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QUADRATIC EQUATION & EXPRESSION

1. Quadratic expression:
A polynomial of degree two of the form ax? + bx + ¢, a# 0 is
called a quadratic expression in x.
2. Quadratic equation:
An equationax*+ bx+c= 0,a#0, a, b, c OR has two and
only two roots, given by
_ “b+b®-dac B = -b -+b’ -4ac
2a 2a
3. Natureofroots:
Nature of the roots of the given equation depends upon the
nature of its discriminant D i.e. b? — 4ac.
Suppose a, b, cOR, a # 0 then
(i) IfD>0 O roots are real and distinct (unequal)
(i) IfD=0 O roots are real and equal (Coincident)
(i) IfD<O O roots are imaginary and unequal i.e.
non real complex numbers.
Suppose a, b, c0 Q a # 0 then
(i) IfD>0 andDis a perfect square O roots are rational
& unequal
(i) If D > 0 and D is not a perfect square [0 roots are
irrational and unequal.
For a quadratic equation their will exist exactly 2 roots real
or imaginary. If the equation ax? + bx + ¢ = 0 is satisfied for
more than 2 distinct values of x, then it will be an identity &
will be satisfied by all x. Also in thiscasea =b =c=0.
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Conjugate roots:

Irrational roots and complex roots occur in conjugate pairs
i.e.

if one root a + iB, then other root a - ip

if one root a + /B , then other root a - /B

Sum of roots :

-b —-Coefficient of x
"a _ Coefficient of x2

S=a+3=

Product of roots :

constant term
Coefficient of x?

C

Formation of an equation with given roots:
-Sx+P=0

O x?- (Sum of roots) x + Product of roots = 0

Roots under particular cases :

For the equationax? + bx + c=0,a#0

(i) Ifb=00 rootsareof equal magnitude but of opposite
sign.

(i) Ifc=0 0O onerootis zero and other is -b/a

(i) Ifb

(iv) Ifa

c =0 0O both roots are zero

c 0 roots are reciprocal to each other.

—
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(v) Ifa>0,c<0ora<0,c>0 0 roots are of opposite
signs

(vi) Ifa>0,b>0,c>00ra<0,b<0,c<0 0O both
roots are -ve

(vii) Ifa>0,b<0,c>00ra<0,b>0,c<0 0O both
roots are +ve.

8. Symmetric function of the roots:

If roots of quadratic equation ax? + bx + ¢, a# 0 area and j3,
then

(i) (a-PB)=(a+B)*-4op == —b;“ac

2 a—
(i) o +B2=(a+p)—20B = a22ac

(i) o ~B = (@ +5) f(arpy dap = 20 ~4ac

a2

(iv) @+ pB*= (o +B)° - 3(a + B) af = w

(v) o-p°>=(a-p)[a*+ B -ap]

= y(a +B)* - 4op [a*+ B?—aB]
_ (b* —ac)Vb® -4ac
a3

=
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(vi) o* +p* = (a2 + pB2)? - 2a%p?

a2

b? - 2ac)2 2c?
a’ -

={(a+ B)* -20B)* - 202p2 = [

(vii) a4 -p*=(a2 + p2) (a2 - B?) = -b(b ‘ZaaCsz -4ac

b? +ac
a2

(vii) o2 +aB +R2=(a+B)’-ap =

LB _ @B (a+B) -20p
a

o«
O op oB

(x) (gj + (E) _ BT [ -2a0) ~22°C]

a a’c?

9. Condition for common roots :

The equationsa, x> + b, x + ¢, =0andax*+ bx+c,=0
have

b,c, —b,c, €3, —Ga

(i) One common root if ca, -G,a, ~ ab,-a,b,

a

iy Both root fa b G
(i) oth roots common i a, = b, ~c,

=
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10. Maximum and Minimum value of quadratic expression :

11.

2
b D
In a quadratic expression ax? + bx + c = a [(X + Za) - 4a2]'

Where D = b? - 4ac
(i) If a > 0, quadratic expression has minimum value

4ac -b?

-b . .
at x = — and there is no maximum value.
4a 2a

(i) If a < 0, quadratic expression has maximum value

4ac -b? -b . -
—— at x = — and there is no minimum value.
4a 2a

Location of roots :
Let f(x) = ax?+ bx + ¢c,a # O thenw.rtof(x) =0

(i) If k lies between the roots then a.f(k) < 0
(necessary & sufficient)

(i) If between k, & k, their is exactly one root of k,, k,
themselves are not roots

f(k,) . f(k,) <0

(iii) If both the roots are less than a number k

(necessary & sufficient)

D > 0, a.f(k) >0, >a < k (necessary & sufficient)

(iv) If both the roots are greater than k

-b
D > 0, a.f(k) >0, >a >k (necessary & sufficient)

=
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12,

13.

(v) If both the roots lies in the interval (k,, k,)

-b
D > 0, a.f(k,) > 0, a.f(k,) >0, k, < 2 <Kk,

(vi) If k,, k, lies between the roots
a.f(k,) <0, a.f(k,) <0

(vii) A will be the repeated root of f(x) = 0 if
f(A\) =0andf'(A\) =0

For cubic equationax®+ bx?+ cx+d=0 :

-b C
Wehavea+B+y=?,aB+By+ycx=g andaBy=?

where a, B, y are its roots.

For biquadratic equationax* + bx®* +cx?+dx+e=0:

b
We havea +B+y+0 = —g,aBy+By6+y6a+y68= a

C e
o +ay +ad+ By + Bd+ yd= a3 and afyd = a

—
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COMPLEX NUMBER

Complex Number:

A number of the formz =x +iy (x,y OR, i = ,/-1 ) is called

a complex number, where x is called a real parti.e. x = Re(z)
and vy is called an imaginary parti.e. y = Im(z).

Modulus |z| = \/x? +vy?,

amplitude or amp(z) = arg(z) =6 = tan™! %
(i) Polarrepresentation:

X =rcosb,y=rsing, r=|z|] = \/x?+y?
(ii) Exponential form :

z=re® wherer=|z|, 8 = amp.(z2)

(iii) Vector representation:

P(x, y) then its vector representation is z = 6P

Integral Power of lota:

=/, 2=-1,PF=-i,i*=1

Hence i4n+1 = i, i4n+2 = _1[ i4n+3 = _i’ i4n or i4(n+1) =1

Complex conjugate of z :
If z=x + iy, then 7 = x - iy is called complex conjugate
of z

* Z is the mirror image of z in the real axis.

* ozl = 1z

* z+ 7z = 2Re(z) = purely real

e ———C

z = 2i I_(z) = purely imaginary

* zz = |z|?

* Zy v ZyhHZ, = Z,F 7, o + z,

* 2)-2; T 217 Z»

* 2,7, 2.2,
- _

* (—1j = (—_IJ (provided z, # 0)
z, Z,

* @) = (z)

* If o =f(z), then @ = f(z)

Where a = f(z) is a function in a complex variable
with real coefficients.

* z+z =00rz=-z O z=0orzispurely imaginary

* z=7z 0O zispurelyreal

Modulus of a complex number:

Magnitude of a complex number z is denoted as |z| and is
defined as

1zl = J(Re(2))? +(Im(2))? . |z| = O
i zz=1zI?=1zI?
z

(II) z1l= |Z|2

(i) |z, £z]|>=|z,> + |z,]* £ 2 Re (z, Z,)

=
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(iv) lz, +z, >+ |z, - z,|> = 2 [|z,]* + |z,|°]
(v) lz, £z,] < Iz,] + |z,]

(i) Iz, £zl = Iz] - |z,

\

Argument of a complex number :

Argument of a complex number z is the [ made by its radius
vector with +ve direction of real axis.

argz =g, z O 1%t quad.
=mn-0, z 029 quad.
=-0, z O 3@ quad.
=0 - m, z 04" quad.

(i) arg(anyreal+veno.)=0

(i) arg(anyreal-veno.)=m

(ii) arg(z-z)==x12

(iv) arg(z,.z,) =argz +argz, +2km

z
(v) arg (ij =argz -argz, +2kn

(vi) arg(z) = -argz = arg (%) , if zis non real
= arg z, if z is real
(vii) arg(-z)=argz +margz 0 (-, 0]
=argz-margz 00, m]
(vii) arg(z") =nargz+ 2km
(ix) argz+argz =0
argument function behaves like log function.

=
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Square root of a complex no.

|z|+a+. |z]-a
Ja+tib =% |y 5 Tl 5| forb>0

\/|z|+a _i\/lzl—a
= x 2 2 ’ forb <0

De-Moiver's Theorem:

It states that if n is rational number, then
(cosB + isinB)" = cosO + isin nO
and (cos6 + isinB)™ = cos nB - i sin n6

Euler's formulae as z = re’®, where
e® = cosO + isin6 and e = cosO - i sind
O e® + e® = 2cosband e® - e®= 2 isin®

n* roots of complex number z/»

2mm+0) . . (2mT+ 6
= rl/n | COS e +|smT ,

wherem =0, 1, 2, ...... (n-1)
(i)  Sum of all roots of z'/" is always equal to zero
(i)  Product of all roots of z¥/" = (-1)"!z

Cube root of unity :
cube roots of unity are 1, w, w? where

_ -1+iW3

> andl+w+w=0,0=1

=
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11. Some important result:

If z = cos@ + isin®

()

(if)

(iii)
(iv)

(a)
(c)

1

Z+ — = 2cos6
z
1

z- — = 2isind
z

1
zn+ = 2cosnd

If x = cosa + isina , y = cosB + i sinpB & z = cosy + isiny
and given x +y + z =0, then

1 1
<ty

1
;=0 (b)yz+zx+xy =0

x2+y*+2z2=0 (d) x* +y? + 73 = 3xyz

12. Equation of Circle:

*

|z - z,| = r represents a circle with centre z, and
radius r.
|z| = r represents circle with centre at origin.

|z - z,| <rand |z - z]| > r represents interior and
exterior of circle [z - z,| = r.

zz + az + 3z + b = 0 represents a general circle
wherea g cand b O R.

Let |z| = r be the given circle, then equation of
tangent at the point z, is zz, + zz, = 2r?

diametric form of circle :

Z_Zl _:EE
A lz-2,) =% 27

=
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or z-z, * z-2, =0
Zy+27; zZ, -2
or ‘Z‘T _ oz
or lz - z> + |z - z,|*> = |z, - 2,|?

Where z,, z, are end points of diameter and z is any
point on circle.

13. Some important points:

()
(if)

(iii)

Distance formula PQ = |z, - z |

Section formula

. L myz, +myzy
For internal division = — — ——

m; +m,
E ¢ | division = myz; —Myzy
or external division = m, - m,

Equation of straight line.
* Parametric form z = tz, + (1 - t)z, where t O R

z z 1
* Non parametric form |41 El LTI
z, z; 1
3 4
» . . €12y Zp 1) _
Three points z,, z,, z, are collinear if - =0
Z3 Z3

or slope of AB = slope of BC = slope of AC.

=
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(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(xi)

Z_Zl
Z_ZZ

The complex equation = k represents a circle

if k 2 1 and a straight line if k = 1.

The triangle whose vertices are the points represented

by complex numbers z,, z,, z, is equilateral if

i i 2 2 2 =
ie.ifz?+z2+ 2?2 =22 + 2,2, + 2,2.
|z - z,| = |z - z| = )\, represents an ellipse if

|z, - z,| < A, having the points z, and z, as its foci
and if |z, - z,| = )\, then z lies on a line segment
connecting z, & z,

|z - z,| ~ |z - z,| = X\ represents a hyperbola if

|z, - z,| > A, having the points z, and z, as its foci,
and if |z, - z| = ), then z lies on the line passing
through z, and z, excluding the points between z & z,.
If four points z,, z

z,, z, are concyclic,

27

h (21‘22) (23‘24) | |
then is purely real.

If three complex numbers are in A.P., then they lie on
a straight line in the complex plane.

37

If z,, z,, z, be the vertices of an equilateral triangle
and z, be the circumcentre,

2 2 2 — 2
then z2 + z2 + z? = 3z

If z, z,, z, ....... z, be the vertices of a regular
polygon of n sides & z, be its centroid, then
z?+ z2 + + z72= nzj.

=
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(xii) If z,, z

,» Z, be the vertices of a triangle, then the
triangle is equilateral

iff (z, —z,) +(z, -2, +(z-2,)>=0

,» Z, are the vertices of an isosceles triangle,
right angled at z,,

then z2 + 22>+ z2? = 2z, (z, + z,).

,r Zy. 2, are vertices of a parallelogram then
z+z,=12, + 2z,

—
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PERMUTATION & COMBINATION

Factorial notation -

The continuous product of first n natural numbers is called
factorial

i,e. |norn!=1.2. 3. (n-1).n
nl=nn-1)!=n(n-1)(n-2)! &soon
n!
(n-n!

Here 0! = 1 and (-n)! = meaningless.

or n(n-1)......... (n-r+1)=

Fundamental principle of counting -

(i) Addition rule : If there are two operations such that
they can be done independently in m and n ways
respectively, then either (any one) of these two
operations can be done by (m + n) ways.

Addition O OR (or) Option

(ii) Multiplication rule : Let there are two tasks of an
operation and if these two tasks can be performed in m
and n different number of ways respectively, then the
two tasks together can be done in m x n ways.
Multiplication O And (or) Condition

(ii) Bijection Rule : Number of favourable cases
= Total number of cases

- Unfavourable number of cases.

