numbers z,, z, and z, be the vertices of an equilateral triangle. Let z, be the circumcentre
of the triangle. Prove that : 2> + 2,2 + 2> =3z 7.

Solution
For an equilateral triangle with vertices z,, z, and z, :
2 2 2 — H
2 +2,+20-22,-2,2,-2.2) = 0 e e () _
As circumcentre coincides with centroid, z, is centroid also.
= z,=(z,+2,+2)13
2 = 2 2 2
:>. . 9z7=2z272+272+22+2(22,+2,2,+2,.2)
using (i), we have
2 = 2 2 2 2 2
= 9z72=2z2+272+2(z%+z272+2?
2 = 2 2 2
= 9z72=3(z2+z272+2?)
2 — 2 2 2
= 3zp=z2+272+2,
Example : 21
Ifz>+2z,>-2z 2z, cos 6 =0, then the origin, z,, z, from vertices of an isosceles triangle with vertical angle
0.
Solution
2 2 —
z?+z72-2z2,c0s0=0
2 2 —
= z?-(2z,c080)z,+2,°=0

Solving as a quadratic in z,, we get :

2z,c0s0+ 22(«/40052 9—4)

z, =
2

= z,=2, (cpseiisin 0)

= z,=2, ef'e .

= z,=z,e%or z,=2 €"

= z, is obtained by rotating z, anticlockwise through 6 or z, is obtained by rotating z, anti-clockwise

through 6.
In both the cases, |z,| = |z,| and the angle between z, and z, is 6
Hence origin, z, and z, from an isosceles triangle with vertex at origin and vertical angle as 0

Example : 22
Find the locus of the point z which satisfies :
0] 2<]z|<3 (i) lz|=]z-i]=|z-1]
. z-1-i b
(iii) lz-2| <|z-6] (iv) Arg z-2 )= 3%
Solution
Important Note : (z — z) represents an arrow going from a fixed point z to a moving point z.
0] 2<|z]|<3
| z | is the length of vector from origin to the moving point z.
|z]|>2 = z is outside the circle x> + y2 =4
[z]<3 = z is on or inside the circle x> + y> =9
= locus is the region between two circles as shown
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(ii) |z-0l=|z-i=]|z-1]
distance of moving point from origin
= distance from i
= distance from 1 + Oi
= the moving point is equidistant from vertices
z,=0,z,=iand z, = 1 + 0i of a triangle.
Hence it is at the circumcentre of this triangle
(iii) lz-2|<|z-6|
= distance of z from z, = 2 is less than its distance from z, = 6
= z lies to the left of the right bisector of segment joining z, and z,
Alternatively : |z +iy—2| <|x + iy — 6]

= \/(x—2)2+y2 < \/(x—6)2+y2
= (x—2)2-(x-6)<0
= 2x—-8<0 = X<4
= Re (z)<4
Hence z lies in the region to the left of the line x =4

z-z
(iv) Arg [z ~ z; J is the angle between vectors joining the fixed points z, and z, to the moving point z.

z-24
Arg =n/3 z,=1+i,2,=2

z-2,
= the point z moves such that the angle subtended at z by segment joining z, and z, is /3
= the locus is an arc of a circle. The equation of the locus can be found by taking z = x + iy.

X+iy-1-i) g
A\ xTiy-2 ) 3

e [ 22 e [ 22
= anix-1) 7@ (x-2) 7 3

y-1 'y
x-1 x-2 _
- v-ny -3
x=-1)(x-2)
—X-y+2
= X2 -3x+y?-y+2 =43

= V3 (@ +y?) —3V3-1)x-(¥3-1)y+2¥3-2=0
Locus of z is the arc of this circle lying to the non-origin side of line joining z, =1 +iand z, = 2.

Example : 23
If |z| <, |w| £ 1, show that : |z — w|? < (|z| — |w|)? + (Arg z — arg w)?

Solution
Let O be the origin and points W and Z are represented by complex numbers z and w on the Argand
plane.

Apply cosine rule in AOWZ i.e.
w—2z|> =|z|> + [w|* - 2 |z| |w| cos 6

.20
= |2 + WP =2 [2] [wi (1—25'”25]

=(|z| = [w])? + 4 |z]| |w]| sin?6/2.
As |z| < and |w| £ 1, make RHS greater than LHS by replacing |z| =1, |w| =1
[w—z]? < (|z| — [w])? + 4 sin26/2
On RHS, replace sin 6/2 (- ©>sin 6 for 6> 0)
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= [w—z]2<(|z] — |w])? + 4 6/12 x 6/2
= lw—z|* < (|z] - |w])? + 62
= lw —z|* < (|z] - |w])* + (Arg (z) — Arg (W))?

hence proved

Example : 24
Ifiz®+z2 -z +i=0, then show that |z| = 1.
Solution
Consider: iz +z2-z+i=0
By inspection, we can see that z = i satisfies the above equation.

= z — i is a factor of the LHS
Factoring LHS, we get: (z—1i) (iz2—-1)=0
= zZ=i and z2=1li=—i
Case-1

z=i = lz| =1
Case — I

Z2=—|
Take modulus of both sides,

lzP=-Hl=1 = lz| =1

Hence, in both cases |z| =1

Example : 25

Z,-2;

izq
=1, Prove that z_ = k, where k is a real
2

If z, and z, are two complex numbers such that

number. Find the angle between the lines from the origin to the points z, + z, and z, — z, in terms of k.
Solution

21— 2,

Consider =1

Divide N and D on LHS by z, to get :

-]
N i 1 = ﬂ_l‘ 21
z z
‘ 214 2 2
Zy
2 2
. Zy Z; Z Z;
Onsquaring, | 77| +1-2Re |7 | +1+2Re |7
Z; 22 2 22
Z Z . .
= 4 Re 7. = 0= 7. s purely imaginary number.
2 2
z z
= . can be written as : i 2. = k where k is real number ... 0]
2 2
e . Zl+22
(ii) If 6 is the angle between z, —z,and z, + z,, then 6 =Arg -, —
1 2
214
Z
= 0 =Arg 7
R |
Zy
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Using (i), we get

—ik+1 ~1+ik k? -1+ 2ik
O0=Arg | T 1| TAY9 | 1 ik | =AQ R

= 6 =tan
k% -1
Example : 26
Foranyz, z,e C,showthat |z, + | + |z, + z|? = 2 |z |* + 2|z,
Solution
Consider LHS =z, +z P + |z, -z,
= LHS =(z,+2z) +(2,-2) (z,-2,)

= (Zl + 22) (zl +22) + (Zl - 22) (zl _22)
=z, + 1z, +2, 2, +2, 20) + (12, +1z,P -2, 2, - 2, 7)
=2Jz,|* + 2|z,

Example : 27
If S,="C,+"C,+"C, + ..o
S,="C,+"C,+"C +..........
S,="C,+"C,+"Cy+ ...
each series being continued as far as possible, show that the values of S, , S, and S, are 1/3
(2" + 2 cos rn/3) where r =n, n—2, n + 2 respectively and n € N.

Solution
Consider the identity :
(L+x)"=C +C x+Cx*+C, x>+ ... +Cx"
Putx =1, x = and x = ®? in above identity to get :
2"=C,+C +C,+C,+ ... C, (721+22) ......... 0]
l+w)=C+Co+C,0?+C 0’ +....... +C 0" (if)
1+e?)=C +Co*+C,0+C + ... +C oo™ (i)
Find S,
Add (i), (ii) and (iii) to get :
3C,+C,1+w+w)+C,(1+w*+w)+3C, +...... =2"+ (1 + )"+ (1 +w?)"
n
3 N E S N E R
= C,+3C,+3C + . 2N+ 5T 5t

2" +2cos
= S,=__ 3 (using demoivre’s Law)
3
Find S,
Multiply (i) with w?, (i) with © and add to (i) to get :
C,l+w*+w)+3C, +C,(1+o+)+C, 1+ +w)+.... =2"+wW2(1+o)"+o(l+ o)
n cosﬁﬂsinﬁ cosm—isinn—7t cos = +isin— cosm—isinn—Jt

3C,+3C,+3C, +........ =2"+ 3 3 3 3 )t 3 3 3 3

. n-2)r . (n-2)x n-2)r . . (n-2)n . (n-2)n
= 3S,=2"+cos 3 +|S'”T+COST_ISmT=2 +ZCOST
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2" + 2<:osM
= S, = 3
3
Find S,
Multiply (i) be o, (iii) with @? and add to (i) to get
. (n+2)n
3(C,+C,+C+........... )=2 +ZcosT
2" +2co (n+2)m
= S, = 3
3
Example : 28

Prove that the complex number z,, z, and the origin form an isosceles triangle with vertical angle 2nr/3. If
X2 +2%,+2,2,=0
Solution
Let Aand B are the points represented by z, and z, respectively on the Argand plane
Consider z°, +2?, +2,2,=0
On factoring LHS, we get :
(z,-wz)) (z,— w’2)=0

= Z,=0, 2 or zZ,=w’z,
considerz, =@z, ... ()
Take modulus of both sides
12| = oz,
= Zl=lollzl=] (- lel=1)
= OA=0B = AOAB is isosceles.

Take argument on both sides,
Arg (z,) = Arg (0z,) = Arg () + Arg (z,)

= Arg (z,) — Arg (z,) = 2n/3 (. Arg (w) = 2w/3)
= ZAOB = 21/3. Hence vertical angle = ZAOB = 2r/3.
Note : Asz,=wz, = z, = z, €*® ,we can directly conclude that z, is obtained by rotating z,

through 27/3 in anti-clockwise direction

= ZAOB =2n/3 and OA=0B

Consider z, = 0* z,

Similarly show that AAOB is isosceles with vertical angle 2r/3

Example : 29
For every real number ¢ > 0, find all complex numbers z which satisfy the equation :
|z|>—-2iz+2c (1 +i)=0.
Solution
Letz=x=1ly
= (x®+y?+2y+2c)—i(2x—2¢c)=0
Comparing the real and imaginary parts, we get :

= X2+y?+2y+2c=0 ... 0]
and X=Cc . (i)
Solving (i) and (ii), we get
= y2+2y+c?+2c=0
—2444-4(c%+2c
= y= 2( )14 1-c?-2c
asyisreal,1-c*-2c=>0
= —~2-1<c<V2-1
= c<V2-1 (- c>0)
= the solution is
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z=x+iy=c+i(—1i\’1—02—20) for 0<c<V2-1

Z = X + iy = no solution for c>V2-1

Example : 30

Let pz + bz =¢, b0, be aline in the complex plane, where p si the complex conjugate of b. Ig a point

z, is the reflection of a point z, through the line, then show thatc = z,b + z,b .
Solution

Since z, is image of z, in line bz + bz = c.

therefore mid-point of z, and z, should lie on the line i.e.

2

lieson pz+bz=c

_[Z1t7Z Z,+7Z,
(%) ep 2222

bz, +bZ, bz, +bz,
+ =c
- 2 2

Let z, and z_be two points on the given line.

As z, —z, is perpendicular to z, — z_, we can take :
Cc

Z1-2;

z
= z.-z, ~ Z

1~ 22 Z1-2;

VA
- = = = == = —
¢~ Zp 2,2, z

As z, and z_also lie on line, we get :
bz, +bz, =c and bz, +bz, =c
On subtracting, b(z, —z,) +b (z. -z,) =0
Zc=% _ b
= Z.-2, ~ "B e (iii)
combining (i) and (iii),
(Zl_ Zz) 6 =b (21_22)
= le + biz = bil + 622 ........... (|V)
combining (i) and (iv) we get :
bz, +bz, . bz, +bz; _
2 2

= 622 + bil =C
Hence proved
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Example: 1
What does the equation x? — 5xy + 4y? = 0 represent?
Solution
X2 —5xy +4y>=0
= X2 —4xy —xy +4y2=0
= (x—4y) (x-y)=0
= the equation represent two straight lines through origin whose equation
arex—4y=0andx—-y=0
Example : 2
Find the area formed by the triangle whose sides are y2—9xy + 18x?=0andy =9
Solution
y2—9xy + 18x2=0
= (y=3x)(y—6x)=0
= the sides of the triangle arey —3x=0andy-6x=0andy-9=0
= By solving these simultaneously, we get the vertices as
A=(0,00B=(3/2,9)C=(3,9)
0
113 9 1| 27 ,
Area = 5 2 = e Sq. units.
3 91
Example : 3
Find the angle between the lines x? + 4y2 — 7xy =0
Solution

Using the result given in section 1.3, we get :

Angle between the lines = 6 = tan"? ———  =tan™?
a+b 1+4

-7 2
2vh? —ab ’ (ZJ oW {@}
-, | tan?

Example : 4
Find the equation of pair of lines through origin which form an equilateral triangle with the lines
Ax + By + C = 0. Also find the area of this equilateral triangle.
Solution
Let PQ be the side of the equilateral triangle lying on the line Ax + By + C=0
Let m be the slope of line through origin and making an angle of 60° with Ax + By + C =0

= m is the slopes of OP or OQ
= As the triangle is equilateral, Ax + By + C = 0 line makes an angle of 60° with OP and OQ
e, tan oo | MCA/B) _(mB+AY .
ie. an = [_Aj = “\B_mA| e 0]
I+m —
This quadratic will give two values of m which are slopes of OP and OQ.
As OP and OQ pass through origin, their equations can be takenas:y=mx  .......... (i)

Since we have to find the equation of OP and OQ, we will not find values of m but we will eliminate m
between (i) and (ii) to directly get the equation of the pair of lines : OP and OQ

_ By/x+A ? _ [ By+Ax 2
= 3= B-yA/x = 3= Bx —yA

= 3(B?x? + y2A? — 2ABxy) = (B%y? + A%x* + 2ABXxy)
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= (A% — 3B?) x2 + 8ABxy + (B* — 3A?) y? = 0 is the pair of lines through origin makes an equilateral
triangle (OPQ) withAx+ By + C =0

5 oy 8 |

Area of equilateral AOPQ = Tg (side)? = 7

2
sin60) where P = altitude.

2
IO S S S O -] N I i
= area—T 3 —\/5 —\/5 ,—A2+Bz '@(A2+Bz)

Example : 5
If a pair of lines x? — 2pxy — y2=0 and x? — 2gxy — y? = 0 is such that each pair bisects the angle between
the other pair, prove that pg=-1

Solution
The pair of bisectors for x> — 2px 2=0is: oy -
" PYTYERE ey T e
2Xy
= X2—y?= ——
Y7 op

2
= x2+5xy—y2=0

2
As X2 + E xy—-y?=0 and  x*-2gxy - y?= 0 coincide, we have

1_2p -1
1 -29 -1
2
= 5=—2q = pg=-1
Example : 6

Prove that the angle between one of the lines given by ax? + 2hxy + by? = 0 and one of the lines
ax? + 2hxy + by? + A (x2 + y?) = 0 is equal to the angle between the other two lines of the system.
Solution
LetL, L, be one pair and PP, be the other pair.
If the angle between L,P, is equal to the angle between L,P, ,
the pair of bisectors of L,L, is same as that of P P,
x% —y? Xy

= Pair of bisectors of P P, is m = F

Xy Xy

x-b ~ h
Which is same as the bisector pair of L,L,
Hence the statement is proved.

=

Example : 7
Show that the orthocentre of the triangle formed by the lines ax? + 2hxy + by? = 0 and ¢x + my = 1 is given
b X y a+b
Y7 T m T am?—2htm+be?
Solution

Let the triangle be OBC where O is origin and BC is the line /x + my = 1.
= The equation of pair of lines OB and OC is ax® + 2hxy + by? = 0.
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The equation of the altitude from O to BC is :
y—-0=m/l{ (x-0)
= mx—/y=0 0]
Let equation of OB be y —m x = 0 and that of OC be y —m_x = 0

1 m
= B= , 1
f+mmy; ¢+mm;,
Slope of altitude from B to OC is —1/m,
= equation of altitude from B is :

_m 1,1
Y= r+mm, " m, £+mm;,
= (+mm)x+m,(/+mm)y—-(1+mm)=0 ... (ii)
Solving (i) and (ii), we get orthocentre
X y 1
—/1+mm,) = -m@Q+mym,) ~ —4(¢/+mm;)-m(/+mm;)m,

using values of mm, and m, + m, , we get :

—(1+alb) a+b

X _y _ _
= /" m —fz_mzmlmz_fm(ml‘*‘mz) ~ br? +am? - 2h/m

Example : 8
Prove that the equation 6x? — xy — 12y? — 8x + 29y — 14 = 0 represent a pair of lines. Find the equations of
each line.

Solution

Using the result given in section 2.1, we get

ah g 6 -12 -4
12 -6 2
hb f|l_|~ 22,
g fc 4 2 i
2

Hence the given equation represents a pair of lines.
To find the equation of each line, we have to factories the LHS. We first factories the second degree term.
The second degree terms in the expression are :
6x2 — xy — 12y? = 6x% — 9xy + 8xy — 12y? = (3x + 4y) (2x — 3y).

Let the two factors be 3x + 4y + C and 2x — 3y + C,.
= 6x? — Xy —12y? —8x+ 29y — 14 = (3x +4y + C)) 2x -3y + C))
Comparing the coefficients of x and y, we get :

-8=3C,+2C, and 29=4C,-3C,
Solving for C, and C, , we get :

C,=2andC =-7
= thelinesare3x+4y—-7=0and 2x-3y+2=0

Example: 9
Find the equation of the lines joining the origin to the points of intersection of the line 4x — 3y = 10 with the
circle x2 + y? + 3x — 6y — 20 = 0 and show that they are perpendicular.

Solution
To find equation of pair of lines joining origin to the points of intersection of given circle and line, we will

4x -3y
10

make the equation of circle homogeneous by using : 1 =
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- 4x -3y 4x -3y’
= the pair of lines is : X2 + y? + (3x — 6Yy) [ 10 ] -20 (T) =0
= 10x* + 15xy — 10y =0
Coefficient x? + coefficient of y» =10 -10=0
= The lines of the pair are perpendicular.
This question can also be asked as :
[“Show that the chord 4x — 3y = 10 of the circle x? + y? 3x — 6y — 20 = 0 subtends a right angle at origin.”]

Example : 10
A variable chord of the circle x2 + y? + 2gx + 2fy + ¢ = 0 always subtends a right angle at origin. Find the
locus of the foot of the perpendicular drawn from origin to this chord.
Solution
Let the variable chord be /x + my = 1 where ¢, m are changing quantities (i.e. parameters that change
with the moving chord)
Let P(x,, y,) be the foot of the perpendicular from origin to the chord.
If AB is the chord, then the equation of pair OA and OB is :
X2 +y?+ (2gx + 2fy) (¢x + my) + ¢ (Ix + my)>=0
= X2 (1 +2g¢ +ce?)+y? (1 +2fm+cm?) + (2gm + 2f/) + 2c/m) xy =0
As OA is perpendicular OB,
coefficient of x? + coefficient of y? = 0
= (1+2g9/+c)+ (1 +2fm+cm?) =0
As P lies on AB, X, +my, =1

5 ) (=f)
As OP L AB X, m =-1

We have to eliminate ¢, m using (i), (i) and (iii)

From (ii) and (iii), we get m = X12 +Y12 and (= X12 +Y12
Now from (i), we get :
29x, CX12 2fy, CY12

1+ =0

2 2 + + 2 2 +1+
X1 V1 ()(12 + 3/12)2 X1 tY1 ()(12 + ylZ)Z
= 2(x2+y?) +2gx, +2fy +c=0
= thelocusof Pis:2 (x> +y?) +2gx + 2fy +c=0

Example : 11
Show that the locus of a point, such that two of the three normals drawn from it to the parabola y? = 4ax are
perpendicular is y? = a(x — 3a).
Solution
Let P = (x,, y,) be the point from where normals AP, BP, CP are drawn to y* = 4ax.
Let y = mx — 2am — 2m? be one of these normals
P lieson it = y, = mx, —am—am?.
Slopes m,, m,, m, of AP, BP, CP are roots of the cubic
y, = mx, —2am —am?
= am®*+ (2a-x)m+y =0
= m, +m,+m,=0

2a—X;
= m,m, + m,m, + mym, = —
N
= mm,m, =- "

As two of the three normals are perpendicular, we take m;m, = — 1 (i.e. we assume AP perpendicular BP)
To get the locus, we have to eliminate m , m,, m, .
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_2a-X

m,m, + m,m, + mym, = a
_2a-X

= -1+m,(-m,)= a

2

tyi) _ 2a-Xx . _ B

= -1- ( a j i [using mm,m, =~y /aand mm, =-1]
= a’+y?=-2a’+ax,
= y,>=a(x, —3a)
= y? = a(x — 3a) is the required locus.

Example : 12
Suppose that the normals drawn at three different points on the parabola y? = 4x pass through the point
(h, k). Show that h > 2

Solution
Let the normal(s) be y = mx — 2am — 2m?® . they pass through (h, k).
= k=mh-2am —-am?.

The three roots m,, m,, m, of this cubic are the slope of the three normals. Taking a = 1, we get :
m*+(2-h)m+k=0

= m,+m,+m,=0

= mm,+mm, mm =2-h

= mm,m, = —K

As m,, m,, m,arereal, m?+mz?+m>2>0 (and not all are zero)
2 _

= (m, +m, +m,)?—2(mm,+mm,+mm,)>0

= 0-2(2-h)>0

= h>2.

Example : 13

If the normals to the parabola y? = 4ax at three points P, Q and R meet at A and S be the focus, prove that
SP.SQ. SR =a(SA)?.

Solution
Since the slopes of normals are not involved but the coordinates of P, Q, R are important, we take the
normal as :
tx+y=2at=at®
LetA=(h, k)
= t,t, t, areroots of the th + k = 2at® ie. att+(2a—h)t—-k=0
= t,+t,+t,=0
_2a-h
= L L+t = ——
= ttt =kla

Remainder that distance of point P(t) from focus and from directrix is SP = a(1 + t?)
= SP=a(l+t?,SQ=a(l+t),SR=a(l+t)>
SP,SQ,SR=a(t2+t2+t2) + (122 +t2t2+t2t2) + (12 +t2+t2) +1

h -+ 2 2 2 = 2 — M
we canseethat:t?+t2+t2=(t, +t, +t)*-2>tt, =0-2 a
and also Xt 2 t? = (Xt t,)* — 2 (t,t,) (L,t,) [using : Ya? = (Xa)? — 2X.ab]
(2a—h)? (2a—h)?
= a2 - 2t1t2t3 (0) = a2

k? (2a-h)> 2h-4a
= SP,SQ,SR=a|z%t" 7z *t7

+1; — _ —
a a } =a{(h-a)?+ k?} = aSA?
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Example : 14
Show that the tangent and the normal at a point P on the parabola y? = 4ax are the bisectors of the angle
between the focal radius SP and the perpendicular from P on the directrix.

Solution
Let P=(at? 2at), S=(a, 0)

guation o is: y—-0= a? —a x—a)
= 2tx+(1-t?))y+(-2a)=0 ... ()
Equation of PMis:y—-2sat=0 ... (i)

Angle bisectors of (i) and (ii) are :

y - 2at 2tx + (1—-t?)y — 2at

Jorl T 4t a-t?)?

2tx + (1-t?)y — 2at

= y—2at=+%

1+12
= ty =x + at? and tx + y = 2at + at®
= tangent and normal at P are bisectors of SP and PM.

Alternate Method :

Let the tangent at P meet X-axis in Q.

As MP is parallel to X-axis, ZMPQ = ZPQS
Now we can find SP and SQ.

SP=/1-at?)? +(0-2at)®> =a(l+1)

Equation of PQ is ty = x + at?
= Q= (-at? 0)

= SQ = (a+at?)+0 =a (1 +1)

= SP =SQ

= ZSPQ = ZSQP = ZMPQ

Hence PQ bisects ZSPM

It obviously follows that normal bisects exterior angle.

Example : 15
In the parabola y? = 4ax, the tangent at the point P, whose abscissa is equal to the latus rectum meets the
axis in T and the normal at P cuts the parabola again in Q. Prove that PT: PQ=4:5
Solution
Latus rectum = X, = 4a
Let P = (at?, 2at)

= at? = 4a = t=%2

We can do the problem by taking only one of the values.
Lett=2

= P = (4a, 4a)

= tangent at P is 2y = x + 4a

T lies on X-axis, = T=(-4a, 0)

=  PT=(8a)%+(4a)? =4a 5

Let us nor find PQ.

If normal at P(t) cuts parabola again at Q(t,), thent, = —t— 2/t
t=-2-2/2=-3

Q=(9a,-6a)

PQ = y25a2 +100a2 = 5a45

PT:PQ=4:5

L A
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Example : 16
A variable chord PQ of y? = 4ax subtends a right angle at vertex. Prove that the locus of the point of
intersection of normals at P, Q is y? = 16a (X — 6x).
Solution
Let the coordinates of P and Q be (at,?, 2at,) and (at,?, 2at,) respectively.
As OP and OQ are perpendicular, we can have :

2at; -0 | | 2at, -0

at,”-0) (at,>-0 =-1
= tt,=—4 0]
Let the point of intersection of normals drawn at P and Q be = (x,, y,)
Using the result given in section 1.4, we get :
X, =2a+at>+t2+tt)) and ... @)
y, =-att (tl + tz)
Eliminating t, and t, from (i), (i) and (iii), we get :

y,> = 16a (x, — 6a)

The required locus is y? = 16a (x — 6a)

Example : 17
The normal at a point P to the parabola y? = 4ax meets the X-axis in G. Show that P and G are equidistant
from focus.
Solution
Let the coordinates of the point P be (at?, 2at)
= The equation of normal at P is : tx + y = 2at + at®

The point of intersection of the normal with X-axis is G = (2a + at?, 0).

SP=a(l+t) and SG= (a+at?)2+02 =a(l+1®).

= SP =SG
Hence P and G are equidistant from focus.

Example : 18
Tangents to the parabola y?> = 4ax drawn at points whose abscise are in the ratio u2 : 1. Prove that the
locus of their point of intersection is y? = [u1/2 + u?] ax.
Solution
Let the coordinates of the two points on which the tangents are drawn at (at,?, 2at,) and (at,?, 2at,).
As the abscissas are in the ratio u2: 1, we get :

at,’

-2
at,? M

= t=ut, 0]
Let the point of intersecting of two tangents be M = (x,, y,).

Using the result given in section 1.2, we get :
M=(x,y,)=[at t,a(t, +1t)]

= x =att, (i)

and y,=alt, +t) (iii)

Eliminate t, and t, from equations (i), (i) and (iii) to get
y12 = [u1/2 + u—1/2]2 ax]_

= The required locus of M is : y? = [u*? + u*2]2 ax.
Example : 19

Find the equation of common tangent to the circle x? + y? = 8 and parabola y? = 16x.
Solution

Letty = x + at? (where a = 4) be a tangent to parabola which also touches circle.

= ty = X + 4t? and X2 + y? = 8 have only one common solution.

= (ty — 4t%)? + y? = 8 has equal roots as a quadratic in y.
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= (1 +t?) y>—8t%y + 16t* — 8 = 0 has equal roots.

= 64t° = 641° + 64t* — 32 — 322

= ?2+1-2t=0 = t2=1,-1/2

= t=+1

= the common tangentsarey =x+4andy = —x — 4.
Example : 20

Through the vertex O of the parabola y? = 4ax, a perpendicular is drawn to any tangent meeting it at P and
the parabola at Q. Show that OP. OQ = constant.
Solution
Let ty = x + at? be the equation of the tangent
OP = perpendicular distance of tangent from origin

2

at
= OP=-
Vi4r?
Equation of OP isy —0=—t(x—0) = =—1tx

Solving y = — tx and y? = 4ax, we get

(ﬂ —_4a]
QE t2’ t

= 0Q?= £ 12
= OP . 0Q =4a?
Example : 21
Prove that the circle drawn on any focal chord as diameter touches the directrix.
Solution
Let P(t,) and Q(t,) be the ends of a focal chord.
Using the result given in section 1.3, we get:  tt,=-1
Equation of circle with PQ as diameter is :
(x—at?) (x—at?) + (y—2at) (y—2at)=0 (using diametric form of equation of circle)

For the directrix to touch the above circle, equation of circle and directrix must have a unique solution i.e.
Solving x = — a and circle simultaneously, we get
a(l+)(1+t)+y*—2ay(t, +t)+4a’tt,=0
This quadratic in y has discriminant = D = B2 — 4AC
= D=4a*(t+t)—-4a’[(1+t?) (L+t?) +4tt] =0 (using t,t,=-1)

= circle touches x = —a
= circle touches the directrix.
Example : 22
Find the eccentricity, foci, latus rectum and directories of the ellipse 2x? + 3y? = 6
Solution
X2 y2
The equation of the ellipse can be written as : 3 + Y =1

On comparing the above equation of ellipse with the standard equation of ellipse, we get

a=,3 and b= 2
We known that : b2 = a2 (1 — e?)
= 2=3(1-€¢) = e=1N3
Using the standard results, foci are (ae, 0) and (-ae, 0)
= foci are (1, 0) and (-1, 0)
Latus rectum = 2b%/a = 4V3
Directrices are x = + ale = XxX=x3
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Example : 23
X2 y2
If the normal at a point P(0) to the ellipse 1 + 5 = 1 intersect it again at Q(20), show that
cos 6 =-2/3.
Solution
. ax by
The equation of normal at P(0) : ——— — ——= =a?-b?

cos®  sin®
As Q = (a cos 26, b sin 260) lies on it, we can have :

b
_ H — 72 2
c0s0 (a cos 26) — Sino (bsin26)=a?—-b

I (2cos?0-1)

—2b%2cos 09 =a?-h?
coso

=
Put a2 = 14, b? = 5 in the above equation to get :

14 (2 cos?0 — 1) — 10 cos?0 =9 cos 0
= 18 cos®0—-9cosH—-14=0
= (6cosO6—-7)(3cosH+2)=0
= cos 0 = 7/6 (reject) or cos0=-2/3
Hence cost = — 2/3

Example : 24

If the normal at end of latus rectum passes through the opposite end of minor axis, find eccentricity.
Solution

The equation of the normal at L = (ae, b%a) is given by :

2 2
a’x bl - 22— p?
ae b?/a
X at-p’
= e VT T a

According to the question, B’ (0, —b) lies on the above normal.
= O/e + b = (a? - b?)/a
= a?—b2—-ab=0
Using b? = a% (1 — e?), we get :
a’e?—ab=0

= b = ae?
= a’e*=a?(l-¢€? [using : b? =a? (1 — e?)]
= et=1-e?
I
2
Example : 25

2 2
Show that the locus of the foot of the perpendicular drawn from the centre of the ellipse a_2 + b_2 =1lon

any tangent is (x? + y?) = a? x* + b2y? .
Solution

Let the tangent be y = mx + /a2m?2 + p2

Drawn CM is perpendicular to tangent and let M = (x;, y,)

M lies on tangent, = Y, =mMX, + ya?m2 +b2 e ()
Slope (CM) = —1/m
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Lono2
X1 m

X1 .

M=M==7"" .. ii

= Y1 (i)

Replace the value of m from (ii) into (i) to get :
(X12 + ylz)z =a? X12 + b2y12
Hence the required locus is : (X2 + y?)? = a2 x? + b?y?

Example : 26
2 2
The tangent at a point P on ellipse a_2 + b_2 = 1 cuts the directrix in F. Show that PF subtends a right

angle at the corresponding focus.
Solution
LetP=(x,y,) and S=(ae, 0)

. XX yy
The equation of tangent at P is : a—zl + b—zl

To find F, we put x = a/e in the equation of the tangent

=1

& W
- a’e  b? ~
_ (ae—xy)b?
- - aey;

a (ae—xy)b’
= F= e aey,

(ae—x)b? 1 _
aey, a 0]

= slope (SF) =

Y1 .
slope (SP) = x,—ae e (i)

From (i) and (ii),

slope of (SF) x slope (SP) =—1

SF and SP are perpendicular

Hence PF subtends a right angle at the focus.

Example : 27

2 2
Show that the normal of ellipse a_2 + b_2 = 1 at any point P bisects the angle between focal radii SP and

SP.
Solution
Let PM be the normal and P = (x,, y,)

: _xa®  yb?
= equation of normal PMis —— - ——— =a?-b?
X3 Y1
We will try to sh tht's—,P—M—S,
e will try to show that : =5~ = e

M is the point of intersection of normal PM with X-axis
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(@ —b?) x,
= Puty = 0is normal PM to get M = 22 0 = [e*x,, O]
= MS = ae - e’x, and MS’ = ae = e,

MS’ e(a+ex;) a+ex; SP’

MS " ea—ex,) - a-ex, - sp (using result given in section 1.1)
1 1

Example : 28

2 2

Atangent to a_2 + :)/_2 = 1 touches at the point P on it in the first quadrant and meets the axes in Aand B

respectively. If P divides AB is 3 : 1, find the equation of tangent.
Solution
Let the coordinates of the point P = (a cos 6, b sin 0)

Xcos®  ysin6

= the equation of the tangent at P is : a + b =1 0]

= The coordinates of the points Aand B are :

a b
=|——0 =0, ——
A= (cose ] andB= [ sm@]

a 3b
By section formula, the coordinates of P are [mv m] =(acos 0, bsino0)
a__ 0 d =bsind

= 4cosp 2008 an 4sing SN

1
= coso=+ — and sin6=i£

2 2
= 6 = 60°

For equation of tangent, replace the value of 0 in (i)

Y3y _

b

X
= The equation of tangent is : a + 2

Example : 29

2 2
If the normal at point P of ellipse a_2 + b_2 = 1 with centre C meets major and minor axes at G and g

respectively, and if CF be perpendicular to normal, prove that PF . PG = b? and PF . Pg = a2.
Solution
If Pm is tangent to the ellipse at point P, then CMPF is a rectangle.

= CM=PF ... 0]
Let the coordinates of point P be (a cos 0, b sin 6)
: : by
The equation of normal at P is : - ——— zZa?-Dh?
cos® sin®

2 K2
(a b)cose,o}
a

The point of intersection of the normal at P with X-axis is G = [

(b% —a?)sin®
The point of intersection of the normal at P with Y-axis is g = 0, by
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2

= PG2= 2 [b2 cos?0 + a?sin?0] ... (i)
a2
and Pg? = b_2 [b? cos?6 + a?sin0] ... (iii)
From (i),
= PF = MC = distance of centre of the ellipse from the tangent at P
1 ab ]
= R IR iv
Jcosze sin?g _ Vb2cos?+a?sin?0 )
a2 b?
Multiplying (iii) and (iv), we get :
PF2. PG?=Db*
Multiplying (iii) and (iv), we get :
PF?.Pg?=a*

Hence proved

Example : 30
Any tangent to an ellipse is cut by the tangents at the ends of the major axis in T and T’. Prove that circle
on TT’ as diameter passes through foci.

Solution
Consider a point P on the ellipse whose coordinates are (a cos 6, b sin 0)

. . Xcos®  ysin® i
The equation of tangent drawn at P is : a + b =1 . 0]

The two tangents drawn at the ends of the major axis are x =a and x = —a.

i ' a, D= C0S0) a btan 2
Solving tangent (i) and x=awe getT= |& Sino =3 5

. ) b(1+ cos6) 0
Solving tangent (i) and x=—a,we getT'= | —& “sno_ | = -4, COtE

Circle on TT” as diameter is x> —a? + (y — b tan 6/2) (y —b cot 6/2) = 0
(using diametric form of equation of circle)
Putx=+ae,y=0in LHS to get:
a’e?—a2+b?=0=RHS
Hence foci lie on this circle.

Example : 31

2 2
A normal inclined at 45° to the X-axis is drawn to the ellipse 2 + el 1. It cuts major and minor axes

inPand Q. IfC i f elli how th ACPQ) = (@b
in Pand Q. is centre of ellipse, show that are ( Q)= @ +b?)’
Solution
Consider a point M on the ellipse whose coordinates are (a cos 6, b sin 0)
ax by

_ —2  —52_h2
cos0 sin® a*—b

The equation of normal drawn at M is :

As the normal makes an angle 45° with X-axis, slope of normal = tan 45°

asin0
bcos0

b
= tan 45° = = tan 6 = g
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b a

= sin6 = m and cos 0= m .......... 0]

2 2

The point of intersecting of the normal with X-axis is P = [ cos®, 0}

Ar (ACPQ) = % PC x CQ

2 242
1 | @ -b%)* .
Using (i) and (iii), Ar (ACPQ) = > b sinbcos6
Using (i Ar (ACPO) = (a® —b?)?
sing (i), ((ACPQ)= 5
Example : 32
2 2

If P, Q are points on a_2 — 5 =1, whose centre is C such that CP is perpendicular to CQ, show that

b

1 1 1 1
Cp2 + cQ? = a_2 - b_2 given that (a < b)
Solution
2 2
Let y = mx be the equation of CP. Solving y = mx and a_2 - b_2 =1, we get coordinates of P.
x?  m?x? L , a’b? ,__a’h’m’
= — - = = X= >, V= o
a’® b2 b2 —aZm? 'Y " b2 —aZm?
o ath?(lem?)
R Ay

-1
Similarly, be replacing m by — 1/m, we get coordinates of Q because equation of CQ isy = o X.

a2b2(1+ :sz
cQ? —rz" a’b?(m? +1)
= = =
b? —a—z b%m? - a?
m

1 1 b?-a’m?+b’m?-a? bp2-a2 1 1
+ = = = T 5 — " 5
= cP? T cQ? a2b?(1+m?) a?h?  a’ b2
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Example : 33

2 2
Find the locus of the foot of the perpendicular drawn from focus S of hyperbola a_2 + b_2 =1 to any
tangent.
Solution

Let the tangent be y = mx + \/32m?2 _ p>2

Let m (x,, y,) be the foot of perpendicular SM drawn to the tangent from focus S (ae, 0).
Slope (SM) x slope (PM) =—1

y; -0 _
= X, —ae m=-1

X, +my=a L 0]

As M lies on tangent, we also have y, = m X + \/a?m?2 _p2

= -mX, +Y, = Ja?m? -b? = e (ii)

We can now eliminate m from (i) and (ii).

Substituting value of m from (i) in (ii) leads to a lot of simplification and hence we avoid this step.

By squaring and adding (i) and (ii), we get
X12 (1 + mZ) + y12 (1 + mZ) = a2e2 + a2m2 _ b2

= )Zry) (L m) =al (e m)

= X12 + y12 = a2

= Required locus is : x2 + y2=a? (Note that M lies on the auxiliary circle)
Example : 34

Prove that the portion of the tangent to the hyperbola intercepted between the asymptotes is bisected at
the point of contact and the area of the triangle formed by the tangent and asymptotes is constant.

Solution

X2 2

Let a_2 - ;/—2 =1 be the hyperbola and let the point of contact be P (a sec 6, b tan 6)

bx bx
Let the tangent meets the asymptotes y = a and y =— —— in points M, N respectively.

b
Solving the equation of tangent and asymptotes, we can find M and N

Solve - Xcos®  ytan® _1 q _b_xt .
olve: —— - " — = an y=— toget:
. a ___ b

X SecO_tano’ Y= Seco—tano

a b
= M= seco_tano’ seco—tano |’

. _ bx X y
Similarly solvingy = — a and a seco — a tan6 =1, we get:

a -b
N=|Seco+tan0’ seco+tano

asecoO btano

Mid point of MN = { } = (asec 6, b tan 6)

sec?0—tan?0 sec?0—tan?0
Hence P bisects MN.
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0O 0 1

1 1 1
Areaof ACNM = = [*n Yn 1] - =2 XYy — XY = 5 (ab+ab)=ab
2 |xw oym 1| 2 2

hence area does not depend on ‘0’ or we can say that area is constant.

Example : 35
Show that the locus of the mid-point of normal chords of the rectangular hyperbola
X2 — yz —a?is (yz _ Xz)s - 4a2x2y2 .

Solution
Let the mid point of a chord be P(x,, y,)

2 2
= Equation of chord of the hyperbola a_2 - b_2 = 1 whose mid-pointis (x,, y,) is :
Xy Wi X3y
a2 - b2 - a2
As the hyperbola is rectangular hyperbola, a = b
= Equation of the chord is : xx, —yy, =x*-Yy> ... 0]

Normal chord is a chord which is normal to hyperbola at one of its ends.

B by,
secH tano

= Equation of normal chord at (a sec 6, b tan 6) is : =a?+b?

but here a2 = b?,
= normal chordis:xcos®—-ycot6=2a ... (ii)
We now compare the two equations of same chord i.e. compare (i) and (ii) to get :

X Xy
coso coto 2a

g XLV d to= oL

= sec O = 2ax, an co _xf—yf

Eliminating 6 using sec?0 —tan?0 = 1, we get :

2 2
ST 2 I e o
2ax, | | 2ay, | ~
= (y12 _ X12)3 = 4a2 X12 y12
= (y? — x?)® = 4a?x?y?is the locus.
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Example : 1

3 nl2
2 .
Evaluate 0 I x“ dx (ii) I sinx dx
1 0
Solution
I [ g 26
2
i X< dx - | — - = (23 _13) = —
nl/2
. /2
(ii) f sinx dx - | —cosx |Z = (cos /2 —cos 0) = 1
0
Example : 2
n/2
j sin® xcos x dx
0
Solution
nl/2
let 1= J.sinsxcosx dx
0
Let sinx=t = cos X dx = dt
For x:g,t=1 and forx=0,t=0
1 4 1
= '[ a1 _1
0 4 o 4

Note : Whenever we use substitution in a definite integral, we have to change the limits corresponding
to the change in the variable of the integration
In the example we have applied New-ton-Leibnitz formula to calculate the definite integral.
New-Leibnitz formula is applicable here since sin®x cos x (integrate) is a continuous function in
the interval [0, /2]

Example : 3
2
Evaluate : '[|x|dx
-1
Solution
2 0 2
J'|x|dx :J|x|dx+_[|x|dx (using property — 1)
-1 -1 0
0 2
:j—XdX+IXdX (v |x]==xforx<0and|x|=xforx=0)
-1 0
0 2
x? 2 1 4 5
= — 7 + | A~ = — O—E + E_O = —
-1 0 2
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Example : 4

3

2
Evaluate : _['X —4|dx
-4
Solution
3 -2 +2 3
I|x2—4|dx _ I|x2—4|dx+ J.|x2—4|dx N J.|x2—4|dx
-4 -4 -2 -2

-2 2 3
_ I(x2—4)dx . I(4—x2)dx . j (x2 - 4) dx
-4 -2 2

(v 2=4]=4-x%in[-2, 2] and |[x? — 4] = x> — 4 in other intervals]

-2 3

Example : 5
/2 Jainx
Evaluate : J; m dx
Solution
/2 m

Let 1= '([ Jonx s doosx B i)

Using property — 4, we have :

“J’-2 Jsin(n/2-x)

\/sin(n/Z -X) + \/cos(nlz —-X)

I=
0

nJ/-Z 4/cosx dx )

I= ) Joosx 4 sinx e (i)
Adding (i) and (i), we get

nj~2 Jsinx nj~2 J/cosx

0 VsinXx ++/cos x ox + 0 Vsinx ++/cos x dx

2l =

EJLZ Vsinx ++/cos x
= 2l= 0 VsinXx ++/cos x dx

/2
s
— dx =—
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Example : 6

a a
a
If f(a — x) = f(x), then show that j x f(x) dx = Ej f(x) dx
0 0

Solution
a
Let 1= | xT0)dx
0
a
= 1= J.(a x) T (a-x)dx (using property — 4)
0
a
= 1= J.(a x) f (x) dx [using f(x) = f(@ - X
0
a a
- I=J'af(x)dx—j x f(x) dx
0 0
a
S 1=a fGOdx-1
0
a
S o=a ] fO
0
a
- =2 Jf(x)dx RHS
20
Example : 7
T X
Evaluate : ) 1+ cos? x dx
Solution
T X
Let I= ) 1icos?x ax 0]
= I= ! 1+cos?(n—x) dx (using property —4) ... (i)
Adding (i) and (i), we get :
T n
= 2l= ¢ 1+cos®x dx
n nl2
=2 .[ -2 I o i ty — 6
= =5 ) 1+cos’x ~ o ) 1+ cos2 x (using property — 6)

Divide N and D by cos?x to get :
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/2 2
sec” X
I_ —_—
0

- sec?x+1 X
Puttanx =t = sec?x dx = dt
For x = /2, t—>o and forx=0,t=0
T dt
= I=n ) 242
gt ” T T Tl:2
I= —tan " — = "= X — =
- ‘ 2 20, V2727 22
Example : 8
nl2
Evaluate : j fog sinx dx
0
Solution
nl2

Let] = I fog sinx dx

/2

= I=

I fogcosxdx (ii)
0

Adding (i) and (ii) we get :

nl2
2l = I tog
0
= 2l =
= 2]l =
Let L=

Put t=2x =

Forx-E t

=5
= L=
= Il=

nl2 .
(sinx cosx) dx = j log (stxj dx

2
0
/2 nl2
J. fog sin2x dx — J log2 dx
0 0
nl2

J fog sin2x dx —g tog2
0

n/2
I £og sin2x dx
0

dt = 2dx
=7 and forx=0,t=0
n 2 nl2
1 j logsintdt=— J log sint dt
2 2
0 0
nl2
j log sinx dx (using property — 3)
0

(using property — 4)

(using property — 6)
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= [ =1
Substituting in (iii), we get : 21 =1 - /2 log 2
= I=-m/2log 2 (learn this result so that you can directly apply it in other difficult problems)

Example : 9

n/2 /2 nl4
Show that - If (sin2x)sinx dx = I f (cosx dx = V2 I f(cos 2x) cos x dx
0 0 0

Solution

n/2
Let]= I f(sin2x) sinxdx 0
0

nl2

o 1= | flsin2m/2-x)sin(x/2-X)dX  (using property  4)
0

nl2
. I= Jf[sin(n—Zx)]cosx dx
0
nl2
= 1= I f(sin2xjcosxdx (ii)

0
Hence the first part is proved

n/2

I = I F(SIN2X) sin x dx
0

nl4 nl4
_ j f(sin2x) sinx dx , j flsin2(n/2-X)] gin (2 —x) dx  (using property — 5)
0 0
nl4 nl4
_ J.f(sin2x) sinx dx . jf(sinzx) cosx dx
0 0
nl4

_ J f(sin2x) (sinx + cos x) dx
0

nl4
J. f(sin 2x) (sin x + cos x) dx
0

flsin2(n/4 —Xx)] [sin(/ 4 — X) + cos(n/4 —Xx) X] dx (using property — 4)

a
[ S——
~

i 1 1.1 1
-[ f(cos2X) | —=C0SX — —=SiNX + —=COSX + —=SINX | 4y

J Heosq | geosx s et g

nl4

2 J.f(0032x) cosx dx

0

Hence the second part is also proved
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Example : 10

3

Evaluate : J. X5 —x dx

2
Solution

3

Let I:Jx\/S—x dx

2

3
= j (2+3-x)+5-(2+3-x) dx (using property — 7)
2

3
- I=j(5—x)&olx
2

3 3
_ [ 5vx ax— [ X
— I__[Sxdx Ixxdx

2

3
2 —3
5 2

2

N I=% (3\/5—2«/5)—2 lov3 - 442)

Example : 11

b
o
Evaluate : ) f(X)+f(a+b+X) dx

Solution

f(x) |
) f(x) +f(a+b - x) ax ()

I_
[}
N3
—
11
—_—

J- fla+b-x)
= 1= ! fa+b-x)+fla+b—(a+b-x)]dx

J- f(a+b—-x) i
= I= ) f(a+b—X)+f(X) dx (ll)

Adding (i) and (i), we get

T f(x) +f(a+b—x)
= 2= g+ f@rb-x) dx

b
— 21:J.dx=b—a
a
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Example : 12

+1
j log 2=X ) gin? x dx
Evaluate : ) 21 x

Solution

X
Let f(x) = log [2+xj sin?x dx

=

=

Hence J. f(x) dx =0

Example : 13

2+X
f(-x) = log (ﬂj sin? (—x)

-1
X
f(-x) = log (mj sin?x = — log [2 X

f(x) is an odd function

+1

-1

nl2

Evaluate : J.«/l—sin2x dx

Solution

Let

0

/2

I= J.\/l—sin2x dx
0

nl2

I= J.\/(sinx—cosx)2 dx

0

nl2
I= J.| sinx —cosx | dx
0

nl4 /2

0 nl4

nl4 nl2

2-X

j sin2x = — f(x)

(using property — 8)

I= I |sinx—cosx|dx+J.|sinx—cosx|dx

I= j (cosx —sinx) dx + j(sinx—cosx)dx

0 nl4

. nl4
I= |smx+<:os|O + | —cosx—

. nl2
smx| '
T
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Example : 14
Given a function such that :

® it is integrable over every interval on the real line.
a+t
(i) f(t+x) = f(x) for every x and a real t, then show that the integral J f(X) dX s independent of a.
a
Solution

a+t

Let 1= | fOdx

t a+t

o [ reodxs Jreode 0

a t

a+t

Consider I, = j f(x) dx
t

Putx=y+t = dx = dy
Forx=a+t y=a and Forx=t,y=0

f(y +t) dy

U

—

N

1
ot— 0

f(y) dy (using property 3)

U
—
N
1
ot—

f(x) dx [using f(x + T) = f(x)]

U

—

N

1
ot— 0

On substituting the value of L in (i), we get :

t
- I:J.f(x)dx+11
a

!
L
1
O —

f(x) dx + j f(x) dx
0

a t
= j f(x) dx+j f(x) dx
0 a
t
= 1= J. f(x) dx (using property — 1)
0
= Lis independent of a.
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Example : 18
1

Determine a positive integer n < 5 such that : J. e*(x-1)"dx =16 -6e
0

Solution

1

Let [ = I e*(x -1)"dx
0

using integration by parts
1

I = [(x —1)”J'eX dx]: —I e*n(x —1)"* dx
0

1

L =0-(-1)y-n -[ e*(x -1t dx
0

L=—(-1"=nl | s 0

t
0
Also I, = j e'(x-1)" gx=e-1
0
1

= [=1-1=1-(e-1)=2-¢
= =-1-2[,=-1-2(2-e)=-5+2e
= [,=1-3,=1-3(-5+2e)=16-6e
1
= Hence for n = 3, I e*(x-1)" dx =16 -6e
0
Example : 16
3
)] idt .
If f(x) = 2 logt t > 0, then find f'(x)
Solution
Using the property — 12,
d 1 d, .,
" p— — 3 —_————
Fix) = log(x?®) dx () + logx? dx
) 3x? 2x x% —x
= Fix) = 3logx ~ 2logx ~ logx
Example : 17
2
't t2-5t+4
Find the points of local minimum and local minimum of the function I ﬁ dt
0
Solution
2
XI ' -5t+4
Let y= 2+e!

d
For the points of Extremes, % =0
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Using property — 12

x4 —5x%+5
— =2 2x=0
2+e*
= x=0 or x*—-5x2+4=0
= x=0 or xX-1DxX+1)(x-2)(x+2)=0
= x=0,x=*x1landx=+2

With the help of first derivative test, check yourself x =— 2, 0, 2 are points of local minimumand x=-1,1
are points of local maximum.

Example : 18
b

X2dX | 1cing limi
Evaluate : using limit of a sum formula
a

Solution
b
_ | x%dx - 2 2 2
LetI—I = lim h[1+h)?+@+2h)?+.... + (a+nh)?]
a hs0
= I=lim h[na?+2ah (1+2+3+ ... +n)+h?(12+22+32+....... +n?)]
h0
i 2 2
. . ha? , 230°(0+D) b n(n+1)(2n+1)}
nom | 6
h—0

Using nh = b — a, we get

: 2 _3)2 1 _ 31 1 E
— = lim _a (b—a)+a(b-a) [1+nj+(b a) 6[1+nj[2+nﬂ

n—oo

b-a)?
= I=a2(b—a)+a(b—a)2+%2
2, .2
= 1=(b-a) {a2+ab—a2+M}
b— 3_.3
I=(3—a) [@2 + b? + ab] = b 3a
Example : 19
- T P I 3
Evaluate the following sum. S = "' nil ni2 ths T on
Solution
. 1 1 1 1
g= lim + + ot —
n»o |n+l n+2 n+3 2n
—lm |, "
= S= no n Ln+l n+2 2n
11 1 1
= g= lim = + +oen +
noo o [1+1/n 1+2/n 1+n/n

_n
. 1 1
= s=lim Z 1+r/n]

n—oo
Lr=1

S
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j 1
= 01+de

= S = | log(1+x) |:) =log 2

Example : 20
I 1 . ||m 1 + _1 + 1 + + i
Find the sum of the series : " St T hag T on
Solution
W 1 1 1
Lets=lm =, = S + —
> op+l n+2 6n

Take 1/n common from the series i.e.

. . 1
g= lim 1 CHN S it _lm 1 z
nso nn |1+1/n 1+2/n 1+5n/n n>® 1+r/n

For the definite integral,

. r . 1
Lower limit=a = n'f; (Hj = nlfo‘o o 0
. r . Bn
imit=p = lim [ —] = lim 2 _
Upper limit=b = """ (nj = e =5
5n
1 dx
- lim - - 5 _ n= -
Therefore, s=1m ; 1(/n) = _([ T+x =/ |1+x| =M=6-/n1=M6
Example : 21
1
XZ
Show that : 1£Ie dx<e
0
Solution
Using the result given in section 3.3,
1 2
m(l-0)< f e dx<M(1-0) Q)
0
X2
let fx)=#e
2
= f(x)=2x € =0 = Xx=0
Apply first derivative test to check that there exists a local minimum at x = 0
= f(x) is an increasing function in the interval [0, 1]

= m=f0)=1 and M=f1)=el=e
Substituting the value of m and M in (i), we get

1
(1-0)< J.exzdx <e(1-0)
0

1
de <
= 1< I e dx=e Hence proved.
0
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Example : 22

2n
dx

Consider the integral : I = j 5_2cosx

0

Making the substitution tan x/2 = t, we have :

2n 0

J' dx 2dt

e — :0
5-2cos —12
0 X0 ast)5-21 0
1+t

This result is obviously wrong since the integrand is positive and consequently the integral of this function
can not be equal to zero. Find the mistake in this evaluation.
Solution

X X
The mistake lies in the substitution tan Py =t. Since the function tan Py is discontinuous at x =, a point

in the interval (0, 2r), we can not use this substitution for the changing the variable of integration.

Example : 23
Find the mistake in the following evaluation of the integral
4 g T 2 x
.[ d)f 2 :_[ 2 > -2 :J. > Xczjx :i[tan‘l(«/gtanx)]o =0
0 1+ 2sin“x o Cos X +3sin“ x 0 1+3sin“x \/5
Solution
The Newton-Leibnitz formula for evaluating the definite integrals is not applicable here since the anti-
derivative.

1
Fo = 75 tan* (V3 tanx) has a discontinuity at the point x = ©/2 which lies in the interval [0, 7.

o [m(5)

LHL _ lim

atx=n/2 ~ h—0

-

. 1
= L”E, ﬁ tan™ (ﬁ cot h)
im = T _
T hoo 3 tan™ (— ) = o3 @)
RHL _ lim —— . tan| = +h
atx=n/2 ~ h-0 ﬁ tan \/5 2
lim
= 3 tan™ (—«/5 cot h)
im = . _n )
T hoo [3 tan™ (— —e) = — of3 e (i)

From (i) and (ii), LHL # RHL at x = n/2
= Anti-derivative, F(x) is discontinuous at x = nt/2
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PART - B AREA UNDER CURVE

Example : 24

Find the area bounded by the curve y = x?2 — 5x + 6, X-axis and the lines x = 1 and x = 4.
Solution

Fory=0,wegetx?+5x+6=0
= x=2,3

2

Hence Area = I ydx 4
1

3 4
y dx +J‘ydx
2 3

2 3
- A= J. (x? —=5x+6)dx J.(x2—5x+6)dx
1 2

4
+ J. (x? —5x + 6) dx
5

3 2

3222 1
5 2 +6(3-2)= 5

4
(x?-5x+6)dx - 4 ~3 —3)=—
! 55| 2 |te(-3=7

2 2 _ 42

2 43 2 -1
I(x2—5x+6)dx_2 1 5[ ]4‘6(2—1):%
1

3

353
I(x2—5x+6)dx 3 -2
5 3

PRI TS DT © S
= =% 6 6 = g SU- units.
Example : 25
Find the area bounded by the curve : y = /4 _ x , X-axis and Y-axis
Solution
Trace the curve y = /4 _x
1. Puty = 0 in the given curve to get x = 4 as the point of intersection with X-axis.
Put x = 0 in the given curve to get y = 2 as the point of intersection with Y-axis.
2. Forthe curve,y= /4 _x,4-x>0
= Xx<4
= curve lies only to the left of x = 4 line.
3. As y is positive, curve is above X-axis.

Using steps 1 to 3, we can draw the rough sketch of y
In figure

4 -2 — " 16
Bounded area = I Ja-x dx = ‘?(4—X) 4-X| = = sq. units.
0

3
Example : 26
Find the area bounded by the curves y = x? and x? + y? = 2 above X-axis.
Solution

Let us first find the points of intersection of curves.
Solving y = x2 and x? + y? = 2 simultaneously, we get :
X2+ x+=2

-1 (x+2)=0

x*=1 and x? =— 2 (reject)

x=%1

(NN}
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= A=(-1,0) and B=(1,0)

+1
Shaded Area = j (\/Z—XZ —xz) dx

-1

+1 5 +1 )
ZJ‘I( 2-X dx)—J.lx dx

) ‘1[ V2 -x? dx—2‘1[ x2dx
0 0

1
=5 | 242-x2 2gnt X o[t
2 27 2|, 3
A
=2(274) 3
—_ l + E t
=3 *+ 3 SQ. units.
Example : 27
Find the area bounded byy =x?—-4and x +y =2
Solution
After drawing the figure, let us find the points of intersection of
y=x2-4 and X+y=2
= X+x2-4=2 = X¥+x-6=0 = x+3)(x—2)=0
= Xx=-3,2

= A=(-3,0) and B=(2,0)

2
Shaded area = J. [(2_ X) = (x* - 4)]dx
-3

2 2
_ j(z—x)dx—j (x? — 4) dx
-3 -3

-3

2x5 1 4-9 L 8+ 27)+4(5 —125
= X —_— —_ - — =
S (4-9)— 3 (8B +27)+4(5) = ¢

Example : 28

Find the area bounded by the circle x? + y? = a2 .
Solution

X2+y2:a2 = y:i a2_X2

Equation of semicircle above X-axisisy = + /32 _ x2

Area of circle = 4 (shaded area)

a
=4 J va? —x? dx
0
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2 a

X a? X
-4 E«/az—x2 +sin 1z
a

a’(n)
0—42 3 =rma

Example : 29

Find the area bounded by the curves x2 + y? = 4a% and y? = 3ax.
Solution

The points of intersection A and B can be calculated

by solving x? + y? = 4a? and y? = 3ax

2
y2 2 2
% =y = 4a

=
= y*+9a’y*—-36a*=0

= (y?—3a?) (y?+12a?) =0

= y? = 3a?

= y? =—12a? (reject)

= y2 = 3a? = y=+3a
= y, = V3a? and y,= —V3a

The equation of right half of X2 + y? = 4a?is x = /482 — y?

\/§a y2
2_ 2
Shaded area = _[ [ 4a” -y _ngy
_Jaa
\/Ea yg
=2 I [ 4a® -y? —5] dy (using property — 8)
0
432 V3a 2 3|Y3a
N B Y e N e A e A
2 2 2a 0 3al 3 0

2
= J3a? +4a? = - = 33a
3 09a

1 Am)
= ﬁ 3 a
Alternative Method :

shaded area = 2 x (area above X-axis)

2 2

3a
x-coordinate of A = y _ 2
3a 3a

The given curves arey =+ ,/3ax andy =+ /4532 _ x?

But above the X-axis, the equations of the parabola and the circle are /3ax and y = /432 — x2 respec-
tively.

=a

a 2a
= shaded area = 2 I v3ax dx+I JaaZ —x2 dx
0 a

Solve it yourself to get the answer.
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Example : 30
Find the area bounded by the curves : y?2 = 4a (x + a) and y? = 4b (b — x).

Solution
The two curves are :
y2 = 4a(x + a) ......... (l)
and y2 =4b (b — X) ......... (II)

Solving y?2 = 4a (x + a) and y? = 4b (b — x) simultaneously,
we get the coordinates of A and B.
Replacing values of x from (ii) into (i), we get :

y2
y2:4a [b—E‘Faj
= y=1% J4ab and Xx=b-a

= A=—(b-a, \Jaab) and B=(b-a,—./4ab)

Jaab 2 2
I I TR i
shaded area = 4b 4b dy

—+J4ab

Jigb (22
= A=2(a+b) \Jaab — I (%szj dy (using property — 8)
0

1 {4ab\/ 4ab N 4ab+/4ab }

2
= A=2(a+b) Jaab — 3 (a+b) yab

8
= A=z (@+b)Jab

Example : 31
Find the area bounded by the hyperbola : x2 — y? = a? and the line x = 2a.
Solution

Shaded area = 2 x (Area of the portion above X-axis)

The equation of the curve above x-axis is 1 y = /x2 _ g2
2a
2 2
= required area (A) = 2 J. Vx© —a“ dx
a

2a

= A=2

X x? - a? —%Iog‘ x+Vx%—a?

2

=  A=2J3a’-a’log [(2a++/3a| +atlog a
= A=2V3a2—-a?log (2 +3)
Alternative Method :

yA
[2. .2
Area (A) = I(Za— a +y jdy
yB
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J3a
N A= I (Za—\/a2+y2) dy
—3a

Example : 32
Find the area bounded by the curves : x2 + y? = 25, 4y = |[4 — x?| and x = 0 in the first quadrant.
Solution
First of all find the coordinates of point of intersection. A by solving the equations of two gives curves :
= X2 +y2=25 and 4y = |4 — x?|

(4-x*)
2+ —— =25

= X 16
= (x> —4)? + 16x> = 400
= (X2 + 4)2 =400
= x?2=16
= X=z4

2
= = 14=x7] =3

4
= Coordinates of point are A= (4, 3)

4 2
/ 2 _[4-x7]
Shaded are = I { 25-x" = :Idx

0

4 4
2 1 2
~ A= VB-ac-oflaCiac ()
0 0
4
let 1=+ J|4‘X2|dx
4 0

2 4
- A:% j(4—x2)dx+%J (x2 — 4) dx
0 2

(506)-3 3

On substituting the value of Tin (i), we get :

4
A= J' V25-x2 dx—4
0

>
1l
AR

=

4
~4
0

= A=

EVZS— x? +?sin’1g

25 4 25 |
= A=6+7SII’1‘1——4=2+7SIH"1—
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Example : 33

Find the area enclosed by the loop in the curve : 4y? = 4ax? — x3.
Solution

The given curve is : 4y? = 4ax® — x3

To draw the rough sketch of the given curve, consider the following steps :

(1) On replacing y by —y, there is no change in function. It means the graph is symmetric about
Y-axis
(2 Forx=4,y=0andforx=0,y=0
) In the given curve, LHS is positive for all values of y.
= RHS >0 = x2(1-x/4)=0 = x<4
Hence the curve lines to the left of x = 4
(4) ASX — —o0,y >+ oo
(5) Points of maximum/minimum :

d
8y % =8x — 3x?

dx = =53

At x = 0, derivative is not defined

2

By checking for ﬁ X=3 is a point of local maximum (above X-axis)

From graph
Shaded area (A) = 2 x (area of portion above X-axis)

4 4
— A=2J.§\/4_X dx:j XNV4 =X gy
0

0

4
= A= J. (4=x)y4-(4-x) dx (using property — 4)
0

4
- Azj(4-x)&dx
0

2 4 4
= A=4‘—X‘/;
0

2 5
_‘SX&

0

128

= A= 15 Sq. units.