Permutations (Arrangement of objects) -
(i) The number of permutations of n different things taken

n!
i i n —_ ——
ratatimeis"p, = (n-r)!

(i)  The number of permutations of n dissimilar things taken
allatatimeis"p_ = n!

(iii) The number of permutations of n distinct objects taken
r at a time, when repetition of objects is allowed is nr.

=
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(iv) If out of n objects, 'a' are alike of one kind, 'b' are alike
of second kind and 'c' are alike of third kind and the
rest distinct, then the number of ways of permuting

I

the n objects is %

Restricted Permutations -

(i)  The number of permutations of n dissimilar things taken
r at a time, when m particular things always occupy
definite places ="""p_

(i)  The number of permutations of n different things taken
r at a time, when m particular things are always to be
excluded (included)

=nmp ("mC__ X rl)

Circular Permutations -

When clockwise & anticlockwise orders are treated as
different.

(i)  The number of circular permutations of n different things

n

. P
taken r at a time Tr

(i)  The number of circular permutations of n different things

n

taken altogether % =(n-1)!

When clockwise & anticlockwise orders are treated
as same.

(i)  The number of circular permutations of n different things

n
r

2r
(ii)  The number of circular permutations of n different things

taken r at a time

n

P 1
taken all together — = = (n - 1)!
g on > ( )

—
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Combination (selection of objects) -

The number of combinations of n different things taken r at
a time is denoted by "C_or C (n, r)

n! "P.
cToriin-r)! T
(i) C.=rC_
(i) "C.+"C_, =""C
(i) "C. =rC, O r=sorr+s=n
(iv) "C,="C =1
(v) "C, =

nC

(vi) "C =
.. 1
(vii) "C_ = - (n-r+1)"C_,

Restricted combinations -

The number of combinations of n distinct objects taken r at
a time, when k particular objects are always to be

(i) includedis"*C_,
(i) excluded is"*C,
(iii) included and s particular things are to be excluded is
n—k—sC
r-k

Total number of combinations in different cases -

(i) The number of selections of n identical objects, taken
at least one = n

(i) The number of selections from n different objects, taken
at least one
="C, + "C, + "C, + ....... + "C, =2n-1

(iii) The number of selections of r objects out of n iden-
tical objects is 1.

=
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(iv) Total number of selections of zero or more objects
from n identical objects is n + 1.

(v) Total number of selections of zero or more objects
out of n different objects

= "C,+ "C, + "C, + "C, + ....... + "C, = 2"

(vi) The total number of selections of at least one out of
a, +a, + ...... + a, objects where a, are alike (of
one kind), a, are alike (of second kind), ......... a_are
alike (of nt" kind) is
[(a, + 1) (a, + 1) (a; + 1) + ...... +(a, +1)] -1

(vii) The number of selections taking atleast one out of
a, +a,+a + ... + a, + k objects when a, are
alike (of one kind), a, are alike (of second kind),
........ a, are alike (of k™ kind) and k are distinct is

[(a, + 1) (a, + 1) (8, + 1) .eveveee, (a, + 1)] 2¢- 1

Division and distribution -

(i) The number of ways in which (m + n + p) different
objects can be divided into there groups containing m,

(M +n +p)!

n, & p different objects respectively is — 7 p!

(ii) The total number of ways in which n different objects
are to be divided into r groups of group sizesn,, n,, n,
............. n_respectively such that size of no two groups

Issame s oy n!-

(iii) The total number of ways in which n different objects
are to be divided into groups such that k, groups have
group size n,, k, groups have group size n, and so on,
k_groups have group size n, is given as

n!

—
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(iv) The total number of ways in which n different objects
are divided into k groups of fixed group size and are
distributed among k persons (one group to each) is
given as

(number of ways of group formation) x k!

10. Selection of light objects and multinomial theorem -

(i) The coefficient of x" in the expansion of (1 - x™) is
equalto"*r-!C__,

(i)  The number of solution of the equation x, + x, + ..........
+ X. = n, n 0N under the conditionn, < x, < n',
N, <X, <N, . n <X <n
where all x's are integers is given as
Coefficient of x" is

[(x”1 +x”1+1+...+x”'1) (x”2 +xmt +...4x”'2)...(x”r +x g )]

11.

Derangement Theorem -

(i) If n things are arranged in a row, then the number of
ways in which they can be rearranged so that no one
of them occupies the place assigned to it is

1 1 1 1 nl
=nl! |:1_ﬁ +i —5 +m —+(—1) mj|
(i) If nthings are arranged at n places then the number of
ways to rearrange exactly r things at right places is

n! 1.1 1 1 e 1
- l-—=+=—-—+—+... {1
=T [ TRETRE TR TR (n—r)!}

12. Some Important results -

(@) Number of total different straight lines formed by joining
the n points on a plane of which m(<n) are collinear is
"C,-"C, + 1.
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(b)

()

(d)

(e)

(f)

9)

(h)

Number of total triangles formed by joining the n
points on a plane of which m(< n) are collinear is

"C, - "C,.
Number of diagonals in a polygon of n sides is
"C, - n.

If m parallel lines in a plane are intersected by a
family of other n parallel lines. Then total number of
parallelogram so formed is ™C, x "C,.

Given n points on the circumference of a circle, then
number of straight lines "C,

number of triangles "C,

number of quadrilaterals "C,

If n straight lines are drawn in the plane such that
no two lines are parallel and no three lines are
concurrent. Then the number of part into which these
lines divide the plane is = 1 + Zn

Number of rectangles of any size in a square of n x n

n
. 3 o 2
is ) I’ and number of squares of any size is Zr .
r=1
Number of rectangles of any size in a rectangle of

n
nxpis Tp(n + 1) (p + 1) and number of squares

n
of any size is Z im+1-rN{pP+1-r.
r=1
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PROBABILITY

Mathematical definition of probability :
Probability of an event

No. of favourable cases to event A
- Total no. of cases

Note: () 0<P(A) <1
(i) Probability of an impossible event is zero
(iii)  Probability of a sure event is one.

(iv) P(A) + P(NotA)=1i.e.P(A)+P(A)=1

Odds for an event:

IfP(A) = " and P(A) = ©—

Then odds in favour of A = o) — _M_
en odds in favour of A = p oy =

: : _P(A) _n-m

and odds in against of A = _P(A) =

Set theoretical notation of probability and some impor-
tant results :

() P(A+B)=1-P(AB)

. P(AB)
(i) P(A/B) = gy

(i) P(A + B) = P(AB) + P(AB) + P(AB)
(iv) AOB O P(A) < P(B)

(v) P(aB) = P(B) - P(AB)

=
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(vi) P(AB) < P(A) P(B) < P(A + B) < P(A) + P(B)

(vii) P(Exactly one event) = P(AB) + P(AB)

(viii) P(A + B) =1 -P(AB) = P(A) + P(B) - 2P(AB)
= P(A + B) - P(AB)

(ix) P(neitherAnorB)=P(aAB) =1-P(A+B)

(xX) When a coin is tossed n times or n coins are tossed

once, the probability of each simple event is o

(xi) When a dice is rolled n times or n dice are rolled once,

the probability of each simple event is o

(xii) When n cards are drawn (1 < n < 52) from well shuffled
deck of 52 cards, the probability of each simple event
_ 1
IS TCn .

(xiii) If n cards are drawn one after the other with replace-

1
ment, the probability of each simple event is @

(xiv) P(none) = 1 - P (atleast one)
(xv) Playing cards :
(a) Total cards : 52 (26 red, 26 black)
(b) Four suits : Heart, diamond, spade, club (13 cards

each)
(c) Court (face) cards : 12 (4 kings, 4 queens, 4
jacks)
(d) Honour cards : 16 (4 Aces, 4 kings, 4 queens, 4
Jacks)
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(xvi) Probability regarding n letters and their envelopes :

If n letters corresponding to n envelopes are placed in
the envelopes at random, then

(a) Probability that all the letters are in right enve-

| 1
opes = —

(b) Probability that all letters are not in right enve-

| _ 1
opes—l—m

(c) Probability that no letters are in right envelope

11 1 W1
= T3t e FEDT

(d) Probability that exactly r letters are in right

11 1.1 e 1
envelopes=ﬁ[5 TR TR H-1) (n—r)!}

Addition Theorem of Probability :

(i)  When events are mutually exclusive
i,e.n(AnB)=0 O P(AnB)=0
0 P(AOB) =P(A) + P(B)

(i)  When events are not mutually exclusive i.e.
P(AnB)#0
0 P(AO B) = P(A) + P(B) - P(An B)
or P(A+B)=P(A)+ P(B)-P(AB)

(iii) When events are independenti.e. P(An B) = P(A) P (B)
0 P(A + B) = P(A) + P(B) - P(A) P(B)

[ATHS FoRMULA-PockeTBook  JERRIEEY

Conditional probability :
P(A/B) = Probability of occurrence of A, given that B has

P(A n B)
already happened = W

P(B/A) = Probability of occurrence of B, given that A has

P(A n B)
already happened = W

Note: If the outcomes of the experiment are equally

No. of samplepts.inAnB
No. of pts.inB

likely, then P(A/B) =

(i) If A and B are independent event, then P(A/B) = P(A)
and P(B/A) = P(B)

(i)  Multiplication Theorem :
P(An B) = P(A/B). P(B), P(B)20
or P(An B)=P(B/A)P(A), P(A)£0

Generalized :

P(E, n E, n E; n veveennennnnn, n E)

= P(E,) P(E,/E,) P(EJ/E, n E,) P(E,//E, n E, n E;) .eenits
If events are independent, then

P(E, n E, n E; n venee. n E,) = P(E,)) P(E,) ....... P(E,)

Probability of at least one of the n Independent events :

If P, P, «oenis P are the probabilities of n independent
events A, A,, .... A then the probability of happening of at
least one of these event is.

1-[(1-P)(1-P)...... (1-P)]

or PA +A,+..+A)=1-P(A,)P(A,)....P(A,)

=
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #23

ssssssssss

—
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #24

ssssssssss



IA@ABTES

Total Probability :

Let A, A, il A are n mutually exclusive & set of
exhaustive events and event A can occur through any one
of these events, then probability of occurence of A

P(A)=P(An A)+P(An A)+ coveererne, +P(An A)

= Zl P(A,) P(A/A)

Baye's Rule:

Let A, A,, A, be any three mutually exclusive & exhaustive
events (i.e. A, DA, 0A, =samplespace & A, n A, n A, = @)
an sample space S and B is any other event on sample space
then,

P(B / A)P(A)
P(A/B) = BB/ A P(A,) +P(B/ A,)P(A,) +P(B/ A,)P(A,)
i=1,2,3
Probability distribution :
(i) If a random variable x assumes values x,, X, ...... X
with probabilities P,, P,, ..... P respectively then
(@ P, +P,+P,+...+P =

(b) mean E(x) =XPx,
(c) Variance = zx?P, - (mean)? = X (x?) - (E(x))?

(i) Binomial distribution : If an experiment is repeated n
times, the successive trials being independent of one
another, then the probability of -

r success is "C_Pr g™

n
atleast r success is Z "C, Pk grx
k=r

where p is probability of success in a singletrial, g=1-p

=
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(@) meanE(x) =np
(b) E(x?) =npq + n®p?
(c) Variance E(x?) - (E(x))? = npq

(d) Standard deviation = \/npq

10. Truth of the statement:

(i) If two persons A and B speaks truth with the probabil-
ity p, & p, respectively and if they agree on a state-
ment, then the probability that they are speaking truth
will be given by

PiP>
PP, +(1-py) A -py)°

(i) If A and B both assert that an event has occurred,
probability of occurrence of which is a then the prob-
ability that event has occurred.

Given that the probability of A & B speaking truth is p,, p,.
ap;p,
ap;p, +(1-a) (1 -p;) 1 -py)

(iii) If in the second part the probability that their lies
(jhuth) coincides is B then from above case required
probability will be

ap;p,
ap;p, +(1-a) (1 -py) (1 -p,)B -
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PROGRESSION AND SERIES

1. Arithmetic Progression (A.P.):

(a)

(b)

()

General AP.—a,a+d, a+ 2d, ...... ,a+(n-1)d
where a is the first term and d is the common difference
General (nt") term of an A.P. —

T =a+ (n-1)d[n™term from the beginning]

If an A.P. having m terms, then n* term from end
=a+ (m-n)d

Sum of n terms of an A.P. —

S =

n

Da+m—1M]=gh+TJ

N3

Note : If sum of nterms i.e. S is giventhenT =S _-S_
where S__ is sum of (n - 1) terms.

(d)

(e)

Supposition of terms in A.P. —

(i) Threetermsasa-d, a,a+d

(i) Fourtermsasa-3d,a-d,a+d,a+ 3d

(i) Fivetermsasa-2d,a-d,a,a+d,a+ 2d

Arithmetic mean (A.M.) :

(i) AM.ofnnumbersA, A, .....cc........ A_ is defined
as

ZA; _ Sum of numbers

A.M. = o=
n n n

(i) ForanA.P., A.M. of the terms taken symmetrically
from the beginning and from the end will always
be constant and will be equal to middle term or
A.M. of middle term.

(iii) If A is the A.M. between two given nos. a and b,
then

A= i.e. 2A=a+b

N

=
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(iv) IfA, A,...... A are n A.M's between a and b,
thenA, =a+d, A, =a+ 2d,...... A =a+nd,

b_
n+1

Q

where d =

(v) SumofnA.M'sinserted betweenaandbis 2 (a+b)

(vi) Any term of an A.P. (except first term) is equal to
the half of the sum of term equidistant from the

+a_),r<n

n-r n+r

termi.e. a —l(a
(AN n_2

2. Geometric Progression (G.P.)

(a) GeneralG.P.— a,ar,ar?, ......

where a is the first term and r is the common ratio
(b) General (n*) termofa G.P. —T_ = ar!

If a G.P. having m terms then n* term from end = ar™™
(c) Sum of nterms of a G.P. —

a(l-r") a-T.r
= = <
Sh 1-r 1-r ' " 1
a(r" -1) Tr-a
= = >
r-1 r-1 '" 1
o a

(d) Sum of an infinite G.P. — S_ = 1-r’ [rj<1
(e) Supposition of terms in G.P. —

. a

(i) Three terms as r a, ar

. a a

(ii) Four terms as R ar, ar?

. a a 5

(iii) Five terms as 2 a, ar, ar
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(f) Geometric Mean (G.M.) —

(i) Geometrical mean of n numbers x,, X,, .......... X
is defined as
G.M. = (X, X, ceveneanennnn, X )¥n,

(i) If G is the G.M. between two given numbers a
and b, then

2=ab0d G=.ab

(i) IfG, G, coerrnnnnnn. G, are n G.M's between a

and b, then

(iii) Product of the n G.M.'s inserted between a & b is
(ab)v2

Arithmetico - Geometric Progression (A.G.P.):
(@) Generalform—a,(a+d)r, (a+2d)r? .............
(b) General (n*) term —T =[a+ (n-1)d]m?

Sumof n't fanAGP—s, = 2 +p %)
(c) Sum of nterms of an A.G.P — =1y e A-r)

(d) Sum of infinite terms of an A.G.P.

a __dr
> T 1 T a-n?

Sum standard results :

n(n+1
@) Zn=1+2+3+..... +n= (2)
(b) zn2=12+22+32+ +n2=w
..... 6
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()

(d)
(e)
(f)

n(n + 1)}2

Zn3=13+23+33+....+n3=[ >

Ja=a+a+....+ (ntimes) = na
>(2n-1)=1+3+5+....(2n-1)=n?
2n=2+4+6+....+2n=n(n+1)

5. Harmonic Progression (H.P)

(a)
(b)

(c)

GanHP—1 i L+
enerat A.x a' a+d’ a+2d

General (n*"" term) of a H.P. — T_

1 1
= a+(n-1d ~ n™term coresponding to A.P.

Harmonic Mean (H.M.)

2ab
(i) If Histhe H.M. between a and b, then H = ﬁ
(i) IfH, H,...... ,H_ are n H.M's between a and b,
1 1
then H = 2*1) -, _ ab+1)
! bn+a n na+b
. ) 1 1 .
or first find n A.M.'s between a & b’ then their

reciprocal will be required H.M's.

6. Relation Between A.M., G.M. and H.M.

(i)
(i)
(iii)

AH = G2
A>G>H

If Aand G are A.M. and G.M. respectively between two
+ve numbers, then these numbers are

A:I: /AZ_GZ

=
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BINOMIAL THEOREM

1. Binomial Theorem for any +ve integral index:
(x+a)="C, x"+"C x"ta+"C,x"?a’+ ......
+"C x"ra'+ ... +"C_a"

n

= ; nCr Xn—r ar

(i) Generalterm-T_, ="C x""a"is the (r + 1)* term from
beginning.

(i)  (m+ 1)"term fromtheend = (n - m + 1) from begin-
ning=T__.,

(iii) middle term

th
n
(a) If n is even then middle term = (E +1) term

n+1 th
(b) If nis odd then middle term = ( ) and

2
n+ 3 th
> term

Binomial coefficient of middle term is the greatest bino-
mial coefficient.

2. Todetermine a particular term in the given expasion :

1 n
Let the given expansion be (X“ “—“B) , if X" occurs in
X

T, (r+1)"termthenrisgivenbyna-r(a+B)=m
andforx’, na-r(a+B)=0

=
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3. Properties of Binomial coefficients :

For the sake of convenience the coefficients "C,, "C,,
C,.one C,..... "C, are usually denoted by C,, C,,.....
C, oo C, respectively.
* G+ C +C,+ . + C, =20
* G, -C, +C, -C, + ... +C, =0
* C,+C,+C,+ ... =C +C +C, + ... =2
Nn- nn
* reo= T 'Cy = o1 "?C., and so on
on 2n!
* Cosr = (n=r)i(n+r)!
* I’](:r + ncr_l — n+1Cr
* C, + 2C, + 3C, + + nC, = n.2m!
* C,-2C, + 3C, ......... =0
* C,+ 2C, + 3C, + ... + (n+ 1)C = (n + 2)2!
(2n)!
¥ C2+C2+Cr+ .. + C2= 7 = C,
()
¥ C2-C2+C2-C2+ ...
o, if nis odd
= (-1)"? "c,,, if nis even
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Note : 2n+1c0 + 2n+1c1 + ...+ 2n+1cn — 2n+1Cn+1 +
2n+1Cn+2 + .. 2n+1C2n+1 = 22n
C, G, C, 2" -1
*  Cot+ o+ S+ t il T el
C1 C2 C3 (_l)nc 1
* I ~2z _ =3 noo_
C0 5 + 3 4 + — Nl

4. Greatest term:

: (n+1)a . .

iy If x+a O Z (integer) then the expansion has two
greatest terms. These are k™ and (k + 1) where x & a
are +ve real nos.

, (n+1)a .

(i) If ———— 0OZ then the expansion has only one great-

. (n+1)a

est term. Thisis (k + 1) term k = x+a |’

{[.] denotes greatest integer less than or equal to x}

5. Multinomial Theorem:

n

(i) (x+a)y=3 "Cx"a", nON

r=0
n n! 5 n!
— —_— n-r r= _ S r
2 o XA L s X2

wheres=n-r

=
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. . n!
i xty+2r= 2 sinu

X" ys Zt
Generalized (X, + X, +..... X, )"

n!

6. Total no. of terms in the expansion (x, + x, +... x )™ is

m+n—1C
n-1

=
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TRIGONONMETRIC RATIO AND IDENTITIES Trigonometricidentities :
(i) sin?6+ cos’6=1

(i) cosec®0 - cot’6 =1
(iii) sec’0 -tan%® =1

1. Someimportantresults:
(i) ArclengthAB=rg

. 1 4. Signconvention:
Area of circular sector = —r2¢

2 y
(i)  For a regular polygon of side a and number of sides n I quadrant I quadrant
sin & cosec All +ve
(a) Internal angle of polygon = (n - 2) E are +ve
(b) Sum of all internal angles=(n-2) n X' O X
. - ) a 11 IIT quadrant IV quadrant
(c) Radius of incircle of this polygon r = 5 cotH tan & cot cos & sec
(d) Radius of circumcircle of this polygon R are +ve are +ve
a i 4
= 5 cosec
5. T-ratios of allied angles : The signs of trigonometrical ratio
1 n in different quadrant.
(e) Area of the polygon = 7= na* cot ( ) Allied of | (-8) 90°+@ [180°+6 |270°+6|360°+0
T-ratios
(f) Area of triangle = 1 a? cos mn siné -sin@ cos6 Fsind —-cos® | £sin
4 n coso coso FSind —coso +sind coso
5 tan6 -tan6 Fcotb *+tanob Fcotb *+tanb
(g) Area ofincircle = n(gCOtgj coto —coto Ftano +coto Ftanb +coto
secO secO F cosecH| —sech +cosecH | secH
a - 2 cosecH —cosecH | secB FcosecO|-sec 6 |[*cosecHh
(h) Area of circumcircle = mt (COS ecnj

2
6. Sum & differences of angles of t-ratios :

(i) sin(A £ B) = sinA cosB % cosA sinB

2. Relation between system of measurement of angles : (i) cos(A £ B) = cosA cosB % sinA sinB
b_6G6 _2 : tanA = tanB
& mradian = 180° + = — - =
90 T 100 m (i) tan(A=B) =1 tanAtanB

= =
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #35 ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #36

ssssssssssssssssssss



i t4eles

cotAcotBF1

cotB £ cotA

(v) sin(A + B) sin(A - B) = sin?A - sin’B = cos? B - cos? A
(vi) cos(A + B) cos (A - B) = cos?A - sin’B = cos?B - sin?A
(vii) tan(A+ B+ Q)

(iv) cot (A £B) =

tanA +tanB +tanC —tanAtanBtanC  S; —S3

~ 1-tanAtanB -tanBtanC —-tanCtanA _ 1-S,
Generalizedtan (A+B+ C+ ......... )

Where S, =3z tanA
s> tan A tan B,

n n
o

stan A tan B tan C & so on
(viii)sin(A+ B+ C)= 3y sinAcosBcosC-1 sinA
= cos A (Numerator of tan (A + B + C))
(ix) cos(A+B+C)=p cosA- 35 sinAsinBcosC
= M cos A (Denominator of tan (A + B + C))
foratriangleA+ B+ C=mn
stan A= tan A
> sin A= 3 sin Acos B cos C
1+ M cosA=y35sinAsinBcosC

J3+1
(viii) sin75%° = ——= = cos15°
2.2

(ix) cos75° = ﬁ =sin15°

(x) tan75°=2+ 3 =cotl5°

(xi) cot75°= 2 - [3 =tanl5°

=
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Formulaes for product into sum or difference and vice-
versa :

(i) 2sinA cosB =sin(A + B) + sin(A - B)
(ii) 2cosAsinB = sin(A + B) - sin(A - B)
(iii) 2cosA cosB = cos(A + B) + cos(A - B)
(iv) 2sinAsinB = cos(A - B) - cos(A + B)

C+D C-D
(v) sinC+sinD = Zsin( > )cos( > )

C+D C-D
(vi) sinC—sinD=2cos( > )sin( > )

C+D C-D
(vii) cosC+cosD=2cos( > )cos( > )

C+D D-C
(viii) cosC—cosD=Zsin( 5 )sin( 5 )

sin(A +B)

i tanA + tanB =
(ix) tan an cosAcosB

T-ratios of multiple and submultiple angles :

2tanA
1+tanA

= (sinA+ cosA)>-1=1-(sin A-cosA)?

(i) sin2A = 2sinA cosA =

2tanA /2
1+tan’A/2

(ii) cos2A = cos?A - sin’A = 2cos’A -1

0O sinA = 2sinA/2 cosA/2 =

1-tan’ A

=1-2sinPA=, -
>IN 1+tan’A

=
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JtanA 2tanA /2 (||) c952A +. cosZB.+ €c0s2C = —1- 4cosA cosB cosC
1 tan’ A O tanA = m (iii) sinA + sinB + sinC = 4cosA/2 cosB/2 cosC/2
(iv) cosA + cosB + cosC =1 + 4 sinA/2 sinB/2 sinC/2
(v) sin?A + sin?B + sin?C = 1 - 2sinA sinB cosC

(iii) tan2A =

(iv) sin38 = 3sind - 4sin@ = 4sin(60° — 9 ) sin(60° + 9 ) sin@

=sin § (2cos 9 -1)(2cos B + 1) (vi) cos?A + cos?B + cos2C = 1 - 2cosA cosB cosC
(v) cos36 = 4cos’0 — 3cosb (vii) tanA + tanB + tanC = tanA tanB tanC

= 4cos(60° - p) cos(60° + @) cos@ (viii) cotB cotC + cotC cotA + cotA cotB = 1

=cos @ (1-2sing)(1l+2sinog) (ix) s tanA/2tanB/2 =1

(X) scotAcotB=1
scot A/2 = N cot A/2

3tanA -tan’ A (xi)
1-3tan’A
= tan(60°- A) tan(60° + A)tanA

(vi) tan3A =

11. Some useful series:

1-cosA (i) sina + sin(a + B) + sin(a + 2B) + .... + to nterms
(vii) sinA/2 = —
rezas ("5 Pl 3
sina + > sin >
1+ A
(viii) cosA/2 = Lreosh = B ,B#2nm
2 sin®
2
(ix) tanA/2 = /1_COSA = 1-cosA A#(2n + 1)t (i) cosa + cos(a + B) + cos(a + 2B) + .... + to nterms
1+cosA sinA '
cos[a +(n_1)[3}sinr'2B
9. Maximum and minimum value of the expression : _ B 2nm
acosd + bsind - sinP
2
Maximum (greatest) Value = /32 4 p2
- sin2"a
Minimum (Least) value = - /32 4 p? (i) cosa .cos2a . cos22a ....cos(2"ta) = Sreing ' @ E 0T
=1,a=2km

10. Conditional trigonometric identities :
If A, B, C are angles of triangle i.e. A+ B + C = m, then
(i) sin2A + sin2B + sin2C = 4sinA sinB sinC
i.,e. s sin2A =41 (sin A)

-1,0=2k+1)m

= =
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TRIGONOMETRIC EQUATIONS Thus the equation reduces to form

1. General solution of the equations of the form cos(B6-a) =
(i) sine=0 O 0 = nm, nOl

2 +p2 _ CcosB(say)

now solve using above formula

(i) cos6=0 O 6=(2n+1)£,nDI
3. Someimportant points:

(if) tané=0 O B=nm nol (i) If while solving an equation, we have to square it, then
the roots found after squaring must be checked
(iv) sind=1 0 0=2nm+ g wheather they satisfy the original equation or not.