Example : 34

Find the area bounded by the parabola y = x?, X-axis and the tangent to the parabola at (1, 1)
Solution

The given curve is y = a2

Equation of tangent at A= (1, 1) is :

dy
y—1y—1=&}x=l(x—1) [using iy —y, = m(X —X,)]

= y—-1=2(x-1)

= y=2x-1 ... 0]

The point of intersection of (i) with X-axis is B = (1/2, 0)
Shaded area = area (OACO) — area (ABC)
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=

1

2
area= | X" dx- '[

(2x-1) dx

O ey

1/2

1 1
- = _|1-=-@1-1/2
= area = 3 { 2 ( )}

= area = 1
S 12
Example : 35
Evaluate :
0
Solution

Let I=

n Xsin(2x) sin[;cos xj dx

2X—T

x Xsin(2x) sin[; cos xj dx

2X—T

Apply property — 4 to get

x (m—=X)sin(2r —2x) sin(;E cos(m— x)j dx

= I=
0

2Azr-X)—-7

n (m—X)sin2x sin[:cos xj dx

2X—-m
0
Add (i) and (ii) to get
f . . T
oI = J. sin2xsin {Ecosx} dx
0
Let Ecosx:t = —Esinxdxzdt
2 2
nl2 nl2
- 4 J.tsintdt:%jtsintdt
T g2 T 0
[ n/2 n/2 ]
- Iz% t jsintdt+jcostdt
T | o 0 ]
8 T n . 7
= = - tcost|0/2+(s:|nt):)[/2

|

N

[0+1]="%
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Example : 36
U 3 T
Prove that : _[ 6%logsin 6d6 Z%J‘ 92|09(\/§ Sin@)de
0 0
Solution
U
Let] = I 0°logsin 0 do
0

Using property — 4, we get :

I=

O ey 3

(n— 0)° log(n - 6) dO :j [%3 — 0% — 3120 + 3762] log sin0 do
0
= I Iogsine—j 93logsin9d9—3nj flogsin® d6+37c-[ 6% logsin 6do
0 0 0 0
2l = 3 J. |OgSin9d9:3n211+3nj 0%logsinéde 0
0 0

T
Consider I, L= I 6logsin6do
0

Using property — 4,
we getI, = J. (m—0)logsinedo = n'[ Iogsine—'[ logsin®
1

/2

N 2L =n J. logsin6d6 = 2n J logsin6d6 [using property — 6]
0 0
2 nl2
. —T
= L =- % log 2 using : -[ logsin6 do :7logz
0

On Replacing value of L in (i) we get,

Tl:2

2
2l = —m*log 2 — 3m? [7'092] +3n _[ 0% log sin 6 do
0

T
4

= % log 2 +2 3 j 0%logsin® = 3, j (logﬁ)ezdmsnj 0% logsin6 do
0 0 0

-3 ]E Gzlog(ﬁsine)de
0

= Izgnfezlogﬁsinede
0
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Example : 37

. I- 2x(1+ sinx)
Determine the value of J 14 cos2 x
Solution
T . T . a a
. jzx(“—S';X) o2 IL””ZX using: [ () dx = [ 100+ f(-x) dx
7 1+cos”x 7 1+c0s” x b °
jﬁ XSsinx
= 1=4 d 1+cos?x 9X
I msinx usingj f(x) dx=T f(a— x) dx
= 21=4 1+ cos2 x dx
0 0 0
nl2 . d 2a a a
~ =4n I SINXOX using jf(x)dx:j f(x)dx+j f(2a - x) dx
1+ cos? x
0 0 0 0
Put cosx =t = —sin x dx = dt
Forx=0,t=1 and forx=mn/2,t=0
1
1
dt 1
_ =4Antan"t| — 4. &~ — .2
= I—4nj1+t2 —4n4—n
0 0
Example : 38

Let A be the area bounded by the curve y = (tan x)" and the lines x = 0, y = 0 and x = m/4. Prove that for

<An <

1 1
n>2A +A = o1 and deduce ot 2 on

Solution

-2

According to the function, A is the area bounded by the curve y = (tan x)", x =0, y = 0 and x = n/4.

nl4 nl4
SoA = Shaded Area = J. (tanx) dx = I tan® xtan"? x
! 0 0

nl4 nl4
A = I(seczx—l) tan" 2 x = I

n
0

=
0
tan™x|""
= A = n-1 . -A.
1 .
= An + An_2 = E ........... 0]

Hence proved.

Replacenbyn+2toget:A ,+A = 1

sec? xtan"2 x —

n/n

n-2

sec’ “ x dx

O ey

Observe that if n increases, (tan x)" decreases because 0 < tan x <1 [0, n/4]

=
=

As nis increased, A decreases.
An+2 < An < An—2
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Using (i) and (i), replace values of A _,and A _, in terms of A_to get,

1 1
—— _A <A <—— -A

n+1 n-1 n
__1__ < 2/\ < __EE__ /\
= n+1 " n-1 n
1 1

< <
2n+1 A" 2n-2

Hence Proved.

Example : 39
nn+v

Show that J. Isinx]dX = 2n +1 - cos v, where nis a +ve integer and 0 < v <
0

Solution
nm+v nn nm+v
Let] = J. | sinx|= I | sinx |+ I | sinx | (using property — 1)
0 0 nn
= I=L4L (i
Consider [,
nm T
L= J. | sinx |= nj | sinx| (using property — 9 and period of |sin x| is )
0 0
T
= L=n J. sinx dx (As sin x> 0in [0, m], |sin x| = sin X)
0
=  L=-nfosxX =-n[-1-1]=2n
Consider I,
nn+v
[ = I | sinx | dx
2 nm
Putx=nnt+06 = dx =de
whenxisnrt,6=0andwhenx=nn+v,0=v
\' \
S - j |sin(nx+e)|de=j ISiN01d0 (... period of [sin x| = )
0 0
\ \
= L= I |sin6|d6:'[ sin6 do (- for 0 <@ <, sin O is positive)
0 0

=_ |cose|; =1-cosvV

On substituting the values of I, and 1, in (i), we get
I[I=2n+1(1—-cosv)=2n+1-cosvV
Hence proved.
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Example : 40
. . . . . T T .
It is known that f(x) is an odd function in the interval "o and has a period equal to T. Prove that

X

I f() dt js also periodic function with the same period.
a

Solution
Itisgiventhat: f(X) =—f(X)  .ccooreeeen. 0]
and fxX+t)=fx) e (i)

X

Let g0 = j f(t) dt

a

X+T X T/2 X+T
~  gx+m= | fdt=[fOdt+ [ fOd+ [ fOd (using property - 1)
a a X T/2
Putty =y + T in the third integral on RHS.

= dt = dy
whent=T/2,y=-T/2and hwnt=x+T,y =X

X T/2

X
S gx+T= j f(t) dt + J.f(t)dt+ If(y+T)dy
a X -T/2
X T/2 X
Using (), we get g(x + T) = | @ dt+ [ fde+ [ fy)dy
a X -T/2
X T/2
gx+T)= _[ f(t) dt+ I f(t) dt (using property — 1)
a -T/2
X
= gx+T) = J. f(t) dt (using property — 8)
a
= g(x +T)=9(x)
= g(x) is also periodic function when period T.
Example : 41
- e cosT—2X_g
Evaluate the integral 1— x4 1+ x2
-1J3
Solution
Uy3 4 L2 | _1/\6 W o L2 |
1= I 120 127 I 142 " 2| (using : sinix + cosx = 7/2)
-3 -3
- 143 4 143 L ox
= I= = 4dx— 2 Sin 1 2dx
2 R 1-x i 1-x + X
As integrand of second integral is an odd function, integral will be zero i.e.
1/4/3 X4
= I= z _[ 4 dx -0 [using property — 8]
2 R 1-x
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143 143
T n [ e [
TTV3 T2 g X2l g X+l
[ 143
_ U3
_ Tt = 1‘ Iogx—1 —‘tan’lx‘
V3T 2|2 X+l 0

Example : 42

x

If f is a continuous function _[ f(t) dt—"’o, then show that every line y = mx intersect the curve
0

X
W+Iﬂom=2
0

Solution

X
Ify =mxandy?+ J. f(t) dt =2 have to intersect for all value of m, then
0

X
m?2 x? + I () dt =2 myst posses atleast one solution (root) forallm.  ......... @)
0

X

Let g(x) = m2x2 + I f(t)dt—2
0

For (i) to e true, g(x) should be zero for atleast one value of x.
As f(x) is a given continuous function and m2x? is a continuous function,

X

g(x) = m2x2 + I f(t) dt s also a continuous function  eevee...... (iii)
0

(- because sum of two continuous functions is also continuous)
= lim -
g(0)=-2 and el g(x) =0, (iif)

Combining (ii) and (iii), we can say that :
for all values of m, the curve g(x), intersect the y = 0 line (i.e. X-axis) for atleast one value of x.

= g(x) = 0 has atleast one solution for all values of m.
Hence proved
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Example : 43

Let a + b = 4, where a < 2, and let g(x) be a differentiable function. If

dx > 0 for all x, prove that

a b
I g(x) dx +'[ 9(x) dX increases as (b — a) increases
0 0

Solution
Let

b-a=t

It sigiventhata+b =4

t+4 4-t
Solving (i) and (ii), we get b = +T anda= =

4t
Asac<?2, T<2

=

Let

=

f)=9
d

As @

dx

Fort>0 4—>
b2

=

=
=

4—-t<4 = t>0
a b

f(t) = I a(x) dx+'[ g(x) dx
0 0
4t a4
2 2

f(t) = j g(x) dx + j g(x) dx
0 0

5 ) )2

. 0, g(x) is an increasing function.

s[5

+t 4

-t
2

4+t 4 -t
g [ 5 ] >g [ 5 ] [ g(x) is an increasing function]

f(t)>0 Vt>0 [using (i)]
f(t) is an increasing function as t increases.

Hence Proved.

Example : 44

Find the area between the curve y = 2x* — x2 , the x-axis and the ordinates of two minima of the curve.

Solution

Using the curve tracing steps, draw the rough sketch of the function y = 2x* — x2.
Following are the properties of the curve which can be used to draw its rough sketch

(i)
(ii)

(i)

(iv)

The curve is symmetrical about y-axis
Point of intersection with x-axis are x = 0, x = #1/72. Only point of intersection with y-axis is y = 0.

1 1
o T w S0i . o . . L
Forx e ( «/EJ ) [\/E J y >0 i.e. curve lies above x-axis and in the other intervals it lies
below x-axis.
dy : - . : .
Put = 0 to get x = £1/2 as the points of local minimum. On plotting the above information on

dx
graph, we get the rough sketch of the graph. The shaded area in the graph is the required area
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1/2

1/2
J(2x4—x2)dx =2 E—ﬁ __r
s 5 3 =

Required Area = 2 . 120

Example : 45
Consider a square with vertices at (1, 1), (-1, -1), (-1, 1) and (1, —1). Let S be the region consisting of all
points inside the square which are nearer to the origin than to the edge. Sketch the region S and find its
area.

Solution
Let ABCD be the square with vertices A(1, 1), B(-1, 1), C(1, —-1) and D(1, —1). The origin O is the centre of
this square. Let (X, y) be a moving point in the required region. Then :

VX2 +y? <IL=x], Yx%+y? <[1+x], x?+y? <|1-y|, yxZ +y? <[1+Y]

e, EHY < (l-xP, 3 +y < (14X, +y?<(1-y), X2 +y?<(1+y)
= V2=1—-2X e ()

V=1+2X e (i)

X2=1-2y e (iii)

X2=1+2y (iv)

Plotting the curves (i) to (iv), we can identify that the area bounded by the curves is the shaded area (i.e.
region lying inside the four curves).
Required Area = 4 x Area (OPQR) = 4 [Area (OSQRO) + Area (SPQS)]

=4 [Area (OSQRO) + Area (SPQS)]

1/2

XS
1 2
=4 I S d=xT)dx+ I VI=2xdx|  (y is the x-coordinate of point S) ... W)
0 Xg

To find x_, solve curves (i) and (iii)

= X2—y2=—=2(y —X)

= xX-y)x+y-2]=0 = X=y

Replace x=yin()togetx*+2x—-1=0 = x=V2 *1

(Check yourself that for x + y = 2, these is no point of intersection between the lines)
Asx<1,Sis(V2-1,V2-1)

replacing the value of x_ in (i), we get

[V2-1 12

I %(1—x2)+ I\/1—2x dx
0 J2-1

Required Area =4

e 2 Y2

/2
—4|= x__J —Zx=@-2x)® } = — 84/2 —=10] sq. units
2[ 3 o 3 2 21 3 (\/_ ) a

Example : 46
Let O(0, 0), A(2, 0) and B (1, 1/7'3) be the vertices of a triangle. Let R be the region consisting of all those

points P inside AOAB which satisfy d(P, OA) < min {d (P, AB)}, where d denotes the distance from the point
to the corresponding line. Sketch the region R and find its area.
Solution
Let the coordinates of moving point P be (X, y)
Equation of line OA=y =0
Equation of line OB =3 = x
Equation of line AB =3y = 2 — x.
d(P, OA) = distance of moving point P from line OA =y

d(P, OB) = distance of moving point P from line OB = '*EVT_X'
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d(p, AB) = distance of moving point P from line AB = lx/_3y++_2|

It is given in the question that P moves inside the triangle OAB according to the following equation.
d (P, OA) < min {d(P, OB), d (P, AB)}

ERICEE
-

= <min
Y 2
\/gy—x ) «/§y+x—2
= y<sL 1 . () and y<tL L (i)
2 2

. . ‘ \/gy —X ‘

Consider (i) y < 5
< x—_;/_3y ie. x >3y because P(x, y) moves inside the triangle, below the lines OB

= (2 +V3)y <x
= y<(2-v3)x
= y<tan 15°x. (Note:y =tan 15°« is an acute £ bisector of £ O]  ........... (iii)

) - ‘ «/gy +X—-2 ‘
Consider (i) y< s

= 2y <2 —x -3y

ie. Y3y + x — 2 < 0 because P(x, y) moves inside the triangle, below the line AB.

= (2+V3)y<—(x-2)

= y<—(2-13) (x-2)

= y <—tan 15° (x — 2) [Note : y = —tan 15° (x — 2) is an acute £ bisector of ZA]
From (iii) and (iv), P moves inside the triangle as shown in figure. (shaded area).

Let D be the foot of the perpendicular from C to OA

As ZCOA = ZOAC = 15° AOCA is an isosceles A .

= OD =AD =1 unit.

1
Area of shaded region = Area of AOCA = 1/2 base x height = 5 (2) [1 tan 15°] = tan 15° = 2 — /3

Alternate Method
Let acute angle bisector fo angles O and A meet at point C inside the triangle ABC.

Consider OC

On Line OC, d(P, OA) = d(p, OB) [note if P moves on OC d(P, OB) < d (P, AB)]
= Below the line OC, d(P, OA) <d(p, OB) <d (P, AB) ........... 0]

On Line AC, d(P, OA) = d(P, AB) [note if P moves on AC d(P, AB) < d (P, OB)]
= Below the line OC, d(P, OA) >d (P,AB) <d (P, OB) ........... (i)

On combining (i) and (ii), P moves inside the triangle OAC
Now the required area is the area of the triangle OAC = 2 -3  (refer previous method)

Example : 47
Sketch the smaller of the regions bonded by the curves x? + 4y? — 2x — 8y + 1 = 0 and
4y? — 3x — 8y + 7 = 0. Also find its area.

Solution
Express the two curves in perfect square form to get :

(x-1)°

7R Ak Ak S ()

[i.e. ellipse centred at (1, 1)]
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and (y-1)2= % x=1) (i)

[i.e. parabola whose vertex is at (1, 1)]
To calculate the area bounded between curves (i) and (ii), it is convenient to shift the origin at (1, 1).
Replace x—1=Xandy—1=Yin (i) and (ii).
The new equations of parabola and ellipse with shifted origin are :

2
XT +Y2=1 ... (iii)
3
Y2 = Zx ......... (iv)

It can be easily observed that the area of the smaller region bounded by (i) and (ii) is the same as the area
of the smaller region bounded by (iii) and (iv) on the X-Y plane i.e. Area bounded remains same in the two
cases.
So area of region bounded by (iii) and (iv)

= shaded area shown in the figure

= 2 x shaded area lying in I** quadrant

XA J_ 2
3 1 2
=2 I 2&dx+zf 4-x2dX| L v)
0 Xa
J3

Solve curves (iii) and (iv) to get point of intersection A = 1 R
= X, =1
Replace x, in (v) to get :

1 = 2
3 1
Required Area =2 [I — X dX+EI Ja—x? dx
0 1

2

1 2
X3/2 {%M—xz +2sin1ﬂ _ 43 N %

0 1 6

2
RE
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Example : 1

Solve the differential equation : = X.

dy
dx
Solution

The given differential equation is : dy — xdx

= Idy = dex

where C is an arbitrary constant.
Note that (i) is the general solution of the given differential equation.

Example : 2

Y =x-1lify=0forx=1.

Solve the differential equation : ax

Solution
The given differential equation is : dy = (x — 1) dx

2

Idy = I(X_l) dx = y= X? -x+C (general solution)
This is the general solution. We can find value of C usingy =0 for x = 1.
0= 1 1+C C= =
=2 = =2
x2 1. . .
y= < - X + 5 is the particular solution.
Example : 3
Solve the differential equation: (1 +x) ydx+ (1 —y)xdy =0
Solution

Separate the termof xand ytoget : (1 +x) y dx=— (1 —y) x dy

1+ X y-1
= TdX— y dy

- 5o 105

logx+x=y—-logy+C
log xy + x —y = C is the general solution.

=
=
Example : 4
. : , dy
Solve the differential equation : xy? i 1—x2+y?—x%?

Solution

d
The given differential equation : xy? & =1 -—x2+y?—x%?

2d_y_ 2 2
= X g A=) A +y)

y’dy  (1-x2)dx
1+y? X
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= Ilz; dy = J.[%—X] dx

2

= y—tan?y=log x — X? + C is the general solution of the given differential equation.
Example : 5
Slﬂ—+' ify=0 dd—y— 1f =0
olve Ve =x+sinxify=0and - =-1forx=
Solution
o . o dYy . .
The given differential equation is : ﬁ =x+sinx ... 0]

Itis an order 2 differential equation. But it can be easily reduced to order 1 differential equation by integrat-
ing both sides. On Integrating both sides of equation (i), we get

dy = I(x+sinx) dx

dx

dy  x? _ . )
= ax - > cos x + C , where C_is an arbitrary constant ~ ........... (i)

= dy = (x¥/2 —cos x + C,) dx

— J.dyzj.[g—coswrClJ dx

X3
= y=?—sinx+Clx+C2
This is the genral solution. For particular solution, we have to find C, and C,

03
forx=0,y=0 = Ozg—sinO+OC1+C2 = C,=0
dy 02 .

forx=0,&:—1 = —1=?—COSO+C1 = C,=0 [putx=0anddy/dx=-1in(2)]

X3
= y= e sin x is the particular solution of the given differential equation.

Example : 6

d
Solve the differential equation : % —xtan(y—-x)=1

Solution

d
The given differential equation is : Y xtan(y—-x)=1

dx
Put z=y-X
dz _dy dy _dz
= dx dx dx ~ dx
) . dz
= the given equation becomes : &Jfl —xtanz=1
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dz
= —-— =xtanz
dx

= Icotz dz = dex

2

= logsinz= Xy C
2
= sin (y—x):ele2 . ec
= sin (y —x) = ke /2 where k is an arbitrary constant.
Example : 7
Solve the differential equation : & = .
olve the differential equation : - *- = X+y
Solution
The given differential equation is : & = ——Y.
e given differential equation is : = = X+y
dy 2-y/lx
= dx ~ 1+y/x
Loty dy _ . dm
ety = mx = ax - L
L, am _2-m
= m+x dx 1+m
dm  2-2m-m?
= X
dx 1+m
(I+m)dm  dx
2-2m-m? X
Integrate both sides :
. -1 J' -2-2m m = d_x
2 J2-2m-m? ) x
-1 . :
= > log(2-2m—-m?) =logx +log C, where Cis an arbitrary constant
= (2 -2m — mz) = C2X2
2y y?
= 2_7_7 x? =K, where Kis an arbitrary constant.
= 2x? — 2xy — y? = K is the required general solution.
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Example : 8

Solve the differential equation : xdy — ydx = 4/x? + y? dx

Solution

The given differential equation is : xdy — ydx = /x? +y? dx

- dy  y+yx?+y?

dx X
dy dm
Lety = mx = X X X
dm dx
= Virm? ~ x
J' dm dx
= Vi+m? I7
= log ‘ m+v1+m® | = log x + log C, where C is an arbitrary constant.

2
= X+1/1+y—2 = Cx
X X

Example: 9

Solve the differential equation : (2x +y —3) dy = (x + 2y — 3) dx

Solution

dy
dx

The given differential equation is :

X—-2y-3
T 2x+y-3

. X+2y-3=0
Solving 2x+y-3=0 ,weget:x=1,y=1
Put X=u+1 and y=v+1
dy _av
= dx ~ du
dv Q+u)+2(1+Vv)-3  u+2v
= du = 2(1+u)+(@A+Vv)-3 ~ 2u+v
Now bt v = dv _ o dm
ow put v=mu = qu ~MHuU
MU dm — 1+2m
= du = 2+m
2+m du
:> 2 = —
1-m u
J‘2+m dm = du
- 1-mz ‘M)

1+m 1-m

/2  3/2 du L . .
= I to—(dm= J o (Resolving into partial fractions)
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1 3
= Elog|1+m|—5Iog|1—m|=|ogu+|ogC

v -1
= (1+m)(1—m)-3:u2C2wherem:U=i—1 and u=x-1
-3
y-1 y-1
1+ |1-2—= — (v _1)2 C2
= { x—l} { x—l} (x=1yC
= (x+y—-2)=(x-y)®C? where c?is a constant
Example : 10
: . , dy
Solve the differential equation : x ax +y=x3.
Solution
. o dy
The given equation is : x PR X3,
Convert to standard from by dividing by x.
dy 1
. Zy=x2
= dx " X y=X
1
= P= < and Q=x
dx
J.P dx -
If=e —e’ X Zgm=yx
= Solutionis:  yx= .[Xz(x) dx +C (using the formula)
X4
= Xy = e =C s the genral solution
Example : 11
. dy :
Solve sin x ax + Yy COoS X = 2 sin?X cos X
Solution
The given differential equation is :
L +cotxy=2si
g+ cotxy=2sinxcos X
= P =cotx and Q =2 sin x cos X

IP dx = jcotx dx =logsinx

= I.F. = elgsinx = gin x

Using the standard result, the solution is : y (I.F.) = IQ (IF)dx+C

= y sinx = JZsinxcosxsinx dx+C
. 2 : :
= ysinx== sin®x + C is the general solution.
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Example : 12

d
Solve the differential equation : x? = + Xy = Y2,

dx
Solution
The differential equation is : ax + Tz (Bernoulli's Differential Equation)
X
Loy 1

= v2 ax T xy T2 e 0]

o i L Lw_a

© y o7 y> dx ~ dx
On substituting in (i), we get

dy t -1 . . . . .
= -— == ie. linear differential equation.
dx x x
j—ldx

I.LF =e X =Zelw=—

X
Using the standard result, the solution of the differential equation is :

(AL,

x - IX) 2 x+C

—_— 1 H H
= xy = + o + C is the general solution.

Example : 13

d
Solve the differential equation : y? % =x+y3.

Solution

d
The given differential equation is : y? & =x+y°

dx
dy X
= dx = y2 +y
Gy e e : .
= ax Y=Y (Bernoulli's Differential Equation)
dy
2 — _\3=
= ax "V =X
L t 3 =t 3 2 d_y - i
€ y=t = Y"ax T dx
On substituting in the differential equation, it reduces to linear differential equation : i.e.
a dt=3
dx ~ 9T
I—de
I.F. =e =g

Using the standard result, the solution of the differential equation is :

e t=3 I xe ™ gy +C
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- yle>=3 |:X J'e—3x dx+% J‘e—3x dx} +C

= y?=—x—1/3 + Ce*
= 3(y3+x)+1=ke* is the general solution

Example : 14

d
Solve the differential equation : xyp? — (x? — y?) p — xy = 0, where % =p.

Solution
The given differential equation is : xyp?—=x?p +y?p—-xy =0
= (xyp? +y?p) — (x*p + xy) = 0
= yp (Xp +y) —x (xp +y) =0
= (xp+y)(yp-x)=0

C | d_y+ =0
ase — X g TY=

= xdy +ydx=0 = d(xy) =0
On integrating, we get : xy =k

Case — I Xp—-x=0
dy
ydx -x=0
2 2
. . y X
integrating, we get — — — =k
g g g 2 >

or y2—x2-2k=0
Hence the solution is (xy — k) (y?—x?—-2k) =0

Example : 15
Solve the differential equation : p(p + X) =y (x +y), where p = ax
Solution
The given differential equation is : p2 + px —xy —y> =0
= (P?—y?) + (px —xy) = 0
= P-y)(P+Y)+x(p-y)=0
= (P-y)(p+x+y)=0
Case — |
dy dy
= ax y=0 = y dx=0
Integrating, we get : logy =x + log A =log (Ae)
or y = Ae*, where Ais an arbitrary constant ~~ .......... 0]
Case — I p+x+y=0
dy
= ax TXtY= 0
dy e :
= ax +y-—X which is a linear equation.
F= el®-e

Using the standard result, the solution of the differential equation is :

ye =— Ixex dx+A
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= yer=e (1-x)+A
= y=1-x+Ae>* ... (i)
From (i) and (ii), we get the combined solution of the given equation as (y —Ae*) (y + x—1-Ae>X) =0

Example : 16

d
Solve the differential equation : y = (1 + p) x + ap?, where p = %

Solution
The given differential equationis :y = (1 + p) x + ap?
Differentiating the given equation w.r.t. X, we get

[solvable for y, refer section 3.3] ......... ®

dy _ _ dp dp
dx =p=l+p+x dx + 2ap dx

0-1+d—p +2
= = dx (x ap)

dx
= E + x + 2ap = 0, which is a linear equation.
IF= ol®=e

Using the standard result, the solution of the differential equation is :
X eP = — 2a J.pep dp+C=-2a(p-1)eP+C

= x=2a(l-p)+Ce? ... (i)
The p-eliminant of (i) and (ii) is the required solution.

Example : 17
Solve the differential equation : p%y + 2px =y

Solution
. . oY oy
The given differential is : x = 2 >
Differentiating with respect to y, we get

@ _1_1 y d p yde
dy “p " 2p 2p* dy T 27 2 dy
1 p y dp
~ — == = —/ —+1
- 2 "2 2 dy [pz J
1+p? y dp 1+p?
- 2p 2 dy p?
_yd
= p dy as p* #
= dpy+ydp=0
= d(py) =0
C
Integrating, we get py = k = p= ;

Putting the value of p in (i), we get

C2

y. 2

y

C

+2X . y =y
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C2+2Cx=y?
which si the required solution.

Example : 18

Solve the differential equation : x = yp + ap? .
Solution

The given differential is : x = yp + ap?

Differentiating with respect to y, we get

dx 1 d dp
dy p'p+ydy+2apdy

: i _d
i.e. D -p= dy (y + 2ap)

dy py  2ap’

l.e. dp = 1_p2 + 1—p2
. dy p 2ap” s | ;
l.e. - 2 Y= 2 Wnicn IS linear equaton
dp 1-p 1-p
_f_P 1
= e iP =2

Using the standard result, the solution of the differential equation is :

2

y \1-p® =2a J-lf)pz 1-p? dp

p-dp

2 (1-p*)-1
- 2a IW - _2a IW dp

— o Hl—pz dp + Za"‘%
-p

1 > 1.
=-2a|5P 1-p *5SINTP |+ 2asinp +k

=y y1-p? =—ap 41-p? +asinip+k ... (ii)

The p-eliminant of (i) and (ii) is the required solution.

Example : 19
Solve the differential equation : p>x —p?y =1 =0
Solution
The given differential equation is : y = px — 1/p?
Differentiating with respect to x, we get
dy dp 2 dp

&:p:p+x&+p3 dx

dp 2
P ix+ = 2
= dx [ paJ 0
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dp _ ,
= dx =0 (ii)

-2
or = — iii
PP= (iii)
Consider (2)
Integrate both sides to get : p = ¢ where c is an arbitrary constant

put p = c in (i) to get the general solution of the differential equation i.e.
y=cx—1/c? is the general solution

Consider (3)

Eliminate p between (iii) and (i) to get the singular solution i.e.

Sl

y:

Take cube of both sides to get : y2 = e

= 4y® = — 2yx? is the singular solution.

Example : 20
Form the differential equation satisfied by the general circle x2 + y2 + 2gx + 2fy + ¢ =0
Solution
In forming differential equations for curve, we have to eliminate the arbitrary constants (g, f, v) for n
arbitrary constant, we get will finally get an nth order differential equation. Here we will get a third order
differential equation in this example.
Differentiating once, 2x+2yy'+2g+2fy =0 ... 0]
Differentiating again 1+y?2+yy”+fy”=0 ... (i)
Differentiating again ¥y +yy” +yy”’ + 1y =0
We can now eliminate from (i) and (ii)
= YTy +y) -y Ty +3y'y) =0
= y” (1 +y?) -3y y”? =0 is the required differential equation

Example : 21

Find the differential equation satisfied by : ax? + by? = 1
Solution

The given solution is : ax? + by? = 1

Differentiate the above solution to get :

2ax +2byy'=0 ... @
Differentiating again, we get
2a+2b(y?+y")=0 ... (i)
Eliminating a and b from (i) and (i), we will get the required differential equation
a !
from (i), we have L and
b X
. a
from (ii), we have b=~ (Y2 +yy”)
yy' , ,
= S aai VAR 0
= yy/ - Xy/2 + ny//
= xyy” + xy’2 —yy’ = 0 is the required differential equation.
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Example : 22
The slope of curve passing through (4, 3) at any point is reciprocal of twice the ordinate at that point. Show
that the curve is a parabola.

Solution
The slope of the curve is the reciprocal of twice the ordinate at each point of the curve. Using this property,
we can define the differential equation of the curve i.e.

[ W =3
SIOPE = 4x T 2y
Integrate both sides to get :
I2y dy = Idx
= y2=x+C
As the required curve passes through (4, 3), it lies on it.
= 9=4+C = C=5

So the required curve is : y? = x + 5 which is a parabola

Example : 23
Find the equation of the curve passing through (2, 1) which has constant subtangent.

Solution
The length of subtangent is constant. Using this property, we can define the differential equation of the
curve i.e.

y .
subtangent= _7 =k  where k is a constant

y
dy _
ax Y
Integrate both sides to get :
kd
_y = de
y
= klogy=x+ C where Cis an arbitrary constant.
As the required curve passes through (2, 1), it lies on it.
= 0=2+k = C=-2
= the equation of the curve is: klogy = x — 2.

Note that above equation can also be put in the form y = Ae® .

Example : 24
Find the curve through (2, 0) so that the segment of tangent between point of tangency and y-axis has a
constant length equal to 2

Solution
The segment of the tangent between the point of tangency and y-axis has a constant length = PT = 2.
Using this property, we can define the differential equation of the curve i.e.

PT=xsec®= xyl+tan®0 =x ,1+y’2

X
2
dy 4
= 1 (dxj aivel
d 4-x?
= _y:i 5
X X

Page # 11.



Integrate both sides to get :

2

4_ 2
y=ij XX dx +C,

Putx=2sin6 = dx =2 cos 0 do

2
cos“ 0
=2+ + =
= y=2x [ Fdevc,
+2 I(COSECO—Sine) db +C, ==+ (2log |cosec 6 — cot 8] + 2 cos 6) + C
2-V4-x? 2
= y=%x2log ||——+V4-x“ | +C
As (2, 0) lies on the curve, it should satisfy its equation, i.e. C=0
2— 4—X2 4 2
= the equation of the curve is : y = + 2 log " tVa-X
Example : 25

Find the equation of the curve passing through the origin if the mid-point of the segment of the normal
drawn at any point of the curve and the X-axis lies on the parabola 2y? = x.

Solution

OB=OM+MB=x+ytan 0 =x+yy’

=

=

B=(x+yy,0)

N (mid point of PB) = [X +%, %j

N lies on 2y? = x

Put

I.LF. =

2
Yo W

2 [2} =X+ 5

yy’ —y? =—2x (Divide both sides by y and check that it is a Bernoulli's differential equation)

y=t = W= ax

o

2 dx T

dt . . _ . .

ax " 2t = —4x which is a linear differential equation.

_ -2d
Integrating factor = eI = e

Using the standard result, the solution of the differential equation is ;

te-2 = I— 4x*dx

—2X -2x
xXe e
ox + dx

Xe—2x e—2x
—2X — __ - -
te>*=-14 2 4 [t C

t=2x+ 1+ Ce*
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= y?=2x+1+ Ce*
As it passes through (0,0),C=-1

= y? = 2x + 1 — e* is the required curve.
Example : 26

Find equation of curves which intersect the hyperbola xy = 4 at an angle n/2.
Solution

d
Letm = % for the required family of curves at (x, y)

dy
Let m, = value of ax for xy = 4 curve.

As the requied family is perpendicular to the given curve, we can have :
m xm,= -1
1 2

o[ =1
— X | T 75| ==
= dx x?

2

= for required family of curves : FV e
2
X“dx

= dy =

Y 4

X3
= y= iy + C is the requied family which intersects xy = 4 curve at an angle n/2
Example : 27

X
Solve the differential equation : (1 + %) dx = e (LVJ dy=0

Solution

X
The given differential equation is : (1 + %) dx = % [LVJ dy = 0 which is a homogenous differential

equation.

dx dm
Put X=my = W:m+yw

dm
The given equation reduces to (1 + e™) [m + yw] +e™"(1-m)=0

dm dy 1+e™
(m+me™+e"—me™ =—(1+eMy dy = Y T maen dm
Integrating both sides, we get :
logy +log (m+e™) =C,
£+eX/y _ Ay — (~ . .
= logy y =C, = X + ye¥= C is the requied general solution.
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Example : 28

Solve the equation : (1+ xy X% + yzj dx + (—1+\/X2 + yzj ydy=0

Solution
The given differential equation can be written as :

dx —ydy + X 4/x? +y? dx+ {x?+y? ydy =0

= dx —ydy + x? +y2 (xdx +ydy) =0

1
= dx—ydy+§ X2 +y? d(x®+y?) =0

Integrating both the sides, we get :

2 1
x—y? ty Ix/fdt +C=0 wheret=x2+y?

2

= x_y_+£(x2+y2)3/2=C
2 3

Example : 29
Determine the equation of the curve passing through the origin in the form y = f(x), which satisfies the

differential equation dy/dx = sin (10 + 6y)

Solution
dy 1 (dm
= =L _ = |—-10
Let 10x+ 6y =m = x "6 [dx j
S t an =2(3si =5
0, We get, ax - (3sinm =5)

d
= agsnmig = ] &

Put tan m/2 =t and solve integral on LHS to get :

1 . 5t+3
Ztan 4 =x+C

1 3
As curve passes through (0, 0) C = 2 tant —

4
5tan(5x+3y)+3
= tan (4x + tan-'3/4) = ( 2 y)
Simplify to get :
y= 1 an-t S5tan4x ~ 5x use tan(A + B) = tanA +tanB
3 4 —3tan4x 3 1-tanAtanB
Example : 30
Solve the differential equation : (xy* +y) dx —xdy =0
Solution

The given differential equationis: (xy* +y) dx —xdy =0

d
= x—y=xy“+y

dx
d_y Y _ i's di i |
= X x- y (Bernoulli's differential equation)

Divide both sides by y* to get :
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1 oay 1 .

vh ax T yx T @)

1 —3dy _dt
Let y3 =t = y4 dx  dx

After substitution, (i) reduces to :

d 3t 3 i sifterenial .

- + — =—

dx » (linear differential equation)
J-P dx J.gdx

I.F. e = @lx = e¥n=y3

Using the standard result, the solution of differential equation is :

3 = I— 3x3dx + C,

-3x*
= tx3 = +C
4

x3
= 3 =——x*+C

y

X3
= F + 2 xt=C is the required general solution.

Alternate Method

Consider the given differential equation, (xy* +y) dx —x dy = 0
= dy*dx + ydx —xdy =0

Divide both sides by y* to get

ydx — xdy
xdx + y—4 =0

Multiply both sides by x? to get :

[XZJ ydx — xdy

2dx+ | 2| T 2 =0

X2 aX yz y2
>(2

= x3dx+y—2d -1 =0

Integrate both sides
Ix3 dx + J‘ﬁ d[ij 0
y? \y)~

X3

4
X . - ;
N e + 3y3 = C is the requied general solution

Example : 31

xdx+ydy 1= +y?)

xdy —ydx \/x2 +y?

Solve the following differential equation :
Solution
The given differential equation can be written as

xdx + ydy xdy — ydx
\/1—(x2 +y?) \/x2 +y?
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Divide both sides by 4/x? +y? to get

xdx + ydy xdy — ydx
\/x2 +y? x/l—(x2 +y?) T x%4y?

_ xdy — ydx
Using the fact that d [x2 + y?] = 2 (xdx + ydy) and d {tan 1%} = )Ziy? o We get
1 .,.2,..2
2d(x +y°9) 4 {tanll}
w/x2+y2x/1—(x2+y2) X

Put x2 + y? = 12 in the LHS to get :
tdt ~ tan’ll
Wiz X

Integrate both sides

J‘ tdt y
—_— _ o Y,
W12 tan » C,

= sintt=tan™ (y/x) + C
L . y
so the general solution is : sin? /x2 +y2 =tan? = +C
g VX +y »

Example : 32

d
Solve the differential equation : % + X sin 2y = x® cos?y.

Solution

d
The given differential equation is : & + X sin 2y = x3® cos?y

Dividing both sides by cos?y, we get

sec?y b +2xtany =x®
dx

Lot tanyet QY dt
e any = = SeCY 4w = ux
On substitution, differential equation reduces to :
dt . . . .
o t 2xt = x3 (linear differential equation)
_[Zx dx 2
LF.=e = e*

Using the standard result, the general solution is :
X = Ixsexzdx+cl
Integrate RHS yourself to get the general solution :
1
¥’ = > x2-1) e’ +cC
Replace t by tan y, we get :

1
tany = > x*-1) ce™ which is the requied solution
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Example : 33
Anormal is drawn at a point P(x, y) of a curve. It meets the x-axis at Q. If PQ is of constant length k, then

d
show that the differential equation describing such curvesisy & =+ JKk? - y2 . Also find the equation of

the curve if it passes through (0, k) point
Solution
Let M be the foot of the perpendicular drawn from P to the x-axis
In triangle PMQ,
PQ =k (given), QM = subnormal =y (dy/dx) and PM=y
Apply pythagoras theorem in triangle PMQ to get :
PQ2 = PM2 + MQ?

2
= k2=y2 +y3 d—y
dx

= —— =% k2-y? which is requied to be shown

Solving the above differential equation, we get :

As (0, k) liesonit,0=0+C = C=0

= equation of curve is : — k% —y? =X

= X2 +y2=Kk? is the required equation of the curve.

Example : 34
A curve y = f(x) passes through the point P(1, 1). The normal to the curve atPis:a(y— 1)+ (x—-1) =0. If
the slope of the tangent at any point on the curve is proportional to the ordinate of that point, determine the
equation of the curve. Also obtain the area bounded by the y-axis, the curve and the normal to the curve

at P.
Solution
It is given that equation of the normal at point P(1, 1)is=ay+x=a+1
= slope of tangent at P = —1/(slope of normal at P)
dy
— =a .
= dXLP ........... 0]

It is also given that slope of the tangent at any point of the curve is proportional to the ordinate i.e.

dy

= tan 6 = ax =dy
dy .

= i ay [+ from (i0, at P(1, 1), dy/dx = a]
On solving, we get : fnx =ax + C
As curve passes through (1, 1), 0=a+C = C=-a
= equation of the curve is : y = @®D

1 1

1-x " >(2 ex(><—1)

requied Area = _[ { a +1-e )} dx=|3 "2 X" "4

0 0

(1 1 1] e? 2e?-1+2a
a 2a a a 2a
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Example : 35
Find the equation to the curve such that the distance between the origin and the tangent at an arbitrary
point is equal to the distance between the origin and the normal at the same point.
Solution
Equation of tangent to the curve y = f(x) and any point (X, y) is :
Y-y=f(X) (X=X)  reeeren 0]

ly —f'(x) x|
The distance of the tangent from origin = /1+ F)2 0]

Equation of norma to the curve y = f(x) and any point (x, y) is :

Y X=x)

YR

1
y+ X
. - f'(x) N
The distance of the normal from origin = —— = = .......... (i)

2
1+( 1 j
f'(x)

From (i) and (ii) and using the fact that the distance of the tangent and normal from origin is equal, we get:

1
y — F(x) x = f(x) y+—f,(x)>< =+ [f(x)y +x]
dy dy
= y=x=(X+y) 4o or X+y=MX-y) 4
d_y _ y—X d_y _ X+Yy
= ax _y+x O dx = X-y

Consider case — |

dy y-x y/x-1

X yax C m which is a homogeneous equation.

Put y = mx = dy/dx = m + x (dm/dx)
On substituting in the differential equation, we get :
L, 9m _m-1
M+ X "4x m+1
dx [ 1+m ] q
= x ~\1rm2) 9"

Integrate both sides, to get :

dx I[‘ 1 1 Zde
X 14m2 2 14m2 )M
logx=—tan'm-1/2log (1 + m?) +C
logx (1 +m?¥2=—tan*m+C

1/2
yz B
= X (]_4__2J — Ce—tan yIx

I}

X

-1 . .
= Jx2+y? = Ce ™ Y/X s the general solution

Consider case — Il

dy X+y 1+y/x

X - X—y = m which is a homogeneous equation.
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On solving the above homogenous differential equation, we can get :

Jx2+y? = cetny/x as the general solution

Example : 36
Show that curve such that the ratio of the distance between the normal at any of its points and the origin
to the distance between the same normal and the point (a, b) si equal to the constant k(k > 0) is a circle if
k1.

Solution
Equation of the normal at any point (x, y) to curve y = f(x) is

1
Y-y=- ) (X=x)

its distance from origin = ———=——

‘y—bf,(lx) (x-a)
The distance of the normal from (a, b) = >
N 1
f’(X)j
As the ratio of these distances is k, we get :
X 1
— | = -b+——(x-a
Y e | Tk ‘ y-b+ f,(X)(X )
X 1
= -b+——(x-a
y+ ) = +k (y f'(X)( )j
dx dx
(1—k)y+bk:(kx—x—ak)w and (1+k)y—bk=(—kx—x+ak)w

= (1 — k) ydy + bkdy = kxdx — xdx — akdx and (1 + K) ydy — bkdy = — kxdx — xdx + akdx
Integrating both the sides

2 G 2 2 x2
(1-k) y7 = bky = ["7—7—6"0‘] +C, and  (1+K) y7 — bky = [—k7—7+akx +C,

1-k 2 1-k 2
%x2+(1—k)y7+bky+akx+cl=0 and %xz+(1+k)y7—bky—akx+cz=0

If k # 1, then both the above equations represent circle.

Example : 37
Lety =f(x) be a curve passing through (1, 1) such that the triangle formed by the coordinate axes and the
tangent at any point of the curve lies in the first quadrant and has area 2. From the differential equation
and determine all such possible curves.

Solution

d
Equation of tangent at (x,y) =Y —y = % X=x)

— L _ dy
Xintercept =X-= dy/dx and Yintercept Zy—X &
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) 1
Area of the triangle = Exintercept x Yintercept =2

Both X-intercept and Y-intercept are positive as the triangle lies in the first quadrant. So we can remove
mod sign.

y
(X‘VJ (y-xy)=4
= y-yp=-4y

xd ,
= Xy —y==2,-y ( yint:y_d_xy>0 = Xy—y<0]

U

= y=xy +2 -y (Clairaut’s differential equation) ........... ®

Differentiate both sides w.r.t. to x, to get :

2
= yl - Xyll + yl + —2 ’__ y' (_y”)

1
= y’=0 or X = ﬁ
consider y” = 0 integrate both sides to get : y=c

Puty’ = cin (i) to get the general solution of the equation i.e.

y=cx+2 2/ ¢

As the curve passes through (1, 1),c=-1 (check yourself)
= the equation of the curve is: x +y =2
1

Consider : x = H

S B (ii

To find singular solution of the Clairaut’'s equation, eliminate y” in (i) and (ii)
Replace y’ from (ii) into (i) to get :

y=32 x2 T x X
= the requied curves arey = 1/x and X +y = 2.

Example : 38

du dv
Let u(x) and v(x) satisfy the differential equations ax + P(X) u=f(x) and ax + P(X) v = g(x) where P(x),

f(x) and g(x) are continuous function. If u(x,) > v(x,) for some x, and f(x) > g(x) for all x > x, , prove that any
point (x, y) where x > x;

Solution
The given differential equation are :

du o ;

vl PX)=u=1fX) . 0]
av _ T
ol PX)v=0g(X)  ceerern (ii)

On subtracting the two differential equations, we get

d
o U=+ PO (u=v) =(x) - g(x)
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Forx>x, , f(x) > g(x) = % uU=V)+PX)(u-Vv)>0

dlu-v)

U > —P(x) dx

Integrate both sides to get :

MmU-v)+C> I—P(x)dx

J'P(x) dx-C
= u-v>e
As RHS >0 for all x, u > v forall x > x;
= y = u(x) and y = v(x) have no solution (i.e. no point of intersection as one curve lies above the
other)
Example : 39

Aand B are two separate reservoirs of water. Capacity of reservoir A is double the capacity of reservoir B.
Both the reservoirs are filled completely with water, their inlets are closed and then the water is released
simultaneously from both the reservoirs. The rate of flow of water out of each reservoir at any instant of
time is proportional to the quantity of water in the reservoir at that time. One hour after the water is

released, the quantity of water in reservoir is 15 times the quantity of water in reservoir B. After how

many hours do both the reservoir have the same quantity of water?
Solution
Let V,, and V,, be the initial amounts of water in reservoirs A and B respectively
As capacity of reservoir A si double that of B and both are completely filled initially, we can have:
VAi = 2\/Bi
Let V, and V_be the amount of water in reservoirs A and B respectively at any instant fo time t.
As the rate of flow of water out of each reservoir at any instant of time is proportional to the quantity of
water in the reservoir at that time, we can have :

ot - KV, 0]
dVB e
and - K,Ve (ii)

where k, and k, are proportionality constants.
Let V,, and V be the amounts of water in reservoirs A and B respectively after 1 hour.
To find V, and A integrate (i) and (ii)

L (Ve | W 3 )

Similarity we can get : /n Ve ) = k, = V,e™ = > V, e
4 e

= k,—k,=/n 3 e (iii)

After time t V, =V,

= Vet = Ve !

= 2e7k1t — eszt

= (k,=k)t=m2 ... (iv)

Solving (iii) and (iv), we get : t =

5
/n 3
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Example : 1

1-x2 Do x<-1

Discuss the differentiability of f(x) at x =— 1, if f (x) = {Zx 42 0 x>_1

Solution
f-1)=1-(1)*=0
Right hand derivative at x = — 1 is

im fCL+h) D _ jim 21+h)+2-0 _ jy 20 _

Rf 1= h—0 h ~ ho0 h T ho0 K T 2

Left hand derivative at x =— 1 is

im fC1=h)-f(D) _ iy 1-(-1-h)>-0 _ iy —h®-2h

. _ = lim =
Lf(-1) = h—0 —h h—0 —_h h—0 —_h ~ h0 h+2)=2
Hence Lf' (-1) = Rf' (-1) = 2
= the function is differentiable at x = — 1
Example : 2
Show that the function : f(x) = |[x2 — 4| is not differentiable at x = 2
Solution
x2—4 ;  x<-2
fx)= 14-x* ; —2<x<2 o f(2)=22-4=0
x2—4 ;  x=2

oo m f@-h)-f(2) i 4-(2-h?-0 _ m 4h-h? | _
W@= ———p =a T a — = (-4 =-4

s _gim fR+N)=1(2) _ im [2+h)*=4]-0 _ iy h®+4h _ _
RI@) = Iy == = S = I T = I =

= LF(2) = Rf(2)
Hence f(x) is not differentiable at x = 2

Example : 3
Show that f(x) = x || is differentiable at x =0
Solution
-x% ; x<0
=12 . x>0
o< fim fO-M=fO) _jim —(n)>=0 jim  _
() = fim S < im B2 im = o
RF(0) = lim f0+h)’ ~7(0) |im h*-0 _/

h—0 h h—0 h

= Lf(0) = Rf'(0)
Hence f(x) is differentiable at x = 0

Example : 4
Prove that following theorem :

“If a function y = f(X) is differentiable at a point, then it must be continuous at that point.”
Solution

Let the function be differentiable at x = a.

im f@+rh-f@ . iim f@-h-f@)

ho0 h ho0 n are finite numbers which are equal
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LHL = M f(@—h)

im [(a - h) - f(a)] + f(a)

h—0
. . f(a-h)-(a)
4%Hﬂm—frﬁ+m

=0x[Lf(@)] +f(a) =f(a)

RH.L = M fa +h)

lIm [f(a + h) - f(a)] + f(a)

lim {"m fla+h)-(a)
h—0 h—0 h

} +f(a) = 0 x [RF(@)] + f (a) = f(a)

Hence the function is continuous at x = a
Note : that the converse of this theorem is not always true. If a function is continuous at a point, if may or
may not be differentiable at that point.

Example : 5

1
x?sin= ; x=#0
X

Discuss the continuity and differentiability of f(x) at x = 0 if f(x) = { 0 0
;o X=

o (1
L f(0-h)=f(0) . D) sm( j—O
Let us check the differentiability first. Lf'(0) = IM # = lim il

= h0

h > _h
. 1 . . 1
- lim in — = lim Iim qin =
_hLOhSInh_hLOhthO sin

=0 x (number between —1 and + 1) =0

£(0+h)—f(0) h?sin—-0 1 1

oy = lim TEHNZTE) _ im h = = lim pepn = = lim lim qin =

RF(0) = h = b Th—hLOhSIH h = php hox (T sin h

=0 x (number between —1 and + 1) =0
Hence Lf(0) = Rf(0) =0

= function is differentiable at x = 0
= if must be continuous also at the same point.
Example : 6

Show that the function f(x) is continuous at x = 0 but its derivative does not exists at x = 0 if
xsin(logxz) . X#0
fx) = 0 ; x=0

Solution
Test for continuity :

LHL = im0 —hy = M (h) sin log (~h)? = — iM h sin log h?

ash—0,log h? - — oo
Hence sin log h? oscillates between — 1 and + 1

= LHL =— JiM () x M (sin log h?) = — 0 x (number between — 1 and + 1) =0

RHL = lM fo+h)=lim = lim pinjogh?
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= r!'_)”g) h. r!'_)”g) sin log h? = 0 x (oscillating between—1 and + 1) =0

f(0) = 0 (Given)
= LHL = RHL =1(0)
Hence f(x) is continuous at x = 0
Test for differentiability :

f(0-h)-f(0) _ |i;m —hsinlog(-)*> -0 _ jim

vy = lim i
LF(0) = h—0 h ~ h-0 _h = hoo SIN (log h?)
As the expression oscillates between — 1 and + 1, the limit does not exists.
= Left hand derivative is not defined.

Hence the function is not differentiable at x = 0
Note : As LHD is undefined there is no need to check RHD for differentiability as for differentiability both
LHD and RHD should be defined and equal

Example : 7
2
x ; 0<x<1
Discuss the continuity of f, f and f” on [0, 2] if f(x) = 2 3
2
2X —3x+§ ;o 1<x<2
Solution
Continuity of f(x)
For x # 1, f(x) is a polynomial and hence is continuous
2
_ _lim gy = lm X2 -1
Atx=1,LHL= """ f(x) = o 3 T2
RHL = lim f(x) = lim 2X2—3X-|-§ —2_3+§—i
T xolt T xo1 2) " 2 2

— 5 (1) 3_1
f(1) =2 (1)?-3(1) + > =5
= LHL = RHL = (1)
Therefore, f(x) is continuous at x = 1
Continuity of f'(x)

Let g(x) = f'(x)

X  0<x<1
= 90=\4x_3 : 1<x<2

For x # 1, g(x) is linear polynomial and hence continuous.

Atx=1,LHL= M goy= lim y =1

x—1" x—1"

RHL= M gy = Im 4y _3)=1

x—1" x—1"
gl)=4-3=1
= LHL = RHL = g(1)

g(x) = f'(x) is continuous at x = 1
Continuity of f’(x)

1 ; 0<xx<l1
Leth()=f"()=14 . 1<x<2

For x # 1, h(x) is continuous because it is a constant function.

Atx=1,LHL= M h()=1
— lim -
RHL= M hx) =4
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Thus LHL # RHL

h(x) is discontinuous at x = 1
Hence f(x) and f'(x) are continuous on [0, 2] but f’(X) is discontinuous at x = 1.
Note : Continuity of f'(x) is same as differentiability of f(x)

Example : 8

f(x)9(a) — g(x)f(a)
X—a

Show that )'('E; =f(a) g(a) — g’(a) f(a) if f(x) and g(x) are differentiable at x = a

Solution

fim f009@) -909f@ _ jim F)900 ~ f@)g(@) + f(a)a(a) - g0)f (@)

X—a X—a Xx—a X—a

_ [f(x)-f(a) 9(x)-9(@) ) g( )
- lim | 222 2~ lim
_xlaa|: X—a ()_xLa f(a)
=f(a) g(a) - 9’ (a) f(a)

Example : 9
_ _ _ -1 ; -2<x<0
Let f(x) be defined in the interval [-2, 2] such that f(x) = x-1 : 0<x<2 and g(x) = f(|x]) + |f(x)]. Test
the differentiability of g(x) in (-2, 2).
Solution
Consider f(|x|)
The given interval is —2<x<2
Replace x by |x| to get :
-2< |2 = 0<|x <2
Hence f(|x|) can be obtained by substituting |x| in place of x in X — 1 [see definition of f(x)].
= f(xD=x-1;-2<x<2 e 0]
Consider |f(x)|
[-1] ; -2<x<0 1 ; —2<x<0
Now [f(x)| = [x-1] ; 0<x<2 = )1 = [x-1] ; 0<x<2
adding (i) and (ii)
[x]-1+1 ; —2<x<0
) + 1101 = [x]-2+|x-1] ; O<x<2
| x| ; —2<x<0
= 9(x) = [ X]-1+|x-1] ; O0<x<2
on further simplification,
-X ; —2<x<0 -X ; —-2<x<0
9(x) = x-1+1-x ; O<x<1 9(x) = 0 ;o O<x<1
X-1+x-1; 1<x<2 2x—-2 ; 1<x<2

For x# 0 and x # 1, g(x) is a differentiable function because it is a linear polynomial
Atx=0

, 9(0-h)-9(0) —(=h)-0 _
Ly =M S=— ——=n ——=-1

vy - lim 90+h)-9(0) _ iy 0-0 _
Rg’(0) = r|1|_>ng) T h T l'i% “h =0
= Lg’ (0) # Rg’ (0). Therefore g(x) is not differentiable at x =0
Atx=1

(= lim 98=M -0 _ jim 0-0 _
Lg'(1) = hlgg) —h hm) —h =0
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sy lim 9@+ -9@) iy 20+h)-2-0 _
Ry’ (1) = M S— —= = m =2
= Lg’(1) # Rg’(1). Therefore g(x) in not differential at x = 1

Hence g(x) is not differentiable at x = 0, 1 in (-2, 2)

Example : 10

Find the derivative of y = log x wrt x from first principles.
Solution

Let f(x) = log x

Using definition of derivative

fg = lim FOEM =109

h—0 h
lo 1+D lo 1+D
L ppg = fim 1090l Zlogx iy PY TSmO 1oL
h—0 h h—0 T h—0 T X X
{usinghmlOg(lH) 1}
t—0

Example : 11

Evaluate the derivative f (x) = x" wrt x from definition of derivative. Hence find the derivative of Vx , 1/x,

1/ «/; , 1/xP wrt X.
Solution
Using definition of derivative

im fc+Hh) —f(x)

e = im0
n n n n
on _ lim xR =x" iy (x+h)T =X X L
f(x) = M T_hlao (X1 h)—x =/m Ty (putting t = x + h)
oo x"-a"
— 1 | USing lim =na"?
= nx I:U ! gxlaa X—a :I
1 d 1
Takingnzz,&&:ﬂ
. d (1 -1
takingn=-1, ax M x_
| 4 od (1)
taking n = 2 dx Wx) T 2xx

: 1 P
taking n = —p, dx X_p = <P+l
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Example : 12

Find the derivative of sin x wrt x from first principles.
Solution

Let f(x) = sin x

Using the definition of derivative,

h) . h h
in(x + ) sinx 2cos x+§ smE sin—
() = lim SINXHN)=SINX- i - lim
(¥ = 5o h = o ,h =cosx. \5 T
2 2
[usinglimﬁzlj
>0 0O
Hence f'(x) = cos x
Example : 13
Differentiate a* wrt x from first principles
Solution
Let f(x) = a*
i f(X+h)—f(x
Using the definition of derivatives f'(x) = r!lgg) %
. x+h X . h . .a
y= im & —& o gim & -1 _ using lim
= f(x)_h_>o T_a'h—w h =a‘log a gt—>0

Hence f(x) = a*log a

Example : 14

Differentiate sin (log x) wrt x from first principles
Solution

Let f(x) = sin (log x)

Using the definition of derivatives

f(x +h) - f(x)

=COS X

log(x +h) —logx

f(x) = Jim -
Zcos(log(x +h)+ Iogstin (
Fx) = Jim sin log(x +h) —sinlogx _ i, 2
h—0 h h—0 h
Sin(mmg)—'OQXJ
i log(x + h) + log x .
- m 2 cos [P0 h
sin mmg)—mxj
[ . log(x +h) —logx
=2 coslogx 1 logtrrhylogx i I
2
i log(l+h/x) oy SING
= lim SE\TTTA) ; _
=2coslogx.1. 0 oh { el)l—%_e 1
- lim log@+h/x) 1 _ coslogx i 109040
=coslogx. ' e v . !m t

|
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Example : 15

Differentiate x? tan x wrt x from first principles
Solution

Let f(x) = x? tan x

Using the definition of derivative,

im fx+Hh) = f(x)

oo = im =

von _ lim (x+h)?tan(x+h)-x*tanx _ i, X°tan(x +h)-x? tanx + (h* + 2hx)tan(x + h)
f(x) = h—0 h ~ h-0 h

_ o, lim tan(x+h)-tanx L lim h(h+ 2)tan(x + h)
=X h—0 h haO h

sin(x +h-x)
2 lim I|m
X hs0 hcosxcos(x +h) + 5o (h+2x) tan (x + h)

2
X2 + 2% tan X {usmgthI—ge—l}

cos“ x
Example : 16
Differentiate sin-*x from first principles
Solution
Lety=sinx = X=siny
From first principles
X im fy+h)-f(y) L %y sin(y+h)-siny
dy h—0 h dy h—0 h
2cos 2y +h smD
_ lim 2 2_d_X_ lim SII’]E_
~ hoo h = dy ~OSY hoo e =cosy

As (dy/dx) x (dx/dy) = 1, we get

1 1 1
dx T cosy T xqfl-sin?y T 1y1-x2 (- x=siny)

But the principal value of y sin~x lies between —n/2 and n/2 and for these values of y, cos y is positive.
(- cosine of an angle in the first or fourth quadrant is positive)

1
Therefore rejecting the negative sign, we have Y 2
dx 1-x
Example : 17
Differentiate /tan+/x from first principles.
Solution
Let f(x) = y/tan/x
From first principles,
2 lim \/tan«/x+ —\/tan
) = no0
Rationalise to get,
tan+/ h -t
an+/ X + an«/; SII’]('\/F \/—)

(ORRU h(\/tan\/XJrh +\/tan\/;) - P = 2\/tan«/_ b hcos+/x +h cosv/x
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1 . sin(Vx+h—&X«/x+h—«/§)
N — lim
= re) = 2\/tan«/;coszx/; * h0 («/x+h—\/;)h

! fim X=X (usin lim Si”t—l)
= Fe) = 2\/tan«/;coszx/; * 050 hivx+h+/x S8 T

1 1
= re9 = 2ytanvx cos?x  2vx

Example : 18
. , 1+x dy .
If y = f (sin?) and f'(x) = %’ then show that ax - 2 tan x (1 + sin?x)
Solution
Let u sin?x
Usi hain rule : L2 =f au
sing chain rule : ax (u) dx
dy _1lu d o Lesintxo = o tan x (1 + sin?
= i - 1-u dx (sinx) = 1 sin’x (2 sin x cos x) = 2 tan x (1 + sin®x)
Example : 19

A function f: R — R satisfy the equation f(x +y) = f(x) f(y) for all X, y in R and f(x) # 0 for any x in R. Let the

function be differentiable at x = 0 and '(0) = 2. Show that f'(x) = 2f(x) for all x in R. Hence determine f(x).
Solution

In f(x +y) = f(x) f(y) substitute y = 0

= f(x + 0) = f(x) f(0)

= f(x) = f(x) f(0)

=  f0)=1 (o) £0) e, 0

Consider f(0) = 'LILTE) —f(0+hg_f(0)

= 2=]m %‘1 ............ (i)

Consider £ = im f(x+hg—f(x) _ im f(x)f(hg—f(x) ~ fpo Im f(hi)1—1
=1(x) (2) [using (2)]

= f(x) = 2f(x)
)

DA

d _d
= o Hog il = (2x)

= log f(x) = 2x = f(x) = e*
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Example : 20
(Logarithmic differentiation) Find dy/dx for the functions.

. [1+ 1)* X1+% ) (2x +1)°v1-x?
= = + =T o
(I) y X (”) y (Sx_z)z 2X
Solution
1 X 1+=
(i) Letu= 1+; and v=X X
= y=u+v
dy _du dv .
= ax - dx T ax e 0]

_(2x+ 1)3V1-x?