(ii)  If two equations are given then find the common val-
(v) cosb=1 O 0 =2m ues of 6 between 0 & 2m and then add 2nm to this
common solution (value).

3
(vi) sine=-1 [ 6=2nn—g or2nn+7n

(vii) cosb=-1 [ 0=(2n+ 1)m
(viii) sin@ = sina [ 0=nm+ (-1)a
(ix) cosb = cosa O 0=2nm*a
(x) tanb = tana O O=nmn+a

(xi) sin?0 = sin’a O O=nmxa
(xii) cos?0 = cos?a O O=nn£a

(xiii) tan?6 = tan2a O O=nn£a

2. For general solution of the equation of the form

a cosb + bsind = ¢, where c < /32 +p? , divide both side by

va? +b’

a b
and put —m = Ccosaq, —m = sina.

= =
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INVERSE TRIGONOMETRIC FUNCTIONS

I
cosec! (cosec 8) = @ provided - 5 < 0 <0

1. Ify = sin x, then x = sin™! y, similarly for other inverse T-

functions. or0< g < g
2. Domain and Range of Inverse T-functions : (i) sin (sin"' x) = x provided - 1 <x < 1
Function Domain (D) Range (R) cos (cos™ x) = x provided -1 < x <1
- - tan (tan! x) = x provided - » < X <
in! -1 1 - 5 5 :
sin x X s 2 = 0 < 2 cot (cot? x) = x provided - o < X <
cost X -1 <x <1 0<0 < sec (sect x) = x provided - o0 <X < -1lorl < X<
i i cosec (cosect x) = x provided - o <x < -1
tan™t x - w0 < X< o —E<e<§
orl « X< w
cot?t x - 0 < X< o 0O< o0 < nm
I (iii) sin™! (- x) = - sin! x,
sec? x X< -1, x > 1 Osesn,eiz cost (- x) = 1 - cos! x
tan! (- x) = - tan! x
-1 —_ 1 1 _ E E 0
cosect! x X < , X > > < 0 < 5 0 # cot! (- X) = 1 - cot! x
cosec! (- x) = - cosec! x
3. Properties of Inverse T-functions : sec! (- x) = m - sec! x

(i) sin! (sin @) = @ provided - g < 0 < g

i
cos' (cos ) = @ provided 8 < B8 < T (iv) sint x + cost x = 2, 0Xx O [- 1, 1]
n s
tan (tan @) = @ provided - 5 <0<

s
tan' x + cott! x = 5 O x OR
cot! (cot 9) = 0 provided 0 < 0 < T

_ - n n sec! x + cosect x = - x O (- -1]1 011, o)
secl(sece)—eprOV|ded0ge<20r2<egn 5 O 0, ;00

= =,
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Value of one inverse function in terms of another
inverse function :

X
(i) sintx=cos! 1-x2 =tan?! ———== cot™

1 1
= sec! T = cosec! X 0 <x <1
1-x

[1 _ 2 X
(i) costx =sint /1 _y2 =tan VIZXT ot 2

1 1
=sec! —=cosec! TT—5,0 <x <1
X V1-x2

X B 1
(i) tan' x = sin™! 12 cos™! 12 cott —

V1+x2
= sec? J{4+x2= cosec! ——=—,x >0

X

1
(iv) sin! (;) =cosec! X, O X O( o, 1] O[], o)

(v) cost ()1() =sec!'x, 00X O0C w,1] 0[], »)

. 1 cottx forx>0
(vi) tan™! <) = _

-mt+cotlx for x <0

=
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Formulae for sum and difference of inverse trigonomet-
ric function :

X+y
);ifx>0,y>0,xy<1

i -1 -1y — -1
(i) tanix + tan'ly = tan (l—xy

X +
(i) tan'x+tanly =m+tan (1_)2;) ;ifx>0,y>0,xy>1

X-y
(iii) tan'x - tan''y = tan™! (1 + xy); if xy >-1

y);ifx>0,y<0,xy<—1

i -1y — -1\ — -1 | ———
(iv) tanx-tany =m+ tan (1+xy

x+y+z—xyz)

-1 -1 -1 — -1
(v) tan’!x + tan'ly + tan 'z = tan (1—xy—yz —

(vi) sin ix % sin“ly = sint [X\/l —y? tyV1- xz];

ifx,y>0&x2+y2 <1

(vii) sinix + sin"ly = 11— sint [X\/l —y? £yy1 —Xz];
ifx,y >0&x>+y>>1

(viii) cos™'x * cos™'y = cos! [XY¢ WWJ,
ifx,y>0&x2+y2 <1

(ix) cos™*x £ cos™'y = - cos™! [XY$ mﬂ},

ifx,y>0&x2+y2>1

=
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6. Inverse trigonometric ratios of multiple angles PROPERTIES & SOLUTION OF TRIANGLE
(i) 2sin"’x =sin"}(2x \J1-x2 ), if-1<x< 1

Properties of triangle :

(i) 2cos™x = cos!(2x? -1),if-1 < x <1 1. A triangle has three sides and three angles.
x o 1—x2 In any AABC, we write BC = a, AB = ¢, AC=b
(iii) 2tanx =tan 1-x2 )= sin’t 1+x2) = cos™! 1+ x2

(iv) 3sinix =sin"}(3x - 4x3)
(v) 3cosix = cosi(4x3 - 3x)

3 w3
(vi) 3tan‘1x=tan‘1[1x_3xxz) and 0OBAC = 0OA, OABC = 0B, OACB = OC

2. In AABC:
i) A+B+C=n
(i a4+ b>c, b+c>a, c+a>hb
(ii) a>0,b>0,c>0

3. Sine formula:

a b C
sinA = sinB = sinC k(say)
sinA sinB sinC
or a - b - < - k (say)

4. Cosine formula:

b% +c? -a°

cosA= ——
2bc

2 2 2

cc+a° -b

cosB= ———
2ac

2 2 2

ac+b° -c

csC= ——————
2ab

= =
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Projection formula :

a b cos C + c cos B A (s-b) (s -c)
(¢) tan = = |J——F =

b =ccos A+ acosC 2 s(s-a)

c=acos B+ bcos A

o B [c-0G-3)
6. Napier's Analogies : N5~ s(s-b)

@n A-B a-b " C
2 T a+b 2 on C - [6-bs-a)
2 s(s-c)
tan B-C b-c " A
2 T b+c O 2
8. A, Area of triangle :
L
2  c+a 2 . 1 . 1 . 1 :
i A = 2absmC— > bc sin A = > ca sin B
7. Half angled formula - In any AABC : .
(i) A = Js(s-a)(s-b)(s-c)
A /(s—b)(s—c)
(a) sin > =V b
9 tan A tan B _ s=c
B [(s-¢)(s-a) ; 2 2 s
sin = = ,—M——=
2 ca
B C s-a
tan - tan - =
. C (s-a)(s-b) 2 2 S
sin — —_— where 2s = a + b + ¢
2 ab
tan E tan A = s-b
2 2 s
A -
(b) s & = [5E-2)
2
10. Circumcircle of triangle and its radius :
B _ [s(s-b)
s 5 = a G R- 2@ - b ¢
~ 2sinA ~ 2sinB ~ 2sinC
o8 C _ Is(s-0 o
2 ab (i R= abc Where R is circumradius

4N

= =
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11. Incircle of a triangle and its radius :

(iv) r,+r,+r,-r=4R

A
(i) =73 ) R |
1 r rs
. A B C
(iv) r=(s—a)tan5=(s—b)tanE=(s—c)tan5 1 1 1 1 a2 + b2 +c2
(vi) r12+r22+r32+r2— A2
(v) —4RinAinEinE
V) r = sin - sin o sin 5 (V”)i+l+i_i
bc ca ab = 2Rr
r
(vi) cos A+ cosB +cosC =1+ R (viii) r,r, + rry, + ryr, = 82
. . . . A B C
(iX) A = 2R?sin A sin Bsin C =4Rr cos — cos — Cos —
. . C . A . C . B . A 2 2 2
asinzsin—- bsin—sin— csin—sin—
(vi) r= —2 2 _ 272 _ 272
B c B _C C__A
cos— Ccos — Ccos — 2 cos—= = cos=
2 > > B acos - €os B bcoszcos2
x) r, = - A L= g /
cosi cosi
12. The radii of the escribed circles are given by :
. _ L _ A _ A A B
M r= s—a’' 27 s-p' BT g-¢ ) ccos - cos
L= "—""¢c
A B C cos5
(i) r, = s tan PX r, = s tan S5 r, = s tan 5
— 4R i A B C
(i) r, = sin > cos > cos 5
_ 4R A B c
r, = cos - sin . cos
_ 4R A B C
r, = cos - cos 5 sin 5

= =
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HEIGHT AND DISTANCE

1. Angle of elevation and depression :

If an observer is at O and object is at P then [ XOP is
called angle of elevation of P as seen from O.

Horizontal line
Angle of depression

Angle of elevation

O
Horizontal line

If an observer is at P and object is at O, then [ QPO is
called angle of depression of O as seen from P.

2. Some useful result:
(i) Inanytriangle ABCifAD:DB=m:n
OACD =0, OBCD =& OBDC=6

then (m + n) cot = m cota - ncot B

C

= ncotA - mcotB [m - n Theorem]

=
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(i) d = h (cota - cotp)

h
a
B 4
«—d—>
=
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POINT
Distance formula:

Distance between two points P(x,, y,) and Q(x,, Y,) is
given by d(P, Q) = PQ

= \/(Xz _X1)2 +(Y2 _Y1)2

= \/(Difference of x coordinate)? + (Difference of ycoordinate)?
Note : (id(PQ >0

(i) d(P, Q) =0 - P =0Q

(iii) d(P, Q) = d(Q, P)

(iv) Distance of a point (x, y) from origin

(0, 0) = x% +y?

Use of Distance Formula :
(@) In Triangle:
Calculate AB, BC, CA
(i) If AB = BC = CA, then A is equilateral.
(i) If any two sides are equal then A is isosceles.

(iii) If sum of square of any two sides is equal to
the third, then A is right triangle.

(iv) Sum of any two equal to left third they do not
form a triangle

i.e. AB = BC + CA or BC = AC + AB
or AC = AB + BC. Here points are collinear.

(b) In Parallelogram :

Calculate AB, BC, CD and AD.

(i) If AB = CD, AD = BC, then ABCD is a parallelo-
gram.

(i) If AB = CD, AD = BC and AC = BD, then ABCD
is a rectangle.

(ii) If AB = BC = CD = AD, then ABCD is a rhombus.

(iv) If AB = BC = CD = AD and AC = BD, then ABCD
is a square.

=
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For circumcentre of a triangle :

Circumcentre of a triangle is equidistant from vertices
i.e. PA = PB = PC.

Here P is circumcentre and PA is radius.

(i) Circumcentre of an acute angled triangle is in-
side the triangle.

(i) Circumcentre of a right triangle is mid point of
the hypotenuse.

(iii) Circumcentre of an obtuse angled triangle is
outside the triangle.

Section formula:
(i) Internally:
AP Here >0
BP ~ n M A
m n

A(Xy, v4) P B(Xz ¥a)

mXp +NX; My, +Ny;
m+n ' m+n

(i) Externally :

< m >
AP _m o a— % et
BP n A(le yl) B(XZY yZ)

mX; —NX; my, —ny,
m-n ' m-n

X, +X, Y, +Y
(iii) Coordinates of mid point of PQ are ( ! > 2, > 2)

(iv) The line ax + by + ¢ = 0 divides the line joining the
points
(ax, +by +¢)

(Xl’ yl) & (le yz) in the ratio = - (ax, +by, +c)

=
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(v) For parallelogram - midpoint of diagonal AC = mid point
of diagonal BD

Xy +X; X3 Yy Y, +Y
(vi) Coordinates ofcentroidG( : 32 2,0 32 3)

(vii) Coordinates of incentre 1

ax; +bx, +cx; ay; +by, +cy;
a+b+c ' a+b+c

(viii) Coordinates of orthocentre are obtained by solving the
equation of any two altitudes.

4. AreaofTriangle:

The area of triangle ABC with vertices A(x,, y,), B(x,, Y,)
and C(x;, Y,).

Xy yp 1
1
pA= 3 X2 Y2 (Determinant method)
X3 y3z 1
X1>§Y1
1 X Y2 1
=5 >§ = 5 XY, Xy + Xy, - Xy, = XY, = X,Y,]
2 X3>GY3 2
X171
[Stair method]
Note :
(i) Three points A, B, C are collinear if area of triangle
is zero.

(i) If in a triangle point arrange in anticlockwise then
value of A be +ve and if in clockwise then A will be
-ve.

=
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Area of Polygon :

Area of polygon having vertices (x,, v,), (X,, Y,), (X5, Y5)
........ (x,, y,) is given by area

Y1
Xo 4Y2

X3 Y3

Points must be taken in order.

N+~

X1 Y1

6. Rotational Transformation :

If coordinates of any point P(x, y) with reference to new
axis will be (x', y") then

xl yl
x' . cosB sin®
y' - -sin@ cosH

7. Some important points:
(i) Three pts. A, B, C are collinear, if area of triangle is

zero
(i) Centroid G of AABC divides the median AD or BE or CF in
theratio2 : 1

(ii) In an equilateral triangle, orthocentre, centroid,
circumcentre, incentre coincide.
(iv) Orthocentre, centroid and circumcentre are always
collinear and centroid divides the line joining orthocentre
and circumcentre in the ratio 2 : 1
(v) Area of triangle formed by coordinate axes & the line
2

C
ax+by+c—0|sz—b

=
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STRAIGHT LINE

1. Slope of a Line : The tangent of the angle that a line
makes with +ve direction of the x-axis in the anticlockwise
sense is called slope or gradient of the line and is generally
denoted by m. Thus m = tan @.

(i)
(i)
(iii)

(iv)

(v)

(vi)
(vii)

Slope of line || to x-axis is m =
Slope of line || to y-axis is m = (not defined)
Slope of the line equally inclined with the axes is 1
or -1

Slope of the line through the points A(x,, y,) and

o Y2™Y1
B(x,, v,) is Xy — X, °

0
0

a
Slope of the line ax + by + ¢ =0, b # 0 is - b
Slope of two parallel lines are equal.
If m, & m, are slopes of two [ lines then mm, = - 1.

2. Standard form of the equation of a line:

(i)
(ii)
(iii)
(iv)
(v)
(Vi)
(vii)

Equation of x-axisisy =0

Equation of y-axis is x = 0

Equation of a straight line || to x-axis at a distance
bfromitisy =>b

Equation of a straight line || to y-axis at a distance
a from it is x = a

Slope form : Equation of a line through the origin and
having slope m is y = mx.

Slope Intercept form : Equation of a line with slope m
and making an intercept c on the y-axis is y = mx + c.
Point slope form : Equation of a line with slope m
and passing through the point (x,, vy,) is

y-y, = mx - x,)

(viii) Two point form : Equation of a line passing through

the points (x,, vy,) & (x,, v,) is

Y2 = Y1 Xy =Xy

=
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(ix)

(x)

(xi)

Intercept form : Equation of a line making intercepts a

X
and b respectively on x-axis and y-axis is 3 + % = 1.

Parametric or distance or symmetrical form of the
line : Equation of a line passing through (x,, y,) and

Tt
making an angle 6,0 < 8 < m, 8 # - with the

2
+ve direction of x-axis is
X = X4 _ Y—VY1 _
cos6 sin@
O X=X +rcos 9,y =y, +rsin g

Where r is the distance of any point P(x, y) on the
line from the point (x,, v,)
Normal or perpendicular form : Equation of a line
such that the length of the perpendicular from the
origin on it is p and the angle which the perpendicular
makes with the +ve direction of x-axis is a, is

X Ccos a +ysin a = p.

3. Angle between two lines:

(i)
(a)
(b)

(c)

(d)
(ii)
(a)
(b)

(c)

Two linesax+by+c =0 &ax+by+c,=0are

ca b
Parallel if a, — b, Z c,

Perpendicularifaa, + b,b,=0

. . L b, G
Identical or coincident if a, = b, = c,
azbl _albz

If not above three, then 6 = tan!

3,3, —b;b,
Two linesy =m, x+candy =m, x + care

Parallel if m, = m,

Perpendicularif mym, = -1

m, -m,
1+mm,

If not above two, then 6 = tan!

=
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10.

11.

Position of a point with respect to a straight line :

The line L(x, y,) i = 1, 2 will be of same sign or of opposite
sign according to the point A(x,, Y,) &B (x,, Y,) lie on same
side or on opposite side of L (X, y) respectively.

Equation of a line parallel (or perpendicular) to the line
ax+by+c=0is ax+by+c =0(orbx-ay+A=0)

Equation of st. lines through (x,,y,) making an anglea
withy = mx + cis

m + tana
1F¥mtana

y-vy, = (x - x,)

length of perpendicular from (x,y,)onax+by+c=0
. laxy +by; +¢
Distance between two parallel linesax + by + ¢, = 0,

. . |C1_C2|
|=1,2|Sm

Condition of concurrency for three straight lines
L=ax+by+c=0,i=1,23is

a by ¢
a, b, ¢ _g
a; by ¢

Equation of bisectors of angles between two lines :

aX+by +¢ X +byy +¢,
L A
vat +bi Va; +b3

Family of straight lines :

The general equation of family of straight line will be written
in one parameter

The equation of straight line which passes through point of
intersection of two given lines L, and L, can be taken as
L,+AL =0

=
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13.

14.

13.

Homogeneous equation : If y = m x and y = m,x be the
two equations

represented by ax? + 2hxy + by? =
and mm, = a/b

0,thenm,  + m, =-2h/b

General equation of second degree :

ax?® + 2hxy + by? + 2gx + 2fy + c =0 represent a pair of

a hg
straight line if A = hbfl_ 0
gf c
Ify =mx+ c&y = m,x + c represents two straight lines
-2h a
thenm, + m, = T,m1m2= b

Angle between pair of straight lines :
The angle between the lines represented by
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 or ax?> + 2hxy + by? =0

2vh? —ab

is tanb = (a+b)

(i) The two lines given by ax? + 2hxy + by? = 0 are
(a) Parallel and coincident iff h2 —ab =0
(b) Perpendiculariffa+b =0
(i) Thetwo line given by ax? + 2hxy + by? + 2gx + 2fy + ¢
=0 are
(a) Parallel if h2 —ab = 0 & af?> = bg?
(b) Perpendiculariffa+b =0
(c) Coincident iff g2 -—ac =0

Combined equation of angle bisector of the angle between
the lines ax? + 2hxy + by? =0 is

Xy

a-b h

=
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CIRCLE

General equation of acircle : x> + y?> + 2gx + 2fy + c=0
where g, f and c are constants

(i) Centre of the cirle is (-g, -f)

ie. (—%coeff of x, 21 coeff. of y)

(i) Radiusis 4jg? +f* -c

Central (Centre radius) form of a circle :

(i) (x-=-h)2+ (y-k)2=r?,where (h, k) is circle centre and
r is the radius.

(i) x2+y%2=r2,where (0, 0) origin is circle centre and r is
the radius.

Diameter form : If (x, y,) and (x,, y,) are end pts. of a
diameter of a circle, then its equation is

(X=x)(X=-%x)+((y-y)(y-vy,)=0

Parametric equations:

(i) The parametric equations of the circle x> + y? = r? are
X = rcosh, y = rsinf,
where point § =(rcos 9, rsin 9)

(ii) The parametric equations of the circle
(x-h)2+(y-k)>=r?2arex=h + rcosf, y = k + rsing

(iii) The parametric equations of the circle
x2+y2+2gx+ 2fy +c=0are

X=-g+ g +f2-ccosd, y=-f+ g% +f2-c sind

(iv) Forcircle x> + y? = a?, equation of chord joining 6, & @, is

xcos@ +ysin® ™9 s ®70

=
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10.

11.

Concentric circles : Two circles having same centre C(h, k)
but different radii r, & r, respectively are called concentric
circles.

Position of a point w.r.t. a circle : A point (x,, v, ) lies
outside, on or inside a circle

S = X2+ y? + 2gx + 2fy + ¢ = 0 according as

S, = x?2+vy,? +2gx, + 2fy, + cis +ve, zero or -ve

Chord length (length of intercept) = 2 /2 - p?2

Intercepts made on coordinate axes by the circle :

(i) xaxis=2,g*-c

(i) yaxis=2,f -¢
Length of tangent = /S,

Length of the intercept made by line : y = mx + c with the
circle x2 + y2 = a?is

fa2(1+m2)—c2
2 T or (1+m?) |x, - x,]
, . D
where |x, - x,| = difference of roots i.e. =

Condition of Tangency : Circle x? + y? = a2 will touch the

liney = mx + cif c = £a /1 +m?

=
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12,

13.

14.

Equation of tangent, T=0:

(i) Equation of tangent to the circle
x* + y? + 2gx + 2fy + ¢ = 0 at any point (x, y,) is
XX, +yy, +gx +x)+fly+y)+c=0

(i) Equation of tangent to the circle x? + y2 = a%at any
point (x,, y,) is xx, + yy, = a?

(ii) In slope form : From the condition of tangency for
every value of m.

The liney = mx + a,/1 + m2 is a tangent to the circle

x2 + y? = a2 and its point of contact is

( +am +a ]
Vem?  1em?

(iv) Equation of tangent at (a cos 6, a sin 6) to the

circle x> + y> = a2isxcos 6 +ysin 8 = a.

Equation of normal :
(i)  Equation of normal to the circle
X2 +y? + 2gx + 2fy + ¢ = 0 at any point P(x,, y,) is

L +f
y_y1=x+g(x 1)

(i) Equation of normal to the circle x> + y> = a2 at any
point (x,, y,) isxy, - x,y =0

Equation of pair of tangents SS, = T2

=
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The point of intersection of tangents drawn to the circle x?
+ y? =r?at point 6, & 0, is given as

rcosM rsin%
c0s =% " 080
2 2

16. Equation of the chord of contact of the tangents drawn
from point P outside the circleisT=0
17. Equation of a chord whose middle pt.isgivenby T=S,
18. Director circle : Equation of director circle for x? + y? = a?is
x2 + y?2 = 2a2. Director circle is a concentric circle whose
radius is /2 times the radius of the given circle.
19. Equation of polar of point (x , y,) w.r.t. thecircleS=0isT=0
20. Coordinates of pole : Coordinates of pole of the line
-a’l -a’m
IX + my + n = 0 w.r.t the circle x? + y? = a2 are n ' n
21. Family of Circles:
(i) S +AS'= 0 represents afamily of circles passing through
the pts. of intersection of
S=0&S'=0ifAz-1
(i) S+ AL=0representa family of circles passing through
the point of intersection of S=0& L =0
(iii) Equation of circle which touches the given straight line
L = 0 at the given point (x,, y,) is given as
(X =%x,)2+ (y=-vy,)* +AL=0.
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(iv) Equation of circle passing through two points A(x,, y,)
& B(x,, Y,) is given as

x vy 1

(x=x) (X=%) +(y-y) (y-y) +a | Y1 Y=o

X; Yy 1

22. Equation of Common ChordisS-S, =0.

23. The angle0 of intersection of two circles with centres C,
& C, and radiir, &r, is given by

P+ —d’
cos8 = e, where d = C,C,

24. Position of two circles : Let two circles with centres C, C,
and radiir, r,.

Then following cases arise as

(i) C,C,>r +r,0 do notintersect or one outside the

other, 4 common tangents.

(i) C,C,=r, +r, 0O Circles touch externally, 3 common
tangents.

(i) [r,-r,] <C,C,<r +r, 0 Intersection at two real
points, 2 common tangents.

(iv) C,C,=|r,—-r,| O internal touch, 1 common tangent.

(v) C,C,<|r, +r,| O oneinside the other, no tangent.

Note : Point of contact divides C, C, in the ratio r : r
internally or externally as the case may be

2

=
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Equation of tangent at point of contact of circle is
§$,-S5,=0

26. Radical axis and radical centre:
(i)  Equation of radical axisisS-S, =0
(ii) The point of concurrency of the three radical axis of
three circles taken in pairs is called radical centre of
three circles.

27. Orthogonality condition :
Iftwo circlesS=x?>+y2+ 2gx+ 2fy+c=0
and S'=x2+ y?+ 2g'x + 2f'y + ¢' = 0 intersect each other
orthogonally, then 2gg' + 2ff' = c + C".

=
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PARABOLA
1. Standard Parabola :
Imp. Terms | y> = 4ax| y? = - 4ax| x2 = 4ay | x> = - 4ay
Vertex (v) (0, 0) (0, 0) (0, 0) (0, 0)
Focus (f) (a, 0) (-a, 0) (0, a) (0, -a)
Directrix (D) | x = -a X =a y = -a y =a
AXis y =20 y=20 x =0 X =0
L.R. 4a 4a 4a 4a
Focal X + a a - X y +a a-y

distance
Parametric (at?, 2at) [(- at?, 2at) (2at, at?) | (2at, - at?)

Coordinates

Parametric X = at? x = - at? x = 2at x = 2at
Equations y = 2at y = 2at y =2at? |y = - at?
M Tangent at the vertex
Latue Rectumn
? A Fous X
Ik -
x 3 {a, ﬂ}\
axin af the
Diraclrix rabola e y=492
Vartex (0, 0) L (2, ~2a} 4
y? = 4ax
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—a, Jir)
e Diracirix
{—a,0) A
-+ o)
. X =
the putacia Latus Reotum
y? = - 4ax
Y
[
Latus Rectum
(=, 20) Fnuu;
L | L (g, 2a)
X
A (D, "*_--...'I Tangent at
the verbex
Ve -a i y=0
x? = 4ay
¥=a
A (D, 0) X
(ma, ~2a) L —2HON | (5
Latua Rectum
x? = - 4ay

=
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2. Special Form of Parabola
* Parabola which has vertex at (h, k), latus rectum ¢
and axis parallel to x-axis is

(y —k?= ¢(x - h)

Y4
0 axis is y = k and focus at (h“zr k)

* Parabola which has vertex at (h, k), latus rectum ¢ and
axis parallel to y-axis is

(x=h)?= r(y - k)

Y4
0 axis is x = h and focus at (h, k+Z)

* Equation of the form ax? + bx + ¢ = y represents
parabola.