(M) y=" g o

1 X
Now u= [1+—j

X
1

= log u = x log (1+;j =xlog (x + 1) — x log x
1 du
= = _ _ | —+logx

= u dx 1+|09(X+1) (X gj

|gx_+1_i
= =u x il e (ii)

considerv= x *

1
= log v = (1+ ;j log x

L G = (3) 2 voax -3
- = |1+=| = -
= v dx ( x X+Iogx 2

O
= X - X2 (x+1-logx) . (iii)

Substituting from (ii) and (iii) into (i)

1
dy 1) x+1 1 S
dx [+xj [g x  x+1) 773 X (x+1-logx)

(i) Taking log on both sides :
logy=3log (2x+ 1)+ 1/2log (1 —x?) —2log (3x—2) — x log 2
1dy 302 —2X 2(3)

Differentiating with respect to x, YV oax - 21t 20-x2) i

dy  (2x+1)°V1-x2 6 X 6
a _ % —log2

dx ~ (3x-2)%2* 2x+1 1-x2 3x-2

(iii) y = log, (log x)




(iii) y = log, (log x)

= log log x using log, b = log,, b
log x log,, a
11 1
logx| —— = |- (loglogx)—
dy gx(logx xj (log QX)X
= dx ~ (logx)?
dy 1
= dx ~ x(logx)?2 (1 —log log x)

Example : 21
- : , , dy o :
(Implicit function) Find the expression for ax for the following implicit function.
(a) Xsiny = ysinx (b) x3 + y3 _ 3Xy = 1
Solution
(a) Xsiny = ysinx
= sinylog x =sin x log y

Differentiating with respect to x :

vl dy _ o Ldy
siny o 0g xcosy o =sinx y dx 0g y COS X
dy sinx siny
=2 |logxcosy - ——| = >
= ax [ y J cos x logy »
dy  xycosxlogy-ysiny )
= dx = xylogxcosy—xsinx  +tX
1-x2
(b) X+y—-3xy=1
Differentiating with respect to X;
dy dy
—= _3|XxX—+Vy,1| =
3x? + 3y? ax 3{ dx Yy } 0
dy _y-x*
= dx ~ y?-x
Example : 22
. , _oody
(Inverse circular functions) Find ax if
. ( acos—bsinx . X
(1) y =1~} cosx + asinx (2) y=tan 141 x2
) - 4x t L 2+3x 4 Cea 2%
) y=lanT g iexe T 3Tk “) y= S xe Teee
Solution
. acosx—bsinx . a/b-tanx
(@) y =1 | cosx + asinx = y =t | 1 a/btanx
=tan (a/b) — tan™! tan x = tan~! (a/b) — x
= (=5
- — — |tan " ——-X|=0_-1=—
= dx " dx b 0-1 1
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)

®3)

(4)

X
=tan? |7 1
y (1+ 1-x? J

Substitute x=sin®  ............ 0]
sin®
=tan
y 1++1-sin?0

y = tan sinod
1+cos0

. (25in6/20056/2]
y=tan 2cos?0/2

0
y =tan™tan 06/2 = 5
o 1
using (i), y = > sin~t x

d_y_ 1

= dx ~ 2V1-x2

4x t _12+3x
145x2 A 3Tk

y =tan™?

5X — X 3

—_— —1 I
1+5xx T t@n 1_3)( 14 x2
3

1-x?
y =tan 5x — tan™! x + tan~! 2/3 + tanx
y =tan? 5x + tan! 2/3

y = tan!

dy 5
= dx ~ 1+25x?
y =sin™ 5 +sec?
Substitute x=tan 6 ... 0]

( 2tan0 j 1+tan’ 0

—coin-l | —mm— -1 | ——

Y=SIN {11tan?e) T3¢ |1-tan20
y =sin sin 20 + cos™ cos 26
y=26+20
y =40 = 4 tanx (using (i))

dy 4
- dx — 1+x?
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Example : 23

. . COSX +4sinx
Show that =1 if y = CcOoS —Jﬁ
Solution
We can write
_ 1 4
cosx+4sinx =17 J—COSX+J—75'”X = V17 cos (x — tan4)
\/_cos(x tan~!
Hence y =cos? = y=x-tan?t4
dy
= ax - 1
Example : 24
dy _ [1-y®
_x? 1-vy? = _ =2 - =X
If x/l X<+ \/ y® =a(x-y), Show that dx 2
Solution
Substitute x =sinocandy =sinf} ... ()
= Ji-sin2o * 41-sin?p =a(sin a—sin B)
= cos o+ cos B =a (sin o —sin B)
2cos| % +Bcos 4P
2 2 a
= =
_ d
Zcos(aﬂjjsin(aﬁj &y
2 2 dx
a-p
= cot| =, | =a
= oa—B=2cotta
= sin"t x —sinty =2 cot? a, [using ()]
differentiating with respect to x.
1 1 dy _
\/1_)(2 \/1—y2 dx
dy _ -y
- dx — V1-x2
Example : 25
If x=a(cost+logtan t/2), y = a sin t find d?y/dx? at t = n/4
Solution
d_y = t
gt - acos

. 1 sec?t/2
d_X:a —sint+ -a _sint+ ——
dt tant/2 2 sint

dx  acos®t
d ~  sint
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dy dy/dt _ acost dy

=tant

dx ~ dx/dt _ acos?t/sint dx
d
—(dy/dx
@y d (d_y] @Y
Now dx2 ~ dx \dx) "~ dx
dt
d?y sec?t sint
dx? ~ acos®t/sint  acos’t
ﬂ} __sinn/4 22
dx* |, ~ acos*n/4 ~ a
Example : 25
If x=a(cost+log tan t/2), y = a sin t find d?y/dx? at t = n/4.
Solution
d—y = t
4t~ acos

dt

ant/2 2

. 1 sec?t/2
ax :a(—smwt Jza(—SinH -1 ]

sint

= dt sint
dy _dy/dt  acost @
dx ~ dx/dt ~ acos®t/sint ax an
d
—(dy/dx)
dy d (dy) d
Now 2 " ax ldx) ~ d7x
dt
dy  sec’t  sint
dx?> ~ acos?®t/sint  acos’t
ﬂ} __sinn/4 242
dx® |, " acos*z/4 T a
Example : 26
If x ./ +v 41+X =0. th h thtd—y— =
X J1+y +Yy = 0, then shown tha ax - (1+x)2
Solution
X 1+y =-y '\Il"t‘x

Squaring, we get :

teue

X2 (1+y)=y*(1+x)
X2+ Py —y?—xy? =0
-y +xy(x-y)=0
(x-—y)(x+y+xy)=0
y=xorx+y+xy=0
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Since y = x does not satisfy the give function, we reject it.

X+y+xy=0
X
= Y= 1%
dy (1+x)-x,1 -1
= dx ~ (@+x)? T (1+x)?
Example : 27
B Va2 +x2 +y/a? —x? dy  2a° {“ a® J
Ify = 212 , then show that X 3 o
Solution

On rationalising the denominator, we get :

(x/az +x% 422 —x? )2

y =
2x?
yo 2a® + 2¢/a* - x*
2x?
_a? Jat-x*
A

3
dy  _2a2 x2 =B [at (2x)
= — = 3 + 2\/84—X4

dx X 2

- a3 T 3t o
dy _-2a® g, a’
= dx ~ 3 \/34 x4
Example : 28
PR © dy
— aX 3 —
Ify=a , then find dx
Solution
y=a“  canbewrittenasy= a*
= logy =xlog a
= loglogy =y log x + log log a

differentiating with respect to x;

L Lldy 1oy
logy y dx 7Y x 99 dx
dy y
=2 —logx | = 2
= dx [ylogy J X
2
dy y“logy
= — =

dx  x(1-ylogxlogy)
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Example : 29

a+bcosx dy +b%-a’

, b > a, then show that — =

If y = cos™ =
y b +acosx dx b +acosXx

Solution
Differentiating y with respect to x

dy -1 (b +acosx)(-bsinx) —(a+bcosx)(—asinx)
dx ~ a4+ bcosx 2 (b+acosx)?
[ et dal
[b+acosxj
~ —(b+acosx) -b?sinx +a’sinx (b? —a®)sinx
- \/(bz _a%)—(b? —a%)cos® x (b+acosx)2 b2 —a?+y1-cos? x(b+acosx)

d_y ~ [bZ_aZ

- dx ~ b+acosx
Example : 30
If siny = x sin (a +y), then show that :
_ dy sin*(a+y) ) dy sina
M dx = sina () dx  1+x%-2xcosx
Solution
. dy : . siny . - :
0] As ax should not contain x, we write m = x and differentiating with respect to x;
sin(a+y)cosy —sinycos(a+y) | dy
sin?(a+Y) dx
sin@+y-y) dy ., dy  sin*(a+y)
= sin(a+y) dx - dx = sina
, dy : I
(i) As ax should not contain y, we try to express y explicitly in terms of x.

siny=x(sinacosy + cos asiny)

xsina ) xsina
= tany = 1-xcosa = y=tan™ |77 cosa
Now differentiate with respect x;
dy 1 (1-xcosa)sina— xsina(—cosa) sina
dx ~ 1 x?sina (1-xcosa)? ~ (1-xcosa)? + x%sin’a
(1- xcosa)?
dy sina

dx ~ 1+x%-2xcosa
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Example : 31

2

d d
If y = e™ (ax + b), where a, b, m are constants, show that : ﬁ —-2m % +m2y =0
Solution
y=e™(ax+b) ()
d_y —_ mx + + b mx
dx—(a)e m (ax + b) e
o dy "
using (i), ax - ae™+my e (i)
Again differentiating with respect to x;
Y emam W
ol ame m o
Substituting for a e™ from (ii), we get
d?y dy dy
-7 _ — —m =7
dxz_m(dx y +mdx
d?y dy
—_— 7 2 -
= 02 2m ax Tmy 0
Example : 32
fy=xlog —— the show that : ¢ 2 '(Xd_y‘yjz
y=xlog 77—~ the show that : x el
Solution
y=xlogx—-xlog(@a+bx) ... @
dy 1
= ax - X ;+Iogx—a+bx—log(a+bx)
o I I + bx)] +
= ax  logx—log (@+Dbx)+ 270
dy _y a o
= dx ~ x  a+bx [using ()]
dy X .
Xax YT arbx e (ii)
Again differentiating with respect to x, we get ;
2
IV, &) dy _ (@rbxja-axb
dx® dx ) dx (a+bx)?
d2y ~ a2
= X 4x2 (a+bx)?
, d2y ~ a2X2
= ¥ ax? T (a+bx)?
3d2y_ Xd—y—y2 ing (ii) in R,H.S
= X a2 - dx [using (ii) in RH.S)
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Example : 33

d7y

If x =sintandy = cos pt, show that : (1 — xz)ﬁ -

Solution

dy _ dy/dt  —psinpt
dx ~ dx/dt = cost

As the equation to be derived does no contain t, we eliminate t using expressions for x and y.

dy  —Pyl-y?

dx — y1-x2

dy
= 1-x% g =P A1-y?

As the equation to be derived does not contain any square root, we square and then differentiate.

dy 2
(1-x) [&j =p*(1-vy?)

2

dy d? dy ( dy]
o Y9y oS 2 [ —2y=t
Q-x)2 dx2+(zx)[x p Yax

2
d7y dy R

— 2 X — =_
= 1-x3 02 X i p%y
d’y dy
w2y — _ =2 2\ =
= (1 X)dx2 X i +p2y=0
Example : 34
If x = at®, y = bt? (t a parameter), find
. dy ) &*x
0 3 (M 4
Solution
i = at? B gap
() x=at® = gt - oA
=bt? = L = 2bt
y dt ~
dy dy/dt _ 2bt _2b
= dx _ dx/dt _ 3at? _ 3at
d?y _2b d (2] _ 2 -
= dx? 3a dx \t)  3a’ 2

Again differentiating both sides w.r.t. x,

oy _d [dy) dt _ z_bg[i]

dx3 ~dt (dx?) dx ~ 9a? dt (t*
(i) X =at®,y = bt?

dx dy

— —=12392: — =
at 3a'dt 2bt

d_x ~ dx/dt ~ 3at? ~ ﬁ
= dt ~ dy/dt T 2pt ~ 2b

dt

_&:

dr _
dx ~ 9a® " t°

-2b 1 -2b

3at’ " 3at® ~ 9a’t*

-2 -4 1 8
“3at® ~ 27a%t’
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d>x 3al2b 3a 1 3a

= dy? T dyldt T 2b " 2bt | 4blt
Sr f(e) s gl L s 1)(1) =
= dy® ~ dy (4b%) " 4p? " dt \t) " dy/dt ~ ap? | t2) (2bt) ~ gp3
Example : 35
Ify=f &’ t fd—y ddz—y
y = f(x), express 2 dy? in terms o ax an ol
Solution
d_x - i d_y¢0
dy ~ dy dx
dx
dx d (1) da (1) d 1 d(dy] &
= dy? ~ dy (dy/dx ~dx \dy/dx ) dy T dy 2 dx ldx) " dy
&)
d?y
__ _dx? dx _1
dls dy = dy
dx dx
Example : 36
dy
Change the independent variable x to 6 in the eq&ion & + —2* A f
ange the independent variable x to 6 in the equation — + —— =0, by means o
g p q dx2 14 x2 (1+x2)2 y
the transformation x = tan 6
Solution
=tan 0 o 20
X =tan = 40 = sec
dy _dy/de  dy d’y _ de dy .. d’y de
dx_dx/de_cose'de = ax2 ——2cose.sme.dx.d9+ Ose'dez'dx
=—2c0s0.sin0.cos%0. d_y + cos?0 . d2y C0s?0
- ' : de de? -
=—-2sin0.cos%0. d_y + c0s0 . i
B ‘ do do?
Putting th [ f dy d d’y th ti d’y 2X + . 0
aeo,—an— e given e on, — + —— =
utting the values of x v in giv quation Ve 1o x2 (1+ x%)?
t—2sin0O 36d—y+ 46d2y+ 2tan9 Zed—y++ 0
we get — 2 sin 6 cos 40 cos 462 1+ @an?o cos (1+tan 9)
— 2 sin 6 cos®0 d_y + c0s*0 d2_y + 2 sin 6 cos®0 d_y +ycos0=0
de 462 do Y -
d2
i.e # +y=0
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Example : 37

Differentiate x* (x > 0) from first principles.
Solution

Let f(x) = xx = ex/™

From first principles,

im fx+Hh) = f(x)

oo = im =

i (x+h) fn(x+h) x/nx i xfnx | 4 (x+h)¢n(x+h)—x/nx
f(x) = lim € —€ — lim e [e _1]
h—0 h h—0 h

im exén X [e(x+h)én(x+h)—xénx _ 1] lim (X n h)fn(x i h) — X/nX
b0 (x+h)n(x+h)—x¢nx ° h-0 h

h

e lim  (x+h)n(x +h) = xn(x +h) + Xn(x + h) — x/nx
=é * h—0 h

=1

using: lim
h—0

. {Iim nx+h)x+h-x] . xin(x+h)- an}
h—0 h h—0 h

x{ﬂn(mﬂ X
X X
T /n X+ lim Kn(1+ Ejh

lim ¢n(x +h)+ lim
h—0 h—0 X

= @xnx = @xinx

h—0

1
i - i t — —
=ex/nx.(nx+1) {usmg.!mfn(lﬂ) _Ene_ll
= f(xX)=x*(1 + ¢nx)

Example : 38
If y =log, |cos 4x| + |sin x|, where u = sec 2x, find dy/dx at x = —n/6
Solution
In the sufficiently closed neighbourhood of —rt/6 both cos 4x and sin x are negative. So for differentiating
y, we can take |cos 4x| = — cos 4x and |sin X| = — sin X.
Thus

y = log, (—cos 4x) + (=sin x) = log (—cos 4x) + (= sin x)

sec2x

log(—cos4x)

logsec2x —SNX

On differentiating wit respect to x, we get

(4sin4x)xlogsec 2x sec2x x tan2x
d —log(-cos4x)———————x
ay _ — COos4x sec 2x
dx (logsec 2x)?

2

—COS X

—4tan4x xlogsec 2x — 2tan 2x x log(—cos 4x(

- (logsec 2x)? —cosXx

Taking derivative at x = — 1/6, we get

{ﬂ} —4tan(-2n/3)xlogsec n/3 - 2tan(-n/3)xlog(-cos(-2n/3)) 3 3 6v3
dX oo e (log2)? T2 T 2 T log2
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Example : 39
Test the differentiability of the following function at x = 0.

eV gy L © x#0
f(x) = X

0 x=0
Solution

Checking differentiability at x = 0

-1

(0+h)? ( 1 j

e sin -0
. L ; f(O+h)-f(0 ; O+h

Right hand derivative = J]'_% % = L”}, h u

h—0 i_h—>0h1+i+l+
hehZ h2 h742|

sin(j . :
_ lim h _ a finite quantity -0
h—0 1 1 0+o0
h+ =+——+....
h h32

(because sin (1/h) is finite and oscillates between — 1 to + 1).

-1
e (-0’ sin(l) -0

o - f0-h)—f(0) | 0-h
- TW=)=10)

Left Hand Derivative = h'_rg ~h = hl_% -
(1 . (1)
sin| = sin| = o _

_ lim (h) _ lim h _ afinite quantity

~ h>0 iz ~ h-0 H1 1 1 = 0+ o0 =0
heh +h7+ﬁ+'.'.

(because sin (1/h) is finite and oscillates between — 1 to + 1)
As Left Hand Derivative = Right Hand Derivative, the function f(x) is differentiable at x = 0.

Example : 40
The function fis defined by y = f(x) where x = 2t — |t], y =t + {|t|, t € R. Draw the graph of f(x) for the interval
—1 <x < 1. Also discuss the continuity and differentiability at x = 0.

Solution
Itisgiventhat: x=x=2t—[t|and y = 2 + t|t].
Considert>0 x=2t-t=t ... 0]
and y=t@+txt=2t2 (i)
Eliminating t from (i) and (ii), we gety = 2x2
Soy = 2x? for x>0 (becauset>0 = x=0)
Consider t<0 x=2t+t=3t ... (iii)
and y=t+tx(-)=0 ... (iv)
Eliminating t from (iii) and (iv), we gety = 0
Soy=0forx<0 (becauset<0 = x<0)

In the closed interval — 1 < x < 1, the function f(x) is :

2x° 7 x20
=10 . x<o0

Checking differentiability at x = 0
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fO-h)~1(0) _ jim 0-0

_ i _
LHD_hIEE) —h T hs0  _p =0
2
i f(0+h)-f(0) i 20+h) -0 _ li _
o=, 1ON=IO) _ iy 204070y

As LHD = RHD, f(x) is continuous and differentiable at x = 0 (because if function is differential, it must be
continuous)

Example : 41

1-2x 2x — 4x3 4x3 —8x’ 1+ 2x
If x <1, prove that : 7 + >+ T g T o= —
1-X+X 1-x“+x 1-x"+X

Solution
A+x+x)(L-x+x)=(1+x)°-x>=1+x>+x*
A+x+x)(L-x+x)L-x+xH=A+x+xHQ-x+x)=(1+x})2-x*=1+x*+x8
Continuing the same way, we can obtain :

(T+x+x)(1=x+x)(1=x2+x) ce.een (1—x2"’l +x2") =1+x% +
Taking limit n — « , we get
QA+x+x)(QL-x+x) (L -=X2+ XY vrer.n. =1 (x<1)
Take log of both sides to get
log(l+x+x¥)+log(l-—x+x?)+log(1—x2+x)+...... =0

Differentiate both sides with respect to x :

1+2x —1+2x — 2% + 4x3
2 t 2 + 2 . o4
1+ X+ X 1-X+X 1-X“+Xx

1-2x 2x — 4x° 1+ 2x
= 5 + 57 F o S0 —————
1-x+X 1-x°+X 1+x;2x+1
Hence proved
Example : 42

Find the derivative with respect to x of the function:

2X
(log . sinx) (log_ . cos x)™? + sin? > | atx = n/4.
COS X sin x 1+ X

Solution

2X 2X
= i -1 inl| ——= = i -1 =qin-!
Lety = (log,, sin x) (log,,,, cos x)™ + sin (1+ 2 j ,u=(log_,, sinx) (log,  cos x)™*andv =sin (1+ 2 j

= y=u+v 0]
consider u
u = (log,,, sin x) (log,, cos x)™* = (log_, sin x) (log_  sin x) = (log_, sin x)?

du ) log, sinx ? logesinx | d | log,sinx
— =—-(og__sinx?’=——" |7 | =2|7in eol| 70 | 7oy e
dx dx cosx dx | log, cosx loge.cosx ) dx |log,cosx

log, cosx “2°* _log, sinx~ Sinx
. ° i ° cos X
=2 (log,,, Sin x) x >
(loge cosx)
) cot xlog, cosx + tanxlog, sinx
=2 (log_._. sinx) x 2
cos x (log, cosx)
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consider y

(55
v=sint | 777

putx=tano = v =sin™ ('sin 20) = 20 = 2 tan™'x

[for —m/2 <26 < n/2 = —m/l4<0<Tn/4<6<T/4 = -1<x<1
= we can use this definition for x = /4]
d_V — 2 i t -1 —_ 2

= ax -2 g antx= o2

Differentiating (i) with respect to x at x = /4, we get

{du} {dv}
= |7 + | 5
dx x=n/4 dx x=nl4

On substituting the val fd—u dd—V t
n substituting the values of .- and -, we ge

1x Iogi +1x Iogi
{d_y} | [LJ V2 2| 2 8 3
dx |0 = <%z |2 1 4 1092 T 16472
|Ogﬁ 1+ (j
Example : 43
Ify=e (xx/;) and z* + x?z = x%, find dy/dx in terms of x and z.
Solution
Consider z* + x?z — x®
Differentiating with respect to x, we get : dy
dz dz {dxl_n /4
478 — +x? — + 2xz = bx*
dx dx
dz  5x*-2xz .
= ax - —423 PVCR 0]
Consider y = e> sec™ (xﬁ)
Differentiating with respect to x, we get :
dy 1 d d
= =e* ax (x«/;) +sec! Xz x e ax (—x2)

NG e

1 [J_ 1 dz] ( dzj
—ex Z+X—F——| + e gec! X'\/; —Z—X—
|x|«/§(Vx22—1) 2z dx dx

On substituting the value of dz/dx from (i), we get

3 2(2y3
- [ 1 X XOXT=22) _ ;sectxyz —sec™ xﬁMJ

+
3 2 3 2
Ix[Vx22-1 2|x|zvx?z-1 42°+Xx 47" +x
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Example : 44

x x> x°
2
Find () if (o) = | - 2% 3
6X
Solution
d d d 2 3
&(X) &(Xz) &(Xa) dX dX2 dx3 X X X2
1 2X 3x
F)=| 1 2% 3x2 |+ [ —@0) —@Bx*)| +
e dx dx dx i(o) 1(2) i(6x)
0 2 6X 0 2 6Xx dx dx dx
1 2x 3x° x x% x3 x x% x3
=12x3x2+026x+12x3x2
0 2 ©6x 0 2 6x 0 O 6
x x% x3
2
—0+0+ |t 2 ¥ _goe—x)=6x
0 O 6
Example : 45

1-x2
Differentiate y = cos™? i x? with respect to z = tan=*x. Also discuss the differentiability of this function.
+ X

Solution

2

The given function is y = cos™ >
1+x

Substitute x = tan 6

= y = oS 1-@n?e = cos™ (cos 20)

= y =26 = 2tan~! x for 0<20<m
= 0<0<m/2
= 0<X<oo

and y=-26=-2tanx for -w<20<0
= -m/2<6<0
= —0<X<0

So the given function reduces to :

2tanix , x>0
—2tan'x , x<O

Differentiating with respect to tanx, we get

dy { 2 x>0
ditantx) ~ (-2 x<O0
Alternate Method
2
y=cost e

Differentiating with respect to x, we get
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dy -1 (1+x%)(-2x) - 2x(1-x%)  _4X 1

&_\/ {1_)(2}2 (1+x2)? T Vax? 142
1-

1+ x?

In the question, z = tan~ x. On differentiating with respect to x, we get
o1
T 1+ %2

On applying chain rule,

dy / dx 4x 4x 2 x>0
T dz/dx ~ Wax2 T 12x] T |-2 x<o0

Differentiability x =0
LHD = -2 and RHD =2
As LHD = RHD, f(x) is not differentiable at x =0

Example : 46

Find dy/dx at x= — 1 when sin ysn2 + g sect(2x)+2*tan[/n (x +2)] =0

Solution
. o V3
The given curve is : sin ysn™2 + > sec?t (2x) +2xtan[/n (x +2)] =0
o 3
Let A = sin ysn®2 : B = T3 sec™ (2x) and C = 2*tan [/n (x + 2)]
= A+B+C=0 e (i)
Consider A dy

Taking log and then differentiating A w.r.t. x, we gt

1 dA - ECosﬁ—xzn(siny)+sinn—xcotyd—y
A dx 2 2 2 dx
Atx=-1
cos
{d—A} = (sin y)™ {OJF(—J-)C(.)ﬂ(d—yJ } =_ _2y (d_y)
dx . 4 siny \dx ),__, sin“y \dx/,_,
Consider B
B= ﬁ sec™ 2x
2
] ) dB V3
Di tiati it t to X, - =
ifferentiating with respect to x, we get -~ 2|le
A . {dB} 1
tx=— - ==
dx x=-1 2
Consider C
C=2tan [/n (x + 2)]
Differentiating with respect to x, we get
dC 2
— = x w + 2¥¢n 2 tan [!én(x+2)]
dx X+2
A . {dc} 1
tx=— e ==
dx x=-1 2
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Differentiate (i) to get :
dA  dB dC _
dx dx = dx
On substituting the values of dA/dx, dB/dx and dC/dx at x = — 1, we get

{d_y} sin?y sin’y
dx|._,  cosy ~ i\/l—sinzy

Finding the value of siny
Consider the given curve and put x = =1 in it to get

(siny)?*+ g sect(-2)=0

2

. V3
= siny =— «/§sec‘1(—2) == [using sec™® (—2) = cos™ (-1/2) = p — cos™ (1/2) = 2n/3]

Substituting the value of siny in (2), we get :

Example : 47

1
If g is the inverse function of f and f'(x) = m prove that g’(x) = 1 + [g(X)]".

1

Solution o . . fl(%(lx)%
As g is inverse function of f(x), we can take : g(x) = (X
= flo()] = x

Differentiating with respect to x, we get : f[g(x)] g’(x) =1

i 1
= g'(x) = = 1
1+[g(x)]"
= g'(x) =1+ [gX)]"
Example : 48
2
Ify=1+ 21 + £2X + i then
V=2 x—er T x—e)(x—c5) T (x—ep)(x—p)(x—c3)
dy _y | &, C2 | Cs
Show that X - x Ll_x Cy—X Cs-X
Solution
X C,oX Cax?

Y= x—c; T (x—c)(x-c5) T (x—cy)(x-Cp)(X—Cg)

X(X—Cy)+CoX Ccax?
7 YT x-e)x-ca) T (x—c)(x—Cp)(x—C5)
x? Cax?
=

Y= (x=c(x-c5) T (x—cy)(x—C,)(X~Cg)
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X3

Y= (x—c(x—cp)(x-c5)

=

Take log on both sides and then differentiate to get
logy =3log x—log (x-c,)—log (x—c,) —log (x - c,)

dx X X-C; X-C, X-Cg X X—Cyq X-C, X—Csy

Example : 49
. d’p _ a’?

If p2 = a2 cos?0 + b? sin?0 , the prove that p + W = 03
Solution

p? = a* cos?0 + b? sin’0

= 2p?=a?+ b? + (a®> — b?) cos 26

= 2p?—a?-hb?=(@-b?cos20 ... (i)

Also 2pp, = a? (=sin 20) + b? (sin 20) (by taking p, = dp/de)

= 2pp, =(b*-a%)sin20 L (i)

Square (i) and (ii) and add,
= [2p- (at+ b+ 4p? p . (@2 - b?)?
= 4p* + (a2 + b?)? — (a2 — b?) + 4p? p12 = 4p? (a2 + b?)

= p4 + a2b2 + p2 p12 = p2 (a2 + b2)
a’b?
= p2+ p2 +p12:a2+b2

On differentiating w.r.t. 6, we get

2a°b? .
pp, — —p3 p,+2p,p,=0 (by taking p, = d*p/de?)
ap?
= +p, =
p+Dp, p3
Example : 50
If y¥m + y=tm = 2% then prove that (x? — 1) ﬂ + X L -m?y=0
' dx? dx
Solution
1 1
ym+y m=2x L 0]
ERE OGN A S &
Using {ym +y m] - {ym +y m] =4
1 1
weget ym +ym =2./2 1 (i)

1

= m
Adding (i) and (i), we get Y™ =x+ /x2 _q = y= (X+\/X2 —1j .......... (iii)
Differentiating wrt, we get
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m-1 X
y'=m (x+\/x2—1j [1+ - 1]
X —

m
= y' X2—1 :m(X+\/X2—1j

On squaring above and using (iii), we get (x2 — 1) y’?2 = m?y?
Differentiate again to get
2xy? + (- 1) 2y'y” =2m?y y’
= -1y’ +xy’'=m?y
Hence proved

Example : 51
. n_a* 0 . .
Evaluate )I(ILT;l a using LH rule (atype of indeter minate form]
Solution
X a _aX
LetL= lim =—— . ()

X—a XX _ aa

0
Note that the expression assumes ) type of indeterminate form at x = a.

As the expression satisfies all the conditions of LH rule, we can evaluate this limit by using LH rule.
Apply LH rule on (i) to get :

. ax"*-a¥.loga
L= lim ——————
x=a  x*(1+logx)-0

c
a®-a%loga 1-loga Iog(aj

= L= a®(l+loga) ~ l+loga ~ log(ae)
Example : 52
_ a tan;—:
Evaluate )'('_)”; [2—;) using LH rule (1~ type of indeterminate form)
Solution
. a tang
Lety = )'('L'}i (2—;) (1~ form)
Taking log of both sides, we get :
_ i ~x _a
logy =M tan [Za] log [2 ™ (o x O form)

Iog[z _a) 0
_lim __\ XJ [—formj
0

~ x->a (TEX j
cot| —
2a
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Applying LH rule, we get

)

S

L= lim

y = e—2/1[
Example : 54
H 2
Evaluate M % using LH rule
x>0 /ncos(2x” 1)
Solution
, sin3x2
LetL= M —————— (0/0 form)

x>0 /ncos(2x? - x)

Apply LH rule to get :

L= lim

X—>a a of X\ T - Y n)
2o pJeoset ) ) cmeoseet5 1]

T

[%type of indeterminate form]

2 2
—6XxC0S3x“ COS(2X” —X) __g lim 3x%cos(2x* =X) im X

x>0 (Ax-1)sin(2x>-x) = x>0 Ax—1 x=0 (2x2 —X)

The limit of the first factor is computed directly, the limit of the second one, which represents an

0
indeterminate form of the type ) is found with the aid of the L’"Hospital’s rule. Again consider,

2 2
L=—6 lim c0s3x“cos(2X” - X) |im +
x—0 4x -1 x=0 sin(2x° —x)
_ 11 jim :
= L=-6. _1 x>0 (4X—1)COS(2X2 —X)
1
L=-6 ——=-6
= -1.1
Example : 55

. log, x
Evaluate )!ﬂ]o S—E (k > 0) using LH rule

Solution

. log, X
LetL = )!ﬂ]o 3—? (eofeo fOrm)
Apply LH rule to get :

1Io e
L= lim 0%
X—>+00 kxkfl

= L=loge /M — =0

0 . .
(—type of indeterminate form]
o0
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Example : 56

Evaluate IM L using LH rule “ type of indeter minate form
x>l (/nx Xx-1 9 0
Solution
. 1 1
= lim | —-—
Let L="1 [fnx x—lj (00 — o form)

0
Let us reduce it to an indeterminate form of the type 0

lim X—1-/nx

L= "1 (X —1)/nx (0/0 form)
Apply LH rule to get :
_lim 1= Ux
x>l fnx+1-1/x
_lm _X=1
= L=o Xnx +x -1
Apply LH rule again
. 1 1
= lim - =
= L= mx+2 = 2
Example : 57 (e=° type of indeterminate form)

Evaluate M [ﬂn (+ 1sin? x)cot€n2(1+ x)J using LH ule.

Solution

LetL= lim [fn (+ 1sin? x)cot£n2(1+ x)J
. . . . . 0
We have an indeterminate form of the type 0 . «. Let us reduce it to an indeterminate form of the type o

/n(1+sin? x)

— lim
= L=""0 tan in2(1+ x) (0/0 form)
Apply LH rule to get :
—— 5 —sin2x
. 1+sin®x
x>0 2sec?[/n®(1+ x)}/n(A+X) . ——
1+x
Simplify to get :
lim _SinX

~ x50 n(1+x)

Apply LH rule again to get :

sinXx lim COSX
L= x—0 m = x—0 1 =1
1+x
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Example : 58

Evaluate : )l('[g (1/x)s"* using LH rule.

Solution
We have an indeterminate form of the type «°
Lety = (1x)snx;
Taking log on both sides, we get :
/ny =sin x (n (1/x)
lim
X—>+0

lim

= wsip NY = sin x /n (1/x)

o0
Let us transform it to — to apply LH rule.
o0

lim —/nx

lim
X—>+0 n Xx=>+0 1/sin X

y =
Apply LH rule to get :

_ : ~1/x : in?
lim /ny: lim o = lim sin_X
x40 © x>0 —(cosx)/sin“x x>0 xcosx
= x“—TO y= e=1
Example : 59

(oo type of indeterminate form)

(O, = form)

ae* —bcosx+ce™*

Find the values of a, b, ¢ so that )'('Ln

Solution

ae* —bcosx+ce™*
Xsinx

lim
x—0

LetL =

0 Xsinx

Here as x — 0, denominator approaches 0. So for L to be finite, the numerator must tend to O.

a—-b+c=0
Apply LH rule on (i) to get :

ae* +bsinx —ce™
SinX + XCos X

— lim
Xx—0

Here as x — 0, the denominator tends to 0 and numerator tends to a — c. For L to be finite,

a-c=0
Apply LH rule again on L to get :

ae* +bcosx+ce™*

— lim
x>0 2008 X —XSinX
a+b+c
T=2 = a+b+c=4

Solving equations (ii), (iii) and (iv), we geta=1,b=2,c=1
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Example : 60

lim ﬂ
Evaluate : ;%5 Yiog(1+x)
Solution
lim - S0SX_
LetL= "7 xl10g(1+ x) (0/0 form)

Using the expansions of cos x and log (1 + x), we get :

1—{1—’(2 o j x* x*
21 4 Tt
L= lim _ lim —2 A
x—0 X2 X3 x>0 5, X X
X X =+ — XDt s
2 3 2 3

1 x? 1
- im E—j ....... _ E+0—0+ ........ ) 1
x>0 1 X ﬁ_ 1+0-0+....... 2
ot g T

Example : 61

X i 2
lim € Sinx—x-Xx
Evaluate : 0 —x2

Solution
lim € sinx—x-x*

> (0/0 form)
X

LetL =

x—0

Using the expansions of sin x and e*, we get :

X
RS [E- NI (S S N S R ) NI
— lim 21 3 3 3 4 21,31 5
x—0 3
X
13 15
_ lim 3x 30x Forrieenen _ lim l—ix2+ ....... :1
x—0 3 x>0 \3 30 2
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Example : 1

Find all the tangents to the curve y = cos (x +Y), — 2rn < X < 2r that are parallel to the line x + 2y = 0.
Solution

Slope of tangent (x) = slope of line = —1/2

dy _ -1
dx ~ 2
Differentiating the given equation with respect to X,

=

& dy -sin(x+y) -1
N o = Sin(x+y) ( +dx] T l+sin(x+y) T 2
= 2sin(x+y)=1+sin(x+y)
= sin(x +y) =1
- _ _ -3t =©
- X +y=nn+ (-1)" /2, n € 1in the given interval, we have x +y = 2 ' 2

(because —(2n + 1) < x+y<2n+ 1)
Substituting the value of (x + y) in the given curve i.e. y = cos (X + ), we get
-3n

Y
=0 dx=——, =
y and X 2 >

) -3n T (-1
Hence the points of contact are | — 0 and an and the slope is | 5

. -1 3n -1 T
= Equations of tangentsarey —0= — [ X+— landy-0= — |X—5
2 2 2 2

= 2x+4y+3n=0and2x+4y—-n=0

Example : 2
m m

X
Find the equation of the tangent to a_m + b_m =1 at the point (x,, y,)

Solution
Differentiating wrt X,

mx™t  my™?! dy
T Tl
dy _ b" ﬁm_l
= x  a™ \y

dy} [b)m [onm !
= at the given point (x_, y.), slope of tangentis . =— | —
9 P ( 0 yO) P g dx (%01 Yo) a Yo

b Xo

m m-1
= the equation of tangentis y -y, =— (gj [y—J (X =x,)
0

anyy,mt—amy"=-b"xx, "+ b"x"
anyy,"t+bmxx ™t =amy ™+ b"x "
using the equation of given curve, the right side can be replaced by am™b™
am yyom—l + b™ x Xom—l =am pm
= the equation of tangent is

m-1 m-1
X (x )Y (Yo,
ala " b b -

Note : The result of this example can be very useful and you must try remember it
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Example : 3
Find the equation of tangent to the curve x*® + y?# = a*? at (x, — y,). Hence prove that the length of the
portion of tangent intercepted between the axes is constant.

Solution
Method 1 :
-1 -1
2 -~ 2 5 dy
—x3 +- Y — =0
3 3 X
1
dy ATRE

= dx i

(X0 Yo) Xo

. Yo 3
= equationisy -y, =— o~ (X=X,
0

= X01/3 y — yo X01/3 - _ Xy01/3 + Xo y01/3
= X y01/3 + yxol/3 =X, y01/3 +Y, X01/3

1/3 1/3
= Yo + Yo =x 234 y 213

1/3,,1/3 1/3,,1/13 —
Xo Yo Xo Yo 0 0
X y
= equation of tangentis: _u3 + _1u3 =a*®
Xo Yo

Length intercepted between the axes :

length = \/(x intercept)? + (y intercept)?

= \/(x%,’3a2’3)2 N (y%)/saz/s)2

- \/xg/sazua + y3/3a4/3

— o3 [,213 213
=a Xo 1Yo

= ai.e. constant
Method 2
Express the equation in parametric form
X = a sin?, y = a cos®t
Equation of tangent is :

—3acos?tsint

- X — a sin®t
3asin®tcost ( )

y —acos’t =

= y sin—asintcos® =—xcost—asin’tcost
= Xxcost+ysint=asintcost
X y
= - + —a
sint ~ cost

in terms of (x,, y,) equation is :

X y
(Xo/a)"® * (yo/a)3

=a

Length of tangent intercepted between axes = \/(x;,,)% + (Yig)? = Va2sin?t+a?cos?t =a

Note :
1. The parametric form is very useful in these type of problems
2. Equation of tangent can also be obtained by substituting b = a and m = 2/3 in the result of

example 2
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Example : 4
For the curve xy = c?, prove that

® the intercept between the axes on the tangent at any point is bisected at the point of contact.
(i) the tangent at any point makes with the co-ordinate axes a triangle of constant area.
Solution

Let the equation of the curve in parametric form by x = ct, y = c/t
Let the point of contact be (ct, c/t)
Equation of tangent is :

2

y—clt= (x —ct)
= ty —ct=—-x+ct
= X+ty=2c¢ct e ()
® Let the tangent cut the x and y axes at A and B respectively
Writing th ti L X + A 1

riting the equations as : - = + 5 o0 =
= Xintercept =2 Ct’ yintercept: 2clt

2c

= A=(2ct=0,andB= O’T

. ) 2ct+0 0+2c/t
mid point of AB = , = (ct, clt)

2 2
Hence, the point of contact bisects AB
. . - . 1 (2c)
(i) If O is the origin, Area of triangle AOAB = 1/2 (OA) (OB) = > (2ct) BN =2c?
i.e. constant for all tangents because it is independent of t.
Example : 5
Find the abscissa of the point on the curve ay? = x3 , the normal at which cuts of equal intercept from the
axes.
Solution

The given curve isay? = x® ... 0]

Differentiate to get :

d
2ay % =3x2

dy  3x°
= dx ~ 2ay
1 2ay
The slope of normal = __dl =_ y
dx

since the normal makes equal intercepts on the axes, its inclination to axis of x is either 45° or 135°.
So two normal are possible with slopes 1 and — 1

2ay

-5 =1

= 3x?
On squaring 4a%y? = 9x*
Using (i), we get : 4a x® = 9x*
= X = 4al9
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Example : 6
Show that two tangents can be drawn from the point A(2a, 3a) to the parabola y? = 4ax. Find the equations
of these tangents.
Solution
The parametric form for y? = 4ax is x = at? , y = 2at
Let the point P(at?, 2at) on the parabola be the point of contact for the tangents drawn form A

. 2a X

ie. y—2at=ﬁ(x—at)

= ty — 2 at? = x — at?

= X—ty+at?=0 ... 0]
it passes through A(2a, 3a)

= 2a—-3at+at?=0

= 2-3t+2=0

= t=1,2

Hence there are two points of contact P, and P, corresponding to t, = 1 and t, = 2 on the parabola. This
means that two tangents can be drawn.
Using (i), the equations of tangents are :
Xx—-y+a=0 and X—2y+4a=0

Example : 7

Find the equation of the tangents drawn to the curve y? — 2x® — 4y + 8 = 0 from the point (1, 2)
Solution

Let tangent drawn from (1, 2) to the curve

y? — 2x® — 4y + 8 = 0 meets the curve in point (h, k)

Equation of tangents at (h, k)

Slope of tangent at (h, k)

dy:| 3X2:| 3h2
T ng T Y20y k-2

2

Equation of tangentisy — k = 2 (x—nh)
. 3h?
As tangent passes through (1, 2), we can obtain 2 — k = 2 (1-h)
= 3h*-3h?2-k2+4k-4=0 ... @)
As (h, k) lies on the given curve, we can make
k?-2h®*-4k+8=0 ... (i)

Adding (i) and (ii), we get h®*-3h?2+4 =0
= (h+1)(h-2)2=0

= h=-—1landh=2

For h=-1, kis imaginary

So consider only h = 2.

Using (i) and h = 2, we getk = 212\/5.

(2,2+2+3)=and (2,2)-2+3)

Equation of tangents at these points are :
y-(2+243)=243 (x-2)
and  y-(2-+3)=-2+3 (x-2)
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Example : 8
Find the equation of the tangent to x® = ay? at the point A (at?, at®). Find also the point where this tangent
meets the curve again.

Solution
Equation of tangentto : x = at? , y = at® is

3

y—at®= (x —at?)

2at
= 2y — 2at® = 3tx — 3at®

ie. tx—2y—at*=0

Let B (at,?, at,®) be the point where it again meets the curve.
3at?  a(t’-t7)

slope of tangent at A = slope of AB =
= p g p 2at a(t3 _t]2-)

3t tPt? 4ty

= 27ty

= 3243t =202+ 2t7+2tt,
=  2t2-tt—-£=0

> G-HEL+H=0

=  t=t or t=-12

The relevant value is t, = —t/2

-ty (-t)}| [at® -at®
Hence the meeting point B is = | & ) » & > =178

Example : 9
2 y2
Find the condition that the line x cos a. + y sin oo = P may touch the curve 2 + el 1
Solution

Let (x,, y,) be the point of contact

dy
= the equation of tangentisy —y, [&)( ) (x=x)
X1 Y1
~-b?x,

= y-— yl - azyl (X - Xl)
= a’yy, —a’y?=-b*xx +b*x?
= b>xx +a’yy =b*x?+a’y,?

. . XXy WY, .
Using the equation of the curve : a_2 + b_2 =1 is the tangent

If this tangent and the given line coincide, then the ratio of the coefficients of x and y and the constant
terms must be same

XYY

Comparing x cos o. +y sin o = P and 2t C 1
coso sina P
we get xJa? = yib? = 1
X i
= Px, :azcosoc,Pylzbzsinocandalsowehavea—2 +b—2 =1
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From these three equations, we eliminate x,, y, to get the required condition.

2 2 2.0 2
i a“cosa i b sina _
P U B I

= a? cos?o + b? sin%o = P2

Example : 10
Find the condition that the curves ; ax? + by? = 1 a’x? + b’y? = 1 may cut each other orthogonally (at right
angles)

Solution

Condition for orthogonality implies that the tangents to the curves at the point of intersection are perpen-
dicular. If (x,, y,) is the point of intersection, and m,, m, are slopes of the tangents to the two curves at this
point, the m, m, = - 1.

Let us find the point of intersection. Solving the equations simultaneously,

ax?+by?-1=0

axt+b'y?2-1=0

x2 oyt 1
- -b+b’  -—a+a’ ab’-ab
= the point of intersection (x, —y,) is given by
2 — b,;b dv2= La,
%= ab—ab %Yo T ap_ab

The slope of tangent to the curve ax? + by? =1 is

’

dy _aXO oo . i —a XO
m=x - by, and the slope of tangent to the curve @’ x> + b’ y*=1ism, = b'y,
f th lit _ & ﬁ =
or orthogonality, m;m, = ¢~ y2 ° T
Using the values of x, and y,, we get
aa@ p'-b _
= bb a-a' ~
b'-b a'-a
= bb’ = aa'
ro1.1 i'th ired diti
= b " b - a _ a 'stherequired condition
Example : 11
The equation of two curves are y? = 2x and x2 = 16y
(a) Find the angle of intersection of two curves
(b) Find the equation of common tangents to these curves.
Solution
€) First of all solve the equation of two curves to get their points of intersection.
The two curves are y2 =2x  .......... ()
andx2=16y ... (i)
On solving (i) and (ii) two points of intersection are (0, 0) and (8, 4)
At (0, 0)

The two tangents to curve y? = 2x and x?> = 16y are x = 0 and y = 0 respectively.
So angle between curve = angle between tangents = /2
At (8, 4)

_ dy 1
Slope of tangent to y? = 2xis m = 4o o = ;
at (8,
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= m, = 1/4
Similarly slope of tangent to x* = 16y ism, = 1
Acute angle between the two curve at (8, 4)

tan_l w
1+ mym,
(b) Let common tangent meets y? = 2x in point P whose coordinates are (2t?, 2t)

1
Equation of tangentat Pisy — 2t = ot (x—2t%)

= 2ty — x = 2t

On solving equation of second curve and tangent (i), we get :

2t (x?/16) — x = 2t?

= tx2 — 8x = 16t?

This quadratic equation in x should have equal roots because tangent (i)
is also tangent to second curve and hence only one point of intersection.

= D=0 = 64 +64t3=0

= t=-1

So equation of common tangent can be obtained by substituting t = -1 in (i) i.e.
—2y—-x=2 = 2y+x+2=0

Example : 12

. : 3 L . .
Find the intervals where y = EX4 — 3x2 + lis increasing or decreasing

Solution
dy/dx =6x3—6x =6x (x —1) (x + 1)
This sign of dy/dx is positive in the interval :
(-1, 0) U (1, ~) and negative in the interval : (—~, —1) U (0, 1)
Hence the function is increasing in [-1, 0] U [1, «) and decreasing (—, —1] U [0, 1]

Example : 13

Find the intervals where y = cos x is increasing or decreasing
Solution

dy

—— =-—sinXx
dx

Hence function is increasing in the intervals where sin x is negative and decreasing where sin x is positive

d_y<0 if 2nt<x<(2n+1
dx i nt<x<(2n+1)r

d
and %>Oif(2n+1)n<x<(2n+2)n

where n is an integer
Hence the function is increasing in [(2n + 1) ©, (2n + 2)x]
and decreasing in [2nTt, (2n + 1) 7]

Example : 14
Show that sin x < x < tan x for 0 < x < 1t/2.
Solution
We have to prove two inequalities; x > sin x and tan x > Xx.
Let f(X) = x — sin x
f(x) =1 - cos x =2 sin? x/2
= f(x) is positive
= f(x) is increasing
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By definition, x > 0
= f(x) > f(0)

= X—=sinx>0-sin0

= X—=sinx>0

= X>sinX e ()

Now, let g(x) =tan x — x

g’(x) = sec? x — 1 = tanx which is positive
= g(x) is increasing

By definition, x > 0 = g(x) > g(0)

= tanx—-x>tan0-0

= tanx—-x>0

= tanx>x (i)

Combining (i) and (ii), we get sin x < x < tan X

Example : 15
Show that x / (1 + x) <log (1 + x) < x for x > 0.
Solution

Let f(x) = log (1 + X) — ﬁ

o1 (1+x)—x
f(X)"m_ (1+x)?

X

f(x) = (1+ x)2 .0forx>0

= f(x) is increasing

Hence x>0 = f(x) > f(0) by the definition of the increasing function.
log (L + X_ S log (1+0)— ——

= w2 lee (0= 75,
log (1 + %) — —— >0

= g 1+x
log (1 +X) > —— (i)

= g Tox e

Now let g(x) = x —log (1 + X)

7 — 1 —_— _X
gx)=1- Tox - Lix >0forx>0
= g(x) is increasing

Hence x>0 = g(x) > g(0)

= x—log(1+x)>0-log (1+0)

= Xx—log(1+x)>0

= x>log(l+x) (i)
Combining (i) and (ii), we get

X
— < 1+X)<
1+x og ( X) <x
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Example : 16
3
X . b
Show that : x — ry <sinxfor0<x< Py
Solution
3

X
Letf(x) =sinx —x + Y

2
f(x)=cosx—1+ X?

f’(X) = —sin x + X

X
f”’(x)=—cosx+1:25in25>0

= f’(x) is increasing

Hence x>0 = f’(x) > f/(0)

= —sinx+x>-sin0+0

= —sinx+x>0

= f’(x) >0

= f(x) is increasing

Hence x>0 = f(x) > f'(0)

= cosx—1+x%2>cos0-1+0/2

= cosx—1+x32>2

= f(x)>0

= f(x) is increasing

Hence x>0 = f(x) > f(0)

= Sin X —Xx+x3/6 >sin0—-0 + 0/6

= sinx—x+x%6>0

= sin x > x — x%/6
Example ; 17

Show that x > log (1 + x) for all x € (=1, «)
Solution

Let f(x) =x—log (1 + X)
Differentiate f(x) w.r.t. X to get,
1 X

fx)=1—- —— = —
) 1+x 1+x

Note that x = 0 is a critical point of f'(x) in (=1, ).
So divide the interval about x = 0 and make two cases

Case — | xe (-1, 0)

In this interval, f'(x) <0

= f(x) is a decreasing function

Therefore, -1<x<0 = f(x) =f(0) =0
Hencex—log (1 +x)>0forallxe (-1,0) ... ®
Case — Il X € [0, «)

In this interval, f (x) >0

= f(x) is an increasing function.

Therefore, 0 <X < = f(x) =f(0) =0
Hencex—log (1 +x)>0forallxe [0,e) ... (ii)

Combining (i) and (ii), x 2 log (1 + x) for all x € (-1, )
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Example : 18

x-1
Find the intervals of monotonicity of the function f(x) = | 2 |

Solution
The given function f(x) can be written as :

1-x |

f() |X—1| X—2 ’ X<1,X¢0

X) = 2 = .

X X 21 ; x>1
X

Consider x <1 (x) =2, 1 _x2

onsider x X)= —3 + — =

x3  x? x3
. . X-2

For increasing, f(x) >0 = N >0
= X(x—=2)>0 (- x*is always positive)
= X € (—o0, 0) U (2, )
Combining with x < 1, we get f(x) is increasing in x < 0 and decreasinginx e (0,1) ... ()
Consider x> 1
00 -1 N 2 2-X

x = —F - =

x2 X3 x3

For increasing f'(x) > 0
= 2-x)>0 (v x%is positive)
= x-2)<0
= X<2
combining with x > 1, f(x) is increasing in x € (1, 2) and decreasingin xe (2,«) ... (i)

Combining (i) and (ii), we get
f(x) is strictly increasing on x € (—, 0) U (1, 2) and strictly decreasing on x € (0, 1) U (2, =)

Example : 19
Provethat (@a+b)"<a"+b",a>0,b>0and0<n<1
Solution

n n
We want to prove that (a + b)"<a" + b" i.e. [%Jrlj < [Ej +1
i.e. (x+1)"<1+x"where x=a/band x>0,
since a and b both are positive.
To prove above inequality, consider
fX)=(x+1)"—x"-1
Differentiate to get,

1 1
4 - — 1\n-1 _ -l = | ————————— i
f(x) =n(x=1) nx [ x+ 15" Xl_n:l ......... 0]
consider X+1>x
= (X + 1)+ > xin ((-1-n>0)
1 1
=

(x+DM" 0

Combining (i) and (ii), we can say f'(x) <0

= f(x) is a decreasing function V x > 0
Consider x>0

f(x) < f(0) f(x) is a decreasing function
= fx)<0

= x+1)"—x"-1<0

= (x + 1)< x" + 1 Hence proved
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Example : 20
Find the local maximum and local minimum values of the function y = x*.

Solution
Letf(x) =y =x*
= logy = x log x
ld—y— l+|
= y dx —xx 0g x
Y 1+
= dx =x*( 0g X)
f(x)=0 = x*(1+logx)=0
= logx=-1 = x=el=1le
Method — |

f(x) = x* (1 + logx)

f(x) = x* log ex

x<lle ex<1l = f(x) <0

x>1lle ex>1 = f(x)>0

The sign of f(x) changes from —ve to +ve around x = 1/e. In other words f(x) changes from decreasing to
increasing at x = 1/e

Hence x = 1/e is a point of local maximum

Local minimum value = (1/e)¥e = eV,

Method — Il

d 1
f’(x) = (1 + log x) ax X<+ XX (;j =x* (1 + log x)? + x*!

7 (1/e) =0 + (e) Ve > 0.

Hence x = 1/e is a point of local minimum

Local minimum value is (1/e)¥e = e7Ve ,

Note ; We will apply the second derivative test in most of the problems.

Example : 21
Let f(x) = sin®x + A sin?x where — /2 < x < /2. Find the interval in which A should lie in order that f(x) has
exactly one minimum and exactly one maximum.
Solution
f(x) = sin®x + A sinx.
f(X) = 3 sin?x cos X + 2 SiN X COS X X A

. 26
f(x)=0 = 3 sin x cos x [smx+?) =0

. . -2\
= sinx=0 or cosx=0 or smx=T

cos x = 0 is not possible in the given interval.

= x =0 and x = sin~! (-2\/3) are two possible values of x.
These represent two distinct values of x if :

() A # 0 because otherwise x = 0 will be the only value

(i) -1<-2M3<1 = 3/2> A >-3/2

for exactly one maximum and only one minimum these conditions must be satisfied by A

AN

Since f(x) is continuous and differentiable function, these can not be two consecutive points of local
maximum or local minimum. These should be alternate.
Hence f'(x) = 0 at two distinct points will mean that one is local maximum and the other is local minimum.
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Example : 23
A windows is in the form of a rectangle surmounted by a semi-circle. The total area of window is fixed.
What should be the ratio of the areas of the semi-circular part and the rectangular part so that the total
perimeter is minimum?
Solution
Let A be the total area of the window. If 2x be the width of the rectangle and y be the height.
Let 2x be the width of the rectangle and y be the height. Let the radius of circle be x.
= A =2xy + /2 x?
Perimeter (P) = 2x + 2y + T X
A is fixed and P is to be minimised
Eliminating v,

2
1 X
P(X) = 2x + mx + — (A—TJ

P'(X)=2+rn—A/X>—m/2

D) = 0 | 2A
()= = *“\n+4a
P”(x) = 2A/x®* > 0
) . 2A
= Perimeter is minimum for x = 4/———
n+4

for minimum perimeter,

. __I_n(ZA)_nA
area of semicircle = (+4)2 = nid

f rectanale = A A 4A
area of rectangle =A— ——— =
= ratio of the areas of two parts = %

Example : 23
A box of constant volume C is to be twice as long as it is wide. The cost per unit area of the material on the
top and four sides faces is three times the cost for bottom. What are the most economical dimensions of
the box?
Solution
Let 2x be the length, x be the width and y be the height of the box.
Volume = C = 2x?y.
Let then cost of bottom = Rs. k per sgm.
Total cost = cost of bottom + cost of other faces
= k(2x?) + 3x (4xy + 2xy + 2x?) = 2k
= 2k (4x% + 9xy)
Eliminating y using C = 2x2y,
Total cost = 2k (4x? + 9C/2x)
Total cost is to be minimised.

2 9C
Let total cost = f(x) = 2k [4x +§j
’ [8)( — 9_C]
f'(x) = 2k ox2

f(x)=0 = 8- ——> =0

[QCJUS
= X=|T=
16 Page # 12.



9C
/(x) = 2k (8 +X—3j >0

o oc\"® c ¢ (16V® (320}
hence the cost is minimum for x = | 7= andy=—> = E =

16 22 9C 81
. . . E 1/3 % 1/3 32C 1/3
The dimensions are : 2 16 ' 16 , _81
Example : 34

Show that the semi-vertical angle of a cone of given total surface and maximum volume is sin-* 1/3.
Solution

Let r and h be the radius and height of the cone and ¢ be the slant height of the cone.

Total surface area=S=mnr/ + w2 L. ()

Volume =V = 1/3r? h is to be maximised

Using, ?=r>+h?and S =t r/ + mr?

T
e

2
_r2
Tir

. EE
= —3I' 71:2I’2 T

r
3

We will maximise V?

(S 2 S e o
o " 2 g —f(r)—g(Sr—an)

nr
= fn=0= 2Sr—nrr=0

= F= N2 e (i)

S
(=35 (2S-24n1)

\/E s
" | Varn | = 5 (25-68)<0

) , / S
Hence the volume is maximum for r = 4—n

To find the semi-vertical angle, eliminate S between (i) and (ii), to get :
4mr? = mrl + mr?

Let V2 =1(r) =

= 0=3r
sine=r/t=1/3
= 6 = sin™* (1/3) for maximum volume.
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Example : 25

Find the maximum surface area of a cylinder that can be inscribed in a given sphere of radius R.
Solution

Let r be the radius and h be the height of cylinder. Consider the right triangle shown in the figure.

2r=2Rcos® and h=2Rsin6

Surface area of the cylinder = 2r rh + 2pr?

= S(0) = 4n R% sin 0 cos 6 + 21 R? cos?0

= S(0) = 2n R? sin 20 + 21t R? c0s?0

= S’(0) = 4 R? cos 26 — 21 R? sin 20

S'(6)=0 = 2c0s20—-sin20=0

= tan 20 = 2 = 0=0,=1/2tan"2

S”(0) = — 8n R% sin 20 — 41t R? cos 26

2 1
SR EY IS

Hence surface area is maximum for 6 = 6, = 1/2 tan—12

(2 ) 1+1/+5
= Smax=27tR JE +2n R 2

S S, =R (1445)

Example : 26
Find the semi-vertical angle of the cone of maximum curved surface area that can be inscribed in a given
sphere of radius R.
Solution
Let h be the height of come and r be the radius of the cone. Consider the right AOMC where O is the
centre of sphere and AM is perpendicular to the base BC of cone.
OM=h-R,OC=R,MC=r
RZ=(h-R)2+r2 ... @)
and rr+hz=¢2 .. (i)
where / is the slant height of cone.
Curved surface area=C=mr/
Using (i) and (ii), express C in terms of h only.

C=mnryr?+h?
= C=7m J2nR-h? +2hR

We will maximise C2,

Let C2 = f(h) = 2r? hR (2hR - h?)

= f(h) = 27?R (4hR - 3h?)
f(h)y=0 = 4hR -3h?=0
= h = 4R/3.

f’(h) = 2n°R (4R — 6h)

4R
|5 ) =2nR? (4R - 8R) <0

) ) 4R
Hence curved surface area is maximum for h = —

3
o 8R?
Using (i), we get rP=2hR-h?= 5
242
= r= T R

Semi-vertical angle = 6 tan r/h = tan"* 1/,/2
Page # 14.



Example : 27
A cone is circumscribed about a sphere of radius R. Show that the volume of the cone is minimum if its
height is 4R.
Solution
Let r be the radius, h be the height, and be the slant height of cone.
If O be the centre of sphere,

AAON — AACM
h-R ¢ .
= TROT T 0]
h-R _ yr?+h?
= _ =
R r
Squaring and simplifying we get ;
hR?
rPr=——— ii
h-2R ®

Now volume of cone = 1/3 nr? h

1 hR? h
= V37T h-R

V= 1 nR?
= -3
h h?

1 ZRJ

For volume to be minimum, the denominator should be maximum. Hence we will maximise :

=~ - R
( )_ h - h2
) 1 4R
F=-12 + 15
f(h) = 0 = h = 4R
5 2 12R  2h-12R
=i - = 2
oaR) < 8R-12R .
(4R) = gerd <

Hence f(h) is maximum and volume is minimum for h = 4R.

Example : 28
The lower corner of a page in a book is folded over so as to reach the inner edge of the page. Show that
the fraction of the width folded over when the area of the folded part is minimum is 2/3.
Solution
The corner Aiis folded to reach A,.
The length of the folded part = AB =A B = x
Let total width = 1 unit
= Length of the unfolded part = OB = 1 — x.
If CM || OA, AA, CM ~ ABA O

AC _ %

= cM ~ AO
BA;
= A C=y=CM A0
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x4 1

T Ao T 4(2 1)

x3 x4

For area to be minimum, denominator in R.H.S. must be maximum.

f(x)=0 = —-6x+4=0 = x=2/3

Hence f(x) is maximum and area is minimum if x = 2/3
ie. 2/3 rd of the width

Example : 29

2 2
Prove that the minimum intercept made by axes on the tangent to the ellipse a_2 + b_2 =lisa+b.Also

find the ratio in which the point of contact divides this intercept.
Solution
Intercept made by the axes on the tangent is the length of the portion of the tangent intercepted between
the axes. Consider a point P on the ellipse whose coordinates are x = a cost, y = b sin t
(where t is the parameter)
The equation of the tangent is :

b sin t = ost )
y-bsint=—- " (x—acost)
X y .
= — cost + - sint=1
a b

a b
= OA=——,0B=——
cost sint
L th of int t=¢=AB a’ + b*
ength of intercept =/ = AB = {———+———
9 P cos?t sin?t

We will minimise /2 .

Let ¢2 = f(t) = a? sec?t + cosec?t

= f(t) - 2a% sec? tan t — 2b? cosec?t cos t
f(t)=0 = a? sin‘t = b? cos*t

/b
= t=tan? 4/—
a
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f’(t) = 2a? (sec*t + 2 tan? sec?t) + 2b? (cosec*t + 2 cosec? cot?)
which is positive

Hence f(t) is minimum for tant = \/p/a

= (.= Ja’(l+b/a)+b’(1+alb)

= (¢ =a+b Ll ()
a \ . a®sin*t . _ b
PA2 = |acCost———| +p?sin?t= ———— +b?sin’t = (a tan’t b?) sin’ = (ab + b?) = b?
cost cos°t a+b

= PA=b
Using (i), PB =a
Hence % = E

PB  a
= P divides AB intheratiob : a

Example : 30

Find the area of the greatest isosceles triangle that can be inscribed in a given ellipse having its vertex
coincident with one end of the major axis.