4ac -b?

i.e. y - Za

b\
= a(X+2—a) ,with vertex

_b 4ac-b?
2a’  4a

J and axes parallel to y-axis

Note : Parametric equation of parabola (y - k)?
= 4a(x - h) are x = h + at?, y = k + 2at

3. Position of a point (x,, y,) and a line w.r.t. parabola

y? = 4ax.

* The point (x,, y,) lies outside, on or inside the
parabola y? = 4ax
according as y,> - 4ax, >, = or < 0

* The line y = mx + c does not intersect, touches,
intersect a parabola y? = 4ax according as
c>=<a/m

Note : Condition of tangency for parabola y? = 4ax, we
have ¢ = a/m and for other parabolas check disc. D = 0.

=
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4.

Equations of tangent in different forms :
Point Form / Parametric form

Equations of tangent of all other standard parabolas
at (x,, y,) / at t (parameter)

®

Equation Tangent at |[Parametric | Tangent of 't'
of parabola | (x, y,) coordinates't’

y?=4ax yy,=2a(x+x,) |(at?, 2at) ty=x+at?
y2=-4ax yy,=-2a(x+x,)|(-at?, 2at) ty=-x+at?
x?=4ay xx,=2a(y+y,) |(2at, at?) tx=y + at?
x?=-4ay xx,==-2a(y+y,)|(2at, -at?) tx =-y+at?

(ii) Slope form
Equations of tangent of all other parabolas in slope

Point of intersection of tangents

form
Equation Point of Equations Condition of
of contact in of tangent Tangency
parabolas terms of in terms of
slope(m) slope (m)
) (i é) a a
y? = 4ax m’ m y—mx+m c—m
( a ZaJ a a
2 = - 4dax AN =mx - — c=-——
y m2’ m y m m
x? = 4day (2am, am?) |y = mx - am? c = —am?
x2 = - 4day |(-2am, -am?) |y = mx + am? c = am?

at any two points

P(at,?, 2at,) and Q(at,?, 2at,) on the parabola y? = 4ax

is (at,t,,

a(t, + t))) i.e. (a(G.M.)?, a(2A.M.))

Combined equation of the pair of tangents drawn from a
point to a parabola is SS' = T?, where S = y? - 4ax,

S'=y?-4dax, and T = yy, - 2a(x + x,)

=
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7. Equations of normal in different forms

®

(ii)

Point Form / Parametric form

Equations of normals of all other standard parabolas
at (x,, y,) / at t (parameter)

Eq". of Normal Point Normals

parabola | at (x, vy,) 't' at 't

2 _yl 2 3

y? = 4ax y-y, = 2a (x=x,) | (at?, 2at) y+tx = 2at+at
Y

y? = -dax | y-y, = ?;(X_Xl) (-at?, 2at) | y-tx = 2at+at?
2a

x? = 4ay y-y, = —X_l(x—xl) (2at, at?) x+ty = 2at+at?
2a

X2 = -day | y-y, = Z(x—xl) (2at, -at?) | x-ty = 2at+at?

Slope form

Equations of normal, point of contact, and condition
of normality in terms of slope (m)

Eq". of Point of Equations Condition of
parabola |contact of normal Normality

y? = 4ax [(am?, -2am)|y = mx-2am-am?’ |[c = -2am-am?
y? = - 4ax|(-am?, 2am)|y = mx+2am+am?|c = am+am?

) _2a a a a

X? = 4ay m’ m y = mx+2a+ m?2 c = 2a+ m?2

) 2a _a a a
X* = —4ay m’' m y = mx—2a—F c = -2a- m2

ssssssssss
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Note :

()
(if)

(iii)

In circle normal is radius itself.

Sum of ordinates (y coordinate) of foot of normals
through a point is zero.

The centroid of the triangle formed by taking the foot
of normals as a vertices of concurrent normals of

y? = 4ax lies on x-axis.

8. Condition for three normals from a point (h, 0) on x-axis
to parabola y? = 4ax

(1)
(i)
(iii)
9. (i)

(if)

10. (i)

(if)

(iii)

We get 3 normals if h > 2a
We get one normal if h < 2a.

If point lies on x-axis, then one normal will be x-axis
itself.

If normal of y? = 4ax at t, meet the parabola again

2
attzthent2=—t—a

1

The normals to y? = 4ax at t; and t, intersect each
other at the same parabola at t,, then

tt, =2and t; = -t - t,
Equation of focal chord of parabola y2 = 4ax at t, is

2t,
y= g1 x-a

If focal chord of y? = 4ax cut (intersect) at t, and
t, then tt, = - 1 (t, must not be zero)

Angle formed by focal chord at vertex of parabola is

2
tan 9 = 3 t, - t|
Intersecting point of normals at t, and t, on the
parabola y? = 4ax is

(2a + a(t?+ t2 + tt), - att, (t, + t,))
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Equation of chord of parabola y?> = 4ax which is bisected
at (x,, y,) is given by T = S

1

12. The locus of the mid point of a system of parallel chords

of a parabola is called its diameter. Its equationisy = o

13. Equation of polar at the point (x,, y,) with respect to
parabola y? = 4ax is same as chord of contact and is given
by

= 0 i.e. yy, = 2a(x + x,)
Coordinates of pole of the line ¢/x + my + n = 0 w.r.t. the
) n -2am

parabola y? = 4ax is 7

14. Diameter : It is locus of mid point of set of parallel chords
and equation is given by T = S,

15. Important results for Tangent:

(i) Angle made by focal radius of a point will be twice
the angle made by tangent of the point with axis of
parabola

(ii) The locus of foot of perpendicular drop from focus to
any tangent will be tangent at vertex.

(iii) If tangents drawn at ends point of a focal chord are
mutually perpendicular then their point of intersection
will lie on directrix.

(iv) Any light ray travelling parallel to axis of the parabola
will pass through focus after reflection through
parabola.
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(v) Angle included between focal radius of a point and
perpendicular from a point to directrix will be bisected
of tangent at that point also the external angle will
be bisected by normal.

(vi) Intercepted portion of a tangent between the point
of tangency and directrix will make right angle at
focus.

(vii) Circle drawn on any focal radius as diameter will
touch tangent at vertex.

(viii) Circle drawn on any focal chord as diameter will touch
directrix.
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ELLIPSE Note : If P is any point on ellipse and length of perpendiculars
from to minor axis and major axis are p, & p,, then |xp|
Standard Ellipse (e < 1) =PIyl =P,
PL, P3
Ellipse a? b?

Imp. terms

2 2
X_+y_:1
a’? b?

Fora>b Forb > a
Centre (0, 0) (0, 0)
Vertices (%£a, 0) (0, £b)
Length of major axis 2a 2b
Length of minor axis 2b 2a
Foci (xae, 0) (0, £be)
Equation of directrices x = +a/e y = xb/e
Relation in a, b and e b2 = a?(1 - e?) az =b?(1 -e?)
Length of latus rectum 2b?/a 2a%/b

Ends of latus rectum

Parametric coordinates

b2
tae, + —

(a cos@, b sinp)

a2
+—, tbe

(a cos @, bsin @)

oooooooooo

oooooooooo

O< <2

Focal radii SP = a - ex, SP=b - ey,

S'P=a+ex; S'P=b+ey,
Sum of focal radii SP+S'P = 2a 2b bl
Distance bt" foci 2ae 2be b>a
Distance bt" directrices 2a/e 2b/e
Tangents at the vertices| x = -a, x = a y=b,y=-b
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Special form of ellipse :

If the centre of an ellipse is at point (h, k) and the
directions of the axes are parallel to the coordinate axes,

(x -h)* , - k)>

then its equation is
q a2 b2

Auxillary Circle : The circle described by taking centre of
an ellipse as centre and major axis as a diameter is called
an auxillary circle of the ellipse.

2 2

X
If 2 ZT = 1 is an ellipse then its auxillary circle is

X2 + y? = a
Note : Ellipse is locus of a point which moves in such a

way that it divides the normal of a point on diameter of
a point of circle in fixed ratio.

Position of a point and a line w.r.t. an ellipse :
* The point lies outside, on or inside the ellipse if

2 2
X3 Y1
S, = 5+ 5 -1>,=0<0
1 a2 b2 !

* The line y = mx + c does not intersect, touches,
intersect, the ellipse if

a’m?+ b2 < = > ¢?

Equation of tangent in different forms :
(i) Point form : The equation of the tangent to the

2 2

. S Y . .
ellipse : + bT = 1 at the point (x,, y,) is
XXq YY1 _
2 T T
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(i) Slope form : If the line y = mx + c touches the

X2 y?
ellipse a—2+bj = 1, then ¢ = a’m? + b2 Hence, the

straight line y = mx £ |/32m2 +p2 always represents

the tangents to the ellipse.
Point of contact :

Liney = mx £ /3212 +p2 touches the ellipse

)(2 y2 iazm ibz
— 4+ —5 =1 at ’ :
a’ b2 & Va2m? +b2 " JaZm? + b2

(ii) Parametric form : The equation of tangent at any

point (a cos @, b sin @) is

X cos +
a ¢

o<
28
5
h=]
]
(=Y

Equation of pair of tangents from (x,, y,) to an ellipse

X2 2

a—+Z7=1isgivenby551=

Equation of normal in different forms :
(i) Point form : The equation of the normal at (x,, y,)

to the ellipse o + Yo = 1
o the ellipse =1 is
p a b2
a’x b? .

ax - a2 -
Xy Y1

—
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(i) Parametric form : The equation of the normal to the

X2 y2
ellipse a_z + b2 =1at (acos @, bsin @) is

ax sec @ - by cosec ¢ = a’ - b2
(ii) Slope form : If m is the slope of the normal to the

2 2

X
ellipse o2 + Zfz = 1, then the equation of normal
m(a? - b?)

isy = mx % .
Y va? +b’m?

The co-ordinates of the point of contact are

+a? +mb? ]
4 ]
Va2 +b?m?  \a? + b2m?
Note : In general three normals can be drawn from a point

. x>y
(x,, y,) to an ellipse a_2 + -5 = 1.

Properties of tangents & normails :

(i)  Product of length of perpendicular from either focii to
any tangent to the ellipse will be equal to square of
semi minor axis.

(ii) The locus of foot of perpendicular drawn from either
focii to any tangent lies on auxillary circle.

(iii) The circle drawn on any focal radius as diameter will
touch auxillary circle.

(iv) The protion of the tangent intercepted between the
point and directrix makes right angle at corresponding
focus.

=
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(v) Sum of square of intercept made by auxillary circle on
any two perpendicular tangents of an ellipse will be
constant.

(vi) If a light ray originates from one of focii, then it will
pass through the other focus after reflection from
ellipse.

9. Equation of chord of contact of the tangents drawn from
the external point (x,, y,) to an ellipse is given by
XX YY1
a2 b2 = 0 l.e. T = 0
2 2
10. The equation of a chord of an ellipse 2 + b2 - 1 whose
mid point is (x,, y,) is T = S,.
11. Equation of chord joining the points (a cos 6, b sin 8) and
2 y2
(@ cos @, b sin @) on the ellipse 2 + b2 =1is
X 0+¢ y . 6+9o _ 0-0
acos > +bsm 5 =S
(i) Relation between eccentric angles of focal chord
0 tn 2 fn 2o 27l
29 2 T qie
(ii) Sum of feet of eccentric angles is odd T
ie. 0,4+ 6,+ 06,+ 06, =(2n + 1)m.
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12,

13.

14.

Equation of polar of the point (x,, y,) w.r.t. the ellipse

2 2
X y L XXy YY1 .
a—2+7b = 1 is given by az+bz =0ie. T=0.

The pole of the line ¢x + my + n = 0 w.r.t. the ellipse

x? y? - (-a* b°n
a—2+b7=1|s _n "h |

Eccentric angles of the extremities of latus rectum of the

2
b?
(i) Equation of the diameter bisecting the chords of

b
= 1 are tan! (i)

lipse
ellipse 5 + o

2 y2
slope in the ellipse a_z + b2 = 1is
b2
=- —5—X
Y a’m

(i) Conjugate Diameters : The straight lines y = m.x,
y = myx are conjugate diameters of the ellipse
2 2 2
X y . b
?+ b2 =1ifmm, =- 2
(iii) Properties of conjugate diameters :
(a) If CP and CQ be two conjugate semi-diameters
ox2 P
of the ellipse — + b2 " 1, then
CP2 + CQ%? = a2 + b?
(b) ¥ 6 and ¢ are the eccentric angles of the
extremities of two conjugate diameters, then

6- 9=+ -
¢==3

=
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(c) If CP, CQ be two conjugate semi-diameters of
the elli ﬁ + i
e ellipse 22 b2

of the ellipse, then SP.S'P = CQ?

(d) The tangents at the ends of a pair of conjugate
diameters of an ellipse form a parallelogram.

=1and S, S' be two foci

The area of the parallelogram formed by the tangents at
the ends of conjugate diameters of an ellipse is constant
and is equal to the product of the axis i.e. 4ab.