Solution
Let the coordinates of B be (a cos t, b sin t)
= The coordinates of C are : (a cost, — b sin t)

because BC is a vertical line and BM = MC
Area of triangle = 1/2 (BC) (AM)

= A=1/2 (2bsint) (a—acost)

= A(t)=ab (sint—sintcost)

A’(t) = ab (cos t — cos 2t)

A’(t) = ab (cos t — cos 2t)

A)=0 = cost—cos2t=0
= cost+1—-2cos?t=0
= cost=1,-1/2

A’(t)=ab (-sint+2sin2t) =ab sint(4 cost—1)

A"(r/3)=ab V3/2 (2-1)<0

Hence area is maximum for t = ?
. 2n

Maximum area = A ?

= ab (sin 2n/3 — sin 2n/3 cos 2n/3)

=ab (@WLEEJ = ﬂ ab

2 2 4
Example : 31
Find the point on the curve y = x2 which is closest to the point A (0, a)
Solution

Using the parametric representation, consider an arbitrary point P (t, t?) on the curve.
Distance of P from A = PA

PA= |Jt? + (t? —a)?

We have to find t so that this distance is minimum.
We will minimise PA?2

Let PAZ =f(t) = t2 + (2 — @)

f(t)=2t+ 4t (2—a)
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f(t) = 2t [222 — 2a + 1]

1
f(t) = 0 - t=Q¢,b—E

f't)=2—-4a+121¢

we have to consider two possibilities.
Case—1: a<1/2

In this case, t = 0 is the only value.
f7(0)=2-4a=4(1/2-a)>0

Hence the closest point correspondstot=0
= (O, 0) is the closest point

Case —I: a>1/2

1
In this case t =0, * a_E

1
V@)=2—4a=4[§—a]<0

= local maximum att =0

1 1
1 5y8" 5| =2-4a+12a-6=8 a-2 />0
. L / 1
Hence the distance is minimum for t = + a_E
. a—l 2a-1 3 a—l 2a-1
So the closest points are ]{ 2’ 2 and 2" 9

Example : 32
Find the shortest distance between the line y — x = 1 and the curve x = y?
Solution

| -t? +t-1|
Let P (t?, t) be any point on the curve x = y2. The distance of P from the given lineis= = 1 ——
1) yp y g 2 12

2 —t+1
= T because t? —t + 1 is a positive expression. We have to find minimum value of this expression.

Let f)=t—t+1

fy=2t-1

ft)=0 = t=1/2
f’'t)=2>0

= distance is minimum for t = +1/2

1 1
tz—t+l ——-—41 342
Shortest distance = [—«/E } =4 2 _ i
t=1/2 V2 8
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Example : 33
Find the point on the curve 4x? + a%y? = 4a? ; 4 < a? < 8 that is farthest from the point (0, —-2).

Solution
x? y2

The given curve is an ellipse a_2 yT =1

Consider a point (a cost, 2 sin t) lying on this ellipse.

The distance of P from (0, —2) = \/az cos?t+(2+ 2sint)?
This distance is to be maximised.
Let f(t) = a? cos?t + 4(1 + sin t)?
f(t)=—2a?sintcost+8 (1 +sint) (cost)
f(t)=(8—-2a? sintcost+8cost

4
a’-4

ft)=0 = cost=0 or sint=

4
= =gin?!
= t=mn/2 ort=sin (az _4j

(t = 3m/2 is rejected because it makes the distance zero)

4
Let us first discuss the possibility of t = sin! (az B 4]

We are give that 4 <a?< 8
= O0<a?-4<4

0<1<
- a’-4

as is greatest than 1,
a2_4 Y

4
t=sin? is not possible.
aZ_4 p

Hence t = /2 is the only value.

Now, f’(t) = (8 —2a?) cos 2t - 8 sin t

f’(n/2) =2a?-8-8=2(a2-8)<0

= The farthest point corresponds to t = ©/2 and its
Coordinates are = (a cos n/2, 2 sin n/2) = (0, 2)

Example : 34

Ifa+ b+ c =0, then show that the quadratic equation 3ax? + 2bx + ¢ = 0, has at least one root in 0 and 1.
Solution

Consider the polynomial f(x) = ax® + bx? + cx. We have f(0) =0 and f(1) =a + b + ¢ = 0 (Given)

= f(0) = f(2)

Also f(x) is continuous and differentiable in [0, 1], it means Rolle's theorem is applicable.

Using the Rolle's Theorem there exists a root of f'(x) =0

ie. 3ax? + 2bx + ¢ = 0 between 0 and 1

Hence proved.
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Example : 35
LetA(x,, y,) and B(x,, y,) be any two points on the parabola y = ax* + bx + ¢ and let C (x,, y,) be the point
on the arc AB where the tangent is parallel to the chord AB. Show that x, = (x, + X,)/2.
Solution
Clearly f(x) = ax* + bx + ¢ is a continuous and differentiable function for all values of x € [x,, X,].
On applying Langurange's Mean value theorem on f(x) in (x,, X,) we get

f(x2) —f(Xq)
f(x,) = ﬁ [ X, € (X, X))

On differentiating f(x), we get :

f(x)=2ax+b = f'(x,) = 2ax,+b

On substituting x, and x, in the quadratic polynomial, we get
f(x)=ax?+bx +c and f(x)=ax?+bx,+cC

On substituting the values of f(x,), f(x,) and f'(x,) in (i), we get :

ax22 +bx, +c - (ax12 +bx,; +c)

2ax,+ b=
X2 =X
= ax, = a(x, +Xx,)
= X, = T' Hence Proved
Example : 36

Find the condition so that the line ax + by = 1 may be a normal to the curve a*'y = x".
Solution

Let (x,, y,) be the point of intersection of line ax + by = 1 and curve a™'y = x".

= ax, +by, =1 ... 0]

and avty, =x" (ii)

The given curve is : a™ly = x"

dy X,

= de(bel) TN T VT x [using (ii)]

Equation of normal to (x,, y,) is :

normalisy -y, = n_yl (x=x,)

= XX, +nyy =ny?+x?* (iii)
But the normal is the linexa+yb=1 ... (iv)
Comparing (iii) and (iv), we get

Xp _ Ny _onyi+x§

a b 1
i . Xy ny; nyf +xf
Let each of these quantities by K, i.e. 2 b C 1 =K
= x, =aK, ny, =bK, ny >+ x> =K
On substituting the values of x, and y, from first two equations into third equation, we get
b?K?
n +a?K?=K
K n an q b
= X, = an =T 5
= b?+na®’ "t~ b?+na’ Y17 92 1 na?
Replacing the values of x, and y, in (i), we get :
b an " _ .
amt b inal - 02+’ as the required condition.
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Example : 37
Find the vertical angle of right circular cone of minimum curved surface that circumscribes in a given
sphere.
Solution
When cone is circumscribed over a sphere
we have : AAMC ~ AAPO

AC AO ¢ r-R

= MC - op = T = TR e ®
In cone, we can definer2+h2=/2 ... (i)
Eliminating ¢ in (i) and (ii), we get
hR?
k= ————, iii
h-2R (i)
Let curved surface area of cone = C — mr/
r(h—R
= C=mr % [using (i)]
nhR(h-R) S
= C= W [using (iii)]
As C is expressed in terms on one variable only i.e. h, we can maximise C by use of derivatives
dC nR ,
an = —(h— IR)? [(h-2R) (2h—-R)—-(h?-hR)]=0
= h2—4Rh+2R?2=0
= h=2+.J2)R (iv)
2
It can be shown that — > 0 for this value of h.
dh 5
2 +1)R

Substituting h = (2 + /2 ) R in (i), we get (V2 +)R? + 2(J2 +1)? R?

r=(4J2 +1)R?

Let semi-vartical angle = 6

2

= sin?Q = r?/(? =
r? +h?
Using (iv) and (v), we get :

. 2 1
sin“0 = = 3+2«/§
= sin0=3-242 = (42 —1)2
= sin 0 = \/E -1

Example : 38

max[f(t)] 0<t<x 0<x<1

Letf(x)=X3—X2+X+1and9(x)={ 3_x . 1<x<2

Discuss the continuity and differentiability of f(x) in (0, 2)
Solution

Itis giventhat f(x) =x®—x2+x+ 1

fx)=3x2—-2x+1

f(x) > 0 for all x

(- coeff. of x2 > 0 and Discriminant < 0)

Hence f(x) is always increasing function.

Consider 0 <t <x
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= f(0) < f(t) < f(x) (- f(t) is an in creasing function)
= 1 <A(t) <1f(x)
= Maximum [f(t)] = f(x) =x*—x2+x + 1
x2-x?+x+x+1 , 0<x<1
= 909 = 3-x . 1<x<2

As g(x) is polynomial in [0, 1] and (1, 2], it is continuous and differentiable in these intervals.

Atx=1

LHL=2, RHL=2and f(1) = 2

= g(x) is continuous at x = 1

LHD=2and RHD=-1

= g(x) is non-differentiable at x = 1
Example : 39

Two considers of width a and b meet at right angles show that the length of the longest pipe that can be
passes round the corner horizontally is (a2 + b?3)3?2

Solution
Consider a segment AB touching the corner at P. AB = a cosec 6 + b sec 6
Letf(0) =acosec®6+bseco6O ... (M
f(6) =—acosec 6 cot® + b sec 6 tan 6
I —acos® bsin® —acos®0+Dbsin®0
/ = + =
= ©)="gn20 * coso sin?6cos? 0
() =0 = tan®0 = a/b

= tan 6 = (a/b)¥®
Using first derivative test, see yourself that f(8) possesses local minimum at 6 = tan™ (a/b)* .
Using (i), the minimum length of segment AB is :

b
f = (a2 + b23)2 for 6 = tan-* %E

This is the minimum length of all the line segments that can be drawn through corner P. If the pipe passes
through this segment, it will not get blocked in any other position. Hence the minimum length of segment
APB gives the maximum length of pipe that can be passed.

Example : 40

Find the equation of the normal to the curve y = (1 + x)¥ + sin’! (sin?x) at x = 0.
Solution

We have

y = (1 + X)Y + sin™! (sin?X)

Let A=(1+x) and B= sin! sin?x

= y=A+B .. 0]

Consider A

Taking log and differentiating, we get
MA=y/n(1l+X)

1 dA dy y
A dx Cdx " (14 + [1+x]

dA dy y dy y

— =A|=—MA+X)+—| = — 1+ X)+— ii
or ™ _A{dx (1+x) 1+X}—(1+x)y{dx (1+x) x| e (ii)
Consider B
B = sin™ (sin?x) = sin B = sinx

Differentiating wrt x, we get

dB )
cos B — =2 sin x cos x
dx
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dB 1 ) 2sinxcosx 2sinxcosx
(2 sinx cos x) =

dx ~ cosB A-sin?B)¥2 = (1-sin* x)2
Now since y=A+B
dy dA dB dy y } 2sinxcosx
— = —— 4 — = —/n (1+x)+
we have ax ~dx Tax CEH {dx @+ 1+x| T (1-sin?x)¥2
_ 2sinxcosx
1+ x)y ey 2020
o dy _ yi+x) (1-sin* x)*/2
dx 1-(1-x)Y n (L+ )

Using the equation of given curve, we can find f(0).
Put x = 0 in the given curve.
y=(1+0)+sin?t(sin?0) = 1

_ 2sin0cos0
1+0) Tty SRR
1(1+0) (1—sin® 0)Y/2 dy 1

dx 1-(1-0)L¢n(1+0) dx

1
The slope of the normal is m = — W =-1

Thus, the required equation of the normal isy — 1 = (-1) (x — 0)
ie. y+x—-1=0

Example : 41
Tangent at a point P, (other than (0, 0) on the curve y = x* meets the curve again at P,. The tangent at P,
meets the curve at P, and so on. Show that the abscissaof P, P,, P, ...... P, froma GP. Also find the ratio
[area (AP, P,P,)] / [area (AP, P, P))].

Solution
Let the chosen point on the curve y = x* be P, (t, t*). The slope of the tangent to the curve at (t, t*) is

. dy o .
givenas o = 3x*=3t2 0]

The equation of the tangent at (t, t°) is
y—t8=3t2 (x-t)

y-3t2x+2t=0 . (i)
Now to get the points where the tangent meets the curve again, solve their equations
ie. x¥-3tx+2t=0 (iii)

One of the roots of this equation must be the sbscissa of P, i.e. t. Hence, equation (iii) can be factorised as
x—t (x*+tx—2t2) =0

or xX=t(x-t)(x+2t)=0

or xX=t)(x-t)(x+2t)=0

Hence, the abscissaof P,=-2t ... (iv)

Let coordinates of point P, are (t,, t,°)

Equation of tangentat P, is:y —3t*x+2t3=0
[this is written by replacing t by t, in (ii)]

On solving tangent at P, and the given curve we get the coordinates of the point where tangent at P

meets the curve again i.e.

coordinates of P, are (=2t,, —t,)

Using (iv), abscissa of P, = -2 (-2) t

= abscissa of P, = 4t

So the abscissa of P, P, and P, are t, (-2) t, (-2) (-2) t respectively, that is, each differing from the

preceding one by a factor of (-2).

Hence, we conclude that the abscissae of P, P,, P, ....... , P, from a GP with common ratio of — 2.

2
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t 3 1 1 1 1

Example : 42

1 4 _
Now area (AP, P,P)= - -2t —8t° 1 =t? 2 -8 1
4 643 1 4 64 1
-2t -8t 1 J1 1
1 3 16t
area(AP2P3P4)=E 4t 64t 1| = > -2 -8 1
-8t (-2°t° 1 4 64 1
area(AP; P, P3) t4 1
Hence area (AP, P; P,) © 16t* ~ 16
3_ K2 _
_ _X3+w , 0SX<1
Let f(X) = (b2 +3b+2)
2x-3 , 1<x<3

Find all possible real values of b such that f(x) has the smallest value at x = 1

Solution

The value of function f(x) atx=1isf(x) =2x-3=2(1)-3=-1
The function f(x) = 2x — 3 is an increasing function on [1, 3]. hence, f(1)=— 1 is the smallest value of f(x) at
x =1

(b3 -b2+b-1)
(b% +3b+2)
is a decreasing function on [0, 1] for fixed values of b. So its smallest value will occur at the right end of the
interval.
= Minimum [(f(X) in [0, 1]) > -1
= f1)=2-1

Now f(x)=—x3+

(b®-b%+b-1)

i L

(b +3b+2)

, , b®-b*+b-1
In order that this value is not less than — 1, we musthave ———(————— >
b +3b+2

(b® +1)(b-1) (b-1)

o 2 = T ovkon 20

(b+2)b+1) (b+2)(b+1)

The sign of b is positive for b € (-2, —=1) U [1, o)
Hence, the possible real values of b such that f(x) has the smallest value at x = 1 are (-2, —1) U [1, )

Example : 43

Find the locus of a point that divides a chord of slope 2 of the parabola y? = 4x internally in the ratio 1 : 2.

Solution

Let P=(t?, 2t), Q = (t,% 2t)) be the end points of chord AB. Also let M = (x,, y,) be a point which divides
AB internally in ratio 1 : 2.
It is given that slope of PQ = 2,

2t, -2t
= slope (PQ)= "2 "2 =2
2 1
= t+t, =12 L 0)
As M divides PQ in 1 : 2 ratio, we get
2t2 + 13
= X, = % ............. (ii)
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2t, + 4t
and y, = % ............. (iii)

We have to eliminate two variables t, and t, between (i), (ii) and (iii).

From (i), putt, = 1 —t, in (iii) to get :

3y, =2(t-t)+4t,=2(1+t)

= t,=38y-2)/2 and t, =-3y,/2

On substituting the values of t, and t, in (i), we get : 4x, =9y > — 16y, + 8
Replacing x, by x and y, by y, we get the required locus as : 4x = 9y* — 16y + 8

Example : 44
Determine the points of maxima and minima of the function f(x) = 1/8 /n x — bx + x® + x2 , x > 0, where
b >0 is a constant.
Solution
Consider f(x) =1/8 /n x —bx + x2
= fx)=1/8x-b+2x=0
= 16x2-8bx+1=0

_btyb®-1

= X= ————
4
ForO<b<1 f(x)>0forall x
= f(x) is an increasing function
= No local maximum or local minimum
Forb>1 f(x)=0atx, = b-vb"-1 and X, = b+vb" -1
4 4

Check yourself that x, is a point of local maximum and x, is a point of local minimum.
Forb=1
f(x)=16x2—8x2+1=(4x—-1)?2=0
= x=1/4

f’'(x) =2 (4x = 1) (4)

= f’(1/14) =0

f(x) = 32 = f7(1/14) #0

= 1/4 is a point of inflexion

i.e. no local maxima or minima

So points of local maximum and minimum are :
0<b<1: No local maximum or minimum

2
b>1 : Local maximum at x = b-vb"-1

Local minimum at x —

b+vb% -1
4

Example : 45

xe® , X<0

X +ax? —x°3 , x>0

Let f(x) = {

Where a is a positive constant. Find the interval in which f'(x) is increasing
Solution

Considerx <0

f(x) = e (1 + xa)

f’'(x)=ae* (1 +xa)+eX*a

= f’(x) = e™ (2a + xa?) >0
= X>-—2la (- e is always + ve)
So f(x) inincreasing in —2/a<x<0 ... @

Consider x>0
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f(x) =1+ 2ax— 3x?

f’'(x) =2a—-6x>0 = X < al3

= f(x)isincreasing in0<x<al3 ... (i)
From (i) and (ii), we can conclude that :

f'(x) is increasing in x € (—2/a, 0) U (0, a/3)

Example : 46
What normal to the curve y = x2 forms the shortest chord?
Solution
Let (t, t?) be any point P on the parabola y = x?
Equation of normalat Ptoy = x?is :
y—t2==1/2t (x —t)
Now assume that normal at P meets the curve again at Q whose coordinates are (t, t,?).

= The point Q(t,, t,?) should satisfy equation of the normal
= 22—t —1/2t(t, - 1)
= t,+t=-1/2t = t,=—t—1/2t ... 0

PQ*=(t—t)*+ (t?—t?)?> =(t—r)* [1+(t +1)7]
On substituting the value of t, from (i), we get ;

2 3
1 1 1
2= | 2t+— I+— | z4pe | 1+—
= PQ ( ZJ ( 4t2] 4t( 4t2j

Let PQ? = f(t)

1) 1) (-2
“(f) = 1+ — 2 |1+ — —
= f'(f) 8t( 4t2j + 12t ( 4t2j [4t3]

1) 1) 3
= f’(t):2(1+ﬁj {4{“?)_?}

f(t)=0 = 2t—1t=0
= t2=1/2 = t=+1/42
Itis easy to see f’(t) > 0 for t=+1/42

equation of PQ :
for t=1x/§Ex/§x+2y—2=O and
for  t=-1+42 =42x-2y+2=0
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Example : 1
LetA{l, 2, 3} and B = {4, 5}. Check whether the following subsets of A x B are functions from Ato B or not.

0] f,={1, 4, (1, 5), (2 4), (3 5)} (i) f,={(1,4), (2, 4), 3, 4}
(iii) f,={1,4),(2,5), (3, 5)} (iv) f,={(1, 4), (2, 5)}
Solution

(i) f,={(1.4),(1,5),(2,4), 3,5}
It is not a function since an element of domain
(i.e. 1) has two image in co-domain (i.e. 4, 5)
(ii) f,={(1,4), (2, 4), 3, 4)}
It is function as every element of domain has exactly
one image f(A) = Range = {4}
(iii) f,={1,4),(2,5), (3, 5)}
It is a function. f(A) = Range = {4, 5} = co-domain
(v)  f,={1, 4), (2 5)}
It is not a function because one element (i.e. 3)
in domain does no have an image

Example : 2
Which of the following is a function from Ato B?
® A={x|x>0andxe R}, B={yly e R}
(A is the set of positive reals numbers and B is the set of all real numbers)
f={(xy)/y="x
(i) A ={x/x e R} B{yly € R}
f={(xy)/y="\x

Solution
® F is a function from A to B because every element of domain (+ve reals) has a unique image
(square root) in codomain
(i) fis not a function from A to B because — ve real nos. are present in domain and they do not have

any image in codomain
(- y = Vx is meaningless for —ve reals of x}

Example : 3

Check the following functions for injective and surjective

® f:R—> Rand f(x) = x2

(i) f: R — R*and f(x) = x2

(iii) f: R"—> R* and f(x) = x?

Solution

M Injective
Let f(x)) =f(x,) = X2 = X2 = X
= it is not necessary that x, = X,
= It is not injective
Surjective
y=x
= x = =y for — ve values of y in codomain, there does not exist any value of x in domain
= It is not surjecitve

(i) Injective
Let f(x)) =f(x,) = X2 = X2 = X, =X = not injective
Surjective
y = NG = X== \/y
As the codomain contains only positive real numbers, there exists some x for every values of y
= it is surjecitve

(iii) Injective
fix) =f(x,) =>x2=x}? = X, = X, because domain contains only +ve reals
= it is injective
Surjective
y=x2 = x=zxy
for +ve values of y, there exists some x, As codomains is R*, it is surjecitve

11
I+
x
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Example : 4
LetA=R—-{3}and B=R - {1}

X-2
Let f: A— B be defined by f(x) = ~_3
Is f bijective ?
Solution
Injective

Let f(x,) = f(x,) where x, x, € A

X1—2 Xp—-2

= X, -3 = )(2—_3 = (X, =2) (x,—=3)=(x,—2) (x,—3) (because x, , x, # 3)

= X, =X, (on simplification)
Hence f(x) is injective

Surjective

_x=2
Y= X3
= y(x—=3)=x+2

3y-2

= X = —y 1

Fory # 1, there exists some value of x, As the codomain does not contain 1, we have some value of x in
domain for every value of y in codomain

= it is surjecitve

Hence f(x) is bijective

Inverse of f(x)

N
w
x

|
N

y_

y-3

Interchanging x and y in y = f(X) we have x =

= L (x) = is the inverse of f(x)

x-1

Example : 5

Isf:R — R, f(x) = cos (5x + 2) invertible ?
Solution

Injecitve

Let f(x ) = f(x,) where x , X, € R

= cos (5x, + 2) = cos (5%, + 2)

= 5x, + 2 =2nm (5%, + 2)

= it is not necessary that x, = X,

hence if it not injective

Surjecitve

y =cos (bx + 2)

costy-2
5
= there is no value of x fory € (—eo , =1) U (1, +0)
As this interval is included in codomain, there are some values of y in codomain for which there
does no exist any value of x. Hence it is not surjecitve.
As f is neither injective nor surjective, it is not invertible.

= X =
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Example : 6
0] Letf(x) =x—1and g(x) = x2 + 1.
What is fog and gof?
(ii) f={1,2), @3 5), (4 1}andg={(2,3), (5, 1), (1, 3)}
write down the pairs in the mappings fog.
Solution
0] fog=flg(x)] =f(x*+ 1) =x2+ 1 -1 =x?
gof = g[f(x)] = g[x - 1] = (x = 1)* +1
(i) domain of fog is the domain of g(x) i.e. {2, 5, 1}
fog (2) = flg(2)] = f(3) = 5
fog (5) = flg(5)] = f(1) = 2
fog (1) = flg(1)] = f(3) =5
= fog ={2,5), (5, 2), (1, 5)}

Example : 7

T
<x< 5} and f(x) = cos x — x (1 + x). Find f(A).

ola

IfA= {x:

Solution
We have to find the range with A as domain.
As f(x) is decreasing in the given domain

T T T T
ESXSE = f 5 >f(x) > f 3
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Example : 1
Evaluate the following integrals

Hint : Express Integrals in terms of standard results :

) -1
Q) Isec (2-3x) dx = 3 tan (2-3x)+C

J'—sin(2—3x) Isec(z 3x) tan (2-3x) dx = 1

(2) cos2(2—3x) dx = =5 sec 2-3x)+C
2x-3 = 1 X~

(3) je dX—2e23+C

1
(4)  [sec(2-30dx = = log Jsec(2 - 3x) + tan (2- 3x)| + C

1
(5) I - =4 (2@ )

4X +

]

J‘ dx 1 -1
(6) 1—2x° -~ 2 l20-2¢2) * €

Example : 2
Evaluate the following integrals
Hint : Express numerator in terms of denominator

Xx-1 IX+1_2

1) — dx= dx=I[1 2 ]dx—IdX Zj—_x 2log [x + 1|+ C
X+1 X+1 X+1

2 2
X -1 X +1 2dx
2 dx = dx — =x—-2tantx+C
@ J‘x2+1 J‘x2+1 -[x2+1

—
X
N

J~2x+1 1 1J- 1J~ dx
(2x +1)? (2x+1) ~ 2 J (2x+1?

1 1 [1( -1
- =1 2X+1|| - = | =
=2 (2 oglax 'j 2 HZHJ}*C

®3)

2x+1?2

| =

4

4
X" +1 x -1 2 2 dx
4 I dx=I dx + ( =x¥3-x+2tantx+C
“) x? +1 x? +1 x?+1 J. 211
7 7 6 5 4 3 2
dx - - -
(5) X dx:IX +1 _J‘ _ (X+D(X° =X+ X" =X +x°—x+1 —log [x + 1]
x+1 X+1 x+1 X+1
7 6 5 4 2
X X X X X X
= - — + — — — + — — — +x—| +1|+C
7 "6 "5 T4 T3 g trlegktdl
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J-L _Iﬂ IL_ X% —x+1 J‘d_x
©) (x +1)2 o = (x +1)2 dx — x+1? ) (x+1) dx - (x+1)2

X+1

x? 2x+3lo |x+1|+i+c
2 ¢ Xx+1

@ J'ax+b dx=% J«

cx+d cd+d
bc
a a (d‘) ax (ad-bc
:_Idx__—adx=_— 2 log |cx +d|+C
¢ ¢ ex+d ¢ c
Example : 3
Evaluate the following integrals
. f(x)]m—l
Hint: Use |[f(X)]" F(x dx:—[ +C
[icor #9 i
(sin"tx)® 1
1 T, dx = —(sin’x)*+C
@ V1-x? 5 )
4
(2) Isec“xtanx dx = J‘sec3 x(secx tanx) dx = S€C X L ¢
n n+1
@ [ =X o
X n+1
S S N N 1 (1)
(4) ‘[(X2+1)3 dX—E '[(X2+1)3 2XdX—E _—2+C
5 sin® x
(5) Ism xcosx dx = +C
Example : 4

Evaluate the following integrals

’

Hint: Use ﬂdx—|o [f(x)| + C
' fx) X719

3 3
X 1 4x 1
1 j dx=—J.— dx=—log|1+x*+C
@ 1+ x4 4 J14x4 4 gl !

IX2+X dx + J.% dx—J.‘(Xixl)z = |x dx - 2| J.i—ii dx + I%—

J

dx
(x +1)?

Page # 2.



()

®3)

(4)

(5)

(6)

()

(8)

9)

(10)

(11)

(12)

(13)

X —X

e’ —e o
J.—_X dx=log |ex+ e +C

X

e” +e
1 x/2 1 —x/2
[Ert g =[S ca (2% 2% pigpen
X = = J— = og |e*° —
X x/2 -x/2
e” -1 e —e /2_e—x/2

3

1 1 1
= 2 .
-[x 1 dx — I(x +1)2 dx = Iog [x2 + 1] 5 (x2+1

J'x d—J-X3+XdJ.XdX _dej'x
o2+ P2 Tl Tl YT e

)
+C

e—X/Zl +C

)2 dx

I = :I ?ﬂ( dx—lfidx=—§loglae'x+b|+c

a+be*

tanx+1 SinX + COS X )
I —I.— dx =log |sin x — cos x| + C
tanx -1 sSinX — cosS X
sec X
log(sec x + tanx) dx =log | log (sec x +tan x) | + C

d
Note that —— log (sec x + tan x) = sec X

dx
1
I—Xz_ldj X 4 Ziog | X+ 2| s c
= |+
X(x? +1) X x+£ x =109 X
X

-[x+«/_ J.\/_ (Vx +1) J‘(—)dx-2|09|«/;+1l+C

2X
I—X 1 a+x* 1
Z dx=—= |—=— dx = - log |tant x?| + C
(x* +1) tan "t x? 2 Jiantx > 109 | |

1

_Xlogx_ dx =log [log log x| + C

I o
xlogx loglogx ~ log log x

J- sin2x dx = loa 11+ sin? c
—_— = + +
Lisinzx X Tlog[L+sin™|

e+ X 1 re” +ex 1 .
I— dng J.ﬁ dx=g|og|eX+x|+C
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Example : 5
Evaluate

1) Isin2 X dx ) Isin3 X dx 3) Isin4 X dx (4) Isin4 x cos? x dx

Hint : Reduce the degree of integral and to one by transforming it into multiple angles of sine and cosine.
Solution

" _[l-cos2x 1 | _sin2x
(1) Ism xdx_J.TdX_E{ > |+C

inx — si Cc0Ss 3x
(2) Isin3xdx = J‘w dx=% U3sinx dx—Jsian dx]dx :% [—3COSX+ 3 } +C

1
= — + — +
2 COS X 12 cos3x+C

2
4 _ [[1-cos2x 1 B 1 2
(3) Ism X dx = J.(—z dx = " _[(1 2c0S2x) dx + " I(cos 2x dx)

=X % sin 2x + % I(1+cos4x) dx

4
X 1.2+1+sin4x
=271 sin 2x 8 32
4 4 1 4 4
(4) ISIH xcos” x dx = 16 ISIH 2x, Now proceed on the pattern of ISIn X dx
Example : 6
Evaluate :
1 J~ dx : J~ dx
(1) 1+sinx (2) 1+cosx
Solution
dx 1-sinx 2
(1) I b = J. > dx = Isec X dx — Isecxtanxdx —tanx—secx + C
1+sinx COS” X

Alternative Method

x_X
= —tan ) +C

J‘ dx _ J'l—cosx

(2) = — = Icoseczx dx — Icosec X cotx dX = — cot x + cosec X + C
1+ cosx Sin“ X
Alternative Method
J- dx _J' dx —ijseczidx— ltanX/2+C—tan§+C
1+cosx ~ J2cos’x/2 ~ 2 2 "7 2 12 T2
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Example : 7
Evaluate :

1) Isin 2X sin3x dx ) Isin 2x sin4x cos5x dx 3) J‘sin2 x cos?x dx

Hint :  Apply trigonometric formulas to convert product form of the integrand into sum of sines and cosines of

multiple angle
Solution

(1) IsiansinSx dx = % IZsin2xsin3x dx = % J(cosx—cosSx) dx = % sin X — % sin5x + C

(2) Isin 2Xx cos4x cos5xdx = % j(ZSin 2X €0S4X) cos 5x dx

% I(sinGx—sian) cos 5x dx = % IZsinBXCOSSX dx — % IZsin2xc035x dx

1 . . 1 . .
2 I(S|n11x+smx) dx — " _[(sm?x—sm3x) dx

1 coslix 1 1 cos7x 1 cos3x
=—— — — COSX+ — —

4 11 4 4 7 4 3

L2 2 _1 _[ . 2 21 J‘l—cos4x 1 (X_sin4x
(3) Ism XCOS“ X dX = 2 sin“2x dx = ) dx = 8 2 +C

Example : 8
dx
Evaluate : J.—
asinx +bcosx
Solution
dX 1 dX
Iasinx+bcosx T Ja?ip? T % sinx+7b coSX
va? +b? a%+b?
1 dx
= \/ 2 .2 _[ . . where o = tan™ (b/x)
a‘+b SiNXcosa + cos Xsina

_r q
= m Icosec(x+a) X

1

= /r b2 log | cosec (X + a) —cot (X + a)] + C where o = tan™ (b/a)

Example: 9
Evaluate Iex(x+1)cos(xex) dx

Solution
The given integral is in terms of the variable x, we can simplify the integral by connecting it in the terms of

another variable t using substitution

Here let us put x ex=t

and hence xexdx + e* dx = dt
= e*(x+1)dx=dt
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The given integral = JCOS(XGX)[GX(X+1) dx] = ICOSt dt =sint+C=sin(xe) +C

Note that the final result of the problem must be in terms of x.

Example : 10
Evaluate :
X2 dx X2 d
1 I 2 3 J- X
1) G 2 T 3 N
Solution
(1) Let x® =t = 3x2dx =dt
J-xzdx = 1J~3x2dx = 1J- ® 1 tan?tt+C= 1tan-lx3+C
= 1ex®  3Jd7.x6 3J1+t2 73 -3
(2 3/x indicates that we should try x =t
= dx = 3t2 dt
I J-3t2dt J'tdt 3 J'tht a2+ 11 + C =
= == +1|+C=
- x+3x Tt ?+1 2 J2+1 2 og| |
3) Letl+x=t? = dx = 2t dt
(t* -1° t4 412t
dx = 2tdt= | —— 2tdt
= J.«/1+x I J.
t° 4¢3 2 4
=2 — +2t— — +C= 7 (1+x)?+2J1l+x — 5 (1 +x)*?+C
5 3 5 3
Example : 11
ax+tan‘1ax : 5 X
1 I— dx 2 I sin® cos” 6 do 3
o [ @ [ SIS e
Solution
aXthan‘lax
Q) The given integral can be written as : J.w dx
Lettan™ ax =
= maxlogadx=dt
'[atanlaxax loga dx a' dt
= ! loga (1+a*) loga
1 a
= = loga loga €
atan’la"
= 7 (oga)?
(2) Letsino=t* = cos 6 do = 2t dt

=

J\/sin@ cos®0do = J«/sin&) (1 —sin?0) cos 6 d6

Iog [x?# + 1|+ C
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jJF(l—wzunzzjﬂz—ﬁ)m

2t 2tf 2 2
- _ = 4 - — i 32 _ H 2 4
3 - C 3 (sin 0) - (sin Q) C

Jx dx
(3) The given integral is I = I 13
V1-x

J/x appears in the derivative of x*?

hence, let x¥? =t = 3/2 Jx dx =dt

2 %VXdX 2 I dt 2 2
- = = = = — gin~! = — gjn-! %32
= I 3 I o 3 12 3 °sn t+C sin™t x** + C

3

Example : 12
Evaluate the following integrals

1) Itanzx dx = I(seczx—l) dX =tanx—x + C

tan® x

) Itansx dx = Itanx (sec®x—1) dx = Itanx sec?x dx — Itanx dx = —log |sec x| + C

3) Itan“ X dx = Itanz x (sec?x—1) dx = Jtanz x (sec? x dx) — Jtanz x dx

3 3
= tan” x — Iseczxdx + J.dX=tan X —tanx+x+C
(4) Isec“xdx = Iseczxseczx dx = I(1+tan2 X) sec2x dx
tan® x
:I(1+t2) di=t+t)3+C=tanx= +C

Example : 13
Evaluate :
1) Isin3 x cos® x dx ) Isins x dx
Solution
1) J‘sin3 x cos* x dx = J‘sin2 x cos* x (sinx dx)
=_ I(l— t2) t* dt where t = cos x
_t £+C_c037x cos5x+C
"7 5 -7 5
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2) Isins xdx = sin*x sin x dx = — _[(1— cos®x)? (=sin x dx)

=- J(l—tz)z dt where t = cos x
> 2t
—_ @t -2t dt _t— L + 2 4
X ) =+ S
- o cossx+gC it C
=-cosx- — 3 C0S’X
Example : 14
T J‘ dx
YPE - ) ax? bx+c
dx dx J‘ dx
@) Iz 1°d ., 1. 3. 1° 2 (fBY
XT XA X2 42X+ 4= wil] 4| V3
4 2 2

[ 2 ()

dx 1 dx 1
@) Il_4x_2x -[1/2 x2+2x) 2 J«/s/ f - (x+2y
1 1 V3/2 +x+1
=% 243/2 99 | ar2—(x+1)
V3 +42
2«/_ 0 | 3 - Vax - x/_

J- dx _J- dx _J‘ dx 1 |x+3 2«/_|
3) x24+6x+1 I x2+6x+9-8 ° (x+3)? —(2\/_)2 2«/_ log |x+3+2\/_| *C

Example : 15

dx
Type: J-\/axz +bhx+c
dx
SIS vepaes

Treatl—-x—x?as1l—-(X+x?)=1—-(x2+x+1/4) + 1/4 =5/4 — (x + 1/2)?

J‘ dx [x+1/2j L [2x+1j
= I= ——sm J_/Z sin —JE +C
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dx
LetI= I 2 .~ -
2X° +6X+2

2
6x 9 9 3] .3
Now 2x? + 6x +2 =2 (X2 + 3x + 1) =2 (X2+7+Z__+1j =2 [(’”E] _Z]

This is in the form x? — a2.

R B 3
= 155 ) fx+3i22 -5/4 T 2 19

+C

x+%+\/(x+3/2)2 ~-5/4

Example : 16

Type : IVaXZ +bx+cC dx

Lett = [Vax?+5x+1 dx= J.\/(x+5/2)2—21/4 dx
x+5/2 21 '
= X2 el g log x+5/2+\/(x+5/2)2—21/4‘ i C
2X+5 21
== ,x2+5x+1—§|09 X+5/2+Vx?+5x+1| +C
Example : 17
J. 3x+1
Evaluate dx
VX2 +4x+1
Solution

The linear expression in the numerator can be expressed as 3x + 1 = ¢ d/dx (x* + 4x + 1) + m
= x+1=/(2x+4)+m
comparing the coefficients of x and x°,

3=2 and 1=4/+m
= (=32 and m=-5
. J' 3x+1 J-3/2(2X+4)_5 g 3J' 2x+4 J. dx
= = | 777————7—— =z | —F/——————— dx = — —
VX2 +4x+1 Ix2 4 ax +1 2 " AUx%+4x+1 VX% +4x+1

3 J‘ 2x+4 3 dt
Let I =— == I— wheret=x?>+4x+1
1T 2 T2 rax+1 2 YAt ( )

=3Vt +C=3 x244x+1 +C

- dx -5_[ dx
2T I v ax+1 \/(x+2)2—3

Let +C

= 5log ‘x+2+\/(x+2)2—3

+C
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Example : 18

X% —x+1
Evaluate : J. dx

2% + X+ 2
Solution

Express numerator in terms of denominator and its derivative
Letx?—x+1=/(2x*+x+2)+m(@4x+1)+n

= 1=2(-1=/¢+4m 1=2/+m+n
J‘xz—x+1 IUZ(ZX +X+2)-3/8(4x+1)+3/8 i
= = |l—
2x% +x+2 2x% +x+2
1 q J' 4x +1 N J~
= — X — — —_ .
2 ! 8 Jox?+x+2 8 Jox?+x+2
=X —log[2x?+x + 2 +§I Wherel-'[d—x
=7 g logl I+ gL 1) ox2 i x42
1 J‘ dx 1 J‘ dx
= — + —
2 Ix?+1/2x+1/16-1/16+1 2 7 (x+1/4)* +15/16
1 1 . x+1/4 . 4x +1
—E x/15/4 tan E/4 /—tan x/_ +C
x 3 , 3 . 4x+1
—E—8I09|2x+x+2|+4ﬁtan JE +C
Example : 20
J‘ dx
3sin? x + 4cos? x
Solution
j‘ dx J~ sec? x j‘ dt A
3sin?x+4cos’x  J3tan?x+4 J3t2+4 where t =tan x

_lj _1
T3 2421432 T 3

1 t
-1
2/£tan [2/\/5}4-(:

2 V3
= = -1 | —tanx
2«/5 tan { > ] +C
Example : 21
Evaluate :
1 Id—x 2 Id—x h b>0
(1) 4 +5sinXx @) a+bcosx where a,
Solution
dx
(1) I= J.4+53inx
X
Put tan E =t = X =2 tan't
1-t2 2t 2dt
= cosx—1+t2, smx—1+t2 X1+t2
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2dt

1+ 12 2dt 1 dt
> 1= - [— N
2t 4t° +10t+ 4 2 Jt°+5/2t+1
4+5 >
1+t
1 I dt 1 1 t+5/4-3/4
=5 Jt+5/42-9/16 = 2 2x3/4 %9 |t+5/4+3/4|*C
X
1 | At+2 . 1 | 2tan5+1 .
= =~ log =—log|——— |+
3 at+8 3 2tan§+4
2
2 Id—x h b>0
(2) a+bcosx where a,
Lettan x/2 =t
2dt
I_J dx _J‘ 1+t2 J’ 2dt
= a+bcosx 1-t2 = (a+b)+(a-b)t?
a+b 5
1+t
Case -1 Leta=b
_JZdt B 2t B ) X i
= “Ja+b " a+b a+b %
Case -2 Leta>b
_ 1 I 2dt .
= I—E a+b 2— tan a+b +C
a-— b

2
= ﬁ tan™t [ta

Case -3 Leta<b

J‘ 2dt J~
= “la-p-a “ba Jbra_,
b-a

1 \/b+a+x/b—atan§

= log +C
\/bz a’ Jb+a-— b—atang
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Example : 22

Evaluate : J

Solution

2sinx +3cosx
sinX + 4cos x

Express numerator as the sum of denominator and its derivative
Let 2 sin x + 3 cos X =/ (sin X + 4 cos X) + m (cos X — 4 sin x)
comparing coefficients of sin x and cos x

2=/—4m, 3=4/+m

= ¢ =14/17 =-5/17
J-Zsinx+3cosx
= = |l—
sSinX + 4cos X
| = 14 sinx +4cosx 5 Icosx—4sinx
= =17 dsinx+4cosx 7 17 Jsinx+ 4cosx
I=—x iIo [sinx+4 cosx)+C
= 17 X717 %
Example : 23
Evaluate
2 2
X< +1 xc-1
1 I dx 2 I dx
@ x4 +1 @ x4 +1
Solution
1 1
1) Letl J.2+ld T, [ e dx= [
etl = X = X = |7 — 2  dx
( ) 1 x4+1 I 2 1 1 2 t2+2
X"+ — X——| +2
X X

()

2 2 -~

LetIz=I 7 =_[ X dx=-[ X2 dx
1 X2 + ( 1)
X2 x+; -2

dt 1 2 t—+2

LetIz=J-t2_2 Wheret=x+;=mlog m +C
1 X2 —x4/2 +1

22 log X2 +x4/2 +1 +C
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Example : 24

J‘ x? -1
Evaluate : dx
(x? +)Vx* +1

Solution
The given integral is

1- = 1-—=
I J. L d _[ X d I x h L t
= 5 2 X = X = 2 where x + — =
x4 +1 [x*+1 (x+lj\/x2+l tVt° -2 X
X X2 X x2
1 t 1 x% +1
= = -1 | = = = L T
= I «/E sec «/E +C ﬁ sec x«/i +C
Example : 25
Evaluate : Ixcosx dx
Solution
J- X  cos dx d [f 4 ]
I= partl part2 ~ X .[COSX X _J cosx ax| dx
= I=xsinx—ISinXdX=xsinx+cosx+C
Example : 26
Study the following examples carefully
1) Ixseczx dx =X Iseczx dx — Itanx dx = x tan x — log |sec x| + C

2X
1-x

2 dx

1
sin dx = sin-t | x—=——=dx _ iy, L
2) I sin™ [dx _[ L2 xsinx - - _[
, 1 [dt
:xsm—1x+5 Iﬁ where I —x? =t

1
=xsinx + 5 24t +C=xsintx+ Vi-x? +C

(3) Itan‘lx dx =tan? [dx — J dx

X
1+x2

1
:xtan-lx—z log |1+ x3+C

(4) Ixexdx ZXIeXdX—JeXdX =xer—e*+C

1
(5) Ilogxdx :Iongdx—Jx;dx=xlogx—x+C
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(6) Ixz sinx dx =x2 Isinx dx — I(—cosx) 2x dx
=—x2CcoS X+ 2 | xcos x dx

=—X2coS X+ 2 [xjcosx dx—Isinx dx J

=—x?cosx+2xsinx+2cosx+C

Example : 27

Evaluate : IX sin"tdx

Solution
- X2x 2 1 f1-x2-1
IX sin~dx =sin™x IX dx — .[—2 = —sintx+ - )T 5 dx
2V1-x 2 2 1-x
2 dx
:X—sin—1x+1J.\/1—x2dx_1J. -
2 2 2 1-x
2 X 1. -
=X sint x + 1 {—\ll—xz +=sintx| _ 1 sinlx +C
2 2 |2 2 2
Example : 28
Evaluate : e* sin x dx
Solution

Let] = Iex sinx dx

N I= Isinx e*dx = sin x Iex dx — Iex [cosx dX]
N [ =e*sin x — Icosxex dx
= [=e*sinx—[cosx [ e dx— [ & (—sinxdx]
= I=e*(sinx—cosx)— [ e sinxdx
= I=ex(sinx—cosx)—1
= I+1=ex(sin X —cos x)
= [=e¥Y2 (sinx—-cosx)+C
Example : 29

Evaluate : ISGCS x dx

Solution

Let] = Isecs X dx = Isecx sec® x dx = sec x Isecz X—Itanx (sec xtanx) dx

= I =sec xtan x — JSGCX(SeCZX—l) dx = sec x tan X — JSGC3X dx+_[secx dx
= I=secxtan x—1+log |sec x + tan X|
= I=1/2 [sec x tan x + log| sec x + tan x| + C
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Example : 30

«| 2+sin2x xe*
Evaluate : (1) Je 1+ cos2x | 9% @ I(1+ x)? dx
eX(x? +1) 1
(3) IW dx 4 J[Iog (log) + Iogx} o
Solution

J‘ex 2 +sin2x
@) I= 1+ cos2x dx

J‘ex 2 . sin2x "
i I= 1+cos2x 1+cos2x

2 2sinxcos X
[=¢ +

= ex 2 4
5c0S? x c0S x } dx I [sec? + tan x] dx

N I= Iex [tanx + sec? x] dx = e* tanx + C
J- xe* 1+x-1
@ 1=z "5 @e0? |
_IeXL_; (2
= I= 1+Xx  (1+x)? dx=e* |77 +C
eX(x? +1) x? -1 2
e - +
®) I‘I (x +1)2 O'X‘I[(xu)2 (x+1? | &
x-1 2
_ e ——
= I'I {x+1+(x+1)2}dx

(x—lj _ (x+D-(x=1) 2

x+1) 7 (x+1)? T (x+1)?

We now se that —
dx

Xx-1
= | =ex +C

X+1

1
@ 1= j Pog (Iogx)+@} dx

Substitute log x = 1 = x=e'and dx = e' dt
1

= = J. |09t+; etdt=etlogt+C

= = e log log x + C=xlog log x + C
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Example : 31

x? dx

Evaluate : m

Solution

_J' x2dx
Letl= | xTD2x+3)

The degree of numerator is not less than the degree of denominator. Hence we divide N by D.

1 3
x? dent remainder 1 Xt 1 1
——————— =quotient+ T o o = —+_ 2 2 == 4=
x-D)(2x+3) (x-D@x+3) ~ 2 " (x_p@Ex+3) 2 2
. 3_X . . .
We now split —(x—l)(2x+3) in two partial fractions.
3-X A B

Letil) = “D@x+3) =~ x-1 T 2x+3

Equating the numerators on both sides :
3—x=A2x+3)+B (x-1)
Now there are two ways to calculate A and B.

1. Comparing the coefficients of like terms
2. Substituting the appropriate values of x.
Method 1 :

Comparing the coefficients of x and x°, we get :
-1=2A+B and 3=3A-B

On solving we have a = 2/5 =-9/5
Method 2 :
IN3—-x=A2x+3)+B(x—-1),purx=1,-3/2
x=1 = 3-1=5A = A=2/5
X ==3/2 = 3+32=B(-32-1) = B =-9/5
Hence finally we have :
2 _39

-5 5

=37" 2x +3

2 9
x 1 ¢ 5 1 ¢ 5
I=—+—I—dx+—j
= 2 2 1% 2 Jox+3
x, 1 1 - 2 jog [2x + 3]+ C
= 2+ g loglx—1]~ 5 log [2x+3

(x-1(2x+3)

where A and B are constants.
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Example : 32

_ (x-1) dx
Evaluate : 2x+D(x—2)(x-3)
Solution
) = x-1 __A B C
L) = (ox s ) (x—2)(x-8) ~ 2x41 T x—2 | x-3

_ X_—l} __ 6
AZ x—2(x-3)|_17" " 35
2

x-1 1
= B= (x+)(x-3)|,_, " &

_x=1 2
= C=2x+Dx-2)|, , =7

) dx 1 dx 2 dx
fX - — - - " =
= I()dx 35 J2x+1 5J.x—2+7J.X—3

= iI 2x+ 1 1I 2+2I 3|+C
__35 OgIX |_509|X_| 7Og|X—|

Example : 33
J (cos6 +1)sin®
Evaluate : (cos6—1)(cos 6 —3)
Solution
Letcoso=x = —sin 6 d6 = dx

_ J- X+1
= Elacpix-s) &

_[ X+1 A B C
Leti0) = J X “2(x-3) = x-1 T (x-1% ¥ x_3
Equating numerator on both sides,
= X+1=A(X-1)(x-3)+B(Xx—3)+C(x—1)2
By takingx=1,wegetB=-1
By takingx =3, wegetC=1
Comparing the coefficient of x2 , we get,
0=A+C = 0=A+1 = A=-1

-1 1 1
- I=—If(X)dX=—{ X—_ldx+j(x_l)2dx+Ix_3dx}

1
I=log|x—1|—- —— -log|x-3|+C
= g x—1f— =7 —log |x—3|

x-1 1

= I=log |33 —x_l+C
cosf-1 1

= I=log —0059_3 ~ cos0-1 +C
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Example : 34

dx
Evaluate:'[ 3
X" +1
Solution
Let f(x) = NI =
() = 1 _ A Bx«C
= 7 ke xy T xa T oxed

= l=a(x®*-x+1)+Bx+C)(x+1)
Comparing the coefficients of x2 , x, x° :

0=A+B, 0=-A+B+C1=A+C
= A=1/3C=2/3 B=-1/3
1 X 2
3 . 3'3
- f(x)_X+1 x2 —x+1
Let L= . 1I +1]+C
o LEg )Tk de,
2
3 XT3
Let IZ:I x+1 "3 J.x —x+1
Express the numerator in terms of derivative of denominator.
I 1 J‘ 2x -4 q
=— =< |—5—— dx
- 2 6 Jx?-x+1

J. 2x -1 dx + 1 J' dx L ]2' L
= = — _
L=-% X% —x+1 2 x2—x+q+ )T =x+1)

dx

1\ 3
X—=| +=
-3)

1

2

I_ ll 2 +1+1J~

+C

1 2 X
= — — 2 _ — -1 2
= I 6 log |x x+1|+2£ tan ﬁ )
2
1 1 2x -1
= Izz—gIog|x2—x+1|+ﬁtan-1 T +C,

S O 1 I 1 (2x-1
= IX3+1=J(X) X—11+12=§Iog|x+1| 5 l0g Ix —x+1|+£tan— 73 +C

X+1

—

L
3 99

)
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Example : 35

x2dx
Evaluate : J. 7
X" -1
Solution
J‘ x2dx J‘ x? dx
x4 -1 (x*-D(x*+1)

x* A B Cx+D

= + +
X-Dx+D(x*>+1) ~ x-1 x+1 x%+1

As the function contains terms of x? only, substitute x? = t and then make partial fractions

t A B
(—D(+D) :t—1+t+1 = t=A(t+1)+B(t-1)
Putt=+1togetA=1/2, B=1/2
1 1
_t 2 2
= -D+D) T -1 41

Convert t = x? again before integrating

| I x2dx I1/2 ] J-1/2 g
= = +
= 022+  dx2-n KT &
R ) O R
=33 o9 |y 11 +2tan X +
Example : 36
J' dx
Evaluate (x+1) Sx+2
Solution
J- dx
Let = (X+DVx+2
Substitute : x+2 =12 = dx = 2t dt
J~ dx J- 2t dt J-dt 2 -
= x+1Vx+2) = (t2—1)\/t_2_2 21299 |t1
Example : 37
X
Evaluate : I(xz C3x+2)Wx-1 dx
Solution
Letx—1=t2 = dx = 2t dt
I‘I (t* +1) 2tdt e 41t
= "l 22322 V2 t4 4

+ C =log

VX+2-1
VX+2+1

+C
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J‘t2+1OI J'(Z_ijd dt
= =2 t2(t —1) =g ) dt=4 ) e 2

t-1 2

= I=—log |7 +T+C
x-1-1 2

= [=2log Ix-1+1 * Vx-1 te

Example : 38

dx
Evaluate : J.(xz 1) m

Solution

J- dx
Letl= (X2 +1)Vx2 +2

1 1
Substitute : x = 1 = dx = t_2 dt
1
J‘ - t2 J‘ —t dt
= I=) DL, a2
t—2+ t—2+2

Let 1+2t2=22 = Atdt=2z dz

_—_1 zdz

= I= 5 >
[1+ z 2_1}/2_2

dz
=J. > =—tantz+C
z°+1

2
= I[=—tan? /14 2t2 +C=—tan? ‘I1+x_2 +C

Example : 39

dx
(x+2) VX2 +6x+7

Evaluate : J.

Solution

dx
(x+2) VX2 +6x+7

Letl= I

dt
2
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t-1

dt
= I=J.m=—sin-l[fJ+c

X+1
=sin?t! | < —
= I=sin (x+2) > +C
Example : 40

dx
Evaluate : Im

Solution

J- dx J- dx
tet =+t = =l e v (x 272

The least common multiple of 2 and 3 is 6
So substitute x + 1 =t® = dx = 6t° dt

_ j6t5dt _ J‘t3dt
RS CEE SR BN

2 - L
= I=6J‘[t t+1 1+Jdt

2 2
= 1:6 E—?‘Ft—log(t‘f‘l) +C

On substituting t = (1 + x)¥¢ , we get

@+x)"? @+x)"3
= 3 2

+(L+x)Y6 - Iog((x +)YVE 4 1)J +C

Example : 41

Evaluate : IX13/2(1+ x>/ W2 gy

Solution

Let I= J‘X13/2(1+X5/2)1/2 dx

Comparing with integral of type 5.6, we can see that p = 1/2 which is not an integer.
So this integral does not belong to type 5.6 (i).
Check the sign of (m + 1)/n

13
—+1
m+1 2 15 . . . .
r— 5 = T - 3 = (m + 1)/nis an integer. So this integral belongs to type 5.6 (i)
2

To solve this integral, substitute 1 + x52 = t2
= 5/2 x32 dx = 2t dt

_2 2 1\2042\1/2
N 1_5j(t 12(t2)Y2 2t dt

_ 4 202 2
- 1_5jt(t D% gt
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— 1:% Jt6+t2—2t4 dt

!
L
I
(G EN

On substituting t = (1 + x52)¥2 | we get

4 (1+X5/2)7/2 (1+X5/2)3/2 2(1+X5/2)5/2
I= E + - +C

7 3 5
Example : 42
Evaluate : Q) Id—x (2 I x* +1 dx
: (2ax + x2)3/? N
Solution
J‘ dx I dx
(l) Let I= (2ax + x2)3/2 = I= [(X + a)2 _a2]3/2
Putx+a=aseco = dx =asin 6 tan 6 do
On substituting in I, we get
~ J- asec0tan0do ~ J-ZSecetanede
1= ) @®sec?0-a2)"2 =) Brano
= — J.sececot 0do = J. coso do
= a®Jsin’0
J-d (sme) c
= — = +
= sin®0 "~ a’sino
1 X+a
== 5 _  +
= ! a? yx? +2ax C
2
@  Let 1= j VX 4+1 dx
X
Put x tan 6 = dx = sec?0 do
On substituting x and dx in I, we get
J~x/tan29+1 % do Jsec3 0do
= | —— sec = |—F
@nte - tan* 0
J- coso J-d(sine)de . 1
= =\ = — +
= sin* 0 sin* 0 = 3sin®0

. . . . 1 (1+ X2)3/2
On substituting value of sin 0 in terms of x, we get I = — 3 .
X

Example : 43

Find the reduction formula for ISin" x dx
Solution

Letl, = Isin“xdx = jsin”’lx.sinx dx

Apply by parts taking sin™* x as first part and sin x as second part.

+C
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= [ =sin"tx.(—cosx)+ I(n —1)sin”’2 xcos? x dx

n

=—cosxsin"'x+(n-1) JSian xX(1— sin? X) dx

=—cos x sin™* x + (n — 1) jsin”‘2 x dx —(n-1) J‘sinn x dx

= [ =—cosxsin"™'x+n-1)1 —(n-1)1
= nl, =—cosx.sin"'x+(n-1)1

n-2"

cosxsin"tx n-1
I =— + I,
n n n n—.

Example : 44

Find the reduction formula for Jtan” xdx .

If1, = jtan“ x dx, to prove that (n — 1) (I + 1 ) = tan™* x.
Solution

Here I = Itan” x dx J-tan”‘2 x tan? x dx
= J‘tan"’2 x(sec? x —1) dx
= J‘tan"’2 xsec® x dx — Jtan”’2 X dx

= jtan”‘2 xsec?x -1, ,

= In+In—2:ﬁ

Hence (n—1) (I, +1_,) =tan™* x.

Example : 45

Find reduction formula for JSGC” X dx

Solution

Letl = Isec” X

-2
= I = Isec” x sec?x dx

Apply by parts taking sec™?2 x as the first part and sec?x as the second part

d _
. I =sec™x Isec3 X dx — J‘{&(sec“ 2 %) J.sec2 X dx} dx

= I =sec™ xtan x — I(n -2)sec"®x sec x tan x tan x dx
= I =sec™?xtanx—(n—2) J‘sec”’2 x (sec? x —1) dx

= In +(n-2) In =sec?xtan x + (n —2) Jsec”’z X dx

= (n-1)I =sec*?xtanx+(n-2)1 ,
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c"? xtanx
+
n-1

Hence Isec”xdx = S€ n-2
n-1

This is the required reduction formula for ISEC" X dx

Example : 46
Find the reduction formula for Ieax cos" x dx
Solution

Let I = e cos" x dx

J‘sec”’2 X dx

Apply by parts taking cos"x as the first part and e® the second part

=
eax 1 ax
n-; .
= I = cos"x — IHCOS X X (—sin x)
1 n n-1 .
= I, = e¥cos'x+ — I(COS Xsinx) e dx

I =cos™ Ieax dx — J[%(cos” X) J.eaxdx} dx

dx

Apply by parts again taking cos"? x sin x as first part and e® as second part

1 n ax n d n-1, i ax
= aax Ny 4 — 1y qi _ — ||—(cos™ " xsinx) | e™ dx | dx
2 © cosx+a(cos X sin x) Ie a J[dx( )J. }

= I =
1 n e®™ n o _ e®
. [ = = e cos"X + — cos™ X sin X — — — j[—(n—l) cos" 2 xsin? x+ cos" 1 x.cosx] — dx
n o a a a a
1 n _ n(n-1) 5 n
= I,= 7 e%cos™x+ —7 e¥cos™ xsinx+ — 3 Ieax €os"™* x (1-cos?) dx— — Ieax cos" x dx
a
1 n _ n(n-1) n?
= [ = — e*cos"x+ —7 e*cos"*xsinx+ 2 ,— 2 I
a a a n—. a n
2
I = 1+— 1 = i ax + : oy 4 n(n_l)
= 0= 2 h=z¢ (a cos x + n sin x) cos™™* x 2 o

ax acosXx +nsinx
Hence Ie cosxdx=e* | % 5
a“+n

This is the required reduction formula.

j cos™ x +

nn-1
—g 2) Ieaxcos”’zxdx
a%+n
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Example : 47
Find the reduction formula for ICOSm X sin nx dx

Solution

Let I .= J‘COSm X sin nx dx

Apply by parts taking cos™x as the first part and sin nx as the second part.

COS NX el cosnx
—_ m _—_— _ _ 1 _—
= I, ,=cos™ n Imcos (= sin x) n dx
m
cos’' xcosnx M 1 .
= [ = /= 2= Icosm X (sin x cos nx) dx
m,n n n
Now sin (n — 1) x = sin nx oS X —cos nx sin X  or €OS nx sin X = sin nx cos x — sin (h — 1) x
m
cos’ xcosnx m 1 _ .
= Imnz———F J‘COSm X [sin nx cos x — sin (n — 1) x] dx
' n
m
m . m 1
N I =- €os Xxcosnx m Jcosmxsmnx dx + — J‘cosm Lxsin(n—1)x dx
, n n n

m-1,n-1

m _cos™xcosnx = m
Ipp==———— + I

. m . cos™ xcosnx
m,n m+n m-1, n-1 m+n
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Example : 1

Find the domain and the range of the following functions

(@)

Solution

(@)

(b)

(©)

Example : 2

Y= J1-x2 (b) y=2sinx ()

Fordomain: 1-x*>0

= x2<1

= -1<x<1
Hence the domain is x set [-1, 1].
For range : As -1<x<1

= 0<x<1

= 0<1-x2<1

= 0< J1_x2 <1

= 0<y<1
Hence the range is set [0, 1]

y =2sinx

Fordomain: xe R ie. X (—oo, o)

For range : —1<sinx<1
—-2<2sinx<2
—2<y<2

Hence the range isy € [-2, 2]
As denominator cannot be zero, x can not be equal to 2
domain is xe R—-{2}

ie. X € (—o0, 2) (2, o)

Range : As y can never become zero, the range isy € R — {0}

ie. y € (=0, 0) (0, =)

Find the domain of the following functions :

(@)
Solution

(@)

(b)

(©)

Example : 3

1 1

J3—x isdefinedif3—x>0

= X<3 0]
1

log,o X isdefinedifx>0and x#1

= x>0-{1} ... (i)

Combining (i) and (ii), set of domain is :
xe (0,1)u (1, 3]

f(x) is defined if : x + [x| #0

= [X] # =X = x>0
Hence domain is x € (0, o)

f(x) is defined if

l1-log,x=20 and x>0

= log,x<1 and x>0
= x<10 and x>0
= domain is x € (0, 10]

(Using factorisation) Evaluate the following limits :

(@)

3 3 .3
X° —-2Xx-4 (b) lim X —a
x-a %2 _ax

lim
X2 y2 _3x 42

(©)

lim
x5 y3 _125

x* - 625
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Solution

@ Im Xo2x-4 iy (=20C42X42) iy kP4 2x+2
x52 ¥2_3y4p o2 (x=2)(x-1) 2 x_1
b im XX -2 i (x-a)(x*+ax+a®) i x2tax+a’ _
() x—>a w2 _gy | x-oa X(x —a) T x—>a f =3a
x4 _54
4 BV 3
(© 08 3 15 T xo5 x2_g3 T 352 - 3 lusingsection 2.2 (ix)]
x-5
Example : 4
(Using rationalisation) Evaluate the following limits :
_ _ 3
@ im V3X+7-4 o) im vat2x —3x © im 3x -1
X238 JYx+1-2 X—a 1/3a+x_2\/; x>l 42 _q
Solution
@ lim V3x+7-4
X238 x+1-2
Rationalising the numerator and denominator,
_lim 3x+7-16 | ¥x+1+2
T3 x11-4  (3x+7+4
_ lim 3(x-3) VX+1+2
T8 x-3 (J3x+7+4
i DOLeZ_ (202) s
U8 Bx+7+4 T \4+4) 7 2
(b) Rationalising numerator and denominator we get,
_lim @+2x-3x V3a+x +24x
T xoa 3a+x-4x (Ja+2x +43x
im =X [¥3a+x +24x 1 [2Ja+24a 2
T xsa 3@a-x) (Ja+r2x+43x )~ 3 (3a+43a) T 343
1 2 1
1 X3 —1| x3+x3+1
© lim x3-1 _ |im

x—1 X2—l x—1 2 1
(x2-1) x3 +x3 +1

lim (x-1
x—1

1
2 1 6
(x—l)(x+1)[x3 +x3 +1}
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Example : 5
(x — = type problems) Evaluate the following limits :

(b) lim 12+22+32+ ........ +n2 lim ﬂx2+3x+1+5x

3 2
@) lim X —-2X° +3x+1

c
x> By3 LI +2 n—o n® © X0 1+ 4x

Solution
In these type of problems, divide numerator and denominator by highest power of x.
€) Dividing numerator and denominator by x3

2 3 1
l1-——+—+—
. X X 1
- lim 7 2 f—
X2 B4 — 4+ — 5

(b) lim

lim nn+1)(2n+1)
= n—oo 6n3

lim (1+ 1] (2 +1j
n—oo n n

1 1
=< (1+0@+0)= 3

ok

6
(c) The highest power of x is 1. Hence divide the numerator and denominator by x.

lim VX% +3x+1+5x
X 1+4x

1+—+i2 +5
= lim x X _ V145 _ 3
= xom 1.4 0+4 2

X

Example : 6
(e0 — e form) Evaluate the following limits :

@) XITZ (secx—tanx) (b)) M (fx+2a)ex+a)-x2) (¢  fm (x—mj
Solution
lim lim sec?x—tan?x
@) Hg (sec x—tan x) = )Hg Tecxtanx
lim 1

T —_—
X5 secx+tanx

0 Im (jxr2a)@x+a) - x2)
Rationalising the expression, we get

(x +2a)(2x +a) — 2x°2

lmo (J(x +2a)(2x +a) + x\/E)
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5ax + 2a’

— lim
x>0 \Jox? 4 Bax + 222 + xy/2

Dividing numerator and denominator by x, we get

2a’®
5a + v 5a

— lim _
T Xxow® 2 - 2\/5
2+5—a+2i2+\/§

X X

© lim (X‘mj

X—>0

On rationalising the expression, we get

2 2
XS — (X +X . —X
( )=I|m

- lim —MmM=~ —
0 yplx24x % x+UxE+x
Divide by the highest power of x i.e. x!