Length of subtangent and subnormal at p(x,, y,) to the
ellipse

N

X y? _a .
— + 5 =1is X, -x & (1 -¢€?) x

Q
o
N

=
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HYPERBOLA
1. Standard Hyperbola :
2 2 2 2
Hyperbola | X _ Y _ 4 X LYy
a’ b2 a b2
Imp. terms or ﬁ yi =-1
P a>  b®>
Centre (0, 0) (0, 0)
Length of
transverse axis | 2a 2b
Length of
conjugate axis | 2b 2a
Foci (xae, 0) (0, x£be)
Equation of
directrices x = *a/e y = £ b/e
o a2 +b2 a2 +b2
Eccentricity e = o) e = b2
Length of L.R. | 2b?%/a 2a%/b

Parametric

co-ordinates

Focal radii

S'P - SP
Tangents at
the vertices
Equation of the
transverse axis
Equation of the
conjugate axis

(a secy, b tano)

0 < 9<2m
SP = ex, - a
SP=ex, +a
2a

X =-a X =a
y=20
x =0

(b sece, a tang)

0 < @ <2m
SP =ey, - D
SP=ey, +b
2b

y=-b y=»b
x =0

y=20

=
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AActes il

Y
-N
X' :Br - “TA"
{—ae,0) s F
f " al
L g E
B’ &

x | =

Hyperbola

Y
+

180 be)

By »-2

X

B8 y=—2

3 (0,— be)

F

Yf

Conjugate Hyperbola
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Special form of hyperbola : (b) Parametric form : The equation of tangent to the
If the centre of hyperbola is (h, k) and axes are parallel hyperbola
to the co-ordinate axes, then its equation is 5 5
(x - h)? (y - k) )a(_z - ZZ =1 at (asec @, btan @) is
> - b2 = 1.
X Y
gseccp—gtancp=1.

3. Parametric equations of hyperbola : )
(c) Slope form : The equations of tangents of slope m

The equations x = asec ¢ and y = b tan ¢ are known to the hyperbola
as the i i L G X y
parametric equations of hyperbola 72 b2 1 7 = larey =mx £ 3222 —p2 and the
co-ordinates of points of contacts are
4. Position of a point and a line w.r.t. a hyperbola :

The point (x,, y,) lies inside, on or outside the hyperbola (+ a’m b2 ]
b2

+ +
JaZm? —p2 " Jatm? -

2 2

X Y

2 "2 =1

a b

5 6. Equation of pair of tangents from (x,, y,) to the hyperbola
. Xt yi . R R
according as 2 - 15 - 1lis +ve, zero or -ve. X y o
b S~ pz — lisgiven by SS, =

The line y = mx + ¢ does not intersect, touches, intersect

the hyperbola
7. Equations of normals in different forms :

according as ¢ <, =, > a’m? - b2
(a) Point form : The equation of normal to the hyperbola
5. Equations of tangents in different forms : 52 y2 a2x b2y i i
(a) Point form : The equation of the tangent to the 2 v 1at (x, vy, is X, + y, ~ @ + b2
hyperbola ﬁ _ ﬁ -1 (b) Parametric form : The equation of normal at
2 2 =
a b (a sec 9, b tan @) to the hyperbola
L XXy YY4 2 2
at (x,, y,) is a2 b2 L. 2 - ZZ =1lisaxcos @ + by cot 8 = a?+ b?

= =
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(c) Slope form : The equation of the normal to the

2 2

hyperbola 2 p2 T 1 in terms of the slope m of

m(a + b?)
mx vaZ - b%m?

(d) Condition for normality : If y = mx + cis the normal

the normal is y =

2 2

X Y
of — - 5 =1,

a’ b?
A m(a® + b?) . m(a? +b?)? ,
thenc = = \/m or ¢ = (@ -m?b?) ’ which

is condition of normality.
(e) Points of contact : Co-ordinates of points of contact

( a? mb? ]
Va2 —p2m? \/az—bzm2 '

8. The equation of director circle of hyperbola
X—Z— ﬁ =1is x> + y2= a2 - b2
a’ b2
9. Equation of chord of contact of the tangents drawn from
the external point (x,, y,) to the hyperbola is given by
XXy _ YY1 -1
a? b2 —
52 y2
10. The equation of chord of the hyperbola a_2 - bj =1
whose mid point is (x,, y,) is T = S,.
PAGE # 89
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13.

14.

15.

R — T

Equation of chord joining the points P(a sec @,, b tan @)
and Q(a sec ¢,, b tan @,) is

X -0 N ¢t ®) ¢+t Qo
aCOS 2 —bsm 2 = COS 2 .

Equation of polar of the point (x,, y,) w.r.t. the hyperbola
is given by T = 0.
The pole of the line ¢x + my + n =

7—b7=lls n’' n

The equation of a diameter of the hyperbola

0 w.r.t.

X y 1 b2
— - 5 =1isy = —5—X.
a’ b2 y a’m

The diameters y = m x and y = m,x are conjugate if
b2
m,m, = a2

Asymptotes of a hyperbola :
* The equations of asymptotes of the hyperbola

b
T - —_— T - — 1 — :E - .
are y 5 X

Asymptote to a curve touches the curve at infinity.

* The asymptote of a hyperbola passes through the
centre of the hyperbola.

=
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*

The combined equation of the asymptotes of the

X2 y2 ‘ X2 y2
hyperbola a—z— b7=1|s 2 b = 0.

The angle between the asymptotes of

2 2 2

— - ZT =1is 2 tan™ \b’T or 2 sec! e.

A hyperbola and its conjugate hyperbola have the
same asymptotes.

The bisector of the angles between the asymptotes
are the coordinate axes.

Equation of hyperbola - Equation of asymptotes =
Equation of asymptotes - Equation of conjugate
hyperbola = constant.

16. Rectangular or Equilateral Hyperbola :

*

A hyperbola for which a = b is said to be rectangular
hyperbola, its equation is x? - y? = a?

Xy = c? represents a rectangular hyperbola with
asymptotes x = 0, y = 0.

Eccentricity of rectangular hyperbola is /2 and angle
between asymptotes of rectangular hyperbola is 909°.

Parametric equation of the hyperbola xy = c? are

C .
, Where t is a parameter.

X =<ct y = ?

Equation of chord joining t,, t, on xy = c? is

X +ytt =c(t +t)

=
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Equation of tangent at (x,, y,) to xy

X y
= C?is X_1 + 7 = 2.
Equation of tangent at t is x + yt? = 2ct
Equation of normal at (x,, y,) to xy = c* is
XX, =YY, = X2 -y
Equation of normal at t on xy = c? is
5 —yt-ct* + c = 0.

(This results shows that four normal can be drawn
from a point to the hyperbola xy = c?)

If a triangle is inscribed in a rectangular hyperbola
then its orthocentre lies on the hyperbola.

Equation of chord of the hyperbola xy = ¢ whose

middle point is given is T = S,

Point of intersection of tangents at t & t, to the

2ctyt, 2c
t+t, Tty +t

hyperbola xy = c? is (

=
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MEASURES OF CENTRAL TENDENCY
AND DISPERSION

1. Arithmetic mean:
(i) For ungrouped data (individual series) ¥

n(no. of terms)

(i) For grouped data (continuous series)

fx;

M3

(a) Direct method x = ,Wherex ,i=1...n

M>

f

i=1

be n observations and f be their corresponding
frequencies

p2

(b) short cut method : x = A + TSE

where A = assumed mean, d, = x, - A = deviation
for each term

2. Properties of A.M.

(i) In a statistical data, the sum of the deviation of items
from A.M. is always zero.

(i) If each of the n given observation be doubled, then
their mean is doubled

(i) If x isthe mean of x,, x,, ...... X_. The mean of ax,, ax,
..... ax_ is ax where a is any number different from
zero.

(iv) Arithmetic mean is independent of origin i.e. it is x
effected by any change in origin.

=
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3. Geometric Mean:
(i) Forungrouped data
G.M. = (X; X, X5 «uuee X )n

1 n
or G.M. = antilog (H Z'ngiJ

(i) For grouped data

= antilog Zf

4. Harmonic Mean - Harmonic Mean is reciprocal of arith-
metic mean of reciprocals.

n

(i) Forungrouped data H.M. =

-1
X;

n

>

(i) For grouped data H.M. = n'=7f

> (<)

5. Relation between A.M., G.M and H.M.
A.M. > G.M. > H.M.

Equality holds only when all the observations in the series
are same.

=
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6.

Median:

(@) Individual series (ungrouped data) : If data is raw,
arrange in ascending or descending order and n be
the no. of observations.

n+1
2

th
If n is odd, Median = Value of ( J observation

If n is even, Median =

th
n
[Value of (E) + value of

N+~

n th ‘
St 1| 7 observation.

(b) Discrete series : First find cumulative frequencies of
the variables arranged in ascending or descending
order and

th
n+1
Median = (TJ observation, where n is cumulative

frequency.
(c) Continuous distribution (grouped data)
(i) For series in ascending order

N
f+—(2 C)xi
f

Where ¢ = Lower limit of the median class.

Median =

f = Frequency of the median class.
N = Sum of all frequencies.
i = The width of the median class

C = Cumulative frequency of the
class preceding to median class.
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(i) For series in descending order

1o

Median=u-fxi

where u = upper limit of median class.

7. Mode:

(i) For individual series : In the case of individual series,
the value which is repeated maximum number of times
is the mode of the series.

(i)  For discrete frequency distribution series : In the case
of discrete frequency distribution, mode is the value of
the variate corresponding to the maximum frequency.

(iii) For continuous frequency distribution : first find the
model class i.e. the class which has maximum frequency.

For continuous series

fi —fo .
Mode = 7, + 2 —f, —f, | X

Where ¢, = Lower limit of the model class.
f. = Frequency of the model class.

f = Frequency of the class preceding model
class.

f, = Frequency of the class succeeding model
class.

i = Size of the model class.

8. Relation between Mean, Mode & Median:
(i) Insymmetrical distribution : Mean = Mode = Median

(ii)  In Moderately symmetrical distribution : Mode = 3 Me-
dian - 2 Mean

=
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Measure of Dispersion :

The degree to which numerical data tend to spread about
an average value is called variation or dispersion.

Popular methods of measure of dispersion.

1. Mean deviation : The arithmetic average of deviations
from the mean, median or mode is known as mean deviation.

(a) Individual series (ungrouped data)

2|x-S
Mean deviation = g

Where n = number of terms, S = deviation of variate
from mean mode, median.

(b) Continuous series (grouped data).

L >f|x - s >fIx —s|
Mean viation = =
ean deviatio SF N
Note : Mean deviation is the least when measured from the

median.

2. Standard Deviation :

S.D. (o) is the square root of the arithmetic mean of the
squares of the deviations of the terms from their A.M.

(a) For individual series (ungrouped data)

o= [5(x - X)?
N

the series

where x = Arithmetic mean of

N = Total frequency
(b) For continuous series (grouped data)

_v\2
(i) Direct method o = w

Where % = Arithmetic mean of series
X, = Mid value of the class
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f = Frequency of the corresponding X,
N = sf = Total frequency
(i) Short cut method

ch|2 Zfd |5 (zdY’
o = o = N N

Where d

x — A = Derivation from assumed mean A
f = Frequency of item (term)
N = =f = Total frequency.

Variance - Square of standard direction
i.e. variance = (S.D.)? = (0)?
Coefficient of variance = Coefficient of S.D. x 100

=2 x 100
X

=
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MATRICES AND DETERMINANTS

MATRICES:

Matrix - A system or set of elements arranged in a rectan-
gular form of array is called a matrix.

Order of matrix : If a matrix A has m rows & n columns then
A is of order m x n.

The number of rows is written first and then number of col-
umns. Horizontal line is row & vertical line is column

Types of matrices : A matrix A = (a) .,
A matrix A = (a)),,, over the field of complex numbers is

mxn

said to be
Name Properties
A row matrix ifm=1
A column matrix ifn=1
A rectangular matrix ifm #n
A square matrix if m=n
A null or zero matrix if a; = 0 Oij. It is denoted by O,
A diagonal matrix if m=nanda; =0fori#j.
A scalar matrix if m=nanda; =0fori #]
= k for i = j
ie.a, =a,, e =a_ = k(cons.
Identity or unit matrix if m=nanda, =0fori #]
=1 fori=]j
Upper Triangular matrix | if m = n and a; = 0 for i > j
Lower Triangular matrix | if m = n and a; = 0 for i < j
Symmetric matrix if m =nand a; = a; for all i, }
or AT = A
Skew symmetric matrix [ if m = nand a; = - a; 0i, j
or AT = - A
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Trace of a matrix : Sum of the elements in the principal
diagonal is called the trace of a matrix.

trace (A £ B) = trace A £ trace B
trace kA = k trace A

trace A = trace AT

trace I = n when I isidentity matrix.
trace O, =0 0, is null matrix.

trace AB # trace A trace B.

Addition & subtraction of matrices : If A and B are two
matrices each of order same, then A + B (or A - B) is defined
and is obtained by adding (or subtracting) each element of B
from corresponding element of A

Multiplication of a matrix by a scalar:
KA =K (a,)

Properties :

(i) K(A+B)=KA+KB

(i) (K, K)A =K,(K,A) = K,(K,A)

(i) (K, + K)A=KA+KA

= (Ka) where K is constant.

mxn mxn

Multiplication of Matrices : Two matrices A & B can be
multiplied only if the number of columns in A is same as the
number of rows in B.