. -1 _

_ lim = - 1__
X—00
- 1+\/ 141

1
1+=— 2
X

Example : 7

.. sinX
(usmg )['L%T = 1} Evaluate the following limits :

@ lim tanx —+/3 ) lim * sin(cos x)cos x
a T —— o 2DESA/EIS A
3 9x?-nx? X7 sinx —cosecx
© lim COSX-—cosa @ lim asm>2<—x23|na
x—a X—-a =8 gx© —ax
Solution
. . T
@ lim tanx —+/3 lim tanx—g
a T — =, 3
x—>3 9X2—TCZ x—>3 9)(2_71;2
Using tan A— tan B = —0cA—B) t
singtan A—tan B= ————= we get,
9 cosAcosB 9
sin| X T
lim 3 1 1 .. sin@ 2
X =3 = - usmg(ymoT:l =3
T — T
% cosxcos— (3x—m)(3X + 1) COS_COS _ (7 + 7)
3 3 3
b lim  sin(cos x)cosx _ lim  sin(cos x)
(b) X235 sinx—cosecx X2  cosx
lim 2 lim 2ysi . . sin®
o cos® X Sk cos*® xsinx using lim _1
2 sinx —cosecx 2 sin®x-1 -0 6

lim
=—X_,g (sinx)=-1

Page # 4.



) (x+aj . (x—a)
-2sin| —— |sin| ——
COSX—CO0Sa |im 2 2

lim
(C) X—a X—a X—a X—a
2%
2
. (x-a
sm(zj
. x+a) .~ ¢ J
—_ lim 4 lim - _ &
- xlea Sm( 2 j xlaa x-a =—Ssina
2
. asinx-—xsina
lim —/—— == —
(d) x> gx? —a?x
lim asinx —xsinx + xsinx — xsina lim (a—x)sinx + x(sinx —sina)
T x-a ax(x —a) T x-a ax(x —a)
. (x—a)
. . . _ 2cos(x+aj 5'”7
_ Jim (a—x)sinx im Sinx-sina _ sina 2 X a)
x>a  ax(x-a) = x»a  a(x-a) a? = xoa 2a 5
sina  cosa
=2 *
a a
Example : 8
ooak-
usmg)l(m =loga | Eyaluate the following limits :
) . Ix _ava
(a) lim 2" -2 (b) lim ﬂ
x>l oy _q X—a X—a
L 6% -2X -3 +1 . 3% _pX
© Jm = @
sin“ x X
Solution
X x-1
lim 2° -2 _, jim 2" -1 _
(@) x>l y q =2 x>l o _1 =2log 2
. Ix _gva . e‘/g(e‘&“/g—lJ
(b) lim € e — lim
X—a X—a X—a X—a

& tim €71 iy Jx=va
Ja x>a  x_g

e
x—a X —

. X—a Va

im (x-a) e

M e e © 2R

'@ (1)
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6 -2 -3 +1

lim
(C) x—0 Sin2X

Cim @ -p3*-n  xP

~ x>0 X2 sin? x

X X 2

_lim 2 =1 jim 37 -1 gim [ X _

Txo0 o x20 o xo0 {sinx) log,* log,*

L ogx_gx |3 -1 5%-1 3

lim 3" =5 _ lim - — — hd
(d) X—0 x>0 I: X X } =log 3-log5=1log c

Example : 9

1
{using lim (1+x)* = e]
Xx—0
lim 2
@ 5o (1-2x%)*

Solution

1

lim -
(@) x50 (1-2x)% =
lim yeox — lim
(b) x—1 xeeme = x—1
lim (x-1) cot mx
= exal
Example : 10
Show that the limit of :
2x-1 ;
f(x) = X :
Solution

Left hand limit = M f(x) = im
x—1

(weusef(x)=2x-1

lim
_ ex—»l tan(n—nx)

Evaluate the following limits :

(b) !(I[n)l xeotnx

-1 -2
lim ((1—2x)2x]

1 (x-1)cot nx
{1+ X— 1)><—1}

1-x im 1 n-nX 1

| =
— exalrztan(n—nx) —en

x<1

X>1 at x = 1 exists

(x-1)=2-1=1

X—1"

using lim
( g 0—-0

tano

£

-+ while calculating limit at x = 1, we approach x = 1 from LHS i.e. x < 1)

Right hand limit= M f(x) = M (g =1
= L.H.L. = R.H.L. = 1. Hence limit exists
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Example : 11
Find whether the following limits exist or not :

i 1 i 1
(@) )l('[g sin — (b) )l('[g xsin —
Solution
1
@) As x — 0, ;+oo.
As the angle 6 approaches <, sin 0 oscillates by taking values between — 1 and + 1.
; 1
Hence )'('[Q) sin — is not a well defined finite number.
X
= limit does not exist
lim o gin < = lim o lim g 1
(b) x>0 X SN x x50 X x50 SIN %
=0 x (some quantity between —1 and + 1) =0
i im o ain L= lim o gip +
It can be easily seen that ., Xsin — = - xsin — =0
x—0 X Xx—0 X
Hence the limit exists and is equal to zero (0)
Example : 12
Comment on the following limits :
. . | X |
@ M x-3 ) Jm=c
Solution

(@  Right Hand limit=lM [x 3]
= M1 +h_3)= M n_2
=— 2 (because h — 2 is between — 1 and — 2)

Left hand limit= M [x - 3]
_ i _ i
=lim 1 _h_3)=lim [ 2_p

=—3 (because — h— 2 is between — 2 and — 3)
Hence R.H.L. # L.H.L.

= limit does not exist.
o dim XD im =X
(b) Left hand limit = i = : =-1
Xx—0 X x—0 X
Ri imit= fim XD im X
ight hand limit= """ — = T —=+1
x—0 X Xx—0 X

Hence R.H.L. # L.H.L.
= limit does not exist

Example : 13
Find a and b so that the function :

X +a+2 sinXx ; Osx<%

T Y

= 2xcotx+b . —<X<—
i) 4 2
acos2x—bsinx ; g< X<m
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is continuous for x € [0, 7]
Solution
At x = /4

Left hand limit = lim f(x) = lim (x+a+/2 sinx) = % +a

X—>— X—>—
4 4

Right hand limit = lim_f(x) = lim (2x cot x + b) = g +b

X—>—— X—>——
4 4

KA I n -
f[4]—2[4] cot4+b_2+b

for continuity, these three must be equal

T P T ,

— + = — + —_ =TT iiiieeees
= 7 taT 5 b = a-b 2 0}
At x = /2

Left hand limit= lim (2xcotx+hb)=0+b=Db

X—>——
2

Right hand limit = lim (acos 2x—bsinx)=—a-b

X—>——
T
f > =0+Db

2
for continuity, b=—a—->b
= a+2b=0 (i)

Solving (i) and (ii) fora and b, we get : b = — % a= %

Example : 14
A function f(x) satisfies the following property f(x +y) = f(x) f(y). Show that the function is continuous for all
values of x if it is continuous at x = 1

Solution
As the function is continuous at x = 1, we have

Im g = M f(x) = f(2)

X—1
= Im f2—hy= JIM 1+ h) =)
using f(x +y) = f(x) f(y), we get
= lIm (1) f(-hy = 1M £(1) f(h) = (1)
= Imfhy=Mfhy=1 0)

Now consider some arbitrary point x = a

Left hand limit = M f(a —h) = M f(a) f(-h)

=fa) M fch) =f(@) oo using (i)
Right hand limit = IM f(a + h) = IM f(a) f(h)

=fa) M f(h) =f@) oo using (i)

Hence at any arbitrary point (x = a)
LH.L =R.H.L. =f(a)
= function is continuous for all values of x.
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Example : 15

1+x 0<x<?2
i) =13_x

2<x<3

Determine the form of g(x) = f(f(x)) and hence find the point of discontinuity of g, if any

Solution

fl+x) ; 0<x<1

1+x ; 0<x<
g(x)zf(f(x))={3_x Cocx<3 = f(1+x) l<x<2
' B f(3-x) ; 2<x<3
Now xe [0, 1] = @Q@+x)e[1,2]
x e (0, 2] = 1+x)e (2,3]
xe (2, 3] = (3-x)e[0,1)
Hence

f(l+x) for 0<x<1 = 1<x+1<2
gx) = 1f@+x) for 1l<x<2 = 2<x+1<3
f3-x) for 2<x<3 = 0<3-x<1

Nowif (1 +Xx)e [1,2],thenf(1+x)=1+(1+X)=2+X
[from the original definition of f(x)]
Similarly if (1 + x) € (2, 3), then

f(L+Xx)=3-1+X)=2-2 oo (ii)
If (3—x) (0, 1), then
f(B=X)=1+@+X)=4=X e (iii)

2+x ; 0<x<1
Using (i), (ii) and (iii), we get g(x) = 12—-X ; 1<x<2
4-x ; 2<Xx<3

Now we will check the continuity of g(x) at x =1, 2
Atx=1

LHL = M gog= M o +x)=3

x—1"

RHL = M goy= M _x=1

X x—1"

As L.H.L., g(x) is discontinuous at x = 1
Atx=2

LHL = M gx)= M 2_x=0

X— X—2"

— lim — lim -
RH.L.= T°. g(x) = 4-x)=2

x—2"

As L.H.L. # R.H.L., g(X) is discontinuous at x = 2
Example : 16

el/X _1

_ X =0
Discuss the continuity of f(x) = e”(") +1

Solution
1
X _ t
hLo tim &2l gm e -1 0.1
x»0~ 1 to-o al L1 0+1
ex+1

at the point x =

0
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1

X _ t_ ) =
RuL= fIm 221 jim &1 jim 1€
x>0t L oo gly] e 1ie
eX+1
RHL =2 =1
= T 40 T
= LHL #RH.L = f(x) is discontinuous at x = 0

Example : 17

Discuss the continuity of the function g(x) = [x] + [-X] at integral values of x.
Solution

Let us simplify the definition of the function

M If x is an integer :
Kl=xand [-X]=-x = gx)=x—x=0
(ii) If x is not integer :
let x =n + f where nis an integer and f € (0, 1)
= [X]=[n+fl=n

and  [-X]=[-n-fl=[(-n-1)+(1A-f]=-n-1
(because 0<f<1=0,(1-7)<1)
Henceg(X)=[X]+[-X]=n+(-n-1)= -1

0 , ifxisaninteger
So we get: 9(x) = -1 , if xisnotaninteger
Let us discuss the continuity of g(x) at a point x = a

wherea e 1

LHL = lIm gy=-1

X—a

as x — a-, x is not an integer
= lim =
RH.L. = "7 gx)=-1

as x — a*, x is not an integer
but g(a) = 0 because a is an integer
Hence g(x) has a removable discontinuity at integral values of x.

Example : 18
Which of the following functions are even/odd?

a1 (H_X]
(a) f(X) = 1 (b) f(X) =X |Og - x
)  fx)=1x @d  f(x)=log (x +Vx% + 1)
Solution
a’-1 1-a* _
() f(x)= ——— = —— =-f(x) = f(x) is odd

1-x 1-x\* 1+x
(b) f(—x) = —x log 1t x =xlog (mj =xlog 1-x =1(x)

= f(x) is even
(€) f(=x) = |-x| = x| = f(x)
= f(x) is even
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14 %2 —x2
(d) f(—x) = log (—x+\/1+ ij = log {ﬁj = _log (x+«/x2 +1j =~ f(x)

= f(x) is odd.

Example : 19

Solution

Which of the following functions are periodic ? Give reasons
(a) f(x) = x + sin x (b) cos ,/x
(c) f(x) = x = [X] (d) C0Ss2X
If a function f(x) is periodic, then there should exist some positive value of constant a for which
f(x + a) = f(x) is an identity (i.e. true for all x)
The smallest value of a satisfying the above condition is known as the period of the function
(a) Assume that f(x + a) = f(x)
= X+a+sin(x+a)=x+sinXx
= sinx—sin(x+a)=a
x+ 2] gp @
= 2 cos 5 | sin 5= a
x+2 | gin 2
= 2 cos 5 | SIn 57" a

This cannot be true for all values of x.
Hence f(x) is non-periodic
(b) Assume that f(x + a) = f(x)

= COS 4/x+a =CO0S [x
= Jx+a =2npt fx
= m + \/_ =2nm

= 2Xx+azx?2 X2+ax =4n? ©t?

= 2X+ 2 X2+ax =4n’n?’-a

As this equation cannot be an identity, 3 f(x) is non-periodic
(c) Assume that f(x + a) = f(x)

= X+a—[x+a]=x-[X]

= [x+a]l-[x]=a

This equation is true for all values of x if a is an integer hence f(x) is periodic
Period = smallest positive value of a =1
(d) Let f(x + a) = f(x)

= cos? (X + a) = cos?X
= cos? (x +a)—cos>x =0
= sin(2x +a) sin(a) =0

this equation is true for all values of x if a is an integral multiple of &t
Hence f(x) is periodic. Period = smallest positive value of a ==

Example : 20

n

Find the natural number a for which z f(a+k) = 16(2" — 1) where the function f satisfies the relation
k=1

f(x +y) = f(x) f(y) for all natural numbers x, y and further f(1) = 2.

Solution

Since the function f satisfies the relation f(x + y) = f(x) f(y)
It must be an exponential function.
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Let the base of this exponential function be a.
Thus f(x) = a*
Itis given that f(1) = 2. So we can make
f(l)y=a'=2 = a=2
Hence, the functionis f(x) =2x ... 0]
[Alternatively, we have
fx)=fx—1+1)=fx-1)f(1) =f(x—2 + 1) f(1) = f(x — 2) [f(1)]? =
Using equation (i), the given expression reduces to :

n

k
> 2 igeno1
k=1

n
k
- D22 Jqg iy
k=1

n
k
= 22 2,2 Z1g(20-1)
k=1

= 22(2+4+8+16+ oo, +2) =16 (2"- 1)
2(2" -1)

= 221757 |=16(@"-1)

= 2a+1: 16 = 2a+1:24

= a+l=4 = a=3

Example : 21

Evaluate the following limits :

Solution

X 3-x 3y
) im 3 +37-12 B lim tan®x-3tanx
() x—2 33X _gxI2 (i) Bl — (i)
N COS| X+ —
%)
, 343312
(') LetlL = )l(l_,mz 33—x_3x/2

27

3¥+5 12
) 3%
= L: )I(L)rr]z 2_3)(/2
3X
i 32X _12.3% +27
= L=Im ——
X—2 (3X/2)3 _33
. (3% —9)(3* -3)
= L= lim x/2 X x12
x-0 (3%/2 _3)(3* +9+3.3%/2)
x/2 X
. L= lim (3*2 +3)(3* -3)
x-2 (3% 4+3.3%2 4+ 9)
.66 _36 4
= ~9+33+9 27 3

lim
X—>—0

x*sin = +x

1+ x3 |

= [f(D)F=21]
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) im  {an°x-3tanx
(i) LetL=L= 1" —( nj and X =
cos| X + ¢

tan®| 1+~ |- 3tan| t+ ~
3 3

L= lim
= =0 cos[t + gj

w|a

tan(3t + ) {3tan2[1+ g) - 1}

— lim
= ~ t-0 -
—sint
o —tan(3t) 2 T
— lim =22 [|im |3tan“|t+—=|-1
= L=130 “aint - to0 { [ +3j }

. tan(3t) ; 1 ; 2 L
—qlim =222 _ |Iim —— o lim |3tan‘|1+=|-1
= L=3 0 3t X 150 sint X 150 { [ +3j }
= L=3x1x1x8=24
i x*sin L+ x2
(iii) Let L= '”}w D —
> 1+ %3 |

Divided Numerator and Denominator by x® to get

.1
sin> 4
xsinx+x2 1/;+;
- lim - _ =22 .. -
L= 0 i+|xl3 _i+(—x)3 ¢ forx <0, x| = =)
x3 x> X3
— (D)+ — (0)
N L= —_— 7
o= > (0)+ (1)
Example : 22
(1+ | sinx [2/lsinxl %<x<0
Let f(x) = b o x=0
tan2x
etar'l3X : 0<X<£
6

Determine a and b such that f(x) is continuous at x = 0

Solution
Left hand limitatx =0

a
— lim = lim |(1+]si |sinx|
LHL = Im g = lim {(+|S|nx|)lsm><l}

— lim
= LHL=lmf0_n)
a 1
— LHL. = r!ILT(IJ {(1+ | sinh |)|sinh|:| = ex using: !m(lﬂ)t =e
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Right hand limitx =0

tan2x

= lim = lim _@nax
RH.L = B0 f(x)= 10 etan3x

- RH.L. =M f0+hn)

tan2h

— lim
= RH.L.= M gianan
2(tan2h 3h 2
— lim .3\ 2h tan3nh) — o3
=  RHL=/m ¢ =e

for continuity
L.H.L. =R.H.L. =1(0)

Example : 23

2n
: X
Discuss the continuity of f(x) in [0, 2] where f(x) = l!ﬂ]o (sm;)

Solution

{0 Do x|<1

i lim 2n —
Since U X 1 |x|=1

) X 2n
f(x) = nlfgo [sin?j

. mX
Thus f(x) is continuous for all x, except for those values of x for which 3'”7 = 1‘
i.e. X is an odd integer
= X=(2n+1) where x € 1

Check continuity at x = (2n + 1) :

LHL= DM f9=0 .. (i
and  fen+1)=1 (i)

from (i) and (i), we get :

L.H.L.# f(2n + 1),

= f(x) is discontinuous at x = 2n + 1
(i.e. at odd integers)

Hence f(x) is discontinuous at x = (2n + 1).
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Example : 24

1-cos4x

;o x<0
52

Letf (x) = a ;o x=0
Jx

x>0

Ji64x —4

Determine the value of a, if possible, so that the function is continuous at x = 0.
Solution

1-cos4x %<0
X2
It is given that f(x) = a ; x=0
L ; X>0
V16 ++/x -4
is continuous at x = 0. So we can take :
lim — — lim
20109 =10) = 1. 109
Left hand limitatx =0
; ; 1-cos4x
— lim — lim ——>>==27%
L.H.L. = oo f(x) = oo 2
Now, LH.L =M f0_n)
. 1-cos4h .. 2sin’2h - . sint
— lim /=27 _ |lim =~ — Clim 22— =
= LH.L = % 2 = m " =8 {usmg.y_r)% " 1}
Right hand limitat x =0
Jx

= lim = lim ———
RHL= S0 100= So g+ vx —a

Now, R.H.L.

im0+ h)

h=0 /16 ++/h -4

Rationalising denominator to get :

= RH.L. = im % (M+4) =8

For function f(x) to be continuous at x = 0,
L.H.L. =R.H.L. =1(0)

= R.H.L.

= 8=8=a
= a=8
Example : 25

Ler {x} and [x] denote the fractional and integral part of a real number x respectively.
Solve 4{x} = x + [X].
Solution
We can write x as :
X = integral part + fractional part
= x =[x+ {x}
The given equation is 4{x} = x + [X]
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= Axp=[x+{x}+[x]

= F=2x] 0]
= 3{x} is an even integer

Butwe have 0<{x} <1

= 0<3{x}<3

= 3{x}=0,2 [become 3{x} is even}
2 3 N
= {x}=0, 3 and [X] = 5 {x}=0,1 ... (using i)
2
N XxX=0+0 or X = 3 +1
0 _5
= X = or X=3
Example : 26
_ o _ [cos nx] ;o x<1
Discuss the continuity of f(x) in [0, 2] where f(x) = |2x—3|[x~2] x> 1
where [ ] : represents the greatest integer function.
Solution
First of all find critical points where f(x) may be discontinuous
Consider x — [0, 1] :
f(x) = [cos mX]
[f(x)] is discontinuous where f(x) € 1
= cosnx =1
. . 1
In [0, 1], cos mx is an integer at x =0, X = 5 andx=1
1 " . :
= x=0,x= > and x =1 are critical points ~~ ............ @
Consider x — (1, 2] :
f(x) =[x—-2] |2x - 3|
Inxe (1,2) [x-2]=-1 and
forx=2 ; [x-2]=0
3
Also |2x—3| =0 = x=§
3 . . .
= X = 5 and x = 2 are critical points ... 0]
L I _ 1 3
combining (i) and (ii), critical points are 0, 5 1, PR 2
On dividing f(x) about the 5 critical points, we get
1 ; x=0 cos(n0) =1
0 ; 0<x§% 0<cosnx<0=[cosnx]=0
-1 ; %<xs1 + —1<cosnx <0 = [cosnx]=-1
f(x) =
-1(3-2x) ; 1<xs§ w |2x-3] = 3-2xand[x-2]=-1
-1(2x-3) ; g<x<2 v |2x-3|=2x-3and[x-2]=-1
0 ; 2 i [X — 2] = 0
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Checking continuity at x =0 :

RHL = lm ©=0 and f0)=1

x—0*
As, R.H.L. #f(x)
= f(x) is discontinuous at x =0

Checking continuity at a + x = 1/2

LHL = lim fx)=0
n

X—>=
2

RHL = lim fx)=—-1
n

X—>=
2

As L.H.L.#R.H.L,,

f(x) is discontinuous at x =

E .
Checking continuity at x = 1 :

— lim —
LHL = M fx)=-1

RHL =M foy=—1=lim o _3y=_1

x—1* x—1"
and f1)=-1
As LH.L=R.H.L. =f(1)
f(x) is continuous at x = 1
Checking continuity at x = 3/2 :

LHL = lim (2x-3)=0
N

X—>=
2

3
RHL = lim (3-2x)=0 and f[—] =0
3+

X—>=
2

3
As LHL =RH.L.=f (E] ,

f(x) is continuous at x = 3/2
Checking continuity at x = 2 :

— lim - —
LHL = "0 B-2x)=-1 and f(2)=0

As L.H.L. #1(2),
f(x) is discontinuous at x = 2

Example : 27

sin2x + Asinx + Bcos x

If f(x) = N is continuous at x = 0, find the values of A and B. Also find f(0).

Solution
As f(x) is continuous at x = 0

f(0) = M §(x) and both f(0) and M f(x) = are finite

lim 2sin2x + Asinx + Bcos x
= 0= &

As denominator - 0 as x — 0,

. Numerator should also — 0 as x — 0.
Which is possible only if (for f(0) to be finite)
sin 2(0) +Asin (0) +Bcos0=0

= B=0
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sin2x + Asinx

=" —2
_ lim sinx 2cosx+A _lim 2cosx+A
= f(0) = x—0 X X2 ~ x>0 X2

Again we can see that Denominator — 0 as x — 0
. Numerator should also approach 0 as x — 0 (for f(0) to be finite)
= 2+A=0 = A=—

—4sin? > _sin2 X
oy = lim [2C0SX=2) i | - lim ool B
= )= x—0 X2 ~ x>0 X ~ x-0 X~ -
4

SowegetA=-2,B=0andf(0)=-1

Example : 28

64* —32* —16* +4* +2* -1
(J3+cosx —2)sinx

lim
Evaluate 50

Solution

lim 64% —32* —16* +4* +2* -1
Letl= o (J3+cosx—2)sinx

On rationalising the denominated, we get

26X _25)( _24X +22X +2X _1

= Im («/3+cosx +2)

(cosx—1) sinx

On factorising the numerator, we get

(2X —[2°* - 25 (2* -1 +1

L= lim « lim (erz)

x—0 (cosx -1 sinx x—0

(2" -niE™ -2 - (2% -1

— lim
= L= 50 (cosx —1sinx 4
X _ 2x 3x _
L Lo im @@ one¥en

x—0 (cosx —1)sinx

(2% 1) x2 . X
lim « Im | ——|  lim | —
x>0 | 3x x>0 | —2sin?(x/2) ) x>0 {sinx
= L=4(/n2)=2{n2)x3(/n2)x(-2) = L=-48 (/n 2)®

Example : 29
0] If f is an even function defined on the interval (-5, 5), then find the four real values of x satisfying

_ (x+1
the equation f(x) = f x+2 )"

1
1+5x2 sz

x—0 1+ 3X2

i) Evaluate: im (
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(i)

(iv)

Solution

0

(ii)

(iii)

b1 b1 5
If f(x) = sin?x + sin? (XJFE] = COS X COS (XJFE] and g (Z] = 1, then find g [f(x)].

Let f(x) = [X] sin where [ ] denotes the greater integer function. Find the domain of f(x) and

(m
[x+1]

the points of discontinuity of f(x) in the domain.

X+1
Itis given that f(x) = f [x+ 2}

X+1 ,
= X=1%12 = xX*+x—-1=0

_ —1%45

= X > e 0]
As f(x) is even, f(x) = f(—x)
—x:(:((:;j = X*+3x+1=0 = x=# ........... (i)

One combining (i) and (ii), we get :

x:# and x = #

1

2\ 2
_ lim 1+5x° |x
HeE = [1+3x2

_ 2 2z
- L= lim |14 1+ 5X2 B X
1+3x

2 2
= = lim 1+ 2x > "
x>0 1+ 3x
e :
_ i 1+3x2 ) _ using: lim@+t)t =e
= L= >I<ILT2) € =e’ 9 I*)O( )

T I
It is given that f(x) = 1 — cos?x + sin? (X +§j + COS X COS (X +—j

3
-1_ {coszx—sinz[x+ﬁﬂ L1 {2cosxcos[x+£ﬂ
3 2 3
cos 2x+E cos i cos T
3 3 3

T o 5
=1 2X + — — = = —
1 cos[ 3] cos 3 + 5 + > 1+ > 2
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(iv)

5
= For all values of x, f(x) = e (constant function)
5
Hence, g[f(x)] = g (Z)

Butg (gj =1 = glfx)]=1

Hence, g[f(x)] = 1 for all values of x

N L7

Let f(x) = [x] sin [X+1]

Domain of f(x) is x € R excluding the point where [x + 1] =0
(- denominator cannot be zero)

Find values of x which satisfy [x + 1] =0

[x+1]=0

= 0<x+1<1

= -1<x<0

i.e. for all x e [-1, 0), denominator is zero.
So, domainis x € R [-1, 0)

= Domain is X € (—eo, =1) U [0, o)

Point of Discontinuity

As greatest integer function is discontinuous at integer points, f(x) is continuous for all
non-integer points.

Checking continuity at x = a (where a — 1)

. T

LHL = I!IEEJ [a—h] sin (mj
. Tc .
= LHL. =(@a-1)sin [g] ............ 0]
lim - T
RH.L. = 15 [a+h]sin m
—- . Tc e

= L.H.L.=asin atl) e (ii)
From (i) and (ii), L.H.L. # R.H.L.
= f(x) is discontinuous at x = a (i.e. at integer values of x)
So, points of discontinuity are x e 1 n D. (i.e. integers lying in the set of domain)

= xe I-{-1}.
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Example : 1

How many (a) 5 — digit (b) 3—digit numbers can be formed using 1, 2, 3, 7, 9 without any repetition of
digits?
Solution
(a) 5-digit numbers
Making a 5-digit number is equivalent to filling 5 places

Places :

No. of choices : 1 2 3 4 5

The last place (unit’s place) can be filled in 5 ways using any of the five given digits.
The ten’s place can be filled in four ways using any of the remaining 4 digits.
The number of choices for other places can be calculated in the same way.
No. of ways to fill all five places=5x4x3x2x 1=51=120
= 120 five-digit numbers can be formed
(b) 3-digit numbers
Making a three-digit number is equivalent to filling three places (unit's, ten’s, hundred’s)

Places :
No. of choices : 3 4 5
No. of ways to fill all the three places =5 x 4 x 3 =60
= 60 three-digit numbers can be formed
Example : 2
How many 3-letter words can be formed using a, b, c, d, e if:
(a) repetition is not allowed (b) repetition is allowed ?
Solution
(a) Repetition is not allowed :
The number of words that can be formed is equal to the number of ways to fill the three places
Places :
No. of choices : 5 4 3
= 5 x 4 x 3 = 60 words can be formed
(b) Repetition is allowed:
The number of words that can be formed is equal to the number of ways to fill the three places.
Places :
No. of choices : 5 5 5
First place can be filled in five ways (a, b, c, d, e)
If repetition is allowed, all the remaining places can be filled in five ways using a, b, c, d, e.
No. of words =5 x 5 x 5 = 125 words can be formed
Example : 3
How many four-digit numbers can be formed using the digits 0, 1, 2, 3, 4, 5?
Solution

For a four-digit number, we have to fill four places and - cannot appear in the first place (thousand’s place)

Places :

No. of choices : 5 5 4 3

For the first place, there are five choices (1, 2, 3, 4, 5); Second place can then be filled in five ways (0 and
remaining four-digits); Third place can be filled in four ways (remaining four-digits); Fourth place can be
filled in three ways (remaining three-digit).

Total number of ways =5 x5 x 4 x 3 =300

= 300 four-digits numbers can be formed
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Example : 4
In how many ways can six persons be arranged in a row?

Solution
Arranging a given set of n different objects is equivalent to filling n places
So arranging six persons along a row is equivalent to filling 6 places

Places :

No. of choices : 6 5 4 3 2 1

No. of ways to fill all places =6 x5x 4 x3x 2 x1=6!=720
Hence 720 arrangements are possible

Example : 5
How many nin-letter words can be formed by using the letters of the words
(@) EQUATIONS (b) ALLAHABAD
Solution

(@) All nine letters in the word EQUATIONS are different
Hence number of words = °P, = 9! = 362880
(b) ALLAHABAD contains LL, AAAA, H, B, D.

9 _ 9x8x7x6x5

No. of words = a4 > = 7560
Example : 6
@) How many words can be made by using the letters of the word CO M B I N E all at a time?
(b) How many of these words begin and end with a vowel?
(c) In how many of these words do the vowels and the consonants occupy the same relative
positionsas inCOMBINE ?
Solution
@) The total number of words — arrangement of seven letters taken all at a time = 'P, = 7! = 5040
(b) The corresponding choices for all the places are as follows :
Places vowel vowel
No. of choices 3 5 4 3 2 1 2

As there are three vowels (O | E), first place can be filled in three ways and the last place can be
filled in two ways. The rest of the places can be filled in 5 I ways using five remaining letters.
No. of words =3 x 51 x 2 =720
(c) Vowels should be at second, fifth and seventh positions
They can be arranged in 3! ways
Consonants should be at first, third, fourth and sixth positions.
They can be arranged here in 4! ways
Total number of words = 3! x 41 =144

Example : 7
How many words can be formed using the letters of the word TRIANGLE so that
@) A and N are always together?
(b) T, R, | are always together?
Solution
(a) Assume (AN) as a single letter. Now there are seven letters in all : (AN), T, R, I, G, L, E
Seven letters can be arranged in 7! ways
All these 7! words will contain A and N together. Aand N can now be arranged among themselves
in 2! ways (AN and NA).
Hence total number of words = 7! 2! = 10080
(b) Assume (TRI) as a single letters
M The letters : (TRI), A, N, G, L, E can be arranged in 6! ways
(i) TRI can be arranged among themselves in 3! ways

Total number of words = 6! 3! = 4320
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Example : 8
There are 9 candidates for an examination out of which 3 are appearing in Mathematices and remaining
6 are appearing in different subjects. In how many ways can they be seated in a row so that no two
Mathematices candidates are together?

Solution
Divide the work in two operations.
M First, arrange the remaining candidate in 6! ways
(i) Place the three Mathematices candidate in the row of six other candidate so that no two of them

are together.
X : Places available for Mathematices candidates.
O : Others

X @) X @) X @) X 0] X @) X @) X

In any arrangement of 6 other candidates (O), there are seven places available for Mathematices candi-
dates so that they are not together. Now 3 Mathematices candidates can be placed in these 7 places in
P, ways.

3

7!
Hence total number of arrangements = 6! 'P, = 720 x i 151200

Example : 9
(a) How many triangle can be formed by joining the vertices of a bexagon?
(b) How many diagonals are there in a polygon with n sides?
Solution
@) LetA A A, ... , A, be the vertices of the bexagon. One triangle is formed by selecting a group
of 3 points from 6 given vertices.
6!
No. of triangles = No. of groups of 3 each from 6 points = °C, = 33 " 20
(b) No. of lines that can be formed by using the given vertices of a polygon = No. of groups of 2
points each selected from the n points
n! nin-1
="C. = ———_ = ( )
2 nl(n-2)! 2
Out of "C, lines, n are the sides of the polygon and remaining "C, — n are the diagonals
n(n-1 n(n-3
So number of diagonals = ( > ) -n= ( > )
Example : 10

In how many ways can a circket team be selected from a group of 25 players containing 10 batsmen, 8
bowlers, 5 all-rounders and 2 wicketkeepers? Assume that the team of 11 players requires 5 batsmen, 3
all-rounders, 2-bowlers and 1 wicketkeeper.
Solution
Divide the selection of team into four operation.
I Selection of bastsman can be done (5 from 10) in *°C_ ways.
Il: Selection of bowlers can be done (2 from 8) in °C, ways
I : Selection of all-rounders can be done (3 from 5) in °C, ways

AV Selection of wicketkeeper can be done (1 from 2) in °C, ways
] 10x8x 7x10x 2
= the team can be selected in = *°C_ x 8C, x °C, x ?C, ways = T m52 - 141120
Example : 11

Abox contains 5 different red and 6 different white balls. In how many ways can 6 balls be selected so that
there are at least two balls of each colour?

Solution
The selection of balls from 5 red and 6 white balls will consist of any of the following possibilities
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RED BALLS WHITE BALLS
(out of 5) (out of 6)

2 4

3 3

4 2
. If the selection contains 2 red and 4 white balls, then it can be done in °C, °C, ways
. If the selection contains 3 red and 3 white balls then it can be done in °C, ways
. If the selection contains 4 red and 2 white balls then it can be done in °C, °C, ways

Any one of the above three cases can occur. Hence the total number of ways to select the balls
=5C_6C +5C_5C_+5C °C

2 4 3 3 4 2
=10 (15) + 10 (20) + 5 (15) = 425

Example : 12
How many five-letter words containing 3 vowels and 2 consonants can be formed using the letters of the
word E Q UAT I O N so that the two consonants occur together in every word?
Solution
There are 5 vowels and 3 consonants in EQUATION. To form the words we will do there operations.
l. Select vowels (3 from 5) in °C, ways
Il. Select consonants (2 from 3) in °C, ways
Il. Arrange the selected letters (3 vowels and 2 consonants always together) in 4! 2! ways. Hence
the no. of words = °C, °C, 4! 2! = 10 x 3 x 24 x 2 = 1440

Example : 13

How many four-letter words can be formed using the letters of the word INEFFECTIVE?
Solution

INEFFECTIVE contains 11 letters : EEE, FF, Il, C, T, N, V.

As all letters are not different, we cannot use "P,.

The four-letter words will be among any one of the following categories

Q) 3 alike letters, 1 different letter

(2) 2 alike letters, 2 alike letter

3) 2 alike letters, 2 different letters

(4) All different letters

Q) 2 alike, 1 different :

3 alike can be selected in one way ie. EEE

Different letters can be selected from F, I, T, N, V, C in °C, ways

= No. of groups =1 x°C, =6

41
= No. of words = 6 x m—zﬂf

(2 2 alike 2alike

Two sets of 2 alike can be selected from 3 sets (EE, II, FF) in °C, ways

4
= No. of words = *C, x Ax ol = 18

) 2 alike 2 different

= No. of groups = (°C,) x (°C,) = 45
4

= No, of words =45 = o 540

(4) All different

= No. of groups ='C, (outof E, F, I, T, N, V, C)
Hence total four-letter words = 24 + 18 + 540 + 840 = 1422
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Example : 14

A man has 5 friends. In how many ways can he invite one or more of them to a party?
Solution

If he invites one person to the party No. of ways = °C,

If he invites two persons to the party No. of ways = °C,

Proceeding on the similar pattern,

Total number of ways to invite =°C +°C, +°C_,+°C,+°C,=5+10+10+5+1=31

Alternate method :

To invite one or more friends to the party, he has to take 5 decisions - one for every friend.

Each decision can be taken in two ways - invited or not invited

Hence (the number of ways to invite one or more)

= (number of ways to make 5 decisions — 1)

=Z2x2%x2x2-1=25-1=5!

Note that we have subtract 1 to exclude the case when all are not invited.

Example : 15
Find the number of ways in which one or more letters can be selected from the letters :
AAAABBBCDE
Solution
The given letters can be divided into five following categories : (AAAA), (BBB), C, D, E
To select at least one letter, we have to take five decisions-one for every category
Selections from (AAAA) can be made in 5 ways : include no A, include one A, include AA, include AAA,

include AAAA

Similarly, selections from (BBB) can be made in 4 ways, and selections from C, D, E can be made in
2 x 2 x 2 ways.

= total number of selections =5 x 4 x (2 x 2x 2) —1 — 159

(excluding the case when no letter is selected)

Example : 16
The question paper is an examination contains three sections - A, B, C. There are 6, 4, 3 questions in
sections A, V, C respectively. A student has the freedom to answer any number of questions attempting at
least one from each section. In how many ways can the paper be attempted by a student?

Solution
There are three possible cases :

® Section A contains 6 questions. The student can select at least one from these in 26 — 1 ways.
(i) Section B contains 4 questions. The student can select at least one from these in 2* — 1 ways.
(iii) Section C can similarly be attempted in 2% — 1 ways

= Hence total number of ways to attempt the paper = (2° - 1) (24— 1) (22— 1) =63 x 15 x 7 = 6615

Example : 17
Find all number of factors (excluding 1 and the expression itself) of the product of a” b* ¢® d e f where a,
b, c, d, e, f are all prime numbers.
Solution
A factor of expression a’” b* c®d e fis simply the result of selecting one or more letters from 7 a’s, 4 b’s,
3a’s, d, e, f. The collection of letters can be observed as a collection of 17 objects out of which 7 are alike
of one kind (a’s), 4 are of second kind (b’s), 3 are of third kind (c, s) and 3 are different (d, e, f)
The number of selections = (1 +7) (1 +4) (1 +3)25=8 x5 x4 x 8 =1280.
But we have to exclude two cases :
0] When no letter is selected
(i) When all are selected
Hence the number of factors = 1280 — 2 = 1278

Example : 18

In how many ways can 12 books be equally distributed among 3 students ?
Solution

Each student will get 4 books

1. First student can be given 4 books from 12 in *?C, ways
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2. Second student can be given 4 books from remaining 8 books in #C, ways

3. Third student can be given 4 books from remaining 4 in “C, ways
= the total number of ways to distribute the books = **C, x °C, x *C,
Example : 19
How many four-letter words can be made using the letters of the word FAILURE, so that
(a) F is included in each word?
(b) F is not included in any word?
Solution
@) To include F in every word, we will do two operators.

l. Select the remaining three letters from remaining 6 lettersi.e. A, I, L, U, R, Ein *C, | =°C, ways
Il. Include F in each group and then arrange each group of four letters in 4! ways

No. of words = °C, 4! = 480

(b) If F not to be included, then we have to select all the four letters from the remaining 6.

No. of words = "'C, 4! =°C, 4! = 360

Example : 20

(a) In how many ways can 5 persons be arranged around a circular table ?

(b) In how many of these arrangements will two particular persons be next to each other?
Solution

@) Let the five persons be A, A,, A, A, A, .
Let us imagine A, as fixed in its position. The remaining 4 persons can be arranged among themselves in

4! ways.
Hence the number of different arrangements = (5 -1)! =41 =24
(b) Let us assume that A, and A, are the two particular persons next to each other.

Treating (A, A,) as one person, we have 4 persons in all to arrange in a circle : (A, A)) A, A, A, . These can
be arranged in a circle in (4 — 1)! = 3! = 6 ways.

Now A, and A, can be arranged among themselves in 2! ways.

Hence total number of arrangement = 6 x 21 =12

Example : 21
There are 20 persons among whom are two brothers. Find the number of ways in which we can arrange
them around a circle so that there is exactly one person between the two brothers.
Solution
Let B, and B, are the two brother and M be a person sitting between B, and B, .
Divide this problem into three operations.
l. Select M from 18 persons (excluding B, and B,). This can be done in **C, ways
Il. Treat (B,, M, B,) as one person. Arrange (B,, M, B,) and other 17 persons around a circle.
This can be done in (18 —1) ! =17 ! ways
Il B, and B, can be arranged among themselves in 2! ways.
So total number of ways = '#C, x 17! x 2 = 2 (18!)

Example : 22
Three tourist want to stay in five different hotels. In how many ways can they do so if :
@ each hotel cannot accommodate more than one tourist?
(b) each hotel can accommodate any number of tourists?
Solution
(a) There tourists are to be placed in 3 different hotels out of 5. This can be done in two steps :
l. Select three hotels from five in °C, ways.
Il. Place the three tourists in 3 selected hotels in 3! ways
= the required number of ways = °C, 3! =5 x 4 x 3 =60
(b) To place the tourists we have to do following three operations

l. Place first tourist in any of the hotels in 5 ways ways
Il. Place second tourist in any of the hotels in 5 ways
Il Place third tourist in any of the hotels in 5 ways

= the required number of placements =5 x 5 x 5 =125
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Example : 23
How many seven-letter words can be formed by using the letters of the word SUC CE S S so that :

@) the two C are together but not two S are together?
(b) no two C and no two S are together
Solution
(a) Considering CC as single object U, CC, E can be arranged in 3! ways.

XUXCCXEX
Now the three S are to be placed in the 4 available places (X) so that CC are not separated but S
are separated.
No. of ways to place SSS = (No. of ways to select 3 places) x 1 =*C,x 1 =4
= No. of words = 3!'x 4 =24

(b) Let us first find the words in which no two S are together. To achieve this, we have to do following
operations.

4
0] Arrange the remaining letters UCCE in 2 ways

(i) Place the three SSS in any arrangement from (i)
XUXCXCXEX

There are five available places for three SSS.

No. of placements = °C,

4
Hence total number of words with no two S together = 2 °C, =120

No. of words having CC separated and SSS separated = (No. of words having SSS separated) -
(No. of words having SSS separated but CC together = 120 — 24 = 96 [using result of part (a)]

Example : 24
Aten party is arranged for 16 people along two sides of a long table with 8 chairs on each side. Four men
wish to sit on one particular side and two on the other side. In how many ways can they be seated?
Solution
LetA, AL A, . , A, be the sixteen persons. Assume that A , A,, A,, A, want to sit on side 1 and A,,
A, wan to sit on side 2.
The persons can be made to sit if we complete the following operations.

0] Select 4 chairs from the side 1 in °C, ways and allot these chairsto A, A, A,, A, in 4! ways
(i) Select two chairs from side 2 in ®C, ways and allot these two chairs to A_, A, in 2! ways
(iii) Arrange the remaining 10 persons in remaining 10 chairs in 10 ! ways
= Hence the total number of ways in which the persons can be arranged
8 8! 2! 8! 8! 10!

= (°C, 41) (°C, 2!) (101) = ;47 41X g 100= g

Example : 25
A mixed doubles tennis game is to be arranged from 5 married couples. In how many ways the game be
arranged if no husband and wife pair is included in the same game?

Solution
To arrange the game we have to do the following operating
0] Select two men from from 5 men in °C, ways.
(i) Select two women from 5 women excluding the wives of the men already selected. This can be
done in °C, ways.
(iii) Arrange the 4 selected persons in two teams. If the selected men are M, and M, and the selected

women are W, and W, , this can be done in 2 ways :

M, W, play against M, W,

M, W, play against M, W,

Hence the number of ways to arrange the game =°C, *C, (2) =10 x 3 x 2 =60
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Example : 26
A man has 7 relatives, 4 of them ladies and 3 gentlemen; his wife has 7 relatives, 3 of them are ladies and
4 gentlemen. In how many ways can they invite a dinner party of 3 ladies and 3 gentlemen so that there
are 3 of man'’s relatives and 3 of wife’s relatives?

Solution
The possible ways of selecting 3 ladies and 3 gentleman for the party can be analysed with the help of the
following table.

Man's relative Wife's relative Number of ways
Ladies (4) Gentlemen (3) Ladies (3) Gentlemen (4)
3 0 0 3 ‘C;3C,%C,*C, = 16
2 1 1 2 ‘c,%c,%c,*c,=324
1 2 2 1 ‘c,3%c,%C,C, =144
0 3 3 0 ‘Co3Cs3C%Cy= 1

Total number of ways in invite = 16 + 324 + 144 + 1 = 485

Example : 27
In how many ways can 7 plus (+) signs and 5 minus (-) signs be arranged in a row so that no two minus
(-) signs are together?

Solution
® The plus signs can be arranged in one way (because all are identical)
+ + + + + + +
A blank box shows available spaces for the minus signs.
(i) The 5 minus (-1) signs are now to be placed in the 8 available spaces so that no two of them are
together
0] Select 5 places for minus signs in ®C, ways.
(i) Arrange the minus signs in the selected places in 1 way (all signs being identical).

Hence number of possible arrangements = 1 x 8C_ x 1 = 56

Example : 28
There are p points in a plane, no three of which are in the same straight line with the exception of g, which
are all in the same straight line. Find the number of
@) straight lines,
(b) triangles
which can be formed by joining them.
Solution
€) If no three of the p points were collinear, the number of straight lines = number of groups of two
that can be formed from p points = *C, .
Due to the q points being collinear, there is a loss of °C, lines that could be formed from these
points.
But these points are giving exactly one straight line passing through all of them.
Hence the number of straight line =°C, - 9C, + 1
(b) If no three points were collinear, the number of triangles = °C,
But there is a loss of “C, triangles that could be formed from the group of g collinear points.
Hence the number of triangles formed =°C, — 9C,
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Example : 29
()
(b)
(©)
(d)

Solution

(@)

(b)

(©)

How many six-digit numbers can be formed using the digits 0, 1, 2, 3, 4, 5?
How many of these are even?

How many of these are divisible by 4?

How many of these are divisible by 257

To make six digit number we have to fill six places. The corresponding choices are as follows:

Places

No. of choices 5 5 4 3 2 1

= 5 x 51 = 600 numbers.
To calculate even numbers, we have to count in two parts :
0] even number ending in 0

Places 0

No. of choices 5 4 3 2 1 1

= 5! = 120 numbers can be formed
(i) even numbers ending in 2, 4
Places 2,4

No. of choices 4 4 3 2 1 2

There are two choices (2, 4) for the last place and four choices (non-zero digit from remaining) for

the first places.

= 4 x 41 x 2 =192 numbers can be formed. Hence total even numbers that can be formed
=120 + 192 = 312

The multiples of 4 can be divided into following groups

0] ending with (04)

Places

0

4

No. of choices

4

3

2

1

1

1

= 4! = 24 multiples of 4 ending in (04) are possible
(ii) ending with (24)

Places

2

4

No. of choices

3

3

2

1

1

1

There are 3 choices (1, 3, 5) for the first place. Remaining three places can be filled in 3! ways
using any of the remaining three digits

= 3 x 3! = 18 numbers are possible

(iii) ending with O

Places 2,41 O

No. of choices 4 3 2 1 2 1

Note that there are two choices (2, 4) for the ten’s place.
= 4! x 2 = 48 numbers are possible
(iv) ending with 2

Places 1,3,5 2

No. of choices 3 3 2 1 3 1

Note that there are three choices (1, 3, 5) for the ten’s place
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= 3 x 3! x 3 x 1 =54 numbers are possible

Hence the total number of multiples of 4 = 24 + 48 + 72 = 144
(d) numbers divisible by 25 must end with 25 or 50

® ending with 2,5

Places 2 5

No. of choices 3 3 2 1 1 1

= 3 x 3! = 18 numbers are possible
(i) ending with 5, 0

Places 5 0

No. of choices 4 3 2 1 1 1

= 4! = 24 numbers are possible
Hence total numbers of multiples of 25 = 18 + 24 = 42

Example : 30
Find the sum of all five-digit numbers that can be formed using digits 1, 2, 3, 4, 5 if repetition is not
allowed?

Solution
There are 5! = 120 five digit numbers and there are 5 digits. Hence by symmetry or otherwise we can see

that each digit will appear in any place (unit's or ten’s or ........... ) — times

= X = sum of digits in any place

X X5+ — x4+ — x3+ — x2+ — x1

5 5 5 5

5! 5! 5! 51 5!
5

5! 5!
X= g x(5B+4+3+2+1)= (15)

= the sum of all numbers = X + 10 X + 100X + 1000X + 10000X
= X(1 + 10 + 100 + 1000 + 10000)

5!

5

= 24 (15) (11111) = 3999960

(15) (1 + 10 + 100 + 1000 + 10000)

Example : 31
Find the number of ways of distributing 5 identical balls three boxes so that no box is empty and each box
being large enough to accommodate all the balls.
Solution
Let x,, X, and x, be the number of balls places in Box — 1, Box - 2 and Box - 3 respectively.
The number of ways of distributing 5 balls into Boxes 1, 2 and 3 is the number of integral solutions of the
equation x, + X, + X, = 5 subjected to the following conditions on x,, X,, X, ... 0]
Conditions on x,, x, and X,
According to the condition that the boxes should contain atleast one ball, we can find the range of x,, X,

and x, i.e.

Min. (x) = 1 and Max (x) = 3 for i=1,2,3
[using : Max (x) = 5 — Min (x,) — Min (x,)]

or 1<x<3 for i=1,2,3

So, number of ways of distributing balls

= number of integral solutions of (i)

= coeff. of x® in the expansion of (x + x2 + x3)3
= coeff. of x2in (1 — x3) (1 —x)~3

= coeff. of x2in (1 —x)3

— 3+2—1C:2 - 6
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Alternate solution
The number of ways of dividing n identical objected into r groups so that no group remains empty
="1C [using result 6.3(a)]

Example : 32
Find the number of ways of distributing 10 identical balls in 3 boxes so that no box contains more than four
balls and less than 2 balls

Solution
Let x,, X, and x, be the number of balls placed in Boxes 1, 2 and 3 respectively
Number of ways of distributing 10 balls in 3 boxes = Number of integral solutions of the equation
X, +X,+x,=10 ... 0]
Conditions on x,, x, and X,

As the boxes should contain atmost 4 ball, we can make Max(x) = 4 and Min (x) =2fori=1, 2, 3
[using : Min (x,) = 10 — Max (x,) — Max (x,)]

or 2<x<4 for i=1,2,3

So the number of ways of distributing balls in boxes = number of integral solutions of equation (i)

= coeff. of x! in the expansion of (x2 + x3 + x4)®

= coeff. of x¥%in x® (1 — x%)% (1 — x)®

= coeff. of x*in (1 —x3)® (1 —x)3

= coeff. of x*in (1 -3C x*+3C,x°+ ... ) (L —-x)3

= coeff. of x*in (1 — x)® — coeff. of x in °C, (1 —x)~®

- 4+3—1C:4 — 3 X 3+1—1C:1 = 6C4 — 3 X 3C1 - 15 — 9 - 6

Note : Instead of taking minimum value x, = 2

(fori=1, 2, 3), we can also consider it 0 i.e. we can take 0 <x <4

Example : 33
In a box there are 10 balls, 4 are red, 3 black, 2 white and 1 yellow. In how many ways can a child select
4 balls out of these 10 balls? (Assume that the balls of the same colour are identical)

Solution
Let x,, X, X, and x, be the number of red, black, white, yellow balls selected respectively
Number of ways to select 4 balls = Number of integral solution of the equation x, + X, + X, + X, = 4
Conditions on x, X,, X, and x,
The total number of red, black, white and yellows balls in the box are 4, 3, 2 and 1 respectively.
So we can take :
Max (x,) = 4, Max (x,) = 3, Max (x,) = 2, Max (x)) =1
There is no condition on minimum number of red, black, white and yellow balls selected, so take :
Min (x) =0 for 1=1,2,38,4
Number of ways to select 4 balls = coeff. of x* in
QA+x+x+x3+xH)x (L +x+x2+xX) x (L+x+x%) x(1+X)
=coeff. of x*in (L -x3) (1 —x*) (1 -x3) (1 -x) (L -x)*
= coeff. of x* in (1 — x)™* — coeff. of x2in (1 — x)™*— coeff. of x! in (1 — x)™ — coeff. off x° in (1 — x)™*

7x6x5

3!
Thus, number of ways of selecting 4 balls from the box subjected to the given conditions is 20.
Alternate Solutions :
The 10 balls are RRRR BBB WW Y (where R, B, W, Y represent red, black, white and yellow balls
respectively).
The work of selection of the balls from the box can be divided into following categories

=7C,-5C,-“C, - *C, = ~10-4-1=35-15=20

Case-1 All alike

Number of ways of selecting all alike balls ='C, =1

Case -2 3 alike and 1 different

Number of ways of selecting 3 alike and 1 different balls =2C, x °C, =6
Case -3 2 alike and 2 alike

Number fo ways of selecting 2 alike and 2 alike balls = °C, = 3
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Case -4 2 alike and 2 different

Number of ways of selecting 2 alike and 2 different balls = °C, x °C, =9
Case -5 All different

Number of ways of selecting all different balls = *C, = 1

Total number of ways to select4 balls=1+6+3+9+1=20

Example : 34

A person writes letters to 4 friends and addresses the corresponding envelopes. In how many ways can
the letters be placed in the envelopes so that :

0}
(if)
Solution

0

(ii)

atleast two of them are in the wrong envelopes
all the letters are in the wrong envelopes

Number of ways to place 4 letters in 4 envelopes without any condition = 4!
Number of ways to place all letters correctly into the corresponding envelopes = 1
Number of ways to place one letter is the wrong envelop and other 3 letters in the
write envelope =0
(Because it is not possible that only one letter goes in the wrong envelop)
Number of ways to place atleast two letters in the wrong envelopes
= Total number of way to place letters
— Number of ways to place all letters correctly
— Number of ways to place on letter correctly = 4! -1 —-0=23
Number of ways to put 2 letters in 2 addressed envelopes so that all are in the
wrong envelopes = 1.
Number fo ways to put 3 letters in 3 addressed envelopes so that all are in the
wrong envelopes = Number of ways without restriction — Number of ways in which
all letters are in the correct envelopes — Number of ways in which 1 letter is in the
correct envelope = 3! -1-1x°3C, =2.
(°C, means that select one envelop to put the letter correctly)
Number of ways to put 4 letters in 4 addressed envelopes so that all are in the wrong envelopes
= Number of ways without restriction

— Number of ways in which all letters are in the correct envelopes

— Number of ways in which 1 letter is in the correct envelopes

(i.e. 3 are in the wrong envelopes)
— Number of ways in which 2 letters are in the correct envelopes
(i.e. 2 are in the wrong envelopes)

=41-1-4C x2-4C,x1=24-1-8-6=9

Alternate Solution :

Use result 6.4 (e)

The required number of ways to place all 4 letters in the wrong envelopes

Example : 35

:L—i+i—i+i 1—1+1— +
=AU T2 3 g =24 2 6 24)7°

Find the number of ways of distributing 5 different balls in there boxes of different sizes so that no box is
empty and each box being large enough to accommodate all the five balls.

Solution

Method — 1
The five balls can be distributed in 3 non-identical boxes in the following 2 ways :

Boxes Box 1 Box 2 Box 3

Number of balls 3 2 1

No. of choices 2 2 1

Case —1:3inone Box, 1in another and 1 in third Box (3,1,1) ... ()
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5! 1
Number of ways to divide balls corresponding to (1) = 37177 2, =10

But corresponding to each division there are 3! ways of distributing the balls into 3 boxes.
So number of ways of distributing balls corresponding to

(i) = (No. of ways to divide balls) x 3! = 10 x 3! = 60
Case — 2 : 2 in one Box, 2 in another and 1 in third Box (2, 2, 1)

5! 1
Number of ways to divide balls corresponding to (2) = 55y o 15

But corresponding to each division there are 3! ways of distributing of balls into 3 boxes.
So number of ways of distributing balls corresponding to
(2) = (No. of ways to divide balls) x 3! =15 x 31 =90
Hence required number of ways = 60 + 90 = 150
Method — 2
Let us name to Boxes as A, b and C. Then there are following possibilities of placing the balls :

Box A Box B Box C Number of ways
1 2 2 °c, x ‘C, x ?C, =30
1 1 3 °c, x *cy x3Cy =20
1 3 1 °c, x‘Cyx1c, =20
2 1 2 °c, x 3¢, x 2C, = 30
2 2 1 °C, x3C, x 'C, =30
2 1 1 ’cyx2C, x'Ccy =20

Therefore required number of ways of placing the balls =30 + 20 + 20 + 30 + 30 + 20 = 150

Method — 3

Using Result 6.2 (a)

Number of ways of distributing 5 balls in 3 Boxes so that no Box is empty = 3° -3 x 25+ 3 x 15 = 150.

Example : 36
If n distinct objects are arranged in a circle, show that the number of ways of selecting three of these

n
things o that no two of them are next to each other is 5 (n=4) (n-5).

Solution
Leta, a, a, ........... , be the n distinct objects
Number of ways to select three objects so that no two of them are consecutive = Total number of ways to
select three objects — Number of ways to select three consecutive objects — Number of ways to select
three objects in which two are consecutive and one is separated ~ ........... 0]
Total number of ways to select 3 objects from n distinct objects ="C,  .......... (i)
Select three consecutive objects
The three consecutive objects can be selected in the following manner

Select from :

8, 8,8, 8,8,8,, 8,8, 8, ... '8,,8,8,,a,3,8, _ . . _
So number of ways in which 3 consecutive objects can be selected from n objects arranged in a circle in
n. (i)

Select two consecutive (together) and 1 separated
The three objects so that 2 are consecutive and 1 is separated can be selected in the following manner :

Take a, a, ad select third object from a,, a_, ........ ,a,
i.e. take a, a, and select third object in (n —4) ways or in general we can say that select one pair from
n available pairsi.e. a;, a,, @,, @, , ....coenue , @, a, and third object in (n — 4) ways
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....... (iv)
Using (i), (i), (iii) and (iv), we get
Number of ways to select 3 objects so that all are separated
n(n—1)(n-2) nZ-3n+2-6(n-3)
:”Cg—n—n(n—4)=T—n—n(n—4)=n 6

(n2—=9n + 20) = % (n=4)(n-5)

o>

Example : 37

Find the number of integral solutions of the equation 2x + y + z =20 where X, y, z>0
Solution

2x=y+z=20 . 0]

Condition on x

X is maximum when y and z are minimum

= 2 Max (x) = 20 — Min (y) — Min (x)

20-0-0
= Max(x)=T=10
Letx =k where 0 <k <10
Putx=kin()toget,y+z=20-2k ... (i)

Number of non-negative integral solutions of (ii) = 20 — 2k + 1 = 2k — 2k
As k is varies from 0 to 10, the total number of non-negative integral solutions of (1)

10 10 10
=Y (21-2k) = ) 21=2 > k=231-110=121
k=0 k=0 k=0

[using Zn =@]

Hence, total number of non-negative integral solutions of (i) is 121

Example : 38
These are 12 seats in the first row of a theater of which 4 are to be occupied. Find the number of ways of
arranging 4 persons so that :

0] no two persons sit side by side
(i) there should be atleast 2 empty seats between any two persons
(iii) each person has exactly one neighbour
Solution
0] We have to select 4 sets for 4 persons so that no two persons are together. It means that there

should be atleast one empty seat vacent between any two persons.

To place 4 persons we have to select 4 seats between the remaining 8 empty seats so tat all
persons should be separated.

Between 8 empty seats 9 seats are available for 4 person to sit.

Select 4 seats in °C, ways

But we can arrange 4 persons on these 4 seats in 4! ways. So total number of ways to give seats
to 4 persons so that no two of them are together = °C, = 4! =°P,
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(i) Let x, denotes the empty seats to the left of the first person, x, (i = 1, 2, 3) be the number of empty
seats between i th and (i + 1) st person and x, be the number of empty seats to the right of 4th
person.

Total number of seats are 12. So we can make this equation : X, + X, + X, + X, +X, =8 ... ®
Number of ways to give seats to 4 persons so that there should be two empty seats between any
two persons is same as the number of integral solutions of the equation (i) subjected to the
following conditions.

Conditions on X, X, X,, X,

According to the given condition, these should be two empty seats between any two persons i.e.
Min (x) = 2 for i=1,2,3

Min (x,) =0 and Min (x,) =0

Max (x)) =8 —Min (X, +X, +X, +X,)=8—-(2+2+2-0)=2

Max (x,) =8 —Min (X, + X, +X, +X,)=8—-(2+2+2-0)=2

Similarly,

Max (xiy=4fori=1,2,3

No. of integral solutions of the equation (i) subjected to the above conditions = coeff. of x8 in the
expansion of (1 + x + x?)2 (x2 + x® + x*)® = coeff. of x® in x® (1 + x + x?)° = coeff of x? in
(1 —x%° (1 = x)° = coeff of x*in (1 —x)®=°%'C,=°C,=15

Number of ways to select 4 seats so that there should be atleast two empty seats between any
two persons = 15.

But 4 persons can be arranged in 4 seats in 4! ways.

So total number of ways to arrange 4 persons in 12 seats according to the given condition
=15 x 41 =360

(iii) As every person should have exactly one neighbour, divide 4 persons into groups consisting two
persons in each group.

Let G, and G, be the two groups in which 4 persons are divided.

According to the given condition G, and G, should be separated from each other.

Number of ways to select seats so that G, and G, are separated **'C, = °C,

But 4 persons can be arranged in 4 seats in 4! ways. So total nhumber of ways to arrange
4 persons so that every person has exactly one neighbout = °C, x 4! = 864

Example : 39
The number of non-negative integral solutions of x, + x, + X, + X, < n where n is a positive integer
Solution

Itisgiventhat: x, +x, +x,+x,<4 ... 0]
Letx, >0
Add x, on LHS of (i) toget x, + X, + X, +X, +X, ... (i)

Number of non-negative integral solutions of the inequation (i) = Number of non-negative integral solu-
tions of the equation (ii)

=coeff. of X"in (L + X+ X2+ X3+ x4+ .......... + xMs

= coeff. of x"in (1 — x™1)5 (1 — x)™®

= coeff. of x"in (1 —x)° ="*C ="C ="C .

Example : 40
If all the letters of the word RANDOM are written in all possible orders and these words are written out as
in a dictionary, then find the rank of the word RANDOM in the dictionary.

Solution
In a dictionary the words at each stage are arranged in alphabetical order. In the given problem we must
therefore consider the words beginning with A, D, M, N, O, R in order. Awill occur in the first place as often
as there are ways of arranging the remaining 5 letters all at a line i.e. A will occur 5! times. D, M, N, O will
occur in the first place the same number of times.
Number of words starting with A=5! =120
Number of words starting with D = 5! = 120
Number of words starting with M = 5! = 120
Number of words starting with N = 5! = 120
Number of words starting with O = 5! = 120
After this words beginning with RA must follow
Number of words beginning with RAD or RAM = 3!
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Now the words beginning with RAN must follow
First one is RANDMO and the next one is RANDOM.
Rank of RANDOM =505 +2 (3)) + 2 =614

Example : 41
What is the largest integer n such that 33! divisible by 2"?
Solution
We know that : 33/ =1 x2x3 x4 ............ x 32 x 33
= 33=2%x4x%x6 ... x32) (1 x 3x5...... x 33)
= 331=28¥(1x2x3x%x4 ... x15x16) (1 x3x5.... x 33)
= 331=218(2x4 ... x 16) (1 x 3 ..... x15) (1 %3 ... x33)
= 33=218 (1 x2x ........ x8)(1x3x.... x15) (1 x 3 ...... x 33)
= 3331=222x4x6%x8)(Lx3x5x7)(1x3x... x15)*1 x 3% ....... x 33)
= 331=22  24(1x2%x3%x4)(1x3x5x7)(1Lx3....... x 15) (1 x 3 ........ x 33)
= 331=282x4)(1x3)(1x3x5x7)(Lx3x%...... x15) (1 x3x ... x 33)
= 33N=22(1x3)(A1x3x5x7)(1x3x%..... x15) (1 x 3 % ....... x 33)

Thus the maximum value of n for which 33! is divisible by 2" is 31

Example : 42
Find the sum of all four digit numbers formed by using the digits 0, 1, 2, 3, 4, no digits being repeated in
any number.

Solution
Required sum of number = (sum of four digit number using 0, 1, 2, 3, 4, allowing 0 in first place) — (Sum of
three digit numbers using 1, 2, 3, 4)

5! Yl
=€(O+1+2+3+4)(1+1O+102+103)—Z

(i.e. 3 are in the wrong envelopes) (1 +2 +3 +4) (1 + 10 + 10?)
=24 x 10 x 1111 — 6 x 10 x 111 = 259980

Example : 43
In how many ways three girls and nine boys can be seated in two vans, each having numbered seats, 3
in the front and 4 at the back? How many seating arrangements are possible if 3 girls should sit together
in a back row on adjacent seats?
Solution
M Out of 14 seats (7 in each Van), we have to select 12 seats for 3 girls and 8 boys
12 seats from 14 available seats can be selected in *C , ways
Now on these 12 seats we can arrange 3 girls and 9 boys in 12! ways
So total number fo ways = *“C , x 12! =91
(i) One Van out of two available can be selected in ?C ways
Out of two possible arrangements (see figure) of adjacent seats, select one in °C; ways
Out of remaining 11 seats, select 9 for 9 boys in *C, ways
Arrange 3 girls on 3 seats in 3! ways and 9 boys on 9 seats in 9! ways
So possible arrangement of sitting (for 3 girls and 9 boys in 2 Vans)
=2C, x?2C x 1C, x 3! x 9! = 12! ways

Example : 44
Show that the number of ways of selecting n things out of 2n things of which na re of one kind and alike
and n are of a second kind and alike and the rest are unlike is (n + 2) 2",

Solution
Let group G, contains first n similar things, group G, contains next n similar thingsletD,, D,, D, ...... , D, be
the n unlike things.
Let x, be the number of things selected from group G,, x, be the number of things selected fro group G,

and p,, P,, Pg seveeneens , p, be the number of things selected from D, D,, D, , ........ , D, respectively.

As we have to select n things in all, we can make x, + X, +p, + p, + ......... +p,=n L (0
Number of ways to select n things = Number of integral solutions of the equation (i) subjected to following
conditions

Conditions on the variables
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There is no condition on the number of items selected from group G, and G, . So we can take :
Min (x,) = Min (x,) = 0 and Max (x,) = Max (x,) = n
For items D, to D, we can make selection in two ways. That is either we take the item or we reject the
item. So we can make :
Min (P) =0 for i=1,2,3....,nand
Max (p) =1 for i=1,2
Find solutions
Number of integral solutions of (1)
= coeff. of X" in (X° + x* + ......... + X2 (L+X) (1L +X) ..o n times
= coeff. of X" in (1 —x"1)2 (1 —x)2 (1 + x)"
= coeff. of x"in (L —x)2[2 - (1 — X)]"
= coeff. of X" in (1 —Xx)? + ......... +"C 2°(1-x)"=coeff. of x"in ["C 2" (1 = x)?-"C, 2" (1 = x)7]
(because other terms can not product x")
=2nx n+2—1Cn —n2mtx 2+1—1Cn = (n + 1) 20 _pn 2+t = (n + 2) on-1
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Example : 1

Two candidates A and B appear for an interview. Their chances of getting selected are 1/3 and 1/5
respectively. Assuming that their selections are independent of each other, find :

€) the probability that both are selected
(b) the probability that exactly one of them is selected
(c) at least one of them is selected.

Solution

Let us denote the following events
A: Ais selected
B : B is selected
= P(A) =1/3 and
(a) P(both selected)

P(B) = 1/5

=P(A N B) =P(A) P(B)
= (1/3) (1/5) = 1/15

(b) P (exactly one is selected = P(only A is selected or only B is selected)

(As A and B are independent)

Now A N B represents the event that only Aiis selected.

=PAn U nB)
=P(An ) +P( nB)
=P(A)P( )+P( )P(B)

= [1—11 + [1—11 1 = i = E
5 35 15 5

(c) P (at least one is selected) = P(A U B) =P(A) + PB)-P(AnB)=1/3+1/5-1/3.1/5=7/15
alternatively, we can say that
P(at least one is selected) =1 — P (none is selected)

=1-P(An )=1-P( )P( )=1-(1-1/3)(1-1/5)=7/15

is the event that only B is selected

= P(exactly one is selected)

Example : 2
Five cards are drawn from a pack of weII—shufﬂgtgaéR @f,52 cards. The cards are drawn one by one
without replacement. 3 53 C,
@) What is the probability of getting 3 aces?

(b) What is the probability of obtaining aces on the first three cards only?
(c) What is the probability of getting exactly three consecutive aces?
Solution
@) total number of ways to select 5 cards = *°C,
number of ways to select three aces and two non-aces = “C, “C,
P(3 aces out of 5 cards) =
_ 4x 48 x 47 x5! B 94 Y%
T 2x52x51x50x49x48  13x17x5x49 54145
(b) Let A represent the vent that ace is drawn on ith card and N, be the event that non-zero is

()

drawn on ith card.

P (firstthree aces)  =P(A, nA,nA, AN, " N,) =P(A) P(AJA) P(AJA, NA) ........

4 3 2 48 47 47
= —— X = X =~ X — X —— = —__—_—
52 51 50 49 48 270725
P(three consecutive aces) = P(forst three aces and fourth non ace) + P(first non ace, 3 aces,
last non ace) + P (first two non ace, last three aces) + P (first ace, second non ace and last

three aces)

5 3 2 4 48 48 4 3 2 4

= — x — X X X + X X X X —
52 51 50 49 48 52 51 50 49 48

48 47 4 3 2 5 48 3 2 1

— _— 4 — — J—

+ = X —/ x X X X — X X X —
52 51 50 49 48 52 51 50 49 48
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Example : 3

143
T 270725

Three identical dice are thrown

()

(b)

is 15?
Solution

(@)

(b)

Note :

What is the probability of getting a total of 15?
What is the probability that an odd number is obtained on each dice given that the sum obtained

Let A be the event that sum is 15.

The favourable outcomes are : A = {366, 456, 465, 546, 555, 564, 636, 645, 654, 663}
and n(S) = 6% =216

= P(A) = 10/216

Let B be the vent that odd number appears on each die.

P(BNA)

= P(B/A) = W
= We have B n A = (555)
B(B/A) = /216 1
= B2 = 101216 ~ 10

The number of ways to obtains a sum of 15 on three dice can also be contained by calculating the

coefficient of x*® in the expansion of (x + x% + x® + x* + x5 + x°)3

Example : 4

In a game, two persons A and B each draw a card from a pack of 52 cards one by one until an ace is
obtained. The first one to drawn an ace wins the game. If A starts and the cards are replaced after each
drawing, find the probability of A winning the game.

Solution

Let A, (or B,)) denote the event that A(or B drawsface in ith attempt
P(A wins) = P(A wins in Ist attempt) + P(A wins in lInd attempt) + ..........

=

Example : 5

P(Awins) =P(A) + P (A, N B, NA) + ........

4 48 48 4
4 48 48 4
52 52 52 52

4152 4x52 13
—(48/52)* T 522482 T 25

Two cards are drawn one by one without replacement from a pack of 52 cards.

(@)
(b)

Solution

What is the probability of getting both aces?
What is the probability that second cards is an ace?

A :firstis ace
B : second is ace

(@)
(b)

P(both aces) = P(A n B) = P(A) P(B/A) = 4/52 x 3/51 = 1/221
P(second is ace) = P(B) = P(ANB U A N B)
= P(A) P(BIA) + P( ) P(BI )= 4/52 x 3/51 + 48/52 x 4/51 = 1/13
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Example : 6
Cards are drawn one by one without replacement from a pack of 52 cards till all the aces are drawn out.
What is the probability that only two cards are left unturned when all aces are out?
Solution
P(two cards are left) = P(52th card drawn is last ace)
Let A : 50th cards is last ace
A, : 3 aces are drawn in first 49 cards
A, : 50th card is ace

= A=A NA,
=
= P(A)=P(A,nA,)=P(A) P(AJA)
= P(A)) = P(3 aces and 46 non-aces in first 49 cards) =
= P(A,/A)) = P (50th card is ace given that 3 aces and 46 non-aces have been drawn out)
1 -
=3 (i.e. 1 ace out of 3 remaining cards)
on ‘Cs*C 1 1128
= X — = ——
= B ="5c, 3~ 5525
Example : 7

A candidate has to appear in an examination in three subjects : English, Mathematics and Physics. His
chances of passing in these subjects are 0.5, 0.7 and 0.9 respectively. Find the probability that :

(a) he passes in at least one of the subjects
(b) he passes exactly in two subjects.
Solution
A he passes in english _
B: he passes in Mathematics BC,*°Cyq
C: he passes in Physics %2C 0
(a) P (he passes in at least one subject) = P(Au B U C)

To calculate P(Auw B U C), use :
PAuUBUC) =PA)+PB)+PC)-PANB)—P(ANC)-P(CnA)+P(ANnBNC)
=05+0.7+0.9-(0.35 +0.63 + 0.45) + 0.315 = 0.985
Alternatively,
it is easy to calculate P(Au B U C) by :

PAUBUC) =1-P(An n )=1-(A)xP( )xP( )
=1-(1-05(1-0.7)(1-0.9 =0.985
(b) P(He passes exactly in two subjects) =P(ANBN C) +P(An B NnC)+P( NBNC)
=05%x07(1-0.9)+05x%x(1-0.7)x0.9+ (1-0.5)x0.7 x 0.9 = 0.485

Example : 8

A man takes a step forward with probability 0.4 and backwards with probability 0.6. Find the probability
that at the end of eleven steps he is one step away from the starting point.

Solution
(1) If the man is one step forward after eleven steps, he has six forward and five backward steps.
(2) If the man is one step backward after eleven steps, he has taken five forward and six backward
steps.
These are the only two probability
Let success : forwards step
failure : backward step

= p=0.4 and g=0.6
P(one step away) = P(6 successes) + P(5 successes)
P(one step away) = “C, (0.4)° (0.6)° + *'C, (0.4)° (0.6)° =*"C, (0.4)° (0.6)°
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Example : 9

® A coin is tossed 5 times. What is the probability of obtaining at most 3 heads?
(i) A coin is biased in such a manner that the chances of getting head is twice the chances of getting

tail. Find the probability that heads will appear an odd number of times in n tosses of the coin.
Solution

M success : getting head
= p=12andq=1/2
P(at most 3 heads) =P(r<3)
=Pr=0)+Pr=1)+Pr=2)+P(r=3)
=1-P(r=4)-P(r=5)
=1-°C,p*q-°C,p°=1- —i=E
4 3 25 1
(i) success : getting head
failure : getting tail
= p+t+qgq=1 and p=2q
= p=2/3 and qg=1/3

P(odd number of heads) ="C, p g + "C, p® q"2 +

1_[1 2)“
_(@+p)"-@-p)" _ 3 3) 3" -(1"
2 2 2.3"

Example : 10

Suppose the probability for A to win a game against B is 0.4. If A an option of playing either a ‘best of 3
games’ or ‘beast of 5 games’ match against B, which option should he choose so first the probability of his

winning the match is higher? (no game ends in a draw and all the games of the match the played).
Solution

Success : A wins a game

= p=0.4 andq=0.6 5

P(A wins ‘best of 3 games’ match) = P(r = 2) + Pf5= 3)
= 3C2 p2q + 3C3 p?

3(0.4)2 (0.6) + (0.4)?

36 8 _ 44
125 125 © 125
P(A wins ‘best of 5 games’ match) = P(r=3) + P(r=4) + P(r=5)

=5C, p* @2 + °C, p*q + °C, p°

72 48 32 992 30.68
=10\ 3755 | +5 | 3108

3125 3125) T 3125 T 3125 ~ 125
= P(A wins ‘beast of 3 games’ match) > P(A wins ‘best of 5 games’ match)
= A should choose a ‘best of 3 games’ match
Example : 11

Six persons try to swim across a wide river. It is known that on an average, only three persons out of ten

are successful in crossing the river. What is the probability that at most four of the six persons will cross
river safely?

Solution
Let success : crossing the river
= p=3/10 and g=7/10

number of trials=n=6

N

ﬂ
I
o
-
Il
al

3Y [_z_] 3 Y 3
=1-6 0 10) ~|10) = 1- 0 (13) = 0.990523
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Example : 12
An unbiased dice is thrown. If a multiple of 3 appears, two balls are drawn from box A. If a multiple of 3
does not appear, two balls are drawn from box B. The balls drawn are found to be of different colours. Box.
A contains 3 white, 2 black balls and Box B contains 4 white and 1 black balls. Find the probability that the
balls were drawn from box B if the balls are drawn with replacement.
Solution
A, : event that balls were drawn from box A
A, : event that balls were drawn from box B
E : balls are of different colours
P(A) = P(balls fromA)
=P(3, 6 on dice)
=2/6=1/3
P(A,) = P(balls from B)
=P(1, 2, 4,5 on dice)
=4/6 =2/3
P(E/A) = P(1 W, 1B from box A)
P(1 success in two trials) (taking W balls as success)
=?C, pq
2(3/5) (2/5) = 12/25
P(E/A,) = P(1 W, 1 B from box B)
= P(1 success in two trials) (taking W balls as success)
=?C, pq
= 2(4/5) (1/5) = 8/25
P(E) =P(A).P(E/A)+P(A).P(EIA)
= 1/3 (12/25) + 2/3 (8/25)
= 25/75
Required probability is

P(APEIA,)

PAJE)=— g = 28
75

Example : 13
Box | contain 4 red, 5 white balls and box Il contains 3 red, 2 white balls. Two balls are drawn from box |
and are transferred to box Il. One ball is then drawn from box Il. Find the probability that :

€) ball drawn from box li is white
(b) the transferred balls were both red given that the balls drawn from box Il is white.
Solution

A, : transferred balls were both red

A, : transferred balls were both white

A, : transferred balls were one red and one white
E: ball drawn from box Il is white

(a) P(E) =P(A) .P(E/A) + P(A,) . P(E/A) + P(A) . P(E/A))

_[fC) 2 [*Co)a [fCCil3 1 10 5 _28
“1°%,) 7 " °%,) 7 °C, | 7721763 " 21 63

1

P(AOPE/A,) 21 3

(b)  PAE)=—pg =28 =55
63
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Example : 14
A person drawn two cards successively with out replacement from a pack of 52 cards. He tells that both
cards are aces. What is the probability that both are aces if there are 60% chances that he speaks truth?
Solution
A, : both are aces
A, : both are not aces
E : the person tells that both are aces
P(E) =PA NE)+PA,NnE)
=P(A) P(E/A) + P(A) P(E/A)
= P(both aces) x P(speaking truth) + P(both not aces) P (not speaking truth)

4 3 60 4 3 40
52 51) \100 52 51) (100

3 . 440 443
1105 = 1105 ~ 1105

3
. e P(A)PE/A;) 1105 3
Required probability is P(A,/E) = T = 443 = 143
1105

Example : 15
A letter is known to have come either from TATANAGAR or CALCUTTA . On the envelop just two con-
secutive letters TA are visible. What is the probability that the letter came from Tata Nagar?

Solution
Let A, denotes the event that the letter come from TATANAGAR and A, denote the event that the letter
come from CALCUTTA. Let E denotes the event that the two visible letters on the envelope be TA.

1 1
As Events A and A, are equally likely, we can take : P(A)) = > and P(A) = 5

If the letter has come from TATANAGAR, then the number of ways in which two consecutive letters
choosen be TA is 2. The total number of ways to choose two consecutive letters is 8.

2 1
= P (two consecutive letters are TA/letter has come from TATANAGAR) = P(E/A)) = i 2

If the letter has come from CALCUTTA, then the number of ways in which two consecutive letters choosen
be TAis 1. The total number of ways to choose two consecutive letters is 7.

1
= P(two consecutive letters are TA/letter has come from CALCUTTA) = P(E/A)) = 7

Using the Baye’s theorem, we get

P(A)PE/A,)
P(A)P(E/A;)+P(A,)PE/A,)

P(A/E) =

(1/2)(1/ 4) 7
(1/2)A/4)+@1/2)A7) ~ 11

= P(A/E) =

Example : 16
A factory A produces 10% defective valves and another factory B produces 20% defective valves. A bag
contains 4 values of factory A and 5 valves of factory B. If two valves are drawn at random from the bag,
find the probability that atleast one valve is defective. Give your answer upto two places of decimals.
Solution

0

- _ _ 1 1
Probability of producing defective valves by factory A = 100 -~ 10
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20 1
Probability of producing defective valves by factory B = 0 -5
Bag A contains 9 valves, 4 of factory A and 5 of factory B. Two valves are to be drawn at random.
P(at least one defective) = 1 — P(both are non defective)
P(both are non defective) = P(both valves of factory A) = P(both are non defective) + P(both valves of

factory B) x P(both are non defective) + P(one valve of factory A and other of factory B) x P (both are non

Cerect 4C2 9 )2 502 42 4C1. 5C1 9 4
= 9~ |ix + 9. | = + 9.  .T< .=
efective) 5c, (10 °c, |5 °%c, '10°5
1(9)Y 10 16 4594 27 8 2 1283
== \7=| + == .=+ = +— 4+ == ——
6 \10 36 " 25 3.6.105 200 45 5 1800
) 12
p(at least one defective) = 1 — 1800 - 0.2872 = 0.29 (approx.)
Example : 17
If four squares are chosen at random on a chess board, find the chance that they should be in a diagonal
line.
Solution

Three are 64 squares on the chess board.
Consider the number of ways in which the squares selected at random are in a diagonal line parallel to
AC.
Consider the triangle ACB. Number of ways in which 4 selected squares are along the lines,
AC,A,C,A,C,,AC andACare“C,,°C,, °C,, 'C, and °C, respectively.
Similarly in triangle ACD there are equal number of ways of selecting 4 squares in a diagonal line parallel
to AC.
The total number of ways in which the 4 selected squares are in a diagonal line parallel to AC are:
=2(*"C,+°C,+°C,+'C)) +5C,
Since there is an equal number of ways in which 4 selected squares are in a diagonal line parallel to BD.
the required number of ways of favourable cases is given by
2[(*C, +°C,+°C,+7C))]
Since 4 squares can be selected out of 64 in *“C, ways, the required probability

C22(°Cu+°C+°C+7Cy)+°Cyl  [4(1+45+15+35)+140]x4x3x2 91
- 4c, - 64 x 63 % 62 x 61 T 158844

Example : 18
Of these independent events, the chance that only the first occurs is a, the chance that only the second
occurs is b and the chance of only third is c. Show that the chances of three events are respectively
a/(a+x), b/(b+x) c/(c+x), where x is a root of the equation (a + x) (b + X) (¢ + X) = x?
Solution
Let A, V, C be the three independent events having probabilities p, q and r respectively.
Then according to the hypothesis, we have :
P(only that firstoccurs) =p(1—-q) (1 -r=a, .eeeen. 0]
P(only the second occurs) = (p—-1)q (1 —r) =b and
P(only the third occurs) = (1 -p) (1 —-q) r=c.
par[l-p) (1 -q) (1 -r)=abc

a_bc = 2 — 2 .
et Do TlA-pA-@-NF=x(sa) (il
Using (i) and (ii), % - ﬁ
= a—ap = px

= p=alla+x)
Similarly g = b/(b + x) and r = ¢/(c + x)
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Replacing the values of p, g and r in (i), we get
(@+x)(b+x)(c+x)=x?
ie. X is a root of the equation : (a + x) (b + x) (c + X) = x?

Example : 19
A and B bet on the outcomes of the successive toss of a coin. On each toss, if the coin shows a head, A
gets one rupee from B, whereas if the coin shows a tail, A pays one rupee to B. They continue to do this
unit one of them runs out of money. If it is assumed that the successive tosses of the coin are indepen-
dent, find the probability that A ends up with all the money if A starts with five rupees and B starts with
seven rupees.

Solution
Let P, denotes the probability that A ends with all the money when A has i rupees and B has (12 —i) rupees.
Let E denote the event that A ends up with all the money.
Consider the situation of the game when A has i rupees and B has (12 — i) rupees.
P(E) = P, = P(coin shows bead) x P, , + P(coin shows tail) x P,_,

1
P=2 xPi+1+E xP.,

2
= 2Pi = Pi+1 + Pi—l
= P,PandP, areinAP. ... (0
Also: P, = prob that A ends up with all the money when he has noting to begin with =0 ....... (i)
and : Pn = prob that A ends up with all the money B has nothing to beingwith=1 ... (iii)
From (i), (ii) and (iii), we get :
P, P Py P, areinAP.withP ,=0,P =1

. P, —Pq 1

common difference of the A.P. =d = T h

The (i + 1) thterm of the AP. =P, =P +id =i/n
So probability A ends up with all the money starting i rupees = P=i/n
Here A starts with 5 rupees and B with 7 rupees soi=5,n =12

P, =5/12

Example : 20
Two points are taken at random on the given straight line AB of length ‘a’ Prove that the probability of their

2
c
distance exceeding a given length c(<a) is equal to [1_5j

Solution
In this question we can not use the classical definition of probability because there can be infinite
outcomes of this experiment. So we will use geometrical method to calculate probability in this question.
Let P, Q be any two points chosen randomly on the line AB of length ‘a’.
LetAP=xand AQ =y
Note that: 0 <x<a and O<y<a e 0]
The probability that the distance between P and Q exceeds ¢ = P(|x —y| > ¢)
So we need to find P (|x — y| > ¢) in this question.
Take x along X-axis and y along Y-axis
Using (i), Total Area in which the possible outcomes lie = a.a = a?
Now we have to find the area in which favourable outcomes lie.
Plot the inex—y=candy—-x=c¢
From figure, total area where the outcomes favourable to event |[x —y| > c lie = is given by :

1 1
Favourable Area = AABC + APQR = 5 AB .BC + 5 PQ. QR

% (a-c)(a-c)+ % (a—-c)(a-c)=(a—c)?

2 2
P{x—y|>c}= (a;:) = [l—gj
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Example : 21
Two players Aand B want respectively m and n points of winning a set of games. Their chances of winning
a single game are p and q respectively where p + q = 1. The stake is to belong to the player who first
makes up his set. Find the probabilities in favour of each player.

Solution
Suppose Awins in exactly m + r games. To do so he must win the last game and m — 1 out of the preceding
m =r — 1 games. The chance of thisis ™~'C__ p™*q'p

= P(Awinsinm +rgames) =""'C__ p"q ... ®

Now the set will definitely be decided in m + n — 1 games. To win the set, A has to win m games. This be
can do either in exactly m games or m + 1 games of m + 2 games, ......... ,orm+n-—1games.

Hence we shall obtain the chance of A's winning the set by putting r the values 0, 1, 2, ........ ,n—11in
equation (i)

Hence A’s probability to win the set is :

n-1
o mr-1 I mim+1) (m+n=-2)! 4
P(A W|nS)— rzo m-1 pTq =p 1+mq+—12 g +...... +—(m_1)|(n_1)|
Similarly B’s probability to win the set is :
) nn+1) , (m+n-=-2) 1
P(B WlnS) = qn |:1+ np +Tp + o +m

Example : 22
An unbiased coin is tossed. If the result is a head a pair of unbiased dice is rolled and sum of the numbers
on top faces are noted. If the result is a tail, a chard from a well shuffled pack of eleven cards numbered

2,3, 4, ... , 12 is picked and the number on the card is noted. What is the probability that the noted
number is either 7 or 8?
Solution
LetA, be the event of getting head, A, be the event of getting tail and let E be the event that noted number
is 7 or 8.
1 1
Then, P(A) = E; PA,) = >

11
P(E/A,) = P(getting either 7 or 8 when pair of unbaised dice is thrown) = 36

2
P(E/A,) = P(getting either 7 or 8 when a card is picked from the pack of 11 cards = I
Using the result, P(E) = P(A)) P(E/A)) + P(A,) P(E/A,), we get :

-t B, 12
T 273 211

ooy 11, 1122 6l
= ® =25 * 117 792 ~ 39

Example : 23
An urn contains four tickets with numbers 112, 121, 211, 222 and one ticket is drawn. LetA (i=1, 2,3) be
the vent that the ith digit of the number on ticket drawn is 1. Discuss the independence of the events A A,
A.,.

Solution

According to the question,
- ) - . 2 1
P(A,) = the probability of the event that the first digit of the selected number is 1 = 2 = 5
(- there are two numbers having 1 at the first place out of four)
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1
Similarly, P(A,) = P(A,) = 5

A, NA,isthe and so
P(A, " A,) = the probability of the event that the first two digits in the number drawn are each equal to

1oL
T4
11
= P(A,NA) = 55" P(A)) P(A)
= A and B are independent events

Similarly

P(A,nA)=P(A,) P(A)

and P(A,nA)=P(A,) P(A)

This the events A , A, and A, are equal to 1 and since there is no such number, we have
P(A,NA,NA)=0

= P(A,nA,nA)=P(A)P(A) P(A)

Hence the events A, A,, A, are not mutually independent althrough they are pairwise independent

Example : 24

n+2
A coinis tossed (m + n) times (m > n) ; show that the probability of at least m consecutive heads is o1

Solution
We denote by H the appearance of head and T the appearance of tail.
Let X denote the appearance of head or tail
Then,

P(H) = P(T) = % and P(X) = 1

If the sequence of m consecutive heads starts frBmthe first throw, we have
(HHH ..... m times) (XXX ...... n times)

. 11 _ 1
The chance of this event = ey

222
[Note that last n throws may be head or tail since we are considering at least m consecutive heads]
If the sequence of m consecutive heads starts from the second throw, the first must be a tail and we have

T(HHH ...... m times) (XXX ..... n—1 times)

1 1

The chance of this event = . 2—m = omi

If the sequence of heads starts with the (r + 1) throw, then the first (r — 1) throws may be head or tail but

r'" throw must be tail and we have (XX ........ r—1 times) T (HHH ..... m times) (XX ....... times)
. . 1 1
The probability of this event = . 2—m = oL

It can be easily observed that probability of occurrence of atleast m consecutive heads in same for all
cases.
Since all the above cases are mutually exclusive, the required probability is :

1 1 n 2+n

. 1 .
P(atleast m consecutive heads) = —+ (W+ it +ton tlmesj = ot oma T pma
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Example : 25
Out of 3n consecutive integers, three are selected at random. Find the chance that their sun is divisible by

3.
Solution
Let the sequence of numbers start with the integer m so that the 3n consecutive integers are
mm+1lm+2 ... ,m+3n-1
Now they can be classified as
mm+3 m+6, ... m+3n-3
m+1l,m+4,m+7.... m+3n-2
m+2,m+5m+8.... m+3n-1

The sum of the three numbers shall be divisible by 3 if either all the three numbers are from the game row
or all the three numbers are form different rows.

The number of ways that the three numbers are from the game row is 3 "C, and

The number of ways that the numbers are from different rows in n x n x n = n® since a number can be
selected from each row in n ways.

Hence the favourable no. of ways = 3 ."C, + n®

The total number of ways = *'C,

favourable ways 3. "C, +n° 3n2_3n4+2

The required probability = total ways = 3”C3 = —(3n DEn_2)

Example : 26
out of (2n + 1) tickets consecutively numbered, three are drawn at random. Find the chance that the
numbers on them are in A.P.
Solution
Let us consider first (2n + 1) natural numbers as (2n + 1) consecutive numbers.
The groups of three numbers in A.P. with common difference 1 :

(1,2,3);(2,3,4);(3,4,5); ........ ;(2n—1,2n,2n +1) = (2n — 1) groups with numbers in A.P.
The groups of three numbers in A.P. with common difference 2 :
(1,3,5);(2,4,6);(3,5,7); ceveen. ;(2n=-3,2n-1,2n+1)> (2n — 3) groups with numbers in A.P.
The groups of three numbers in A.P. with common difference 3 :
1,4,7);(2,5/8);3,6,9 ;... ;(2n-5,2n-2,2n+1) = (2n — 5) groups with numbers in A.P.

The groups of three numbers in A.P. with common difference n :
A,n+1,2n+1) = 1 groups with numbers in A.P.

nin+1
AGE

n
= The total number of groups with numbers in A.P. = Z (2r-1 -
r=1

The total number of ways to select three numbers from (2n + 1) numbers = ?"'C,

favorable ways n? 3n

total ways  ~ 2™IC, T 4p2 1

= P(three selected numbers are in A.P.) =

Example : 27
Two friends Ashok and Baldev have equal number of sons. There are 3 tickets for a circket match which
are to be distributed among the sons. The probability that 2 tickets go to the sons of the one and one ticket
goes to the sons of the other is 6/7. Find how many sons each of the two friends have
Solution
Let each of them have n sons each.
Hence we have to distribute 3 tickets amongst the sons of Ashok and Baldev, in such a manner that one
ticket goes to the sons of one and two tickets to the sons of other.
We can make two cases.
Case 1:1to Ashok’s sons and 2 to Baldev'son
Case 2 : 2 to Ashok’s sons and 1 to Baldev’s son
= Total number of ways of distribution the tickets ="C, . "C, +"C,"C, =2."C, "C,
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But in all 3 tickets are to be distributed amongst 2n sons of both.
Hence total number of ways to distribute tickets =*"C,

Hence, P(2 tickets go to the sons of one and 1 ticket goes to the sons of other) = (given)

nin-1 _3 2n(2n-1(2n-2)
s - n=3. 6
= m=42n-1) = n=4

Hence both Ashok and Baldev have four sons each.

7.

Example : 28
Sixteen players S, S, .......... , S, play in a tournament. They are divided into eight pairs at random. From
each pair a winner is decided on the basis of a game played between the two players of the pair. Assume
that all the players are of equal strength
(a) Find the probability that the players S, is among the eight winners
(b) Find the probability that exactly one of the two players S, and S, is among the eight winners.
Solution
According to the problem, S, S, , ......... S, players are divided onto eight groups and then from each from
each group one winner emerges. So in all out of 16 players, 8 are winners.
@) In this part, we have to find the probability of the event that S, should is there in the group of eight
winners which is selected from 16 players.
So,

No. of ways to select 8 winners such that S; is always included
No. of ways to select 8 winners

P(S, is among the winners)

B 15C7 B 1

- 16C8 - 2
(b) In this part, we have to find the probab#ity"®at ‘®actly one of S, , S, should be among the 8
winners selected e,

P(exactly one of S, S,) = 1 — P(both S, and S, are among the winners) — P(none of S, , S, is
among the winners)

= P(exactlyoneof S, ,S,)=1- 16~

8
= P(exactly one of S, S)) = 15

Example : 29
If p and g are choosen randomly from the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, with replacement, determine the
probability that the roots of the equation x> + gx + g = 0 are real.

Solution
For the roots of the quadratic equation x? + px + q =0 to be real, D > 0.
= p2-4q=20 L @)
According to the question, coefficients p and q of the quadratic equation are choosen from the following
set
{1,2,3,4,5,6,7,8,9,10} ... (i)

Total number of ways in which q can be choosen from the set = 10 ways

Total number of ways to choose g from the game set = 10 ways

So the total number of ways in which both p and g can be choosen =10 x 10 ways = 100 ways
Out of these 100 ways, we have to find the favoruable ways such that p and g satisfy (i)

If p takes the values from the set (ii), then p? takes the values from the following set.

p? e {1, 4,9, 16, 25, 36, 49, 64, 81, 100}

and similarly
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4q € {4, 8, 12, 16, 20, 24, 28, 32, 36, 40}

If we select 1 from the set of p? , then no element from the set of 4q can make (i) true.

If we select 4 from the set of p?, then the favourable selection from the set of 4q is 4.

If we select 9 from the set of p? , then the favoruable selection from the set of 4q are 4 and 8.
Similarly find other combinations of p? and 4q such that (i) is true.

in all there are 62 combinations pf p? and 4q such that p?—-4q >0

, favoruable selections of p and q 62 31
= P(roots are real) = P (b*—4ac > 0) = possible selectionsof pandq ~ 100 ~ 50
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Example : 1
If a, b, c are the x th, y th and z th terms of an A.P., show that :
(a) a(y-z)+b(z-x)+c(x-y)=0
(b) x(b-c)+y(c—a)+z(a-b)=0

Solution
Let A be the first term and D be the common difference,
= T =A+(xx-1)D=a ...... 0)
T,=A+(y-1)D=b ... (i)
T =A+(z-1)D=c ... (iii)
operating (2 —3), (3—1) and (1 — 2) we get :
b-c=(y-2D c—a=(z-x)D a—-b=x-y)D
_b-c _C-a _a-b
y—z= D Z—X= D X—y= D

Now substituting the values of (y — z), (z — x) and (x —y) in L.H.S. of the expression (a) to be proved.

a(b-c) . b(c-a) . c(a-h)
D D D

= LHS =

ab-ac+bc-ab+ca-cb
= LHS = D =0=RHS

Now substituting the values of (b — c¢), (c — a) and (a — b) in LHS of the expression (b) to be proved
= LHS=x(y-z)D+y(z-x)D+z(x-y)D
={xy—-xz+yz—-xz+zx—zy}D=0=RHS

Example : 2

The sum of n terms of two series in A.P. are in the ratio 5n + 4 : 9n + 6. Find the ratio of their 13th terms.
Solution

Leta,, a, be the first terms of two A.P.s and d,, d, are their respective common differences.

2a (-1 d]

B 5n+4

T Jl2a,+(-Dd;] 9N+
a1+(n_1) d;
2 _5n+4
= aer(n;l) d, ~on+e (i)

_ a; +12d;
Now the ratio of 13th terms = —a2 +12d,

(-1 : : o
= ut e =12 i.e. n = 25 in equation (i)
a; +12d; _5(25)+4 129
= a,+12d, ~ 9(25)+6 ~ 231
Example : 3

If the sum of n terms of a series is S, = n (5n — 3), find the nth term and pth term.
Solution
S, =T +T,+T,+T,+. ... +T  +T,
S,={sumof (n-1)terms}+ T
= T =S,-S, ,
Now in the given problem :
S,=n®Gn-1)andS_, [5(n-1)-3]
= T,=S,-S,,=10n-8
= Tp =10p-8
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Example : 4
If a, b, ¢, d are in G.P., show that
(@ (@-d)?*=(b-c)*+(c-a)*+(d-b)

(b) a?—b? b?-c?and c?—d? are also in G.P.
Solution
(a) a, b, c,darein GP.
= b2=ac,c*=bhd,bc=ad ... ()

Now expanding the RHS, we get
RHS = (b%?+c? - 2bc) + (c? + d? — 2ac) + (d? + b? — 2bd)
=2(b?-ac) + 2(c? — bd) + a? + d> — 2bc
=2(0) + 2(0) + a + d? — 2ad (from i)
=(a—-d)?=LHS
(b) Now we have to prove that a2 — b?, b2 — c2 and ¢ — d? are in G.P. i.e.
(b2 _ Cz)z = (az _ bz) (02 _ dz)
Consider the RHS
(a% — b?) (c? — d?) = a%c? — b?c? — a?d? + b%d?
= b*— b2%c? - b%c? + c¢*

= (b?-c?) =LHS
Example : 5
Ifa, b, carein A.P. and x, y, z are in G.P., prove that x> y*2 z3b =1,
Solution
a, b,careinA.P. = 2b=a+c or a-b=b-c
X, Y, zarein G.P. = y2 =Xz
proceeding from LHS
= Xb=¢ zb—c ye-a {asb-c=a-b}
= (Xz)b—c yc—a = yz(b—c) yc—a {as XZ = yz}
= Y60+ - a)
=y?ac =y =1 =RHS {as2b=a+c}
Example : 6

The sum of three numbers in H.P. is 26 and the sum of their reciprocals is 3/8. Find the numbers.
Solution
Three numbers in H.P. are taken as :

i R )
a-d’a’ a+d = ad T atarg 26 0)
also (a-d)+a+(@a+d)=3/8 ... (ii)

. . 1 1
from (i) and (ii)) a= P andd =+ o

= the number are 12, 8,6 or 6, 8, 12

Example : 7

If pth term of an A.P. is 1/q and the gth term is 1/p. Find the sum of p g terms.
Solution

Let A and D be the first term and the common difference of the A.P.

1 1
= E=A+(p—1) ,5=A+(q—1)D

solving these two equations to get A and D in terms of p and q

sum of pg terms = p_2q [2A +(pq—-1) D] = Pq (

£+&—1)
2

pPa  pPq
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= sum = pg+i
2
Example : 8
If the continued product of three numbers in G.P. is 216 and the sum of the products taken in pairs is 156,
find the numbers.

Solution
b
Let ?, b, br be the three numbers.
b
= ?,b,br=216 = b=6

b b
also N (b) + b (br) + ?(br) =156

1
= bZ(;+r+4J =156 = 62 (12 + r + 1) = 156r
= 3rr+3r+3=13r
= r=3, =

Hence the numbers are 2, 6, 18 or 18,, 6, 2
Example: 9
In a HP, the pth term is q r and gth term is r p. Show that the rth termis p g.

Solution
Let A, D be the first term and the common difference of the A.P. formed by the reciprocals of given H.P.

1 1
pth term of A.P. is a and gth term of A.P. is ——

Y
1 1
= ar =A+(p-1)Dand D =A+(q-1)D
We will solve these two equation to get Aand D
subtracting, we etM—( -qDb = D—i
g, g par P—q par
H LAt Az —
e S S
ence ar oar = oar
Now the rth term of AP. =T =A+ (r—1)D
1 r-1 1
= T=—""—"+_——="—

par — par — pq
Hence rth term of the given H.P. is pg.

Example : 10
The sum of first p, g, r terms of an A.P. are a, b, ¢ respectively. Show that :

a b (] 0
p(q—0+q(rﬂn+r(p—m—

Solution
Let A be the first term and D be common difference of the A.P.

= a= S [RA+(-1)D)
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a b a
We canwite 7 (@=n0+ 5 (=p)+ % (p-0q)= Zg(p—f)
LHS = Z%(q—r)

- Yq-neat@-gd
2.5

> Y 2A@-n+5 Y@-noe-1
=AY @-N+ 5D P@E-N]-5 (-1 =0+0-0=0=RHS

Example : 11

If a, b, c are in A.P., then show that a? (b + ¢), b? (c + a), c? (a+ b) are in A.P., if bc + ca + ab # 0.
Solution

We have to prove that

a?(b+c),b?2(c+a),c’(a+b) areinAP

ie. a(ab + ca), b (bc + ab), c(ca + bc) are in A.P.

a(ab + bc + ca) —abc, b (bc + ab + ac) — abc, ¢ (ca + bc + ab) — abc are in A.P.

a(ab + bc + ca), b(bc + ab + ca), c (ca + bc + ab) are in A.P.

= a, b, c are in A.P., which is given.

Hence a2 (b +c),b?(c+a),c2(a+b) areinA.P.

Alternate method :

Asa,b,careinAP,weget: a-b=b-c ... 0]
Considera? (b +c)—-b?(c+a)=(a’h—b%) + (a’c—-b%c)=(a-b)(@b+ac+bc) ... (i)
Alsob?(c+a)—c?(a+b)=(b’c—c?h)+(b’a—c?ta)=(b—-c)(bc+ba+ca)  ...... (iii)

From (i), (ii), (iii), we get,
a’(b+c)—b2(c+a)=b?(c+a)—c?(a+h)

= az(b+c),b?(c+a),c?(a+b)areinAP.
Example : 12
If (b —c)?, (c—a), (a—Db)?are in A.P., then prove that : 1 1 ! are also in A.P
(b—-c), (c-a) (a-b) P, then p B¢’ o-a’ a b P
Solution

(b-c)*,(c—a)?, (a—b)?>arein A.P.

= (b—c)-(c—a)*=(c—a)*— (a—Dh)?

= (b-c)(b+a-2c)=(c-b)(b+c-2a)

= (b-a)[(b-c)+(a-c)=(c-a)[(b—a)+(c—a)
Divide by (a—b) (b—c) (c—a)

1 1 _ 11
= b-c c-a a-b c-a
1 11 1
= b-c c-a c-a a-b
1 1 1 i AP
= b o' c_a’ a_p A€iNAP
Example : 13

a’+ab+b®> b+a
bc+ca+ab c+b

If a, b, c are in G.P,, prove that :

Solution
As a, b, c are in G.P,, let us consider b = ar, and ¢ = ar?
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LHS a?+ab+b?  a?+a’r+a’? a’@+r+r3) 1
" b+ca+ab  a’®+ai?+a’r  ak(rP4r+1) v

b+a ar+a ar+) 1
RHS = = > = = —
c+b " ar?+ar ar(r+1) " r

Hence LHS = RHS

Example : 14

If a, b, ¢ are respectively pth, qth, rth terms of H.P., prove thatbc (q—c) +ca(r—p)+ab (p—q) =0.
Solution

Let Aand D be the first term and common difference of the A.P. formed by the reciprocals of the given H.P.

= —=A+(pP-1)D ... ()
1 .
B_A+(q_1)D ............ (i)
1
c =A+(r-1)D ... (iii)

c-b
Subtracting Il and Il we get e © (q-nD

(b-c)
D

= bc(q-r)=-
LHS = > bc(q-r)
bc 1
= E:—BZ(b—c)
1
:_5 [b-c+c—a+a-b]=0RHS

Example : 15
If ax=bY = c*and x, y, z are in G.P., prove that log,a = log_b.
Solution
Consider a* = bY = ¢* . Taking log
xloga=ylogb=zlogc

X logb y logc
= y = loga @4 7 = jogb
in G X_y
as x,y, zarein GP = y
logb logc
= loga ~ logb
loga logb
= logb ~ logc
= log,a = log b
Example : 16
If /a =¥b =%/c andifa, b, c are in G.P., then prove that x,y, z are in A.P.
Solution
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111
Let az =bY =c?

loga _logb Jogc

= x Y z =k
= log a = kx, log b = ky, logc=kz
As b?=ac = 2logb=1loga+logc
We have 2 ky = kx + kz
= 2y=x+z
= X, Y, zare in A.P.

Example : 17

If one GM G and two AM’s p and g be inserted between two quantities, show that G2=(2p-q) (2 p - q).
Solution

Let a, b be two quantities

= G?2=abanda,p,q,bareinAP.

(b-a) b+2a b+ta 2b+a
3 3 g=a+2

RHS =(2p-q) (20 -p)

(g(b+2a)_ 2b+a] [2(2b+a)_b+2a]
3 3 3 3

3 3

= p:a+

1
9 (2b +4a—-2b—a) (4b +2a—-b - 2a)

1
3 (3a) (4b) = ab = G? = RHS

Example : 18
If S, is the sum of first n terms of a G.P. (a,) and S’n that of another G.P. (1/a,) then show that :
S =Sn=a, a.
n 1"n

Solution
S, =a ta, tat ... +a,
1 1 1
n= _— + _ + +
S’n a, a, T a,

For the first GP. (a ), a, = a,rn*

s - a;(1-r")

. 1 , where r is the common ratio
—-r

1
an

i
1 M (rn _1) r"-1

S,n:a_l ( j T oa,r-)r"t T a,(r-1)

1
For the second G.P. ( ] , common ration = .

[N

-

1 a,(r" -1)
= S =T+~
n a1an r-1
, 1
= S’n = aa, Sn
= S =% aa
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Example : 19
At what values of parameter ‘a’ are there values of n such that the numbers :
i~ + BIx a2, 25 + 25> form an A.P.?

Solution
For the given numbers to be in A.P.

a
2 (E] 51+x + 51—x + 25x + 25—x

Let 5=k

_ 5 , . 1
= a—5k+E+k+k—2

1 > 1
_ K+— k2 + —
= a—5(+k)+[ +k2)

As the sum of positive number and its reciprocal is always greater than or equal to 2,

k+i>2 and k2+i>2
k = k2~

Hencea>5 (2) +2 = a>12

Example : 20
The series of natural numbers is divided into groups : (1) : (2, 3, 4); (5, 6, 7, 8, 9) and so on.
Show that the sum of the numbers in the nth group is (n — 1) + n®
Solution
Note that the last term of each group is the square of a natural number. Hence first term in the nth group
is =(n=-1)2+1=n*-2n+2
There is 1 term in Ist group, 3 in lind, 5 in llird, 7 in IVth, ..........
No. of terms in the nth group = nth term of (1, 3,5,7 ....)=2n-1
Common difference in the nth group =1

2n-1
Sum = 5 [2(n2—=2n+2) + (2n - 2) 1]
2n-1
= > [2n?2=2n+2]=(2n-1) (n?—n+ 1)
=2n*-3n2+3n-1=n°+(n-1)%
Example : 21
1 1 1 1 .
If—+ — + + =0, prove that a, b, care in H.P., unlessb=a +c
c a-b «c¢-b
Solution
1+1+ = + 1 =0
a ¢ a-b c¢c-b "~
a+c a+c-2b
= ac  ac—b(a+c)+b? =0
Leta+c=t
1 t—2b 0
— + =
= ac  ac-bt+b?
= act —bt? + bt + act — 2abc =0
= bt? — b%t — 2act + 2abc =0
= bt (t—b)—-2ac (t—b)=0
= (t—b) (bt—2ac)=0
= t=b or bt = 2ac
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= atc=b or b(a+c)=2ac

2ac
= a+c=b or b=
a+c
= a,b,careinH.P.ora+c=b
Example : 22
. Ifa,a,a, ... ,a arein HP, provethat: a a,+a,a,+......... +a _,a=(MNn-1)aa .
Solution

Let D be the common difference of the A.P. corresponding to the given H.P.

1 1
= i(n_
= a, ~ a (n=1)D ... 0]
1 1 1 _
Now a,’ a, ' ag T are in A.p.
1 1
= a, a D
a;—-a; a; —ag
= a a,= D and aa, = D and so on.
_ Ay 1~ 3,
= a_a= ~ b5
Adding all such expressions we get
_a;—-a,
= aa,+aa, +aa, + ... a ,a = 5
_ alan i — i
= aa,+aa, + ... +a ,a = o l|a, a
alan . .
= a,a,+aa, t..... +a ,a = D [(n=1)D] .......... using (i)
Hencea a,+a,a,+ ... +a,a=(-1)aa

Example : 23
If p be the first of n AM’s between two numbers ; q be the first of n HM’s between the same numbers, prove

2
n+1
that the value of g cannot lie between p and (n_—lj p.

Solution
Let the two numbers be a and b. If p is first of n AM’s then :

b-a b+an

p=a+m = nel T ®
If q is first of n HM s then :
11
1. 1,ba _ ab(n+1) )
9 a nel 9= pnra e (i)
ab (n+1)?

Dividing (ii) by (i) we get % ~ (bn+a) (an+b)
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(n+1)?

p
4 - =
q n2+1+n(a+b)
b a

As the sum of a number and its reciprocal cannot lie between — 2 and +2

a b
= 2 —+ — <=2
b a

a b
= (n+1)zsn[5+g]+n2+1s(n—1)2

1 q 1
(n+1)? = p(n+1) = (n-1)2

2
n+1
= quZP[n—lj

) n+1)°

= g cannot lie between p and p o1

Example : 24
. . ) 1 1 1

Ifa, b, carein A.P., o, B, yare in A.P. and aca, bj, cyare in G.P, prove thata:b:c= ; : E .
Solution

a,b,careinAP. ... 0]

= 2b=a+c

o, B,y arein H.P.

20y )
= B= wty (ii)
ao, bp, cyare in GP
= b?p2=accy ... (iii)
2 2

. - .. [a+cC 2oy
Using (i), (ii) and (iii), [Tj (a +Yj = ao cy
(a+c)®>  (a+7y)?

ac oy
L a,c_o. v

c a vy o

(04
Multiplying by 7 we get,

o o (a c
v2 vy \lc a +1=0
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= ao = cy or co = ay

ao = cy is not possible an aa, b , cy are in GP {obviously with common ratio # 1)
Hence we have only co = ay

Using this in (iii)

b2p? = a2y = by=ay

= Uy ~UB ~ Ua
1 1
= a:b:c=7:7:—
Yy B a
Example : 25
Find three numbers a, b, ¢ between 2 and 18 such that :
0] their sum is 25,
(i) the numbers 2, a, b are consecutive terms of an A.P.
(iii) the numbers b, ¢, 18 are consecutive terms of a G.P.
Solution
According to the given condition, we have
atb+c=25 ... 0]
2a=b+2 ... (i)
c2=18b .. (iii)

eliminating b and a, using (ii) and (iii) we get

2

1¢ c?

= |=*2 + — +C=

> (18 j 18 c=25
= c?+ 36 + 2c? + 36¢ = 25 (36)
= (c+24)(c-12)=0
= c=12,-24
As a, b, c are between 2 and 18, ¢ = 12 is the only solution
Using (iii), b=¢?/18 =8

+2

b
Using (ii), a = > =5

Hencea=5,b=8,c=12

Example : 26

If a, b, c are in G.P., and the equations ax?> + 2bx + ¢ = 0 and dx? + 2ex + f = 0 have a common root then
show that d/a, e/b, f/c are in A.P.

Solution
a, b, carein G.P. = b%?=ac
Hence the first equation has real roots because its discriminant = 4b? —4ac =0
-2b b
therootsare x= —— =— —
2a a

As the two equations have a common roots, —b/a is root of the second equation also.

_bY b
= d a + 2e a +f=0

= db?—2abc +a* =0

dividing by ab? d E+a—2f—0

ividing by al = A" b Ta? "
d_ze @ 4z

= a_ b " a@ac) - a b ¢~
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d e f )
= —, —, — areinA.P.
a'b’c

Example : 27
The sum of the squares of three distinct real numbers, which are in G.P. is S2.. If their sum is a.S, show that

tofe [%1] v (1, 3)

Solution
Let the numbers be b, br and br?
b? + b?r2 + b? r*=S2
b+ br+br?=0aS
eliminating S, we get

b2(1+r2 +r%) S?
b2@+r+r?)? ~ ¢?2s?

C (L+r+r?)? (L+r+r2)2

2— —
- BT et T e r?
(@+r+r2)? 1+r+r2
= o?= 2 2 =—
A+r+r9)A+rc=r)  1-r+r
- R(02—1)—r(2+1)+02—1=0

as r is real, this quadratic must have non-negative discriminant

= (2+1)2—-4(*—1) (02=1)=0

= [02+1+2(02-1)][o02+1-2(a?=1)]20

= Bor-=1)(3-0?=0

= (02 —1/3) (02—-3)<0

As the numbers in G.P. are distinct, the following cases should be excluded.

o?=3 = r=1
o?=1/3 = r=1
o?=1 = r=0

Hence o2 is between 1/3 and 3, but not equal to 1.

2 11
= o e |3 v (1,3)

Example : 28
If the first and the (2n — 1) st term of an A.P., a G.P. and a H.P. are equal and their nth terms are a, b and
c respectively, then :
(A) a=b=c (B) a>b>c © a+c=b (D) ac—hbh*=0
Solution
Let the first term = A
The last term [(2n — 1) stterm] =L
No. of terms 2n -1 i.e. odd

(2n-1)+1

Middle term = =n" term

= T, is the middle term for all the three progressions. In an A.P. the middle term is the arithmetic
mean of first and the last terms.
Q= A+L
2
In a G.P. the middle term is the geometric mean of first and last terms.

=
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In an H.P.

=

. 2AL
T A+L

Hence a, b, c are AM, GM and HM between the numbers A and L.
As (GM)? = (AM) (HM)
We have b? = ac

= (B) and (D) are the correct choices.
Example : 29
Sum of the series : 1 + 3x + 5x2 + 7x2 + .........
Solution
Note that the given series is an Arithmetico-Geometric series.
1,3,5 .. are in A.P. = T =2n-1
1,x, X%, ... are in G.P. = T =x"t
@) This means that n® term of A — G series = (2n — 1) x**
S=1+3x+5x+ ... +2n-3)x2+(2n-1)x"t ...
XS=X+3x2+53+ ........... +(2n-3) x"1+ (2n-1)x" ...
= (1-X)S=1+2x+2x*+ ......... +2x™1—(2n - 1) x"
_ -1
& @-ws=1+ 24X Hh gy
1-x
1 2x(1-x"t —7)x"
- S- . ( 2)_(2n 1)x
1-x 1-x9) 1-x
(b) S,=1+3x+5x+............ to
XS, =X+ 3X*+5x+ ... t0 oo
= (1-X)S_=1+2x+2x*+ .cccocuene to
= 1-X)S_=1+2x(A+x+X2+.......... t0 o)
1S =1+2x || = BX
= 1-xS_ = X 12x) = 12x
1+x
= Sm = (1—X)2
Example : 30
Sum the series : 1.2.3 +2.3.4 +3.45. + ........ + to n terms.
Solution
Here T =n(n+1) (n +2)
= T =n*+3n*+2n
= T =n*+3n*+2n
= SH=ZTn=Zn3+3Zn2+ZZn
n(n+1)? 2n(n+1)(2n+1)  2n(n+1)
= — 7+ +
4 6 2
n(n+1
= (4 )[n(n+1)+2(2n+1)+4]
nn+1 nn+)(n+2)(n+3
LD g - 00204

the middle term is the harmonic mean of first and last terms.
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Example : 31

Sum the series : 12+ (12 +22) + (12 + 22+ 3?) + ........ to n terms.
Solution

First determine the nth term.

= T, =(Q2+22+3+ ... +n?)

- T = znz _ n(n+1)éZn+1)

T—l 3+1 2+1
= TSNt
I S o e R
Now S =) =3 dn + 3 dn t g dn
S - 1 n’(n+2)? L1 n(n+1)(2n+1) +1 n(n+1)
nT 3 4 2 6 6 2
2
Simplify to get S = W

Example : 32

Find the sum of n terms of series : (x +y) + (X + xy + y?) + (X3 + X2y + xy? + y°) + ........
Solution

LetS =(X+y)+ (X2 +Xy +y?) + (X + Xy +Xy* +y?) + ...

X-y

1 [x*@-x") 1 [y2@a-y"
X—y 1-x T X-y 1-y

Note : The following results can be very useful

C+xe+x+ )—m(y2+y3+y“+ ...... )

Xn _yn

(i) x—y - XL+ X2 4 XS + Xy"2 + yn-1 (n is an integer)

. X" +y" _

(i) Xty = XM X2 X3y Ay g +ymt (n is odd)
Example : 33

) 4 7 10

Sum the series : 1 + 5 + 5—2 + 5—3 S S, to n terms and to oo.

Solution

The given series is arithmetico-geometric series

4 3n-2
LetS=1+g+5—2+ ....... +F
1 1 4 3n-5 3n-2
ESZE+5_2+ .......... + 51 + 5
4 3 3n-2
= ES_1+ g+ 5 T 5n_1 5n
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5 5 3 5" [3n—2xgj
= S= Z+Zx 5 1_1 5n 4
5
5 3 (5"-1) 1 3n-2
= STETA 4 ) 57 T g
s 5 15 3 3n-2
= — 4+ — — -
= 4716 16.5"2 ~ 20.5"2
35 12n+7
= S=16 " |805™?)
4 7
Now S =1+§=5—2 +oees oo
5 - 5 52 .......... Syl
iS 1+§+— +
=1 5 - 5 52 ........ e
iS - 3/5
= == +71-1/5
5 3 35
=2 |1+—=| = =
= S“’ 4 ( 4j 16 2
(n+1)
4
Example : 34
Sum the series :
5 + L +2° + P42’ +3 + to n terms
1 173 12325 o .
Solution
T = 1P +2%+...+n?
" 14+3+5+...+n
2
e
—[2+(n-1)2]
2
n®+2n+1
= T =—
4
_ 1 ) 1 nn+)(2n+1) 1 ~n
$,= 2T, =7 >n +22n+21]_Z {—6 HN-D+N | = 207 +3n+1+6n+6+6]

n

n
S =— [2n?+9n+ 12
= 24 | ]
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Example : 35
Find the sum of the products of every pair of the first n natural numbers.

Solution
The required sum is given as follows.
S=12+13+14+ ... +23+24+ ... +34+35+ ... F o +(n-1)n

Using : S:w,weget:

1 [P+ n+D@n+D)| nn+1)

S=E 4 6 =~z [Bn(n+1)-22n+1)]
n(n+1
= (24 ) [Bn2—n-2]
nn+1)(3n+2)(n-1)
= =
n 24
Example : 36
Find the sum of first n terms of the series: 3+ 7 + 13+ 21 + 31 + ............
Solution
The given series is neither an A.P. nor a G.P. but the difference of the successive terms are in A.P.
Series : 3 7 13 21 31
Differences : 4 6 8 10

In such cases, we find the nth term as follows :
Let S be the sum of the first n terms.
S=3+7+13+2[+3[+......... +T
S= 3+7+13+2[+3[+....... +T
On subtracting, we get :
0=3+{4+6+8+10+........ }-T
= T, =3+{4+6+8+10+....... (n—1) terms}

= T=8+ R @ (h-2)2)

= T=n+n+1

n
— T _— 2
= S_kz=1 k_ZK +Zk+21

n(n+1)(2n+1) . nin+1)

n
n:§(n2+3n+5)

= 6 2
Example : 37
Sumthe series:1+4+10+22+46 + ...... to n terms.
Solution
The differences of successive terms are in G.P. ;
Series : 1 4 10 22 46
Differences : 3 6 12 24
Let S = sum of first n terms.
= S=1+4+10+22+46+.......... +T,
= S=1+4+10+22+46+ ............ +T  +T,
On subtracting, we get
0=1+{3+6+12+24+ ... =T,
T =1+{3+6+12+24+ ... (n—1) terms}
n-1
= Tn=1+—3(2 )
2-1
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= T =3201-2

3 n_
= — M—2n=3.2“—2“—3
2 2-1
Example : 38
. . 1 1 1
Find the sum of the series: — + — +

Solution
et seL 4 Lt Lt oo, 1
€ T 14 47 710 T (3n-2)(3n+1)
3s= > 4 > . 3, R
= 14 " a7 710 T (Bn-2)@n+1)
4-1 7-4 10-7 (3Bn+1)(3n-2)
= 3S=z S+l Ty S =
14 a7 T 710 (3Bn-2)(3n+1)
(}_1 (1_1 11 1
= 35={174) v a7 7)) 7 10) *lGBn-2) 3n+1
g1 1
= 1 3n+1
S= n
= " 3n+1

+ o to n terms

Note : The above method works in the case when nth term of a series can be expressed as the differ-

ence of the two quantities of the type :
T =f(n)-f(n-1)
or
T, =f(n) —f(n+1)

1
In the above example, T =

It si the form f(n) —f (n + 1)

11 [;__]
(3n-2)(3n+1) ~ 3 \3n-2 3n+1

1

Example : 39
. ! ) 1 1 1
Find the sum fo first n terms of the series :
Solution
Lot S= b i
© 1237234 "345 " n(n+1)(n+2)
9s = 3-1 . 4-2 . 5-3 . . (n+2)—-n
123 234 345 T n(n+2)(n+2)

1 1 11
25=\12"23) "\ 23 34) t

+ + + +o
123 234 345 456

1
-t [n(n+1)_(n+1)(n+2)j
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1

1
25 =15 T (n+1)(n+2)

1 1
4 2(n-D(n+2)

Note : You should observe that here,

= S=

1 1 ( 1 1 ]
T nn+Dn+2) ~ 2 (nn+) (n+D(n+2)
Itis in the form f(n) — f(n+1)

Example : 40

Find the sum of first n terms of the series : 1(1)! + 2(2) I + 3(3)! + 4(4)! + ........
Solution

The nthterm =T _=n(n)!

T, can be written as

T =(n+1-1) (M)

= T =(n+L!'-(n! ... ()

This is in the form f(n) — f(n — 1)

S=T +T,+T,+T,+......... +T

S=2'-1)+@!'=-2)+ 4! -3 +......... +{(n+1)!-n'}

= S=-1'+(n+1)!

= S=(n+1)!-1

Example : 41
Sum the seriestonterms :4+44+444+4444+ ... to n terms.
Solution
Let S, =4+44+444 + 4444 + ... to n terms
= S,=41+11+111+ 1111+ ............ n terms)
= S,=4/9{(10-1)+ (100 - 1) + (1000 — 1) + ............ n terms}
= S,=4/9{(10+10°+10° +.......... nterms)—(1+1+1+ ... n terms)}
4 (10(10n ~1) J
S=—=|""n N
nT 9 10-1
4 n
= Snza[lo(lo —1)-9n]
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Example: 1
What can you say about the roots of the following equations ?
0] x2+2Ba+5)x+2(9a?+25)=0
(ii) (y-a)(y-b+y-b)y-c+(y-c)(y-a)=0

Solution :
0] Calculate Discriminant D
D = 4(3a + 5?) — 8(9a? + 25)
D =-4(3a-5)?
= D <0, so the roots are :

complex if a # 5/3 and real and equal if a = 5/3.

(i) Simplifying the given equation ;
3y?-2(@+b+c)y+(@b+bc+ca)=0
= D=4(a+b+c)>-12 (ab + bc + ca)
= D =4(a?+ b?+ c?>—ab — bc —ca)
Now using the identity

(a2+b2+cz—ab—bc—ca)=%[(a—b)2+(b—c)2+(c—a)2]

we get :
D =2[(a-b)*+(b-c)*+(c—a)]
= D > 0, so the roots are real
Note: ifD=0,then(a—hb)?+(b-c)?+(c—a)’=0
= a=b=c
= if a =b = ¢, then the root are equal
Example : 2
Find the value of k, so that the equations 2x? + kx — 5 = 0 and x> — 3x — 4 = 0 may have one root in
common.
Solution :

Let o be common root of two equations.
Hence 20? + ko —5=0and 0*-300—4 =0
Solving the two equations;

o’ o 1
_4k-15  -8+45  -6-k
= (-3)2 = (4k + 15) (6 + k)
= 4k? + 39k +81 =0
= k=-3ork=-27/4

Example : 3

If ax? + bx + ¢ = 0 and bx? + cx + a = 0 have a root in common, find the relation between a, b and c.
Solution

Solve the two equations as done in last example,

ax?’+bx+c=0andbx?+cx+a=0

x? —X 1

> —

ba-c a’—bc  ac-b?

= (a%? — bc)? = (ba —c?) (ac — b?)
simplifying to get: a (a® + b® + ¢ —3abc) =0
= a=0ora®+b®+cd®=3abc

This is the relation between a, b and c.
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Example : 4
If o, B are the roots of x> + px + @ = 0 and v, & are the roots of x2 + rx + s = 0, evaluate the value of
(=7 (a—=90) B-7 (B-19) interms of p, g, r, s. Hence deduce the condition that the equation have a
common root.

Solution
Let o, B be the roots of x>+ px +q =0
= oa+B=-p and of=q ()
v, d be the roots of x> + rx+s=0
= Yy+o=—r and Yyé6=s .. (i)

Expanding (=7 (-8 B-v) (B-9)
=[o?—(y+8) o+ 8] [B?—(v+8) P+
............... [using (i) and (ii)]

=(?—ra+s) (B?+rp+s)

Asaisarootof x2+px+q=0

we have o? + pa+q=0

and similarly B2+ pp +gq=0

Substituting the values of o2 and 3%, and we get;
(=7 (=8 B-7)B-9)
=(-pa—q+ro+s)(-pp-q+rp+s)
=[(r-p)oa+s—q][(r-p)p+s—q]
=(r—pPoap+(s—-agy+(s—q)(r-p)(a+f)
=(r-p;lqg+(s—-gf-p(s—a)(r-p)

=(r—p) (rg—pg—ps +pq) + (s — q)?

=(r—p) @ —ps)+(s—0a)

If the equation have a common root then either
oa=yoroo=8 orf=yorB=29

i.e. (-7 (-8 PB-v{PB-08=0

= (s—0a)?+(r—p)(@—-ps)=0

= (s—a)?=(—-p)(ps—ar)

Example : 5
If the ratio of roots of the equation x> + px + q = 0 be equal to the ratio of roots of the equation
X2 + bx + ¢ = 0, then prove that p?c = b?q.

Solution

Let oo and B be the roots of x? + px + q = 0 and v, & be the roots of equation x2 + bx +c =0
o _y o« _B

= B35 = v "8
o _p_otp v a+p VB

- v 8 y+d - y+8 s

= -® —ﬂ = ’c = b?
—b - c pc =Dbq

Another Method :

(@+B)?  (v+9)

oy
B8 (@-B)* ~ (y-98)

(a+B) _ (y+d)? (@+B)”  (y+8)°
(@+B)?—(a-BY?  (r+82-(y-3)° 40 T 4y
p° b2

= 4_q:E = p%c = b%q
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Example : 6
If o is a root of 4x% + 2x — 1 = 0, prove that 402 — 3o is the other root.

Solution
If o is one root, then the sum of root = —-2/4 =—-1/2
= otherroot=p=-1/2 -«
Now we will try to prove that :

—1/2 — o is equal to 40 — 30

We have 402 + 200— 1 = 0, because acis aroot of 4x> +2x—-1=0
Now 40® — 3o = o (40? + 200 — 1) — 20 — 201

=0 (0)-1/2 (402 +20.—1)-1/2 -0
za(0)-1/20)-12-a=-1/2-a

hence 402 — 3a. is the other root.

Example : 7

Find all the roots of the equation : 4x* — 24x® + 57x2 + 18x — 45 = 0 if one root is 3 +i+/6 .
Solution

As the coefficients are real, complex roots will occur in conjugate pairs. Hence another root is 3 — iJE
Let o, B be the remaining roots.

= the four roots are 3 i /6 , o, B
= the factors
=(x=3-iy6) (x=3+i6) (x—0) (x=P)

=[(x=3)* + 6] (x—0) (x—P)
=(x*—6x+15) (x—0o) (x—=B)
Dividing 4x* — 24x3 + 57x? + 18x — 45 by x?2 — 6x + 15 or by inspection we can find the other factor of
quadratic equation is 4x? — 3
= Ax* — 24x3 + 57x2 + 18x — 45 = (x> — 6x + 15) (4x*> — 3)
= o, Ppareroots of 4x2 -3 =0

= o, B==%43/2

Hence roots are 3 +i,/g, = 4/3/2

Example : 8
2
X +34x-71
Show that f(x) can never lie between 5and 9 if x € R, where : f(x) = ————
XS +2x-7
Solution
x? +34x-71
Let ———— =Kk
XS +2X-7

= X(A-k)+(B4-2k)x+7k-71=0
As X € R, discriminant >0

(34 -2k)>-4(1—-k) (Tk-71) >0
(17-k?-(1-k)(7k=71)=0

8k2 — 112k + 360 =0

k?—14k +45>0

(k=5)(k-9=>0

ke (-0, 5] U9, )

Hence k can never lie between 5 and 9

Lt uuu
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Example : 9

. . . 2x% —5x+3
Find the values of m for which the expression : ~a—m can take all real values for x € R.
Solution
2 —
Let 2X° —-5x+3 — K
4x—-m
= 2x2—(4k+5)x+3+mk=0
= as x € R, discriminant >0
= (4k+5)>-8(3+mk) =0

= 16k?+ (40-8m)k+1>0

k can take values which satisfy this inequality. Hence k will take all real values if this inequality is true for
all values of k.

A quadratic in k is positive for all values of k if coefficient of k? is positive and discriminant <0

= (40 -8m)2-4(16) (1) <0
= 5-mP-1<0

= (m-5-1)(m-5+1)<0
= (m-6)(m-4)<0

= m € [4, 6]

So for the given expression to take all real values, m should take values : m € [4, 6]

Example : 10
Solve for x - 8x* +16x - 51 -
olve 10r X : —(2x—3)(x+4)
Solution
8x% +16x —51

2x-3)x+4) >0

8x2 +16x —51—3(2x —3)(x + 4)

= (2x - 3)(x + 4)
2x2 +x-15
= @2x—-3)(x+4) > 0
(2x-5)(x+3)
- (2X=5)(x+3)

(2x—3)(x+4)

Critical points are : x = -4, -3, 3/2, 5/2
The solution from the number line is :

X € (=00, —4) U [_3’ gj U (gwj

Example : 11
x2 +mx +1
Find the values of m so that the inequality: | — 2 _ . | <3 holds forallx e R.
X+ X+1
Solution
We know that |a| <b = -b<a<b
X2 +mx +1
Hence | "2 . . | <3
X“+Xx+1
2
X“+mx+1
= —-3< — < 3
X“+Xx+1
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X% +mx +1

X% +x+1

First consider <3

(x2 +mx +1)—3(x% +x +1) <0
X2 +x+1

—2x2+(M-3)x -2
<0

1\ 3
X+=| +=
2) "4

multiplying both sides by denominator, we get :

= 22X+ (M-3)x-2<0
(because denominator is always positive)
= 2x2-(mM-3)x+2>0

A quadratic expression in x is always positive if :
coefficient of x*>0and D <0
= (m-3)*-4(2) (2) <0

= m2—-6m-7<0

= mM-7)(m+1)<0

= me (1,7 L. (@)
X% +mx +1

Now consider — 3 < >
X“+Xx+1

(x2 +mx +1) +3(x% + x +1)

1\ 3
X+=| +=
2) "4

= A2+ (M+3)x+4>0 1
For this to be true, forallxe R, D <0 x+1
= (m+3)2-4(4) (4)<0
= m2+6m-55<0
= (m-5(mM+11)<0
= me (11,5 L (ii)
We will combine (i) and (ii), because both must be satisfied
= The common solution is m € (-1, 5).
Example : 12
\/ 1 (2x+1) _
Lety =4/ - - ; find all the real values of x for which y takes real values.
XS—=x+1 X+1 x°+1

Solution
For y to take real values

2 (2x+12)
X% —x+1 x3+1

20

2x+ Y- +1-x)-(2x+D) _

x3+1
-x%+x 0
>
= X+ -x+1) ~
X(x-1)
= <0

(X +D(x%2 = x+1)
Asx?—x+1>0forall x e R (because D <0, a>0)
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Multiply both sides by x2 —x + 1

xX(x -1
(x+1) =

Critical pointsare x=0,x=1,x=-1
Expression is negative for

= X € (=0, =1) U [0, 1]

So real values of x for which y is real are
X € (—e0, —1) U0, 1]

=

Example : 13

Find the values of a for which the inequality (x — 3a) (x —a — 3) < 0 is satisfied for all x such that 1 <x < 3.
Solution

x-3a)(x—a—-3)<0

Case—1I:

Let3a<a+3 = a<32 ... (0

Solution set of given inequality is x € (3a, a + 3)

Now for given inequality to be true for all x € [1, 3], set [1, 3] should be the subset of (3a, a + 3)

ie. 1 and 3 lie inside 3a and a + 3 on number line

Sowe cantake,3a<landa+3>3 ... (i)

Combining (i) and (ii), we get :

= ae (0,1/3)

Case— Il :

Let3a>a+3 = a>32 ... (iii)

Solution set of given inequality is x € (a + 3, 3a)

As in case—l, [1, 3] should be the subset of (a + 3, 3a)

i.e. a+3<land3a>3 ... (iv)
Combining (iii) and (iv), we get :
ae{} le. No solution ... (vi)

Combining both cases, we get: a € (0, 1/3)

Alternate Solution :

Letf(x)=(x—3a) (x—a—-3)

for given equality to be true for all values of x € [1, 3], 1 and 3 should lie between the roots of f(x) = 0.
= f(l)<O0andf(3) <0  ......... [using section 4.1(f)]
Consider f(1) <0 :

= 1-3a)(1-a-3)<0

= Ba-1)(@a+2)<0

= ae (-2,1/3) . (i)

Consider f(3) <0 :

= (3-38a)(3-a-3)<0

= (a-1)@-<o0

= ae (0,1) L. (iii)

Combining (ii) and (iii) we get : a € (0, 1/3)

Example : 14
Find all the values of m, for which both the roots of the equation 2x2 + mx + m? — 5 = 0 are less than 1.
Solution
Letf(x) =2x2+ mx + m? -5
As both roots of f(x) = 0 are less than 1, we cantake af (1) >0, -b/2a<land D=0
......... [using section 4.1(b)]
Considera f(1) >0 :

= 22+m+m2-5]>0
= m>+m-3>0
~1-413 ~1+413
= m e - %, 2 | 2 T (|)
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Consider — b/2a<1:
ﬂ < 1
4

= m>-4 (i)
ConsiderD>0:

m2—-8(m?-5)>0

= —7m2+402>0

= 7m?—-40<0

coeEE

Combining (i), (i) and (iii) on the number line, we get :
{ [40 —1—\/13] [Vl3—1 /ﬂ}
me |—,|— ———| U > '\7
7 2

Example : 15
Suppose x, and x, are the roots of the equation x* + 2 (k— 3) x + 9 = 0. Find all values of k such that both
6 and 1 lie between x, and x,.
Solution
Letf(x) =x2+2(k—-3)x+9
As 1 and 6 lie between x, and x, , we have
af(6)<0,andaf(l)<0
................ [using section 4.1 (f)]

af(6)<0

= 36+2(k-3)(®6)+9<0

= 12k+9<0

= k<=-34 L 0)

af(l)<o

= 1+2(k-3)+9<0

= 2k+4<0

= k<-2

Combining (i), (i) and (ii) on the number line, we get : k € (—e, — 2)

Example : 16

If 2, 3 are roots 2x3 + mx? — 13x + n = 0, find m, n and the third root of the equation.
Solution

Let o be the third root of the equation

Using section 4.2 (d) we can make the following equations,

= oa+2+3=-m/2 (sum of roots)
200+ 300 + 2(3) =—13/2 (sum of roots taken two at a time)
23.0=-n/2 (product of roots)
Hence i +5=-m/2 ... 0]
S50 +6=-132 ... (i)
6oo=-n2 L (iii)

Solving (i), (ii), (iii) for o, m and n we get; o. = -5/2, m = -5, n =30
Example : 17

Find all the values of p for which the roots of the equation (p — 3)x*> — 2px + 5p = 0 are real and positive
Solution

Roots are real and positive if :

D > 0, sum of the roots > 0 and product of the roots > 0

D=0
= 4p2-20p (p—-3) =20
= —4p?2+15p =0
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= 4p?—-15p <0
= pe[0,15/4] ... 0]
Sum of the roots > 0

2p p

p-3 >0 = p-3 >0

= p(P-3)>0

= pe (—=,0)U(3,) . (i)
Product of the roots > 0

Sp

p-3 0

= p-3 >0

= p(p-3)>0

= pe (—=,0)U(3,) . (iii)

Combining (i), (i) and (iii) on the number line, we get p € (3, 15/4]

Example : 18

If1,a,a,.... a__, are nth roots of unity, then show that (1 -a,) (1-a) (1 -a,) ....... (l-a_)=n.
Solution

The roots of equation x" = 1 are called as the nth roots of unity

Hence 1,3, a, a,, ......... a, ,aretheroots of x"—1=0

X"—1l=(X-1)(Xx-a)(X—-a,) (X=a,) ........ x-a,_,)

is an identity in x (i.e., true for all values of x)

n

- X == a) (=) (K= ) (x—a_ )
= X+ X2+ +x°=(x-a) (x-a,) (xX—a,) ... (x-a_ )
[using x"—y"= (x —y) (X"t y° + x" 2yl + ... + X0 y1)
substituting x = 1 in the above identity, we get;
n=(1-a)l-a)..... (1-a )+0
= l-a)(l-a).... (1-a,_)=n
Example : 19
Solve for x: X2 +2x -8 +x—-2=0
Solution
[x2+2x—-8|+x-2=0
Case — |
Let(x—2)(x+4)<0
= xe[-4,2) ()
the given equation reducesto: —(x —2) (x +4) +x—-2=0
= X>+x-6=0
= X=-3,2
We accept both the values because they satisfy (i)
Case - Il
Let(x—=2)(x+4)>0
= XE (oo, =4) U (2,00) e (i)

the given equation reducesto: (x—-2)(x+4)+x-2=0

= x-2)(x+5)=0

= x=-5,2

We reject x = 2, because it does not satisfy (ii)

Hence the solutionis x =—-5

Now combining both cases, the values of x satisfying the given equation are x = -5, — 3, 2.
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Example : 20
Solve forx:x?+2a|x—a|-3a?=0ifa<0

Solution
Case — |
Letx>aorxe [a,0)anda<0 ... 0]
= the equationis x* + 2a (x—a) —3a?2=0
= x2+2ax—-5a?=0

= X=_(£+1)a,(@—1)a
We reject (4/6 — 1) a because it does not satisfy (i)

Hence one solution is — (4/g + 1) a.

Case — Il

Letx<aorxe (-w~,a)anda<0 ... (i)
= the equationis x> —2a (x —a)—3a*=0
= x2—2ax—a?=0

= x=(1+42)a (l-,2)a

We reject x = (1 — /2 ) a because it does not satisfy (ii). Hence one solutionis (1 + ,/2) a

Now combining both cases, we have the final solution as x = — (Jg+1) a, (1+ ﬁ) a

Example : 21

Solve the following equation for x : log, ., (6x* + 23x + 21) + log, ,, (4x* + 12x + 9) = 4
Solution

log, ., (6x* + 23x + 21) + log, ., (4x* + 12x + 9) = 4

= log,. ., (2x+3) 3x +7) +log, ., 2x +3)*=4
= l+log,,, (3x+7)+2log, ., (2x+3)=4 ... [using : log(ab) = loga + logb]
= log, ., (3x+7) + W =3 [using log b = log, a]
Letlog, . (x+7)=t ()
2
= t+ - =3
t
= 2-3t+2=0
= t-1)@t-2)=0
= t=1,2
Substituting the values of tin (i), we get :
log, ., (3x+7)=1 and log, ., (3x+7)=2
3X+7=2x+3 and (Bx+7)=(2x + 3)?
= =—4 and 42+ 9x +2=0
= =—4 and x+2)(4x+1)=0
= =—4 and =-2,x==-1/4
As log x is defined for x > 0 and a > 0 (a # 1), the possible values of x should satisfy all of the following
inequalities :
= 2x+3>0 and 3x+7>0

Also, (2x+3)=#1 and Xx+7=1
Outof x=—-4,x=-2and x =—1/4, only x = =1/4, only x = 1/4 satisfies the above inequalities
So only solutionis x =—1/4
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Example : 22

2
Solve the following equality for x : log, . [ X-5 ) <0
(HE] 2x -3

Solution

-5 2
Iog(xgj [hj <0

Iflog,b <0,thenO<b<landa>1 OR b>landO<ax<l1

Case — |
(x+§j x-5 "
Let > >1 and 0< ox_3 <1
5
Consider (XJFE] >1
= x>-3/2 ()
i x5\

Consider ox_3 <1
= (x—5)?< (2x — 3)?
= X2+ 25 -10x < 4x2 + 9 — 12x
= 3x?-2x-16>0
= Bx-8)(x+2)>0
= X€ (-0, =2) U (8/3,) . (ii)
Consider | =2 2 0

onsider o _3 >
= xe R-{3/2,5%y (iii)

Combining (i), (i) and (iii), we get :
X € (8/3, =) — {5}

Case — I

_ x+§ x-5 )
Let: 0< > <1 and ox_3 <1

5
Consider:0<(x+§] <1
5 3 .
- = <— = .

= > <X > (iv)
Consider | =2 2 1
onsider | o> —=| >
= xe (-2,8/3)-{3/2y ... (V)

3
Combine (iv) and (v) to get : x € [— 2, —5]

Now combining both cases we have the final solution as :

(2o (s
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Example : 23
For what values of the parameter a the equation x* + 2ax® + x2 + 2ax + 1 = 0 has at least two distinct
negative roots.

Solution
The given equation is : x* + 2ax® + x>+ 2ax+1=0
Divide by x2 to get : (because, x = 0 does not satisfy the equation)
2a 1
X*+2ax+1+ — +—5 =0
X X

1 1
= x2+x—2+2a X+—]1+1=0

X
x++
Let x =t

= (tt—2)+2at+1=0

= t2+2at—1=0
_ -2a++v4a’+4
= t= =2 Y7 77
2
= t=—az a2+1
So we get,

1
+ — == + 2 1 and i
X+~ a+ a2 41 and 0)

1
x+;=—a— a2+l e (i)

Consider (i)

1
X+ — =—a+ /a2
X a“+1
= X2 + (a—va2+1j X+1=0

Sum of the roots = /32 11 —a

It can be easily observed that for all a € R sum of the roots is positive

Product of the roots =1 >0

Product of roots is also positive for alla e R

= As sum of the roots is positive and product of roots is positive, none of the roots is negative
So for given equation to have atleast 2 roots negative both roots of equation (ii) should be negative
Consider (ii)

x+£— a 2
X a“+1
- x2+(a+«/a2+1)x+1=o

Sum of roots = — (a+\'az +1j <Oforallae R

Product of theroots=1>0forallae R

So for above equation to have both roots negative, D should be positive
e, [using section 4.1 ()]

D>0

2
= (a+«/a2+1j —4>0
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- (a+x/a2+1—2j (a+x/a2+1+2j >0
= (a+x/a2+1—2j >0 (As (a+\’az+1+2j is positive for all a € R)
= Va2+1>2-a e (iii)

considera<2 = a?+1>4+a?-4a

= 4a>3 = a>3/4 .. (iv)
consider a—2

= fora> 2, RHS <0 and LHS >0
= (i) istrue foralla>2 ... (v)

Combining (iv) and (v) we get a > 3/4

Example : 24
Solve forreal X : x(x =1) (x+2)+1=0
Solution
X(x2-1)(x+2)+1=0
= XX=1)(x+1)(x+2)+1=0
= C+x)(x2+x-2)+1=0
Letx2+x=y
= yy—2)+1=0
= y2—2y+1=0
= (y-1)2 =0

= y=1
So X2+x-1=0
= X>+x—-1=0
~1+4/5
= X =
2
Example : 25

If each pair of the three equations x* + p.x + ¢, = 0, x* + p,x + g, = 0 and x* + p,x + g, = 0 have a common
roots, then prove that p.> + p,> + p,> + 4 (9, + 9, + ,) = 2 (p,P, + P,P, + P,P,)-

Solution
Since each pair has a common root, the roots of the three equations can be taken as a, B; B, yand y, o
respectively.
First equationis : x* + p,x +q, =0
= o+B=-p, ... 0)
= of=q, .. (i)
Second equation is : x* + p,x + ¢, =0
= B+y=-p, (iii)
= By=a, (iv)
Third equationis : x* + px+q,=0
= o+y-p, e (V)
= oy=d, e (vi)
On adding (i), (iii) and (v), we get :
20+ B+Y==(P,+p,+P;) e (vii)

To prove that :

P2+ P, + P+ 4P, +p,+py) =2(p,P, *+ PP, + P,P,)

To prove that :

p12 + p22 + p32 =2 (p1p2 + p2p3 + pgpl) -4 (p1 + p2 + p3)

Add 2 (p,p, + p,p, + P,p,) to both sides, we get :

(pl + p2 + p3)2 =4 (p1p2 + p2p3 + p3p1 - ql - q2 - q3)

Consider RHS

RHS =4 (p,p, + p,p, + PP, —d, —d, — d,)

Using (i), (iv) and (vi), we get :

=4[a+B) P+ + B+ (@+y+(a+7) (+P)—af —By—yo)]
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=402 + B2+ 7 + 20 + 200y + 2B)

=4(a+P+y2 [using (7)]
=(p, +p,+py)*=LHS
Example : 26
2
. w2 -
Solve for real x : x2 + x+1) 3
Solution
Use : a? + b? = (a— b)? + 2ab to get
[x X jz 2x? 320
SN 2=
x+1 (x+1) '
2
X2 + X —X 2x? _
= x+1 T x4 —3=0
2
x2 2x° ~
= X+1 +(x+1)_3_0
L x* =
et xep Y
= y?+2y-3=0
= y=1,-3
X2 _, g X2 ~
= (x+1) an x+1)
= xX*+x—-1=0 and xX>+3x+3=0
+
= X = 1_£ and No real roots (D < 0)

2

So possible values of x are

Example : 27

1++/5
2

Solve for x : 2k —2x = |2 - 1| + 1

Solution
Find critical points
Xx+land2x-1=0

= =—Jlandx=0
so critical pointsarex=0andx=-1
Consider following cases :

x<-1

2 _x= (2= 1) + 1

2xL X=X+ 2

As x = — 2 satisfies (i), one solution is x = -2

= 2>1=2

= -x-1=1

= XxX=-2
-1<x<0

23l _xX=—(2x-1)+1
= 2x+1:2

= x+1=1

= x=0
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As x = 0 satisfies (ii), second solution is x =0

x>0 (iii)

24l _2x=(2x=1)+1

= 2%l = Px+l

= identity in X, i.e. true for all x e R

On combining x € R with (iii), we get :
x>0

Now combining all cases, we have the final solution as :
x=20 and x=-2
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Example: 1
A straight line drawn through point A (2, 1) making an angle n/4 with the +X-axis intersects another line
X + 2y +1 =0 in point B. Find the length AB.
Solution
LetAB =r
from parametric form, the point B can be taken as :
B=(x,+rcos 6,y,+rsin0)
B=(2+rcosmn/4,1+rsinm/4)

B=(2+1/V2,1+1/2)

r r
As B lieson x + 2y + 1 = 0, we have 2+—J+2[1+—J=—1
y ( V2 V2

2
r 512
= == —
3
r is negative because the point B lies below the point A.
542
= AB = Tf

Alternative Method :
Find the equation of AB from point-slope form and then solve with x + 2y + 1 = 0 simultaneously to get
coordinates of AB. Then use distance formula to find AB.

Example : 2

If two opposite vertices of a square are (1, 2) and (5, 8), find the coordinates of its other vertices.
Solution

Let ABCD be the square and A= (1, 2) and C=(5,78)

Let P be the intersection of diagonals

= P=[(1+5)/2, (2 +8)/2]

= P=(3,5)

To find B and D, we will apply parametric form for the line BD with P as the given point

PB=PD= = AC= = J(8-2)2 +(5-1)?
2 2

= PB=PD=,13

8-2 3
Slope (AC) = 5.1 - >

= slope (BD)=—- 5 =tan 6 = tan 0 is obtuse

[SSERN)

Where 6 is the angle between BD and +ve X-axis

3 2
= cosf=— — andsin®=—7—
V13 V13

using parametric form on BD with P = (x, y,) = (3, 5)
Coordinates of D :

r=+ 413 because D is above P.
= D=(x,+rcos6,y, +rsin0)
3 2
= D=|3+v13|-— | 5+V13—
V13 V13

= D=(0,7)
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Coordinates of B :

=- 13 because B is below P.

= B=(x,+rcos®,y, +rsin6)

~  B=|3-413|-—|5-y13-2
V13 NE)

= B=(6,3)

Example : 3

Two opposite vertices of a square are (1, 2) and (5, 8). Find the equations of its side.
Solution

Let ABCD be the square

m = slope of AC=(8-2)/(5-1)=3/2

lines AB and AD make an angle o = 45° with AC

m+tana 3/2 +tan45°
1-m.tano ~ 1-3/2.tan45°

m, = slope (AD) = =-5

m-tana 3/2-tan45° 1
m, =slope (AB) = 1 'm tana = 143/2tan45° ~ 5
We also have AB || DC and AB || DC.
= slope (DC) = 1/5 and slope (BC) =—-5
Now use y —y, = slope (x — x,) on each side
Equation of AB :

y—-2=1/5(x-1) = X-5y+9=0
Equation of AD :

y-2=-5(x-1) = 5x+y—-7=0
Equation of BC :

y-8=-5(x-5) = 5x+y—-33=0
Equation of CD :

y—-8=1/5(x-5) = X—-5y+35=0

Alternative Method :
Find the coordinates of B and D on the pattern of illustration and then use two-point form of equation of
line for each side.

Example : 4
The equation of the base of an equilateral triangle is X + y = 2 and its vertex is (2, — 1). Find the length and
equations of its sides.

Solution
LetA= (2, -1) and B, C be the other vertices of the equilateral triangle. Length of the perpendicular from
AtoBC (x+y—-2=0)

12+(-D-2| 1
p = 5 =

- V12 +12 V2

_ p 1 2 \F
Side = Sneoe ~ V2 Y3 V3
Now AB and AC make equal angles o. = 60° with line BC whose slopeism=-1

m + tan o (-1 + tan60°
m, = slope (AC) = 1-m,tano =~ 1-(-1).tan60° ~ 2-43

m-—tana -1-tan60°
m, = slope of (AB) = l1-m.tana ~ 1+(-1).tan60° ~ 2+ 43

Equation of AC :
y=(-1)=(2-+3)(x-2)
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= 2-3)x-y-5+2,3 =0
Equation of AB :

y-(D)=@2+{3)(x-2)
= 2+ \3)x-y-5-2,3 =0
Example : 5

Find the equations of straight lines passing through (-2, —7) and having an intercept of length 3 between
the straight lines : 4x + 3y = 12, 4x + 3y = 3.

Solution
Let the required line cut the given parallel lines in points A and B.
= AB=3
Let AC be the perpendicular distance between the given lines
|12-3] g
AC="T, 5, =<
- V42432 75

. AC 9/5
= sin 6 = B . 3
hence the required line(s) cut the given parallel lines at an angle 6 where :
sin 6 = 3/5 = tan 6 = 3/4
Let m, and m, be the slopes of required lines.
Slopes of the given parallel lines = m = —-4/3

3
5

m+tan6 -4/3-3/4 7

M = mtano ~ 1+4/3.3/4 = 24

m—tan® -4/3-3/4 _
2= 1+m . tan® - 1-4/3.3/4 - undefined.

m

Hence one line is parallel to Y-axis and passes through (-2, —7)
= its equationis:y + 7 = —7/24 (x + 2)
= 7X+24y +182=0

Example : 6

Two straight lines 3x + 4y =5 and 4x — 3y = 15 intersect at point A. Points B and C are chosen on these two

lines, such that AB = AC. Determine the possible equations of the line BC passing through the point (1, 2).
Solution

Through the point (1, 2) two lines L, and L, can be drawn and

hence two equations are possible for line BC.

Let m be the slope of BC

AB =BC = AABC is isosceles and hence acute angle between BC

and AB is equal to the acute angle between BC and AC.

Acute angle between AB(3x 4y =5)and BCis o.:

m-(-3/4)
@ o= | 1 m(-3/4)

Acute angle between AC (4x —3y = 15)and BCis o :

m-—(4/3)
@an o= m—3/4)
m-—(-3/4) m-(4/3)
= 1+m(=3/4) | ~ | 1+ m(4/3)
4m+3 3m-4 m—(4/3)
= =t =+

4-3m 3+4m 1+m(4/3)
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Taking + sign

(4m+3) (3+4m)=(3Bm—-4) (4-3m)
16m? + 24m + 9 = -9m? + 24m — 16
25m? = — 25 which is impossible
Taking + sign

(4m +3) (3+4m) =—3Bm —4) (4 —3m)
16m? + 24m + 9 = 9m? — 24m + 16

= m?2+48m-7=0

= mM+7)(Tm+1)=0

= m=-7 or m=1/7
Equation of BC are :

y—2=-7(x-1) and y—-2=1/7(x-1)
= xX+y—-9=0 and X—7y+13=0
Method 2 ;

As line BC makes equal angles with AB and AC, it must be parallel to one of the angle bisectors of AB and
AC. By finding the equations of bisectors, we get the slope of BC.
Angle bisectors of AB and AC are :

3x-4y-5 4x -3y -15

Jor16 T T \16+9

= X—-7y—-10=0 and 7x+y—-20=0
= slopes are 1/7 and — 7

= slopes of BC are m = 1/7 and m = —7

= Equations are BC are

y—2=1/7(x-1) and y—2=-7(x-1)
= xX+y—-9=0 and X—7y+13=0
Example : 7

LinesL, =ax+by+c=0andL,=/x+my+n=0intersect at point P and make an angle 6 with each other.

Find the equation of the line L different from L, which passes through P makes the same angle with L, .
Solution

As L passes through the intersection of L, and L, , let its equation be :

(ax+by+c)+k(/x+my+n)=0 ... 0]

where Kk is a parameter

As L, is the angle bisector of L and L, , any arbitrary point A(x,, y,) on L, is equidistant from L and L, .

/X, +my;+n|  |axy+by; +c+k({x, +my, +n)
= = 2 2
V2 +m? J@+k0)? + (b +km)
ButAlies on L, . hence it must satisfy the equation of L,
= ax, +by, +¢c=0
| £, +my, +n]| |0+ (¢xy +my; +n)
= Jizom? T Ja+ke)? +(b+km)?
= k? (42 + m?) = (a + k()2 + (b + km)?
_a’+b?
= ~ 2al+2bm

a® +b?
= (ax+ by +c) - 2al + 2bm (¢x + my + n) = 0 is the equation of L.

= (2a¢ + 2bm) (ax + by + ¢) — (&% + b?) (/x+ my + n) =0

Alternative Method :
Let S be the slope of line L.
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S—(-a/b) (~¢/m)—(-a/b)
1+S(-a/b) | = 1. A
mb

= tan 6 =

(* by taking +ve sign, we will get S = —¢/m which is not the slope of L)

a+ke o
We also have S = — b+ km [equation (i)]

Substituting for S, we can value of k.

Example : 8

Find all points on x + y = 4 that lie at a unit distance from the line 4x + 3y —10=0
Solution

Let P (t, 4 —t) be an arbitrary point on the line x +y =4

distance of P from 4x + 3y — 10 = 0 is unity

|4t+3(4-t)-10|
V16+9
= t+2]=5
= t=—-2+£5=-7,3
= points are (-7, 11) and (3, 1)
Draw the diagram yourself

=

Example : 9
One side of a rectangle lies on the line 4x + 7y + 5 = 0. Two of its vertices are (-3, 1) and (1, 1). Find the
equations of other three sides.

Solution
Onesideis4x+7y+5=0

) 4 7 47
= slope of the four sides of rectangle are : — 7 4T 72

1-1
Slope of Line joining (-3, 1) and (1, 1) = 7——= =0

Hence A(-3, 1) and C(1, 1) are opposite vertices. Let ABCD be the rectangle with AB lying along
4x + 7y + 5 = 0 (check that A lies on this line)
Equation of AD :
y—1=7/4(x+3)
= 7x—4y +25=0
Equation of CB :
y—-1=7/4(x-1)
= 7x—4y-3=0
Equation of CD :
y—1=-4/7(x-1)
= Ax+7y—-11=0

Example : 10

Find the coordinates of incentre of the triangle formed by 3x —4y =17;y =4 and 12x + 5y = 12.
Solution

Let A, B and C be the vertices of the triangle Let us first find the equation of interior angle bisectors of the

triangle ABC. The coordinates of vertices can be calculate as :

A= (19/9, -8/3), B=(11, 4) and C = (-2/3, 4)

Interior Bisector of angle A :

bisectors of AB and AC are :

3x—4y-17 12x + 5y -12

=+

5 13
21x+ 77y +161=0 and 99x — 27y - 281 =0
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= 3x+1ly+23=0 and 99x — 27y —-281=0
B and C must lie on opposite sides of the interior bisector
Consider 3x + 11y + 23 =0

forB=(11, 4) : LHS = 3(11) + 11(4) + 23 = 100
for C=(-2/3, 4) : LHS=-2+44+23=65
Both have same sign and hence B, C are one same side.
= this is exterior bisector.
Hence the interior bisector of angle A'is :

99x —27y—-281=0 ... ()

Interior bisector of angle B :

following the same procedure, we get the equation of interior bisector of B as :
3x+9y+3=0 . (i)

Solving (i) and (i) simultaneously, we get the coordinates of incentre :

29 38
I=1%9"27

Example : 11
The ends AB of a straight line segment of constant length C slide upon the fixed rectangular axes OX and
QY respectively. If The rectangle OAPB be completed, then show that the locus of the foot of perpendicu-
lar drawn from P to AB is x?° + y2# = C?% |
Solution
LetA=(a, 0) and B = (0, b)
= P=(a, b)
PQ LAB
We have to find the locus of the point Q.
LetQ=(x,V,)

AB=C = az+b?=c2 . ()

PQ LAB = slope (PQ) x slope (AB) =-1
b-y, 0-b

= a-x,) “la-0 =-1

= ax, —by =a*-b*> . (i)

X
Q lies on AB whose equation is a + % =1

XY _
= a + b =1
= bx, +ay,=ab ... (iii)

In the problem, C is a fixed quantity while a, b are changing, we will eliminate a, b from (i), (ii) and (iii) to get
the locus. By solving (ii) and (iii), we get :

al g b3
1 a?+b? ViT @2 p?
d 2/3 2/3 —bz + a2 2 b2 1/3 C 2/3
consider X, 2% + = =(a?+ =
1 yl (a2 +b2)2/3 ( ) ( )
2/3 213 = 2/3
= X +y=C _ _ _
= x28 + y28 = C28 s the equation of required locus.

Alternative method :
Let angle OAB =6
= OA=Ccos6 and OB =Csino=AP
From AAPQ :
AQ = (C sin 0) sin 6 = Csin?0
Draw QM 1L OA
From AAQM
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AM = AQ cos 6 = C sin?0 cos 0
QM = AQ sin 6 = C sin®0
QM =y, = Csin®
and OM =x, = OA—-AM = C cos 6 — C sin®6 cos 6
= x, = C cos 6 (1 - sin®0) = C cos®0
= x,=Ccos*® and y, = C sin®6. We will eliminate 6
Substituting for cos 6 , sin 6 in sin0 + cos?0 = 1, we get :

X 2/3 2/3
LR R AN
C C

2/3 213 = 2/3
= X +y#=C .
= X2 + y2B% = C2?R is the locus of Q.
Example : 12

Avariable line is draw through O to cut two fixed straight lines L, and L, in R and S. A point P is chosen on

the variable I hthat: oM, N
e variapie line suc at . oP = OR oS

. Show that the locus of P is a straight line passing through
intersection of L, and L,
Solution
Let the fixed point O be at origin.
Let L,=ax+by+c=0, L,=Lx+My+N=0 and P=(x,Y,)
As lines L, and L, are fixed, (a, b, c, L, M, N) are fixed quantities.
Parametric form is likely to be used because distance of P, R and S from a fixed point are involved.
Let 6 be the angle made by the variable line ORS with + ve X-axis. Note that 0 is a changing quantity and
we will have to eliminate it later
LetOR =, ; OS=r,and OP =
Note that r , r, r are also changing quantities.
Using parametric form, we have :
R =(r,cos 6,1 sinB), S=(r,cos6,r,sino)
P=(rcos6,rsin0)=(x,Y,)
AsRliesonlL, , ar, cos0+br sin6+c=0

—C
= S P ——
1 acos0+bsind

AsSliesonlL,,Lr,cos 6+ Mr,sin®+N=0

-N
= "> Lcos0+Msino

m+n m n

Substituting in op “or *os

(m+n)  m(acosO+bsin®)  n(Lcos6+Msinb)
ro c B N

_ X . Y1 L
Put cos 6 = T and sin @ = T to eliminate 6

m+n m{axuﬁ} n {ﬂ+MY1}

r clLr r N | T r
m n
= (m+n)=- o (ax, + by,) - N (Lx, + My))
nc
= (ax1+by1+c)+m(Lx1+Myl+N)=0
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The above equation is the locus of P which represents a straight line passing through the intersection of
L,and L,

Example : 13
Let (h, k) be a fixed point, where h > 0, k > 0. A straight line passing through this point cuts the positive
direction of the coordinates axes at the points P and Q. Find the minimum area of the triangle OPQ, O
being the origin.

Solution
Equation of any line passing through the fixed point (h, k) and having slope m can be taken as :
y—-k=mx-h)y 0]
k
Puty =0n (i) to get OP ie. Xiiercept = OP=h- e
Putx =0in (i) to get OQ i.e. Y nercept = OQ = k —mh
1 k 1 , K?
. _ L lh _ - = | 2hk—-mh* ——
Area of triangle OPQ = A(m) > [ m] (k —mh) = > ( m]
2
1 2 Kk
- = | 2hk—-mh*® —— i
= A(m) = > [ mj ............ (ii)

To minimise A(m), PutA” (m) =0

2
1 k
= A'(m)=5(_h2+_zj=0 = mZiF

m
144 k2 144 _k h3
A (m) = - F = A h = ? >0
= for m = —k/h, A(m) is minimum.

Put m = —k/h is (ii) to get minimum area.
1
= Minimum Area of AOPQ = 5 [2hk + kh + hK[ = 2hk]
Example : 14

Arectangle PQRS has its side PQ parallel to the line y = mx and vertices P, Q and S lie on the lines y = a,
X = b and x = — b, respectively. Find the locus of the vertex R.

Solution
Let coordinates of P be (t, a) and R be (x,, y,)
Slope of PQ=m (given)
Slope of PS = - 1/(slope of PQ) = —-1/m
Equationof PO=y—-a=m(x-t) ... @

As Q lieson x = b line, put x = b in (i) to get Q.

= Q=[b,a+m(b-1t)]

Equationof PS=y—-a=-1/m(x—-t) ......... (ii)
As S lies on x = —b line, put x =—b in (ii) to get S.
= S=[-b,a+1/m (b +1)]

-1
yl—aE(bH) B

Slope of RS = =m ... (iii)
X, +b

= b+t=m(y,—a)—-m?(x+b)
| (RO = yi—a-mb-t) 1
Slope o RQ'—xl—b =

m(y, —a)+(x;-b

(Y1 )2( 1-b) —b_t

m

Add (iii) and (iv) to eliminate t Page # 8.



m(y; —a)+(x, —b)

= 2b=m(y,—a)—-m?(x +b) + 2
= Locusis:my+(l-m?)x—am—-b(1+m?)=0
Example : 15

Let ABC be a triangle with AB = AC. If D is the midpoint of BC, E the foot of the perpendicular drawn from
D to AC and F the midpoint of DE, prove the AF is perpendicular to BE.

Solution
Let vertex A of the triangle be at origin and AC as x-axis. Let the coordinates of C and B be (4a, 0) and
(4b, 4c) respectively.
Then the coordinates of points D, E and F will be (2a + 2b, 2c), (2a + 2b, 0) and (2a + 2b, c) respectively.
Since AB = AC, we will have (4c)? + (4b)? = (4a?)
= b2+c2=az2 ... @)

0-4c _ 2
(2a+2b)-4b ~ b-a

Now, Slope of BE =

c-0 C
Slope of AF = (52 20)—0 =~ 2(b+a)
02
Slope of BE x AF = b2 a2 =-1 [using ()]

Hence AF 1L BE

Example : 16
Aline through A (-5, —4) meets the linesx + 3y +2=0,2x+y+4 =0and x—y —5 = 0 at the points B, C
and D respectively. If (15/AB)? + (10/AC)? = (6/AD)? , find the equation of the line.
Solution
The parametric form of the line passing through A(-5, —4) is
X=—5+rcos6
y=-4+rsine ... 0]
where r is the distance of any other point P(X, y) on this line from A.
Equation (i) meets the line x + 3y + 2 =0 at B.
LetAB=r,
= The coordinates of B are (-5 +r, cos 6, —4 +r, sin 6)
Since B lieson x + 3y + 2 = 0, we get
(-5+rcos6)+3(-4+rsin6)+2=0

15

= r= c0s0+3sing e (i)

Equation (i) meets the line 2x +y + 4 = 0 at C.
LetAc =,
= The coordinates of C are (-5 +r, cos 6, —4 + 1, sin 0)
Since Clieson 2x +y + 4 =0, we get
2(-5+r,c080)+ (-4 +r,sin6) +4=0

B 10
27 2cos6+sin6

6

Similarly, = cos0_sind wherer,=AD ... (iv)

o (A5) (20 (6
Itis given that : AB + ~c) =\ aD

- (66
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Substituting r,, r, and r, from equation (ii), (i) and (iv), we get
(cos 6 + 3 sin )2 + (2 cos 6 + sin 0)2 = (cos 6 — sin 0)?

= (cos? 6 + 9 sin? 6 + 6 cos 6 sin B) + (4 cos?0 + sin?0 + 4 cos 0 sin 0)
=c0s?0 +sin?0—2 cos Bsin O

= 4 cos?9 +9sin?0+12cos0sin6=0

= (2cos6+3sinB)2=0

= 2cosO+3sin6=0 = tan 6 = -2/3

= slope of the line = -2/3

Hence equation of required lineis:y + 5=-2/3 (x + 4)
= 3y+2x+23=0

Example : 17

. . CQ AR _ .
Using the methods of co-ordinates geometry, show tha PC OA RB 1, where P, Q, R the points of
intersection of a line L with the sides BC, CA, AB of a triangle ABC respectively.
Solution
LetA(x,,y,), B (x,,Yy,) and C(x,, y,) be the vertices of the AABC.

Let the equation of the line Lbe ax + by + c=0

Let L divide BC at Pintheratiom: 1 i.e. — =

X, +MXg Y, +my3]

Using section formula, the coordinates of P are ( 1=m | 1+m

As P lies on the line L

Xy +MXg Y, +my,
a 1+m +b 1+m +c=0

= m (ax, + by, +c) + (ax, + by, +¢c) =0

1 ~ " laxg+byz+c

BP ax, +by, +¢
= PC ~ laxg+bys+c

CQ axs +by; +cC

Similarly QA ~ axj+by,+c (ii)

AR ax; +by, +¢

and RB =— ax, by, ¢ (iii)
. N BP CQ AR _

Multiple (i), (ii) and (iii) to get : PC' QA RB

Example : 18
The vertices of a triangle are A(x,, X, tan 8,), B(x,, x, tan 0,), and C(x,, x, tan 6,). If the circumcentre of

AABC coincides with the origin and H(x’, y’) is the orthocentre, show that : g = c0s0, +c0S0, + cOS0,

Solution
Let circumcentre of the triangle ABC =r
Since origin is the circumcentre of AABC, OA=0B=0C=r
Using Distance Formula,
X2+ x2tan’0, = x.? + x 2 tan’0, =x2?+ x,” tan’o,
= X, sech, = x, cos 0, =x,=secOd, =r
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= X, =rcos6, ,Xx,=seco,,x,=rcoso,
Therefore, the coordinates of the vertices of the triangle are :
A=(rcos9,rsino,)
B=(rcos6,rsing,)
C=(rcos 6, rsin0,)
In triangle, we know that the circumcentre (O), centroid (G) and orthocentre (H) are collinear.
Using this result,

Slope of OH = Slope of GO

and

y'—=0 (y cordinate of G) -0

= x'—0 ~ (x cordinate of G)-0
= %~ cose, +cosb, +cosh, Hence proved
Example : 19

Find the coordinates of the points at unit distance from the lines : 3x -4y +1=0,8x+6y +1=0
Solution

LetL, =3x-4y+1=0 and L,=8x+6y+1=0

In diagram, A, B, C and D are four points which lie at a unit distance from the two lines. You can also

observe that A, B, C and D lie on angle bisectors of L, and L, .

Let (h, k) be the coordinates of a point of unit distance from each of the given lines.

|3h—4k +1| | 8h+ 6k +1|
- V32 4 42 and  Jg7 g2
= 3h—-4k+1=%5 and 8h+6k+1=+10
= 3h—-4k-4=0 ... @
3h—4k+6=0 ... (i)
8h+6k-9=0 ... (iii)
and 8h+6k+11=0 ... (iv)
. 6 -1
Solve (i) and (iii) to get : (h, k) = 5'10
-2 -13
Solve (i) and (iv) to get : (h, k) = (? 1—]
3
Solve (ii) and (iii) to get : (h, k) = (0 , Ej
-8 3
Solve (ii) and (iv) to get : (h, k) = [? , E)
) ) 6 -1 -2 -13 0 3 -8 3
Hence the required four points are 5105 10 )| 2 and 510

Example : 20
Show that the area of the parallelogram formed by the line 3y —2x=a; 2y - 3x+a=0;2x -3y +3a=0

2a2
and 3x — 2y = 2a is 5

Solution
The equations of four sides of the line are :
2x—-3y+a=0
-3x+2y+a=0
2x—-3y+3a=0
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-3x+2y+2a=0 ... (iv)

Area of the parallelogram formed by above sides = % ............. (v)
where p, = perpendicular distance between parallel sides (i) and (iii),
p, = perpendicular distance between parallel sides (i) and (iv),
6 = angle between adjacent sides (i) and (ii)
Find p,
p, = perpendicular distance between (i) and (iii) = _lazsal [2a]
' 2 (3 V13
Find p,
p, = perpendicular distance between (ii) and (iv) = _lazZal | 12l
? V22 +(-3)? V13
Find sin 6
If 0 is the angle between (i) and (ii), then
m-m, | 2/3-3/2 |
tan 6 = 1 =
+mm, ~ |1+(2/3).(3/2)|
= tan 6 = 5/12
= sin 6 = 5/13
On substituting the values of p,, p, and sin 6 in (v), we get
|2a| _|a|
Area of the parallelogram formed by above sides = %
= Area of parallelogram = 2a? /5q. units
Example : 21

The line joining the points A(2, 0); B(3, 1) is rotated about A in the anticlockwise direction through an angle
of 15°. Find the equation of the line in the new position. If B goes to C in the new position, what will be the
co-ordinate of C?

Solution

1-0
= — =1= 0

Slope of AB 3.2 1=tan 45
= ZBAX = 45°
Now line AB is rotated through an angle of 15°
= ZCAX=60° and
AC =AB = AC =42
Equation of line AC in parametric form is :

X =2 +rcos 60°

y=0+rsin60° ... ()

Since AC = 42, purr= V2 in (i) to get the coordinates of point C, i.e.

4+\/§ ﬁj

coordinates of C are [ 2 2
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Example : 22
Prove that two of the straight lines represented by the equation ax® + bx?y + cxy? + dy® = 0 will be at right
angles, ifa?+ac + bd + d> = 0.

Solution
ax®+bx?y +cxy?+dy3=0 .. ()
Equation (i) is a homogeneous equation of third degree in x and y
= It represents combined equations of three straight lines passing through origin

Divide (i) by X = a+b(y/x)+c(yx)?>+d(y/x)*=0

Put (y/x) =m

= a+bm+cm?+dm®=0

= dm®*+cm?+bm+a=0

This is a cubic equation in ‘m’ with three roots m,, m,, m, [i.e. slopes of the three lines]
productof roots=m m,m,=—a/d ... (ii)
product of roots taken two at atime =m, m,+m, m_+m m,=b/d ... (iii)
sumofroots=m, +m,+m,=-c/d ... (iv)

If any two lines are perpendicular to each other, then :
mm,=-1 ... (v)

Solving (ii) and (v), we get
m, = a/d

On substituting the value of m_ in (iv), we get

m +m,=—(@+c)d ... (vi)

Solve (v) and (iii) and substitute the value of m, to get :

m, (m, +m,) = (b +d)/d

On substituting the value of m, + m, from (vi) in above equation, we get
(a/d) [-(a+ c)/d] = (b + d)/d

= —a?—ac=hd + d?

= a?+ac+hd+d>=0

Hence proved

Example : 23
The sides of a triangle are, L, =xcos 6 +ysin0® —a =0,r=1, 2, 3. Show that the orthocentre of the
triangle is given by : L1 cos (6, -6,) =L, cos (6,—6,) = L, cos (6, — 6,).

Solution
Equation of any line through the point of intersectionof L, =0 and L, =0'is
L, +kL,=0, where Kk is a parameter.
= (cos 6, +kcos0,)x+(sind +ksinb)y—-(a, +ka)=0 ... 0]
Line (i) will be perpendicularto L,=x cos g, +ysin6,—a, =0 if
[slope of (i)] x [slope of L,] =—1
—[(cos 6, + k cosB,) / (sin 8, + ksin0,)].[-(cos0,)/(sin6)]=-1
= k =—[cos (6,—6,)] / [cos (6, - 6,)]
On substituting the value of k in (i), we get the equation of one altitude as :

L,cos(®,-6,)=L,cos(0,-6) ... (i)
Similarly, we can obtain the equations of second altitudes as :
L,cos(0,-6)=L,cos(0,-6,) ... (iii)

Solving the equations of altitudes (ii) and (iii), the orthocentre of the triangle is given by,
L, cos (6,-6,)=L,cos(6,-6,)=L,cos(0,-0,).
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Example : 1
Find the maximum and minimum value of :
® sin©® + cos 6
(ii) \3'sin  — cos 6
(iii) 5sin®6+12cos6+7
Solution
Given expressions are in the form of a sin © + b cos 6
Express this in terms of one t-ratio by dividing and multiplying by /a2 4 p2

() sinfcos®=1.sinB+1.cos0
(isin(ﬂicosej
=2 (2R

. T . T
- sin6cos—+ cosOsin—
V2 [ 2 4j

T
— H 0+ —
= 4J2 Sin [ 4]

Now sine of angle must be between — 1 and 1

T
= —1<sin [GJFZ)Sl

= -2 <2 sin (9+%j <2

So maximum value of sin 8 + cos 6 is V2 and minimum value of sin 6 + cos 8 is — V2
T ; ﬁsine—icose
(ii) J3 sin6-cos6=2 |, 5

=2 sin@cos = — cos Osin—
6 6

T
= —ZSZSin[e—g]sz

S0 maximum value is 2 and minimum value is — 2

(iii) Consider 5sin 6 + 12 cos 6 = 13 [5/13 sin 6 + 12/13 cos 0]
construct a triangle with sides, 5, 12, 13. If o is an angle of triangle,
then cos o = 5/13, sin o 12/13,

= 5sin0+ 12 cos 6 =13 sin 6 cos o + cos 6 — sin o]
5sin0+12cos0+7=13[sin (0 +a)] +7
as—-1<sin(06+ao)<1

= —-13<13sin(6+a) <13
—-13+7<13sin(0+o) +7<13+7

So maximum value s 20 and minimum value is — 6.
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Example : 2
Show that sin /13 is a root of 8x3 —4x2+ —-4x+1=0

Solution

Let6 =n/14

= 46 = /2 — 36

= sin 46 = sin /2 — 26] = cos 36

= 2[2 sin 6 cos 0] cos 26 = cos 6 [4 cos?0 — 3]

= 4sin®[1-2sin?0] =4 —4sin%0 — 3

= 8sin*0-4sin’0—4sing+1=0

= sinfisrootof 8x* —4x2—4x+1=0
Example : 3

If oo and B are roots of atan 6 + b sec 6 = ¢, find the value of :
0] tan [o + B] (i) cos [o + f3]
Solution
® To find tan (o + B), we need tan o + tan  and tan o tan 3, so express the given equation in terms
of a quadratic in tan 6 where sum of roots is tan o + tan § and product of roots in tan o tan 3
Consideratan® +bsec6=c

= (c —atan 6)? = b2 sec?0
= c? + a? tan®0 — 2ac tan 6 = b? + b? tan?6
= (@2-b? tan0—2actan 0 +c>—b?=0
2ac
tan o + tan = sum of roots = m
c? -b?
tan o tan B = product of roots = 22 _p?
2ac
tana + tanf a2 —p2 2ac
= tan (o + ) = l-tanatanp =~ . ¢?-p? ~ a’-c¢?
a%-b?
(ii) To find cos (o + B), express given equation as :
1. quadratic in cos 6 to find cos o cos
2. guadratic in sin 6 to find sin o sin B

Given equation can be written as :
asind+b=ccos6

= a? sin%0 + b? + 2ab sin 6 = ¢? cos?0 = ¢? (1 — sin®0)
= (@ +c?sin0+2absin®sin®+b2-c2=0
b% —c?
Hence product of roots of sin o sin B =
p p a2 4 c2
Given equation can be written as
asin®+b=cos6
= a? sin%0 + b? + 2ab sin 6 = ¢? cos?0 = ¢? (1 — sin®0)
= (@+c?)sin*0+2absin®+b*>*-c>=0
b? —c?
Hence product of roots of sinasin B= —5——
a‘+c
Given equation can be written as
asind+b=ccos6
= a? sin%0 = (c cos 6 — b)?
= a? (1 — cos?0) = ¢ cos?0 + b? — 2bc cos 0
= (@+c*cos?0—2bccosO+b*—a2=0
b? —a?
so product of roots = cos o cos B =
p p a2 +c2
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Now cos (o + B) = cos a cos B —sin o sin

b?-a? b?-c? c?-a’

a?+c?  a%+c?

a®+c?

Example : 4

m+n

If m tan (6 — 30°) = n tan (6 + 120°), then show that : cos 26 = —2(m “n)

Solution

tan(6+120°) m
tan(6—-30°) ~ n

sin(0+120°)cos(6-30°) m

= cos(0+120°)sin(0—30°) ~ n
sin(6+120°)cos(6 —30°) —cos(6 +120°)sin(6 — 30°) _m-n
= sin(0+120°)cos(0 —30°) +cos(0+120°)sin(0-30°) ~ m+n
sin150° _m-n
= sin(20+90°) ~ m+n
sin[(6+120°)-(6-30°)] m-—n
= Sin[(0+120°)+(0-30°)] ~ m+n
1
= E(m+n)=(m—n)cosze
m-+n
= cos 20 = —Z(m—n)
Example : 5
Show that : sin?B = sin?A + sin? (A— B) — 2 sin A cos B sin (A— B)
Solution

Starting from RHS :

RHS =sin?A + sin?(A—B) — 2 sin Acos B sin (A—B)
= sin?A + sin?(A — B) — [sin (A + B) + sin (A — B)] sin (A —B)
= sin?A + sin?(A — B)—sin (A + B) sin (A — B) —sin? (A — B)
= sin?A — [sin?A — sin?B]

=sin’B = LHS
Example : 6
ifan 2 = =% tan 2. show that : o Losbee
an > " \1re an 2,s ow that : cos ¢ = 1—ecoso
Solution

We have to find cos ¢ in terms of e and cos 6, so try to convert tan 6/2 to cos ¢

6 1l-e )
2 — —_— 2
tan 2 " 1ve V5

¢ 1l+e 0 1+e (1-cos0O
= tan’ . =——tan’ - = |7 n
2 1-e

I

—

o
I

2 1-e 1+ cos0
tanZg 1+e—-cosO—-ecosH
= 2 =
1 l1-e+cosb-ecosd
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1—tan2¢/2 (1+e+cos6—ecosO)—(1+ecosb—ecoso)

= 1+tan2¢/2 - (1-e+cosb—-ecos0)+(1+e—-cosO—ecoso)
_ —2e+2cosb  cosb-e
= C0S 0= 5 ecos0 ~ 1-ecoso
Example : 7
tana +tany ] sin2o +SiN2y
Iftan g = l+tanatany’ prove that : sin 2f3 = 1+sin2asin2y
Solution

We are given tan B in terms of o and y, so we have to express sin 2 in terms of o, y. Hence we will start
with sin 23 = (2 tan B) / (1 + tan?B) and substitute for tan B in RHS. Also, as the final expression does not
contain tan o and tan y, so express tan 3 in terms of sine and consine.

sinacosy+cosysina  sin(a+y)

tan B = COS0.COSY +sinasiny . cos(o—7)
_ 2tan0
Now sin 3 = 1+tan213
5 Sin(a+1)
_ cos(a—7v) 2sin(a + y)cos(o — )
= sin2p = ————— 2 in2
1y Sin(aty) €O (@—7)+sin(o+y)
cos?(a—y)
_ sin[oc+y+a—yJ+Sin[0t+Y—0ﬂ—“/J
B 1+sin?(a+y) —sin?(a.—y)
_ Sin2a+sin2y .
B 1+sin[oc+y+oc—yJSin[0t+Y+G—YJ
= sin2 = 77 sin2o.sin2y
Example : 8
sin2p
If 2 tan oo = 3 tan B, then show that : tan (o — B) = _5—0032l3

Solution
We have to express tan (oo — B) in terms of  only. Staring with standard result of tan (o — B) and
substituting for tan oo = 3/2 tan B in RHS, we have :

tano +tanf 3/2tanp —tanfp

= tan (o —f) = 1+tanatanf ~ 1+3/2tan’p
tanp sinfcosp 2sinpcosp sin2p

= tan (o.—B) = 2+3tan’p ~ 2cos?P+3sin’p ~ 4cos’B+6sin?B T 2(1+cos2B)+3(1-cos2p)
sin2p

= tan (o —B) = TOSZB
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Example : 9
Prove that tan o. + 2 tan 2a + 4 tan 4o + 8 cot 8a. = cot a.
Solution
For this problem, use the result cos oo — tan o = 2 cot 20,
Now we can express the above relation as :
tan o = cot o — 2 cot 20
Replacing o by 2o :
tan 2o = cot 2o — 2 cot 4a
Replacing o by 4o :
tan 4o = cot 4o — 2 cot 8a
Multiplying these equations by 1, 2, 4 respectively and adding them together, we get
tan o + 2 tan 2o + 4 tan 4a. = cot oo — 8 cot 8a

= tan o + 2 tan 2o + 4 tan 40 + 8 cot 8o = cot o
Example : 10
Show that cos —= cos 2~ cos 2 cos 28 cos 222 _ L
ow that cos 5 COS 7o' €COS 5 COS 5o COS oo™ = o
Solution

If 6 = n/33, observe that pattern cos 6 cos 26 cos 46 cos 166
In this pattern sin 20, = 2 sin o cos o will be used repeatedly in LHS, so multiply and divide by 2 sin n/33.

( . m ch[ 2n An 8n 1675)
Zsmgcos— COS——C0S——COS——COS——

33 33 33 33 33
LHS = . m
2sin—
33
. 27 2n 47 8n 167
2| sin—=c0S—— | C0OS——C0S—— COS——
33 33 33 33 33
B 2.2sin *
33
............................. following the same pattern .... we have
Gin 327 sm(n _ j
33 33 1
S = " ST
2% .sin— 32sin—
33 33
Example : 11
Show that tan 6° sin 42° sin 66° sin 78° = 1/16
Solution

Note that (66 + 6)/2 = 36° (66 — 6)/2 = 30°. Hence sin 6° and sin 66° should be combined.
LHS =1/4[2 sin 6° sin 66°] [2 sin 42° sin 78°]

= 1/4 [cos (6° + 66°) — cos (6° + 66°)] [cos (42° — 78°) — cos (42° + 789)]

= 1/4 [cos 60° — cos 72°] [cos 36° — cos 120°]
Substituting the values, we get

e e R

LHS =712 4 4 "2)77 | 4 4

1 1
o2 B=4B6)B+5)= 75 RHS
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Example : 12
If o = 2n/7, show that tan o tan 2o tan 4o tan oo = — 7
Solution

sina.sin2o.cos 4o + sin2a.sin4o. cos o + Sin4ao.Sino.cos 2a.
COSa CoS2a.cos4a

LHS =

We will use the formula for cos (A+ B + C)
cos (A+B + C)=cosAcos B cos C-sinAsin B cos C—sin B sin C cos A—sinAcos B

cosacos2a.cosda(a + 2o + 4a)

= LHS =

COS o CoS2a.cos4a
: cos7a _ cos2n(2sina)
T 77 cosacos2acosdo | 2Sino.cos o cos20.cos 4da.
_1 4sina
T~ 2sinacos2o.cos 4a
B 8sina
" 2sin4a.cos4a.
B 8sina 1 8sina 1 8sina
sinBo ~ ~ sin(2r+a) ~ ~ sina
Example : 13
Show that cos 2n/7 + cos4n/7 + cos 67/7 = — 1/2.
Solution

. T 27 41 67
2sin—| c0OS— +CO0S— + COS——
7 7 7

7
LHS =
2sin ™
7
1
.3t ..m . b . 3m . It . bn
- . T sin—-sin— (+| siINn——-SIn— |+ | SIN— —SIN—
23'”; 7 7 7 7 7 7
. LT
SINT—SIN—
7 1
T 2sin® T2

Alternative Method :
We can also use the relation :

- sinnd/2 2a+n-1d
cosa+cos(a+d)+....... + (a+n—1d)=mcos 2

sin3 2l 7 ﬂ+2 2n
2 7 7 sin3n/7 4n sinm+sin(-n/7)
LHS= ——~ 2 cos | ————= cos |7 | =

. 2nl7 2 sinnt/7 7 2sinn/7
sin

1
2
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Example : 14

Let cos o cos B cos ¢ = cos ycos 6 and sin o = 2 sin ¢/2 sin 6/2, then prove that tan®o/2 = tan?p/2 tan®y/2.
Solution

From the given three equations, we have to eliminate two variables, 6 and ¢

COS o = COS P cos ¢ = cos y cos 6

cosa cosa
= cos ¢ = ;C0sS 0=
0 cosf Ccosy
) .2¢ cosa ) .29 cosa
= sinf— =1- ; sint —=1-—_—__—
2 cosp 2 cosy

0
substitute these is sin oo = 2 sin % sin >

_ 1 Ccosa |, cosa
= sinoe= cosp cosy

cosa cosa  cos’a
sin2o, | 1- - +

= COSp COSy COSBCOSy
14 1 Ccosf} +cosy
= cos a cospcosy ) cospcosy
= cos o (cos B cos o+ 1) =cos § + cos vy
cosfcosy
= cosa=1, cospcosy

Using component and dividendo, we get :

1-cosoa  1+cosPcosy—cosf—cosy
1+cosa ~ 1+C0SBcosy+COSP+Cosy

o  (1-cosp)(1-cosy)

2 —
- fan 2 ~ (1+cosB)(d+cosy)
a p Y
tan? — =tan® 7 tan® —
= an® - =tan’ o tan’
Example : 15
i sin® o .\ costa 1 then show that - sin® a . cosa 1
a b a+p renshowinat: =g b2  (a+b)®
Solution

Express the given equation in quadratic in terms of sin’a

sin® o .\ cos®a 1
a b ~ a+b
sin* o .\ (sina)® 1
= a b T a+b
= (a + b)?sin‘o. —2a (a + b) sin?a. +a>=0
= [@+Db)sinfa—al*>=0
o
= sinfo. = ——
20 =
= coso = ——
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Now LHS of the equation to be proved is :

sinffa costa
=—3 t b3

a’ b*
+
a’(a+b)*  bi(a+b)*

a+b 1
= = = RHS
(a+b)* 7 (a+b)®
Example : 16
cos*x  sin*x cos*y sin'y
If 2. = = 2. =1 thenprovethat: —— = —5— =1
cos“y  sin‘y cos“x  sin‘“x
Solution
- cos*x  sin*x
Consider > = -~ o, =1
cos“y  sin“y
cos” x cos? x sin® x sin? x
= - + | . - =0
cos?y sin’y
cos? x sin? x
= COS?X — COS?%y) + —. sin?x —sin?%y) =0
cos2y ( V) * Sinzy y)
cos? x sin? x
= COS?X — COS?y) + . c0s?x — cos?y) =0
cos?y ( V¥ Ginzy y)
cos?x sin?x
= COS?X —COS%Y) | 2.~ . =
( Y) | cos? y sin?y
= COS?X = coS?y or tan’x = tan?y  ............. 0]
cos*y sin*y
= + -
cos?x  sin®x
cos*x  sin*x (using
= + — using i
cos?x  sin?x g
= cos?x + sin?>x =1 = RHS
Example : 17
Show that 1 + sino. + sin? > sin o + sin 3 + sin o, sin B
Solution

Consider the expression :
az+b*+c2—ab—-bc-ca
1/2 [(a-=b)?+ (b-c)?+ (c —a)}
which is positive
= (@+b?*+c?—ab—-bc—-ca)>0 Ifa, b, care unequal
Takinga =1, b =sin o c = sin 3, we get
1+ sin?0 +sin?f—sino—sinasinB-sin>0
= 1 + sin?a + sin?B > sin o + sin B + sin o sin B

Page # 8.



Example : 18

If . by a?—b?an axsin9 _ bycosd = 0, then show that (ax)?® + (by)?® = (a® — b?)??
cos®  sin® cos? 0 sin9 = '
Solution
- axsin®  bycos6 o [byjﬂ3
oM “0s20 ~ sin0 = tan 6=

Substituting this value of tan 6 in the other given condition.
We have : ax sec 6 + by cosec 6 = a — b?

= axy1+tan?0 +DbY V1+cot?p =a’—b?
b 2/3 ax 2/3
= ax 4|1+ (a_i] + by 4/1+ (—J =a? - b?

ax by
W\/(aX)ZIS"'(by)le + W \/(aX)2/3+(by)2/3 =a2—p?

= @)%+ (by)7 (@) +(by)?’® =a?-b?

= ((ax)2/3 + (by)2/3)3/2 = a2 _ b2
= (aX)ZIS + (by)2/3 — (a2 _ b2)2/3
Example : 19
If a, b, ¢ are unequal. Eliminate 6 from : a cos 6 + b sin 6 = ¢ and a cos?0 + 2a sin 6 cos 6 + b sin?6 = c.
Solution
Consideracos6+bsing=c

= a? cos 0 + b2 sin?0 + 2ab sin 6 cos 6 = ¢?

= (@>—c?)cos?0 +2absin0cos 0 + (b2—-c?)sin?06=0  ........... ()
Now consider a cos?0 + 2ab sin 6 cos 8 + (b*—c?) sin’6 = ¢

= (a—c)cos0+2asinbcosO+(b—-c)sin®6=0 ... (ii)

Use cross-multiplication method on (i) and (ii).
(a2 —c?) cos?0 + 2ab sin 6 cos 6 + (b2 —c?) sin26 =0
(a—c)cos?0 +2asinbcosO+ (b-c)sin?06=0

cos?0 —sin0cosO sin? 0
= 2ab(b—c)-2a(b? -c?) ~ (b-c)@® -c?)-(a-c)(b® -c?) ~ 2a(a®-c?)-2ab(a-c)
cos?0 —sinBcoso sin 0
=

2ab(b—c)(—c) _ (b—c)@@-c)a—-b) ~ 2a@a-c)@+c-h)

= (@a-b32(b-c)P(@a-c?=4axc(b-c)(c-a)(a+c-b)
= (@a-b)32(b-c)(c—a)=4ac(a+c—h)

Example : 20
fm?+m2+2m=m’cos6=1,n?+n?+2nn"cos ®=1and mn+m’n"+(mm’+ m’n) cos 6 =0, then prove
that : m? + n? = cosec?0
Solution
Consider the first given condition :
m?+ m’2+2mm’cos 6 =1

= m? (sin®0 + cos?0) + m? + 2mm’ cos 6 = 1

= m? cos?0 + m2 + 2mm’ cos 6 = 1 — m? sin?0

= (mcosO+m)2=1-m?sin’0 ... 0]

Similarly using the second given condition, we can get
(ncos®+n)?=1-n?sin’0 ... (i)
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By multiplying (i) and (ii) we can prove the required relation.

=

(m cos 6 + m")? (n cos 6 + n")? = (1 — m? sin?0) (1 — n? sin%0)
[mn cos?0 + m’'n” + (m’n + mn’) cos 0]> = 1 — m? sin?0 — n? sin0 + m? n? sin“0

Using the third given condition in LHS, we get :

=

Example : 21

If tan 6 = m/n and 6 = 3¢ (0 < 6 < /2) show that :

Solution

[mn cos?0 — mn]? = 1 — m? sin?@ — n? sin0 + m? n? sin*0
m?n? sin*g = 1 — sin?0 (M? + n?) + m?n? sin*0
m? + n? = cosec?0

n
= 2 2
sing ~ cos¢ _ 2Vm+n

tan 6 = m/n

=

m n

sin @ = and cos 6 =
vm? +n? m? +n?

m sin6 cos6
LHS of given equation = ﬁ cos¢ 1/ +n? (smd) cos¢]
sin(0 — ¢) sin(30 — ¢)
m? +n? (smq)cosq)] 2 ym? +n? 2sin¢cos ¢

Example : 22

sin2¢

=2 ym?+n? 2singcosd =2 ym?+n? = RHS

IfA+ B+ C ==, then show that

(i)

(i)

(iii)
Solution

@

(ii)

(iii)

sin?A + sin’B — sin?C = 2 sin Asin B cos C
Cc0s?A/2 + cos? B/2 + cos?C/2 = 2 + 2 sin A/2 sin B/2 sin C/2
SinA+ sin’B +sin?C=2+2cosAcos B cosC

Starting from LHS

= sin?A + sin?B — sin?C

=sin?A + sin (B + C) sin (B - C)

=sin?A+ sin (t —A) sin (B—-C)
=sinA[sinA+sin (B-C)

=sinA[sin (t— (B + C) +sin (B - C)]
=sinA[sin (B + C) + sin (B - C)]

=sinA[2 sin B cos C] =2 sinAsin B cos C = RHS
LHS = cos?A/2 + (1 — sin?B/2) + cos?C/2
=1 + (cos?A/2 — sin?B/2) + cos?C/2

=1+ cos (A + B)/2 cos (A - B)/2 + cos?C/2
=1 +sin C/2 cos (A —B)/2 +1 — sin?C/2
=2+ sin C/2 [cos (A — B)/2 — sin C/2]

=2 +sin C/2 [cos (A —B)/2 = cos (A + B)/2
=2+ 2 sin C/2 sin A/2 sin B/2 = RHS

LHS = sin?A + sin?B + sin’C

=1 — (cos?A - sin?B) + sin?C

=1-cos (A +B)cos (A-B) +sin’C
=1+cosCcos(A-B)+1-cos’C

=2 + cos C[cos (A - B) —cos C]

=2+ cos C[cos (A—B) + cos (A + B)]
=2+2cosCcosAcosB=RHS
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Example : 23

IfA+ B+ C=m, Show that cos A/2 + cos B/2 + cos C/2 = 4 cos (n — A)/4 cos (t — B)/4 cos (n — C)/4.

Solution
LHS = Ccos A + COS E + cos E =2cos A+B cos A-B + COS E
- 2 2 2 4 4 2
=2 cos n—C cos A-B + sin n_C
B 4 4
=2cos n-C cos A-B + 2 sin n-C cos n-C
B 4 4 4 4
-C | A-B . n-C

- cos +sin

2 cos 2 I 4 }

-C | _A-B n n-C
- cos +cos| ——
=2cos 4 | 4 (2 4 H
5 cos n—C 2Cosn+A+C—BCOSA—B—n—C}
4 | 8 8
— 4cos =€ cosA_CcosB_C}
4
=4 cos n-C cos n-B cos m—A = RHS
B 4 4 4
Example : 24
2X 27
If X +y + z = xyz, then show that 5+ ¥V—§X¥Z
1-x o—yB)H-y*)(1-2%)

Solution
Letx=tanA,ytanB,z=tanC

tanA +tanB +tanC-tanAtanBtanC =~ X+y+2Z—Xyz
1-tanAtanB -tanBtanC —tanCtanA ~ 1-Xy-yz-2zx

= tan (A+B+C) =

= A+B+C=nnr=(nel (tan®=0 = 0 =nm)
= 2A+2B +2C =2nm
= tan (2A+2B +2C)=tan2nt =0
tan2A +tan2B + tan 2C — tan2A tan2Btan 2C
- _

1-tan2Atan2B —tan2Btan2C —tan2Ctan2A
= tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C

2tanA 2tanB 2tanC 2tanA 2tanB

= 2, T 2n T 2~ — 2 A - 2, - 2
1-tan“ A 1-tan“B 1-tan“C l1-tan“A 1-tan“B 1-tan“C
2X N . 2z

= =
1-x2 1-27°
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Example : 25

X
If Xy + yz + zx = 1, the prove that + +
y +y p 1+ x2

Solution
Let=tan A/2,y = B/2,z =tan C/2
= tan A/2 tan B/2 + tan B/2 tan C/2 + tan C/2 tan A/l2 =1

AB.C). ,
= tan 5 oo ls undefined

= A+B+C=mn

. A
2

N O

B e
+ — + —
2 2

: . . . : . _(atB)  (Bry)  (r+a
Using the relation : sin o + sin 3 + sin y—sin (o. + 3 + ) = 4 sin 5 Jsin{ 5 |sin| T

Substitute oo + A, B=B vy=C
. . . A B C
= SinA+sinB+sinC=4co0os — coS — COS —
2 2 2
2tanA 2tan% 2tan9 A B c
= 2A+ B + ZC =4cosEcosEcosE
1+tan?>  1+tan®—  1+tan? >
2 2 2
2X N . 2z —4 1 1
= 1+x2 1+z%2 ' \/1+ y2 1422
X + + z M Z
= — =
1+x2 1+ 22 V@&Sn?xmﬁ%l(}{%})
Example : 26

IfA+ B+ C=n,the show that :

sin 3A cos® (B — C) + sin 3B cos?® (C —A) + sin 3C cos® (A— B) sin 3A sin 3B sin 3C
Solution

LHS = sin 3A cos3(B — C) + sin 3B cos® (C —A) + sin 3C cos® (A—B)

ZSin 3Acos®*(B-C)

% D" sin3A[3cos(B - C) + cos(3B - 3C)]

3 . 1 .
7 ZSIH 3Acos(B-C) +ZZSm 3Acos(3B-3C)
Substitute 3A = 3t — (3B + 3C)

3 . 1w ..
= D sin(3B +3C)cos(B - C) + ZZsm(sB +3C)cos(3B-3C)

|
©|w

3 [sin(48 + 2C) + sin(2B + 4C)] + %Z[sin 6B + sin6C]

2
== (0)+ 3 (4 sin 3C sin 3B sin 3A) = sin 3A sin 3B sin 3C

(e¢]
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Example : 27
Find the values of x lying between 0 and 2 and satisfying the equation sin x + sin 3x = 0.
Solution

The given equation is sin x + sin 3x =0

2 s X +3X X—-3X _ 0
sin > cos > =
= 2sin2xcosx=0
Hence sin 2x =0 or cosx=0
= 2x=nm,nel or Xx=2n+1)n/2,nel
= Xx=nm/2,nel or XxX=2n+1)n/2, nel
® n=0 = x=0, n/2
(i) n=1 = X =7/2, 3n/2
(iii) n=2 = X=m,5n/2
(iv) n=3 = x =3n/2, Tn/2

Hence for 0 < x < 2w, the solution is :
X =7/2, T, 3n/2

Example : 28

Solution

Find the values of 0 satisfying sin 6 = sin a
sin 6 = sin o
= sin6—-sino=0
e_
= 2 cos < sin Za =0
= cos O+a =0 or sine_a =
2 2

e et o 2
= 2~ 2
=(2t+1)n—-o or 0=2nm+ o

0
0= (oddno.)®—a or
0 = (integer) 1 + (=1)"nteger
6=nn+(-1)"o;nel

Example : 29

Solution

0 =(evenno.) m+ o

(where 7, n are integers)

Find the values of 6 satisfying cos 6 = cos o in the interval 0 <6 < 7.
CO0s 6 = cos a
= cosO—-cosa=0
. a . 06—«
= —2sin sin =0
2
sin < nm or —¢ n
= = =
2 T 2 "
= 0=2nt— o or 0=2nm+ o
combining the two values :
06=2ntxta; nel
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Example : 30

Find the values of 0 satisfying tan 6 = tan o
Solution

tan 6 = tan o

sin® sina

cos® ~ cosa

sin 6 cos oo —cos O sina =0

sin(06—a)=0

O—a=nn,nel

O=nn+o,nel

The following results should be committed to memory before proceeding further.

SSSUUUU U
¢)

sinf=sino. = 6=nn+(-1)"a nel
cosb=cosa = 0=2ntxa,nel
(iii) tan6=tano = 0=nt+o,nel

Every trigonometric equation should be manipulated so that it reduces to any of the above results.

Example : 31

Solve the equation cos x + cos 2x + cos 4x =0, where 0 <x<n
Solution

cos X + (cos 2x + cos 4x) =0

= cosXx+2cos3xcosx=0

= cosx(1+2cos3x)=0

= cosx=0 or 1+2cos3x=0

= cosx=0 or cos 3x = —-1/2 = cos 2n/3
= X=(2n+ 1) w/2 or 3x = 2nw £ 21/3
=

X=@2n+1)n/2,nel or x=2nm/3+2n/9,ne 1

This is the general solution of the equation. To get particular solution satisfying 0 < x < p, we will substitute

integral values of n.

(i) n=0 = X =m/2, * 21/9

(i) n=1 = x = 3n/2, 8n/9, 4w/9

(iii) n=2 = x = 5n/2, 147n/9, 10n/9 (greater than r)
(iv) n=-1= X = —m/2, -27/3 £ 21/9 (less than 0)
Hence the values for 0 < x < p are

X =7/2, 2n/9 , 4n/9, 8n/9

Example : 32
Solve the equation sin x = cos 4x for0 <x < p
Solution
sin X = cos 4x
= €0s 4x = c0os (/2 — X)
= 4x = 2nm = (/2 — X)
= 4x =2nw + /2 — X or Ax = 2nw — /2 + X
= X = 2nm/5 = /10 or X =2nmn/3 — /6

® n=0 = X =m/10, —n/6

(i) n=1 = X =m/2

(iii) n=2 = X = 9n/10, 7n/6

(iv) n=3 = x = 13n/10, 11n/6 (greater than m)

(V) =-1= = —3n/10, -5n/6 (less than 0)

Hence the required solution for 0 < x <mis : x = n/10, n/2, 9n/10

Example : 33

Solve the equation V3 sin x + cos x = 1 in the interval 0 < x < 2p.
Solution

For the equation of the type a sin 6 + b cos 6 = c,

writeasin®+bcos0 as JaZ +p2 cos (6 — )
V3sinx+cosx=1
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2(V3/2 sinx + 1/2 cos x) = 1

2(cos /3 cos x +sinm/3sinx) =1

2cos (x—m/3)=1

cos (x —m/3) = cos n/3

X —m/3 =2nm + 1/3

Xx=2nn +7n/3 + n/3

0] n=0 = x =0, 2n/3

(i) n=1 = X =2n + 2n/3, 21

(iii) n=2 = X = 4n + 2n/3, 3n (greater than 2n)
(iv) n=-1= X = —4n/3, —2x (less than 0)
Hence the required values of x are 0, 2r/3, 2n

Example : 34
Solve tan 6 + tan 26 + tan 306 = 0 for general values of © .
Solution
Using tan (A + B), tan 6 + tan 26 = tan 36 (1 — tan 6 tan 20)
Hence the equation can be written as :
tan 30 (1 —tan 6 tan 26) + tan 36 = 0
tan 30 (2 —tan 6 tan 26) = 0

= tan30 =0 or tan 6 tan 26 = 2

= 36=nm or 2 tan?0 = 2 (1 — tan?0)

= O=nn/3,nel or tan 6 = + 112

= 0=nn/3,nel or 0 = nm + tant 12
Example : 35

Solve the equation sin X + cos X = sin 2x — 1
Solution

Lett = sin X + cOS X

= t?=1+ 2 sin X cOS X

= sin2x=t-1

Hence the given equation is :

t=(P-1)-1

= ?-t-2=0
Solving the equation, (t—2) (t+1)=0
= t=2ort=-1

= sinx +cos x=2 or sinx+cosx=-1
= V2 cos (x — m/4) = 2 or V2 cos (x —m/4) = -1
= cos (x — m/4) =2 or cos (x — m/4) = =12

As —1<cos 6 <1, cos (x —m/4) =2 is impossible.

= cos (x — m/4) = =112 is the only possibility.

= cos (X — m/4) = cos (n — m/4)

= X —n/4 = 2nw + 3n/4

= X = 2nn * 3n/4 + w/4 is the general solution
Example : 36

Solve sin*x + cos*x = 7/2 sin x cos x
Solution

sin®x + cos*x = 7/2 sin X cos x

= (sin® + cos?x)? — 2 sin®x cos?x = 7/2 sin x cos X

lett = 2 sin x cos X = sin 2x

22 Tt
1-—=—
- 4 4
= 20+ 7t-4=0
= 2t-1) (t+4)=0
= t=1/2 or t=—4
= sin 2x =1/2 or sin 2x = — 4 (impossible)
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= sin 2x = sin /6
= 2x=nn+ (-1)"n/6,ne 1
= X =nn/2 + (-1)" ©/12 is the general solution.

Example : 37
Put cos 2x =2 cos’>x — 1

= 3—-2cosx—4sinx—(2cos’x—1)+sin2x=0

= (4-4sinx)—2cos’>x—2cosx+sin2x=0

= 4(1-sinx)—2 (1 —-sin>x)—2cosx(1—-sinx)=0
= (1-sinx)(2—2sinx—2cosx)=0

= sinx=1 or sinx+cosx=1
= sin x = sin /2 or V2 cos (x —m/4) =1
= X =nm+ (-1)" /2 or X—1/4 =2nn + /4
= X=nm+ (-1)" /2 or X =2nm =+ /4 + /4
= X=nm+ (-1)" /2 or X = 2nm, 2nw + 7/2

Combining the two, we get x = 2nn, 2nwt + 1/2

Example : 38

Solve the inequality sin x + cos 2x > 1if 0 <X < m/2
Solution

Letsinx =t

cos 2x =1 —2t?

= the inequality is:t+1-2t*>1

= t—2t2>0

= 22 —-t<0

= t(2t—1) <0

= (t—-0)(t-1/2)<0

= 0<t<1/2

= O<sinx<1/2

In 0 < x < m/2, this means that 0 < x < /6 is the solution

Example : 39
Find the principal and general solution of the equation : V3/2 sin x — cos x = cos?x
Solution
\3/2 sin x — cos x = cos?x
squaring, 3(1 — cos?x) — 4 cos?x (1 + cos x)2=0
= (L+cosx)[83—3cosx—4cos’x(1+cosx)=0
= (1 +cosx)[4cos*x+4cos’x+3cosx—3]=0
(1+cosx)[2cosx—1][2cos’x +3cosx+3]=0
The quadratic factor has no real roots
= cosx=-1 or cosx=1/2
= x=(2n-1)wm or X =2nn + /3
As we have squared the original equation, we must check whether these values satisfy the given
equation. On checking, it is found that both solutions are accepted.

= Xx=2n-1)=w,2nt + /3 wherene 1
Example : 40

Solveforx;sec4x—sec2x=2;,—-n<X<T®
Solution

sec4x —sec2x =2

1 1
cos4x  cos2X

COS 2X — C0S 4X = 2 c0S 2X COoS 4X
COS 2X — COS 4X = c0S 6X + c0S 2X
cos 6x +cos4x =0
2cosbxcosx=0

L
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= cos5x=0 or cosx=0

= bx =nm + m/2 or X=nm+ n/2
= X =nn/5 + n/10 or X=nm+ /2
Consider : x = nn/5 + /10 :

n=0 = X =7/10

n==+x1 = X = 3n/10, — /10

n=+2 = X =72, -=3n/10

n=+3 = X = 7n/10, —wt/2

n=+4 = X = 9n/10, —7n/10

n=+x5 = X =-91/10

Consider : x = nn + ©/2

n=0 = X =T1/2

n==+x1 = X = —m/2

These are the only values of x in [-r, 7]

Example : 41

Solve the following equation for x if a is a constant. sin 3a = 4 sin a sin (x + a) sin (x — a)
Solution

sin 3a = 4 sin o (sin?x — sin®e)

= 3 sin oo — 4 sin?al = 4 sin o Sin?x — 4 sino
= 3sino—4sinosin?’x =0
= sina (3—-5sin?>) =0

If sin o = 0, then the equation is true for all real values of x.
If sin o= 0, then 3 -4 sin>x =0

= sin?x = sin?mt/3
= X=nm+ /3
Note : The following results are very useful
1. cos6=0 = 6 =nn + /2
2. sine=1 = 0 =2nm + 1/2
3. sine=-1 = 0 =2nmt — /2
4. coso=1 = 0=2nm
5. coso=-1 = 0=2nt+m
6. sin2@ =sino. = 0=nnza
7. c0s? 0 = cos’o. = 0=nnza
8. tan2 6 =tan?o. = 0=nnza
Example : 42
If tan (A—B) = 1, sec (A + B) = 23, calculate the smallest positive values and the most general values of
A and B.
Solution

Smallest positive values

LetA, B € (0, 2n)

= (A+B)>(A-B)

Now tan (A-B) =1

= (A—-B) =m/4, 5n/4

sec (A + B) = 2W3

= (A+B)=mn/6, 11n/6

As (A + B) > (A — B), these are two possibilities :

1. A-B=mn/4 & A+B=11n/6
2. A-B=5n/4 & A+B=11n/6
From (i), we get : A-&andB-lg—TE
e get: " 24 " 24
From (ii), we get : A—ﬁandB——n
e get: 24 " 24

General Values
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tan (A—B) = 1 = A-B=nn+n/4

2
sec(A+B)=£ = A-B=nn+mn/4
. Y T
TaklngA—B=nn+Z and A+B=2kn+gweget:
(2k+n)r 5= (2k —n)r T
=+ — = - —
A 2 4 od B 2 24
. Y T
TaklngA—ann+Z and A+B=2kn—gweget:
(2k +n)x T (2k-n)m 5z
=+ — - - =
2 24 and B 2 24

Example : 43

. n
Solve for 6 :tan | 5SINO | = cot | 7€0SH

Solution
T . T yis
—sind | = ———Ccos0
an (Z30) <o 2~ Zoos0)

Esine-n +£ £cos(l)
2 “MmTS T

= sin6+cos6=2n+1

U

o T 2n+1
= cos 4)= ﬁ
As cosine lies between 1 and — 1, n = 0, — 1 are the only

2n+1

i - 1< <
Possible values of n for — 1 < «/E <1

=% 7= - — = + 1| T =
= cos 4 5 = 0 2 2km + cos >

1
T

= =2kn + — +cos™ —_/—Ej
0 2 cos [

= 9=2knig,2kn,2kn+n

For 6 = 2krt + ©/2, the equation becomes undefined.
Hence the solutionis : 6 = 2kr , 2kn + &t

= 0=mn,whereme I
Example : 44
If sin A =sin B and cos A = cos B, find the value of A is terms of B.
Solution
. ) A+B . A-B
SsinA-sin B = 2 cos 5 sin 5 =0
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. A+B .
coOSA=cosB = 2 sin 5 sin 5 =0

A-B
Both the equation will be satisfied if sin 5 =0

A-B
= T =Nnr
= A=2nt+B wherene I
Example : 45
Evaluate : 0] sint sin 4n/3 (i) cos™t cosbn/4 (i) tan-! tan2m/3
Solution
® 47/3 does not lie in the principal value branch of sin-*x. Hence sin™! sin 4n/3 # 4n/3
sint sin 4n/3 = sin sin (1 + 1/3)

= sin™? (- sin ©/3)
= sin™ sinnt/3 = —7w/3
(i) cost cos 5n/4 = cos™ cos (n + /4)
= cos™ (—cos n/4)
=7 — cos™* cos n/4
=n—n/4
= 3n/4
(iii) tan' tan 2n/3  =tan™ tan (t — ©/3)
=tan (-tan n/3)
= tan™! tan n/3

=-—7/3
Example : 46
Show that tan* 1/3 + tan™* 1/2 = n/4
Solution

LHS =tan?' 1/3 + tan* 1/2

1.1
3 2 11
=tan™ s==<1
=tan 11 ( 35 j
1--=
32
1 5/_6 1 T
=tan 5/6 =tan?t1 = 2 = RHS
Example : 47
Show that : cos™ 9 + cosec™ _‘/ﬁ -
4 4
Solution
Ja1

LHS = cos™* 9 + cosec™

, 2 in-1 4
=tan?! — + sin-
tan 9 sin /_41

= 4+ et & (using sinx =tan 1 —= J
9 5
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1.4
9 5 1. 4
= tan-t Xy=—x—<1
=tan 1_1& [ y 9><5 )
95
41
=tan a1 =tan7'l= —
Example : 48
Show that :
2X
® 2 tan! x = tan™! ,—1l<x<l1
2
1-x
(i) 2tan! x = sin? ,—1l<x<1
iii 2tan! x = cos™? ,X>0
(iii)
Solution
® Letx=tan 0, %<6<%(using—1<x<1)
RHS =t -1ﬂ tan-! tan26
=tan 1-t@ne - an-* tan
=20=2tantx=LHS [+ 206 € (-n/2, n/2) lies in the principal value branch of tanx]
(i) Let x = tan® = E<6<£(usin —-1<x<1)
p)
4 4 12¢?
RHS =t -1ﬂ =sin™ sin 260 o
= tan Tr@nlo - sin~t sin
=20[. 20 € (-n/2, n/2) lies in the principal value branch of sin-x]
=2tan’x = LHS
(iii) Letx=tan 6,0<6 <n/2 (using x > 0)
1-tan?6
— -1 | —
RHS =¢0s™ |1 tanZ
=cos™ cos 26
=20 [ 20 ¢ (0, m) lies in the principal value branch of cos™x]
=2tanx = LHS
Example : 49
Prove that
) . cos0-sind T
(0 @~ | coso +sino _Z_e
(i) tan Lox -1 x _r_ 1 cost x?
Viex?+41-x2 ) 4 2
Solution
) . cos6-sin® . 1-tan® o
0] LHS =tan c0s0+sing ) = tan 1+tano (dividing by cos 6)
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T b
=tan tan (Z_e] =7 -0 [oroe (w4, 3m/4)

(i) Put x? = cos 26 in LHS

. V1+c0s20 —/1-c0s20 | [cose—sinej
LHS =tan™ | 1 c0s20 +v1-cos20 ) ~ 2" | cos6+ sino
T
= tan! tan (Z_e]
T
=7 0 [for 6 € (—m/4, 3n/4)]
b 1 .
=273 cos™ x? [using x? = cos 26]
RHS
Example : 50
1- a-b) 1-cos6
. a-b |1-cos6 . a+b \1+cos6
Show that: 2 tan™ | {3 5 {14 cos | = €OS 1,[@-b)1-cosé
a+b \1+cos6
. (a+b)(A+cos0)—-(a—b)(1-cos0) . acosf+b
= cos (a+b)(1+cos0)+(a-b)(1-cos0) COS™ | at+bcosh | = RHS
Example : 51
_ o o n B)| _, ., |Cosacosp
Show that : 2 tan {tan[4 2)tan[4 Zﬂ =tan |:SinB+Sin(X
Solution
D \/1 sina [1-sin ~ [i=sine _ T 0
LHS =2tan 1+sina \|1+sinp Using 1+sin0 =tan 4 2

1 Slnoc 1 sinf
1+sma 1+sin[3

[1 smaj 1-sinp
1+sina A 1+sinf

2,/(1-sin? a)(1-sin 2 B)
=tan™ | (11 sina)(L+ sinp) — (1-sina)(1- sinp)

i 2cosa.cosf

— -1 | — =
=tan _Zsina+25in[3} = RHS
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Example : 52

2

X +1
Show that : sin cot™ cos tan™ x = 2, 5

X<+

Solution

1
Letx=tan 6 = cosezm

1
LHS = sin cot™ cos 6 = sin cot™ W

V1+x2

1
Let =coto = sino= T/—/——
V1+x2 1+x%+1

. . 1+x
= LHS = sin cot™ cos oo = sin o = > =RHS
2+X
Example : 53
- 2n - 2b . a+b
If sin— 1+ a2 + sin- 1+ b2 =2 tan™, then show that x = 1_ab
Solution
The gi lation i in? 2 in—? 2 1
i + sin- - _
e given relation is : sin 1+ a2 sin 1162 tan—t x
= 2tanta+ 2tan?tb =2 tanx
. a+b .
= tan 1-ab) = tan—t x
B a+b
= X= 1 ab
Example : 54
-1 1 —_ -1 —

1
Solve for x : tan™* + tan = tan .
2x+1 4x +1 x?

Solution

4 1 4 1
Equating the tan of both sides tan | tan ' ———+tan™ ——| = an 2
2x+1 4x+1 X2

1 1
+
2x+1 4x+1  _ 2
1- X
(2x+1)(4x +1)
6x+2 2
= =—
@x+D(4x+1)-1 x2
= (3x + 1) x> = 8x* + 6x
= X -7x2-6x=0
= x=0,3,-2/3
x = 0 and —2/3 are rejected because they don't satisfy the equation
Note that for x = 0, RHS is undefined
= the only solution is x = 3.
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Example : 55

= _ 1
tant
Show that Z:l 1+n+n2
Solution
- 1
_ E tant——
LHS = 44 1+n+n?

z pt_ntl-n n+l-n
= 1+(n+Dn

= i [tan‘l(n +1)—tant n]

n=1

= (tan™'2 —tan™1) + (tan'3 — tan12) +

=—tan™'1l + tan o

T
_+_ —_—
4 2 4

- _RHs

|2
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Example : 1
Prove the following results :

. _ A _ B _ c
® r=(s—a)tan > =(s—h) tan > =(s—c)tan >
. _ A B C
(i) rl—stanE,rz—stanE,rS—stanE
(iii) r=4R sin A sin B sin <
- 2 2 2
Solution
. A A
M r=5=6-9a s(s—a)
A . A s(s—a)
= (s — = using cot— =
= r=(s-atan > ( g 5 A ]
other results follows by symmetry.
. A SA
(i) N=e_a - s(s—a) —stanE

Other results follow by symmetry.

A /(S—b)(S—C)_ B /(S—C)(S—a) .. C _ /(S—a)(S—b)
(iii) sin 5= be ;sin 5= ca ; sin 5= ba

multiply the three results to get :
C _ (s—a)(s-b)(s-c)

sin A sin — sin
= o SN sN5

abc
A B . C_ A_2 % sin%sin%sin%)
= smEsmEsmE— s A

DA B C (A (L
= SII"IZSII"IZSIHZ— s 4R

r= A =4R sin A sin B sin c
= T s 2> 270 2
Example : 2
Show that in a triangle AABC : acotA bcotB+ccotC=2 (R +7r).
Solution

LHS= D 2RsinAcotA=2R  COSA
= LHS = 2R (cos A + cos B + cos C)

= LHS = 2R

LHS = 2R + 8R sin A sin E sin E
= - o SN s

= LHS = 2R + 2r = RHS (using the result of last Ex.)
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Example : 3

h Rk 11
Showthat: 1/~ + =2 ba “r 2R

Solution
A a c
LHS = abc \s-— a s— b s—c
A c 101
I'Hs_abc s-a s- b s-¢c) "R TR
LHS A ( a c j 2A 1
= abc \s—a s- b s-c)  abc 2R
A a C 1
- — +1+ -
LHS abc (s a s—cj 2R
A ( a c j 1
LHS = abc \s-— a Tsc 2R
A (5(25 a-b) ¢ j 1
LHS = —— - =
abc ((s—a)(s— b) s-cC 2R
A [s®—sc+s?-as—bs+ab 1
LHS = — - =
ab (s—a)(s—b)(s-c) 2R
A [ 2s®-s(2s)+ab 1
WHS= 0 ((s-a)s-b)s-0)) " 2R
LHS = - 2 !
T ab (s—a)(s-b)(s-c) 2R
g2 _1 .1 1 o6
AN 2R T r 2R
Example : 4
In a AABC, show that :
C C
1. c? = (a—b)? cos? > + (a + b)? sin? >
(A A
2. asin (EJFB] =(b+c) sin >
3. (b+c)cosA+(ct+a)cosB+(a+b)cosC=a+b+c
Solution
1+cosC 1-cosC
1. RHS=(@-b)? | ——5 | =@+b?|—F—
2 2
1 1
2. RHS = By [(@—b)?+ (a+Db)]+ By cos C[(a—b)?—(a+ b)j
1 . .
RHS a + b2 + > cos C (—4ab) = c? (using cosine rule)
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Note : Try to prove the same identity using sine rule on RHS

- A . - A . .
2. LHS =asin |5+ Bl =2RsinAsin >+ B (using sine rule)
23inécosA i A+B
LHS = 2R 2 5| sin|5

A A (A
- in =~ |2cos—sin| —+B
LHS = 2R sin 5 { 2 [2 H
A .
LHS = 2R sin > [sin (A + B) — sin (-B)]
A .
LHS = 2R sin > [sin C + sin B]
A . .
LHS = sin > [2R sin C + 2R sin B]

A
LHS =sin < (¢ +b) = RHS

Note : Try to prove the same identity using RHS

3. LHS=(b+c)cosA+(c+a)cosB+(a+b)cosC
LHS=[ccosB+bcosC]+a[acos C+ccosA]+[bcosA+acos B]
LHS=a+b+c=RHS

Example :

In a AABC, prove that (b?—c?) cotA+ (c?—a?) cotB+ (a?2—h?) cotC=0
Solution

Starting from LHS

= Y (b°-c?) cotA
= 4R? Z:(sin2 B-sin?C) cotA (using sine rule)
= 4R? Zsin(B —~C)sin(B-C) cotA

COSA
sinA

= 4R2 ZsinAsin(B -C)

=—2R? ) 2cos(B +C)sin(B - C) (using cos A = — cos (B + C)

= _2R? Z(sin 2B —sin2C)
=—2R?[(sin 2B — sin 2C) + (sin 2C — sin 2A) + (sin 2A — sin 2B)]
=0=RHS

Example : 6

A B C
In a AABC, show that : (a+ b + c) tan5+tanz =2c cot

Solution
Starting from LHS

-b _ _ _
=(a+b+c){(s l(s ), (s Cl(s a)}
a+b+c
Z[Tj (s-c)[s-b+s—a]
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S—-C

:(T] (a+b+0) ()

=M=20 {M} =2ccot%=RHS

A A
Example : 7
In a AABC, prove that :
0] r,+r,+r,—r=4R
(i) rr,+rr,+rr,=ab+bc +ca-s?
Solution

® Starting from LHS
[ A A ] ( A Aj
= + + -—
s-a S-b s-Cc S

_ (2s—atb)  A(s-s-¢)
A s a)s-b) " s(s-c)

AC AC
= (s-a)s-b) " s(s-c)

B Ac
~ s(s—-a)(s-b)(s-c

) [ss—c)+)s—a)(s—Db)]

c abc abc
— 2 _ 9g2 = - — | =
A[Zs 2s? + ab] A 4[4A] 4R

(i) Starting from LHS

.
A 1 . 1 . 1
s |s-a s-b s-c

S _(s —a)(s—b)(s-¢)

3s2—-2s(a+b+c)+bc+ca+ab
=3s?—-4s?2+bc +ca+ab
=ab +bc+ca-s?=RHS

2 | Ds-b)s-c) ]

Example : 8

A B C
(a+b+c)? cot— +cot—+cot—
Ina AABC, show that: —5———— = 2 2 2

2 2 2
a“+b+c COtA +cotB + cotC

Solution
Starting from RHS

s(s—a)+ s(s—b)+ s(s-c¢)

A A A 4s[s—a+s—-b+s-C]
"~ p?+c?-a? +cz+a2—b2 +a2+b2—c2 - b2 +c? +a?
4A 4A 4A
4s(3s—2s) 4s? (a+b+c)?
= = = LHS

a?+b%+c? T a?+b%+c? T a?+b?4c?
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Example : 9

If a2, b?, c? in a AABC are in A.P. Prove that cot A, cot B and cot C are also in A.P.
Solution

cotA, cot B and cot C are in A.P. if :

cotA—cotB=cotB-cotC

COSA cosB cosB cosC

= sinA ~ sinB _ sinB _ sinC
sin(B-A) _ sin(C-B)
= sinAsinB ~ sinBsinC
= sin (B—-A) sin C =sin (C-B) sinA
= sin (B —A) sin (B + A) = sin (C — B) sin (C + B)
= sin?B — sin?A = sin?C — sin’B
b2 a’ c? b2
= - = - using sine rule
4R?  4R? 4R?  4R? (using )
b? —a? =c? - b? = ab?=a?+c?
az,b?,c?areinA.P.
cot A, cot B and cot C are also in A.P.
Example : 10
If X, y, z are respectively the perpendiculars from circumcentre to the sides of the triangle ABC prove that
a b C abc
—+ "+ ==
x Y z 4Axyz
Solution

We known that : x =R cosA,y=RcosB,z=RcosC
Consider LHS :

a N b . c
RcosA RcosB RcosC

2RsinA . 2RsinB _2RcosC
Rcos A RcosB ~ RcosC

(tan A +tan B +tan C)
= (tan Atan B tan C) (-A+B+C=n)

sinA sinB sinC
- cos A cosB cosC

2 abc . )
~ 8rR® |cosAcosBcosC (using sine rule)
1 abc 1 abc
4 | (RcosA)(RcosB)(RcosC) | ~ 4 xyz ~ RHS

Example : 11
Lis the incentre of AABC and P, , P, , P, are respectively the radii of the circumcircle of DIBC, AICA and
IAB, prove that: P, P, P, = 2R?r.
Solution
1 1 T A
=T—- = + =mT—- — — = — + —
LBICTEZ(B C)th(nA)2 >

Circumradius of AABC is :
BC BC a

Pi= 2sinzBIC ~ Zsin(n+A) T eosA
2 2
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and P,.=

Similarly we can show that : P, =

2COS* ° 2COSE
2
abc 8R? sinAsinBsinC
= PP,P, = A B _C-~ A _B__C
8C0S—C0S—C0S— 8C0sS-—Cc0S—CO0S—
2 2 2
3 . A A . B B . C C
8R S|n§cos§smzcos—5|n—cos— A B C
= =8R3sin — sin — sin —
cosécosEcosg 2 2 2
2 2 2
=2R?r=RHS
Example : 12

(Ptolemy Theorem) If ABCD is cyclic quadrilateral, show that AC . BD =AB . CD + BC . AD
Solution
LetAB=a,BC=b,CD=c,DA=d
using cosine rule in AABC and AADC, we get :
AC? = a?+ b?-2ab cos B
AC?=c?2+d?-2cd cos D
and B+D=mn

= cosB+cosD=0
= AC? (cd + ab) = (a% + b?) cd + (c + d?) ab
~ AC? = (a’cd + c2ab) + (b?cd + d*ab)
cd+ab
Similarly by taking another diagonal BD, we can show that :
ba + cd)(bd +ca
5 - (ba+od)(bd +ca)
da+bc
Multiplying the two equations
= (AD . BD)? = (ac + bd)?
= AC .BD =ac + bd
= AC.BD=AB.CD+BC.AD
Example : 13
A B .2 B .2 A C
. |cot—+cot—| |asin“—+bsin“—| = e
Showthat[ > 2} { > 2}—ccot >
Solution
Taking LHS :
s(s—a) . s(s—b) a(s—-c)(s-a) . b(s-b)(s-¢)
- A A ca bc

s (&]
X[Zs—a—b] c (2s—a-h)

s(s-c s(s—-c C
ss-c) )Cz=c—( ):ccot—zRHS
AcC A 2
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Example : 14
In a AABC, show that a® cos (B — C) + b® cos (C—A) + ¢ cos (A—B) =3 abc
Solution

Given expression = Za3 cos(B-C)
= ZaZ(ZR sinA)cos(B - C)
=R ZaZ(ZR sinB + C cosB-C)
=R Zaz(sin 2B +5sin2C)
=2R Zaz(sinB +sinB+sinCcosC) = Zaz(bcosB +ccosC)

=a?(bcosB+ ccosC) +b?(ccos C+acosA)+c?(acosA +bcos B)
=ab(acosB +bcosA)+ac(acosC+acosA)+bc(bcosC+ccosB)

=abc + acb + bca (using projection formula)
= 3abc = RHS
Example : 15
. . A B C )
If the sides a, b, c of a AABC are in A.P., then prove that cot Ex cot Py and cot > are also in A.P.
Solution
a, b,careinA.P. = a-b=b-c
= sinA-sinB=sinB-sinC
2 cos A+B sin A-B =2 cos B+ C sin B-C
- 2 2 2 2
sin c sin A-B =sin A sin B-C
- 2 2 N7 2
. (A B . (B C
sinf ——— sinf ———
2 2 2 2
= . A . B = .B.C
sin—sin— sin—sin—
2 2
cot E cot A = cot — —cot E
- 2 2~ 2

cotA cotE cotE are in A.P,
= 2 Ot S o

Example : 16

A+B
In a AABC, prove that A=Bif: atan A+ b tan B = (a + b) tan ( 2 ]

Solution
Rearranging the terms of the given expression as follows :

B A+B
> —btanT—btanB

asin A—AJFB bsin A+B—B
2 2

cosAcos A+B

= atan A—atan
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2RsinAsin( Bj 2RsinBsin(A;Bj

COSA cosB

~ (A-B
= sin > [tanA—-tan B]=0

~ (A-B
= sin 2 =QortanA-tanB =0
= A=B
Example : 17

If the sides of a triangle are in A.P. and the greatest angle exceeds the smallest angle by o, show that the

. . . 1-cosa
sidesareintheratiol —x:1:1+Xx;wherex=z———
7—cosa

Solution
LetA>B>C
= A-C=q and ab=a+c
We will first find the values of sin B/2 and cos B/2
2b=a+c
= 2sinB=sinA+sinC
4 sin E cos E =2sin A+C cos A-C
= 2 2~ 2 2
4 sin E cos E =2 cos E cos el
= 2 2 " 2 2
) o B l+cosa
= SmE_ECOSE = sm2 Zﬁ
B 1 sinzB V7-cosa )
Ccos — = ,/1- — = T = . i
= 2 2 242 ®
Consider
a sinA ] ) |
c = sinC (using sine rule)
a+c sinA +sinC
= a-c  sinA-sinC
a+c 2sinB
= a-c A+C . A-c
2cos sin
Z(ZSiI’IBCOSBj
a+c 2 2
= =
a-c¢ ZsinEsing
2 2
a+c cosB/2
N _

a-c 2 sina/2
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2[\/7 —Ccosa j
22

a+cC

= = (using (i)

a-c sina/2

a+c V7 —-coso

= a-c - «/1—c03a
a+c 1
= ==
a-c
a 1+x
= c  1-x
- a _ c
1+x  1-X
a _ ¢ _a+c
= 14x  1-x 2
a _ ¢ _ 2
= 14x  1-x 2
a _b_ ¢
= T+x 1 1-x
Example : 18

A'is the mid point of BC in a AABC. If AD is perpendicular to AC, show that : cos A cos C =

Solution

The value of cos C can be found by cosine rule in AABC or AADC

a?+b?-c?

From AABC : cos C = >ab

a
From AADC:cosC= ——

al2
20 a®+b®-c?
= a 2ab
R ()
3

b? +c?-a b
=LHS =cosAcosC= 2bc

al2
2 _ .2

D eetoal T e @)
== using (i

ac ac
2(c? -a?
_2AcT-aY) e

3ac

2(c? -a?)

3ac
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Example : 19
Let O be a point inside a ZABC such that ZOAB = ZOBC = ZOCA = o, Show that

® cosw=cotA+cotB+cotC
(i) cosec’m = cosec?A + cosec?B + cosec?C
Solution

Apply the sine rule in AOBC

OB _ sin(c — w)
= a _ sin(n-0+C-o)
., 9B _snCre) Q)

a  sinC
Applying sine rule in AOAB and proceeding similarly :
OB _ sine

= c  sinB
Divide (i) by (ii) to get :
c sin(C-w)sinB | .
— = ————— (sine rule in AABC)
a sinosinC

sinC_ sin(C-w)
sinAsinB =~ sinosinC

sin(A+B)  sin(C-w)

= sinAsinB ~ sinosinC

= cotB +cotA=cotw—cotC
= cotw=cotA+cotB+cotC
(i) Squaring the above result :

cot?w = (cot A + cot B + cot C)?

= cosec?w—1 = z COPA+2  cotA COE+ c?-a?

2bc
= cosec’m—1 = (cosec’A—-1) +2 (winaA cotAcotB =1)
= cosec’m = cosec’A—-3+2
= cosec’m = cosec?A + cosec?B + cosec?C
Example : 20

For a triangle ABC, it is given that : cos A + cos B + cos C = 3/2. Prove that the triangle is equilateral.

Solution
Consider cos A+ cos B + cos C = 3/2

c?+a%+b? a?+b%+c?
+ +

3
2

= 2ca 2ab B

= 2(b?+c?—a?)+b(c2+a2-b? +c (a?+ b?+c? =3abc

= a(b?+c?) +b(c?+a?) +c(@+b?=a®+b*+c+ 3abc

= a(b?+c?2—2bc) + b (c? + a2 — 2ac) + ¢ (a% + b? — 2ab) = a® + b® — 3abc
= alb—c)2+b(c—a)’)+c(a-b)2-12@+b+c)[(b-c)?+(c—a)*+(a—-b)?]=0
= (b—c)?(b+c—-—a)+(c—a)3(c+ta—-b)+(@a-by(@a+b-c)=0

= : sum of two sides > third side

= All terms in LHS are non-negative

= eachterm=0

= b-c=c-a=a-b=0

= a=b=c

= AABC is a equilateral.
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Example : 21

If a =100, c = 100 V2 and A = 30°, solve the triangle.
Solution

a?=b?+c?—2bc cos A

b2 — 2b (100 V2) cos 30° + (100V2)2 — 1002 = 0

b2 — 100V6 b + 10000 = 0

b

10046 £10042
= =502 (V3

3+1)

b, =50vV2 (V3 -1), b, =50vV2 (V3 + 1)

csinA 100v2sin30° 1

a 100 V2
C,=135° and C,=45°

B, = 180 — (135° + 30°) = 15°

B, = 180 — (45° + 30°) = 105°

sinC =

Example : 22
In the ambiguous case, if the remaining angles of the triangle formed with a, bandAbe B1,C andB,, C,,

sinC,  sinC,

then prove that : SinB, + sin, =2 cosA.
Solution
] ) _ bsinA ] )
sinB, —sinB, = a (using sine rule)
) cySiNA ) C,SinA
sinC, = andsin C, =
C;SinA  c,sinA
— a a
= 5= %sina * bsina
a a
c;+C,  2bcosA
= LHS = = =2 COsA
b b
Example : 23

Ina AABC; a, ¢, Aare given and b, = 2b, , where b, and b, are two values of the third side : then prove that:

3a = c4y1+8sin? A

Solution
a?=Db?+c?—-2bc cos A
consider this equation as a quadratic in b.

= b?—(2ccosA)b+c*—a?=0
= b, +b,=2ccosA
and b,-b,=c*-a’
and b, = 2b,
= 3b, =2ccosA and 2b?=c*-a
2
2CCOSA

e S

3
= 8c? cos?A = 9c? —9a?
= 8c? (1 —sin?A) = 9¢? — 9a?
= 9a? = c? + 8c¢? sin’A
= 3a=c {1+8sin’A
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Example : 24
A man observes, that when he moves up a distance ¢ meters on a slope, the angle of depression of a
point on the horizontal plane from the base of the slope is 30°; and when he moves up further a distance
¢ meters the angle of depression of that point is 45°. Obtain the angle of elevation of the slope with the
horizontal.

Solution
Let the point A be observed from Q and R
= PQ=QR=c
Apply m — n theorem in AAPR. Q divides PRinratioc:c

= (c +c) cot (6 —30°) = ¢ cot 15° — ¢ cot 30°

= 2cot(0-30°) =2+ ,3_./3

= 2cot(0—30°=2

= cot(0—-30° =1

= 6—-30°=45° = 6 = 75°
Example : 25

Avertical pole (more than 100 ft high) consists of two portions, the lower being one third of the whole. If the
upper portion subtends an angle tan (1/2) at a point in the horizontal plane through the foot of the pole
and at a distance of 40ft from it, find the height of the pole.

Solution
Let PQ be the tower and R be the point dividing PQin 1: 2
Angle subtended at A = oo = tan™1/2

PQ PR
- -1 < _ -1
= o = tan AP tan AP
t -1 1 —t -1 — t -1 h/3
= an > an 20 an 20
h h
1 oo
N _ 40 120
2 h?
1+
4800
LMt _h b
= 4800 ~ 20 ~ 60
= h?—-160h +4800=0
= h =40, 120
= h =120 ft. (as h > 100ft)
Example : 26

A 2 metre long object is fired vertically upwards from the mid-point of two locations A and B, 8 metres

apart. The speed of the object after t seconds is given by ds/dt = 2t + 1 m/s. Let oo and B be the angles

subtended by the object at A and B respectively after one and two seconds. Find the value of cos (o — ).
Solution

Att=1s:

1
OP=s= f (2t+D gt =2m
0

[oP+PQ L (orP
= o = tan OA —tan OA

. 2+2 2
= o = tan 4 —tan™ N
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ool
= anoc—3

Att=2s:

2
OP = j (2t+1) dt = 6m.
0

- )

6+
= B =tan?

an g 22302
= anB= 15302
anpe L
= anB—8
t —1 dt —1
= ano =7 an anB—8

1

3
= sina=m,cosa—ﬁ

1 8
= SinB=E:COSB=E

3 8
N cos (au—PB)=cosocosP+sinasinf= /10 ,65 +

Example : 27

1 1 5

V1o V65 T 26

A man observes two objects in a straight line in the west. On walking a distance c to the north, the object
subtend as angle o in front of him and on walking a further distance of c to the north, they subtend an

angle B . Prove that the distance between the objects is :

Solution
Let x = distance between objects A and B.

y = distance of B from initial position of man.

3c
2cotp —cota

The man starts from O and observes angle o. and 3 at P and Q respectively as shown.

X +
o =tan™ y —tan™ y
c
X+Yy y
= -1 -1 =
B =tan 20 tan e
X+y 'y
ac
= tanoc=c—cz=ﬁ
1 Xy +Yy C+Xy+y
+ 2
C
X+y 'y )
XC
= tanB:M_ 2

2 T Acxy+
1. 0 +Y y+y
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By eliminating (xy + y?), we can find x.
Equate values of (xy + y?) from the two equations.

XC , 2Xc A2
= tana C  tanp ¢
= xc (cot oo — 2 cot B) = — 3c?

3c
= x= 2cotf—cota
Example : 28

A right circular cylinder tower of height h and radius r stands on a horizontal lane. Let A be a point in the
horizontal plane and PQR be the semi-circular edge of the two of the tower such that Q is the point in it
nearest A. The angles of elevation of the point P and Q from A are 45° and 60° respectively. Show that :

h _ J30+45)
ro 2
Solution
Let P’, Q’, R’ be the projection of P, Q, R in the base of the lower. Hence PP’, QQ’, RR’ are vertical lines.
From AAQQ” AQ’ =h cot 60°
From AAPP’ AP’ = h cot 45°
If O is the centre of the circular base of the lower, triangle AAOP’ is right angled
(h cot 60° + t)? + r2 = (h cot 45°)?
h? 2hr

_+r2+—+r2:h2
- 3 V3

= 2h?—2,/3 hr-6r2=0

h N h
= T= M (taking only position values of ?)
h _ J3(+43)
= - = —
r 2
Example : 29

From a point on the horizontal plane, the elevation of the top of the hill is o.. After walking a metres towards
the summit up a slope inclined at an angle B to the horizontal, the angle of elevation is y. Find the height
of the hill.
Solution
Let PQ = h = height of the hill.
P is the top of the hill (summit)
At A, on the ground level, elevation of P is o
at B(AB = a) elevation of P is y. AB is inclined at B to the horizontal
LetNQ =y
from APAQ: AQ=hcota
from APBN : BN = (h—y)coty
from ABAM: AM =acos j
BM=y=asinf
But AQ =AM =BM

= hcotoao=acosf + (h+y)coty
= hcoto=acosf + (h—asin o) coty
acosfB—asinpcoty
= - coto —coty
2[cosBsinasiny —sinfcosysina]
= =

sinycosa —cosysina
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~ asinasin(y —p)
sin(y —a)

Example : 30
Due south of a tower which is leaving towards north, there are two stations at distances X, y respectively
from its foot. If oo and B are the angles of elevation of the top of the tower at these station respectively,

ycota — xcotp

show that the inclination of the tower to the horizontal is given by : cot™ [T]
Solution

Let PQ be the tower and 6 be its inclination with the horizontal. At A, elevation of the top is o and at B, the

elevation is B

Let PM is perpendicular to the ground and PM = h

from APQM: MQ =hcot6

from APAM: AM =h cot o

from APBM: BM=hcotf

= AM-QM=x = hcotao—hcot=x ... 0]

= BM-QM=y = hcotp—hcoto=y ... (i)

dividing (i) by (ii), we get

coto —coto X

cotp —cot6 = y

ycota — xcotp
= cotO = —y—x

) ycota —xcotf
= 6 = cot” —y—x

Example : 31
The width of a road is b feet. On one side of the road, there is a pole h feet high. On the other side, there
is a building which subtends an angle 6 at the top of the pole. Show that the height of the building is

(b? +h?)sin®
bcosO+hsing

Solution
Let PQ =y be the height of the building
Let AB = h be the height of the pole.
Let ZQAB = o = ZAQP
from AAOB :

b h
AQ = Jp2 +h2 and sino = /7b2+h , Cos a = /b2+h2

in AAPQ
ZAPQ=n=(0+0)
using the sine rule in this triangle

y _  AQ
sin® ~ sinZAPQ

y _ _ Wb*+h?

sind ~ sin(t—0+a)

Vb2 +h? sin@

sinbcosa +cosOsina

= =
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Vb2 +h? sine

= y = b
sind + cos0
Vb? +h? Vb? +h?
(b? +h?)sin®
= =
hsin6+bcoso
Example : 32

The angle of elevation of a tower at a point A due south of it is 30°. AT a point b due east of A, the elevation

a
. o _ . oz
is 18°. If AB = a, show that the height of the tower is : 2+2£

Solution
Let PQ = h be the height of the tower.
At A, due to south of it, the elevation is ZPAQ = 30°
At B, due east of A, the elevation is ZPBQ = 18°
from APAQ : AQ = h cot 30°
from APBO: BQ =hcot 18°
Now consider the right angled triangle AAQB in the horizontal plane :
AQ? + AB? = BQ?
h? cot? 30° + a? = h? cot? 18°

a
h=

- Jcot?18°—cot? 30°

we have cot? 30° = 3 and cot 18° = 5 + 2V5 (try to calculate it yourself)

a

= "= i

Example : 33
A circular plate of radius a touches a vertical wall. The plate is fixed horizontally at a height b above the
ground. A lighted candle of length ¢ stands vertically at the centre of the plate. Prove that the breadth of

2a
. : . ea 5
the shadow thrown on the wall where it meets the horizontal ground is : c Vb2 + 2bc

Solution
Let r be the radius of the circle formed by the shadow of the plate on the ground
Length of candle = PQ =c

r c+b
— +
a c
a
= r=€(c+b)

let AB be the shadow cut by the vertical wall.

2
a
. AB= ;Z2_o2 =2 C—Z(c+b)2—a2

2a 2a
= AB =" y(c+b)y’-c? = yb%+2be

Page # 16.



Example : 34
A man standing south of a lamp-post observes his shadow on the horizontal plane to be 24 feet long. On
walking eastward a distance of 300 feet, he finds that his shadow is now 30 feet. If his height is 6ft, find the
height of the lamp above the horizontal plane.
Solution
Let PQ be the lamp-post and AB be the man in his initial position. He moves from AB to A'B’.
= AA’” = 300ft and AX = 24ft
initial length of the shadow = AX = 24ft.
final length of the shadow = A"Y” = 30ft

AQXP ~ ABXA

PQ _ PX h _24+PA
= AB _ AX 6 24
= PA=4h-24

AQYP ~ D'YA'

PQ _ PY h  30+PA’
= AB ~ AY 6 30

= PA” = 5h — 30
Apply Pythagoras Theorem in APAA” :

= PA?2+ AA”? = PA®
= (4h — 24) + 3002 = (5h — 30)?
= 9 (h - 6)? = 3002
= h =106 ft.
Example : 35

An object is observed from three points A, B, C in the same horizontal line passing through the base of
object. The angle of elevation at B is twice and at C is thrice that at A. If AB = a, BC = b, prove that the

a
height of the object is : b (a+b)(Bb-a).

Solution
Let PQ be tower of height h.
Let 6, 26 and 36 be the angles of elevations of Q at A, B and C respectively
AQAB is isosceles = QB=a

h
sin30

Applying sine rule in AQBC :

from APQC,; QC=

a B b B h/sin30
= sin(t—360) ~ sin® ~  sin20
a b h
= - = — = — -
sin30 sin® sin30sin20
a _ b
= sin306 ~ sind
= a=b (3 -4sin%0)
= sin’d=3b—-a
, 3b-a b+a
= cos0=1- 4b = "I
a h
= sin30 ~ sin30sin20
= h=asin 26
= h=2asinbcos 6
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heo 3b-a |b+a
= ="\ 4b
he 2
= = 55 V(@ -a)b+a)

Example : 36
A flagstaff on the top of a tower is observed to subtend the same angle o at two points on a horizontal
plane, which lie on a line passing through the centre of the base of tower and whose distance from one
another is 2a and angle B at a point half-way between them. Prove that the height of flagstaff is :

) 2sinp
asino cosasin(p—a)

Solution
Let PQ be the tower and QR be the flagstaff. Let QR = 2h and PN =y
QR subtends o at Aand B (where N is the mid-point of QR)
= Q, R, A, B are concyclic. Let O be the centre of circle passing through these points.

= ZP0OQ = 2a. (angle subtended at centre is double)
from ANOR: ON=hcota
OR =radius = h cosec o
Let M be the mid-point of AB where QR subtends 3
LetPM =x=0ON

= x=hcotaa L ®
from AOBM : OM? = OB? — a? = h? cosec?o. — a?
= y?2=h?cosec’a—a? = e (i)
PR PQ Y+
- B -1 < — -1 - -1

Now J = tan PM tan BM tan > tan

y+h y-h

X X 2

. tan B = V% _n? = tan B = X2 +y2 _h?

1+ >

X

From (i), (ii) and (iii), we will eliminate x and y to get h.

= tan B (h? cot?a + h? cosec?o — a — h?) = 2h (h cot o)
= tan B (2h? cot?a — a?) = 2h? cot

a’tanp a’sinpsin®a
= h2 = =

~ 2tanBcot’ a—2coto.  2sinpcos? o —2cospcosasina

sinp
2cosasin(p-a)

o a?sinpsin®a
= ~ 2cosasin(p—-a)

) I 2sinp
= height of flagstaff = 2h = a sin o —cosasin(B—a)

= h=asinoc\/
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