Properties :

(i)  Ingeneral matrix multiplication is not commutative i.e.
AB # BA.

(i) A(BC) =(AB)C [Associative law]

=
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(ii) A.(B+ C)=AB+ AC [Distributive law] DETERMINANT :

(iv) IfAB=AC @ B=C 1. Minor & cofactor: IfA = (aij)m, then minor of a, | is
(v) IfAB =0, thenitis not necessary A=0orB =0 e @ .

(vi) AI=A=1IA M, = a,, a,| andso.

(vii) Matrix multiplication is commutative for +ve integral

e, Amtl = Am A = AA™ cofactor of an element a, is denoted by C; or F,and is equal

to (-1)" M,
or C.=M, ifi=]

. 1] 1]
8. Transpose of a matrix: - M, if i % j
A' or AT is obtained by interchanging rows into columns or

| Note: |[A| =a F, +a,F,+a,F,
columns into rows

11" 11

- and all F21 + a12 I:22 + a13 F23 = 0
Properties :

(i (A=A
(i) (A£B)T =AT£B
(ii)) (AB)T = BTAT

2. Determinant: if A is a square matrix then determinant of
matrix is denoted by det A or |A].

expansion of determinant of order 3 x 3

(iv) (KA)T=KAT i E o b, & la ¢ |a, b,

(v) I'=1 e L I el
9. Some special cases of square matrices : A square matrix

is called or = -a, El 21 + b, :1 21 -G 21 Ilgl

(i)  Orthogonal matrix : if AAT=1 = ATA 23 3 >3

(i) Idempotent matrix : if A2 =A Properties :

(i) Involutory matrix : if A2=1 orAl=A (i) |AT] = |A]

(iv) Nilpotent matrix : if g p O N such that A? = 0 (i) By interchanging two rows (or columns), value of de-

terminant differ by -ve sign.
., it A A _ 5
(v) Hermitian matrix : if A°= Al.e. a, = a, (iii)  If two rows (or columns) are identical then |A| = 0

. ) . L iE A — _po
(vi) Skew - Hermitian matrix : if A A (iv) |KA| = K"det A, Ais matrix of order n x n

= =
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(v) If same multiple of elements of any row (or column) of
a determinant are added to the corresponding elements
of any other row (or column), then the value of the
new determinant remain unchanged.

(vi) Determinantof :

(@) A nilpotent matrix is 0.

(b) An orthogonal matrix is 1 or - 1
(c) A unitary matrix is of modulus unity.
(d) A Hermitian matrix is purely real.

(e) An identity matrix is one i.e. |I | = 1, where I_is a
unit matrix of order n.

(f) A zero matrix is zero i.e. |0 | = 0, where O_ is a zero
matrix of order n

(g) A diagonal matrix = product of its diagonal elements.

(h) Skew symmetric matrix of odd order is zero.

Multiplication of two determinants:

Multiplication of two second order determinants is defined as
follows.

a, b,
a, b,

oMy
My

a/y +byt, am, +b,m,

% a2£1 + b2£2 a2m1 + b2m2

If order is different then for their multiplication, express them
firstly in the same order.

MATRICES AND DETERMINANTS:
Adjoint of a matrix :

adj A = (Cij)T , Where C,is cofactor of ay

=
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Properties :

(i) A(adjA) = (adjA) A = |A|T
(i) ladj Al = [A|™*

(iii) (adjAB) = (adjB) (adjA)

(iii) (adj AT) = (adjA)T

(iv) adj(adjA) = |A|"2

(v) (adjKA)=K"!(adjA)

Inverse of a matrix:
(i) A!existsif Ais non singulari.e. |A] #0
adjA

(i) Atl= W, |A] #0

(i) A'A=1 =AA"
(iv) (AN)*= (A1)
(V) (A=A

1

i -1 = S R
(Vi) 1A% = A1 = g

(vii) If A & B are invertible square matrices then
(AB)* =B tA™!

Rank of a matrix:
A non zero matrix A is said to have rank r, if

(i) Every square sub matrix of order (r + 1) or more is
singular

(i) There exists at least one square submatrix of order r
which is non singular.

=
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE # 104

ssssssssss



IA*ABTE&

Homogeneous & non homogeneous system of linear
equations:

A system of equations Ax = B is called a homogeneous sys-

tem if B =

0. If B #£ 0, then it is called hon homogeneous

system equations.

5. (a) Solution of non homogeneous system of linear

equations:
(i) Cramer's rule : Determinant method

The non homogeneous system Ax = B, B# 0 of n
equations in n variables is -

Consistent (with unique solution) if |A| # 0 and

for each i = 1, 2, ........ n,
det A,
X = —det A+ Where A is the matrix obtained

from A by replacing it column with B.

Inconsistent (with no solution) if |[A| = 0 and
at least one of the det (A) is non zero.

Consistent (With infinite many solution), if
|A| = 0 and all det (A) are zero.

(i) Matrix method :

The non homogeneous system Ax = B, B # 0 of
n equations in n variables is -

Consistent (with unique solution) if |A| # 0 i.e.
if A is non singular, x = A B.

Inconsistent (with no solution), if |A] = 0 and
(adj A) B is a non null matrix.

Consistent (with infinitely many solutions), if
|A] = 0 and (adj A) B is a null matrix.
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(b) Solution of homogeneous system of linear equa-

tions:

The homogeneous system Ax = B, B = 0 of n equations
in n variables is

(i) Consistent (with unique solution) if |A| # 0 and
for each i = 1, 2, ......... n

= 0 is called trivial solution.
(i) Consistent (with infinitely many solution),
if Al =
(@) IAl = |A]l =0
(b) |A] = 0, (adj A) B =

(for determinant method)

0 (for matrix method)

NOTE : A homogeneous system of equations is never
inconsistent.
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FUNCTION Properties :
1. Modulus function: () log,1=0
(i) log,a=1
X, X>0
- =X, x<0 iii logab = b
IxI {O,x=0 (i a
Properties : if k >0, k = plog, k
() Ix| # £x (iv) log.b. +log b, + ...... +log_ b =log (b, b, ........ b))
a 1 a 2 a n a 172 n
(i) Ixyl = Ix]lyl o
S DS I b (v) log, (E) =log, b -log, c
Wy = 1yl
(V) Ix +yl < Ix| + Iyl (vi) Base change formulae
(V) Ix=yl > Ix| = lylor < x| + |yl o b log. b o b 1
(vi) |lal - |bl| < la - b| for equality a.b > 0. 99.0 = jog.a O 199.° = og, a
(vii) Ifa>0
x| = a 0 x==xa . n
vii) log_» b= — log, b
x| =-a O no solution (vii) a m 09
[x] > a 0 X<-aorx>a
1
x| < a O -as<xc<a (viii) log, (E) = -log,b =log,,, b
x| < -a O No solution.
x| > -a O xOR
b C
(ix) log,, (c) = log, (b)
2. Logarithmic Function:
(i) log, atobedefineda>0,b>0,b=z1 (X)  gosmc = Joga
(i) log,b=c O b=ac
(i) log,b>c
0 b>a, a>1 3. Greatest Integer function:
or b < a¢, O<a<1 f(x) = [x], where [.]denotes greatest integer function equal
(iv) log, b > log, c or less than x.
O b>c, ifa>1 i.e., defined as [4.2] = 4, [-4.2] = -5
or b<c, if0<ax<1 Period of [x] =1

= =
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Properties :
(i) x-1<[x]<X
(i) [x+I]=[x]+1

[x +vy] 2 [x]+[y]
(i) [x]+[-x] =0,xQOI

=-1,x01I

(iv) [x] =1, wherelisanintegerx O[I, I+ 1)
(V) [xXI=2Lx0O[l )
(vi) [X]<I,x0O(-0,I+1]
(vii) [xX]1>I,[x]=2I1+1,x0[l+1, »)
(Vi) [x] <I, [xX]1<I-1,x0(-0,I)

Fractional part function:
f(x) = {x} = difference between number & its integral part
=x - [x].
Properties :
(i {x}x0oI[0,1)
(i) Ax+1}={x}

{x+y}z{x}+{y}
(i) {x3+{x3=0, xnOlI

=1,x0I

(iv) [{x}]1=0,{{x}}=4x}{[x]}=0

Signum function:

-1 , x0OR~
x=0
f(x) = sgn (x) = '

1 , xOR"

or f(x) = u, xz0

X
=0, x=0
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Definition :

Let A and B be two given sets and if each elementa O A is
associated with a unique element b OB under a rule f, then
this relation (mapping) is called a function.

Graphically - no vertical line should intersect the graph of
the function more than once.

Here set A is called domain and set of all f images of the
elements of A is called range.

i.e., Domain = All possible values of x for which f(x) exists.
Range = For all values of x, all possible values of f(x).

Table : Domain and Range of some standard functions -

Functions Domain Range
Polynomial function R R
Identity function x R R
Constant function K R (K)
. ) 1

Reciprocal function X R, R,
x?, |x| (modulus function) R R*O{x}
x3, X|X]| R R

| X
Signum function » R {-1, 0, 1}
X +|x| R R*O{x}
X -|x| R R O{x}
[x] (greatest integer function) R 1
x - {x} R [0, 1]
Jx [0, ) [0, o]
a* (exponential function) R R*
log x (logarithmic function) R* R

=
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Trigonometric Domain Range
Functions
sin X R [-1, 1]
cos X R [-1, 1]
R +E +3_T[ R
tan x - EyrE e
cot x R- {0,+m, +2m,...} | R
R £ +21 R 1,1
sec x - EE S - (-1,1)
cosec X R- {0, +m, +2m} R - (-1,1)
Inverse Domain Range
Trigo Functions
- T
sin 1 x (-1, 1] [7,5}
cos! X [-1,1] [0, ]
- T
tan? x R (2,2)
cot! x R (0, m)
i
sect X R -(-1,1) [0, m]- 5
m T
cosec? X R - (-1,1) 55 {0}

=
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7. Kinds of functions :

(i) One-one (injection) function - f: A _, B is one-one if
f(a)=f(b) O a=b
or az%b
O f(a)#f(b),a,bdA
Graphically-no horizontal line intersects with the graph
of the function more than once.
(i)  Onto function (surjection) -f: A . B is onto if
R(f)=B ie.iftoeachyOB gox0O As.t. f(x) =y
(iii) Many one function : f: A -, B is a many one function
if there exist x, y D As.t. x#zy
but f(x) = f(y)

Graphically - atleast one horizontal line intersects with
the graph of the function more than once.

(iv) Into function : fis said to be into function if R(f) < B

(v) One-one-onto function (Bijective) - A function which
is both one-one and onto is called bijective function.

8. Inverse function : f! exists iff f is one-one & onto both
f1:B , A fib)=a O f(a)=»b

9. Transformation of curves :

(i) Replacing x by (x — a) entire graph will be shifted parallel
to x-axis with |a| units.

If a is +ve it moves towards right.
a is —ve it moves toward left.

Similarly if y is replace by (y - a), the graph will be
shifted parallel to y-axis,

upward if a is +ve
downward if a is —ve.

=
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10.

11.

(i) Replacing x by —x, take reflection of entire curve is y-
axis.

Similarly if y is replaced by -y then take reflection of
entire curve in x-axis.

(iii) Replacing x by |x|, remove the portion of the curve
corresponding to -ve x (on left hand side of y-axis)
and take reflection of right hand side on LHS.

(iv) Replace f(x) by |f(x)|, if on L.H.S. y is present and
mode is taken on R.H.S. then portion of the curve below
x-axis will be reflected above x-axis.

(v) Replace x by ax (a > 0), then divide all the value on x-
axis by a.

Similarly if y is replaced by ay (a > 0) then divide all the
values of y-axis by a.

Even and odd function : A function is said to be
(i) Even function if f(-x) = f(x) and
(ii)  Odd function if f(-x) = -f(x).

Properties of even & odd function:

(@) The graph of an even function is always symmetric
about y-axis.

(b) The graph of an odd function is always symmetric
about origin.

(c) Product of two even or odd function is an even
function.

(d) Sum & difference of two even (odd) function is an
even (odd) function.

(e) Product of an even or odd function is an odd function.

(f) Sum of even and odd function is neither even nor
odd function.
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12,

13.

14.

Zero function i.e. f(x) =
is even and odd both.
(h) If f(x) is odd (even) function then f'(x) is even (odd)
function provided f(x) is differentiable on R.
(i) A given function can be expressed as sum of even
& odd function.

0 is the only function which

ie.  f(x) %[f(x) + f(-x)] + %[f(x) - f(-x)]

even function + odd function.

Increasing function : A function f(x) is an increasing function
in the domain D if the value of the function does not decrease
by increasing the value of x.

Decreasing function : A function f(x) is a decreasing function
in the domain D if the value of function does not increase by
increasing the value of x.

Periodic function: Function f(x) will be periodic if a +ve real
number T exist such that
f(x +T) = f(x),
There may be infinitely many such T which satisfy the above
equality. Such a least +ve no. T is called period of f(x).
(i) If a function f(x) has period T, then
Period of f(xn + a) = T/n and
Period of (x/n + @) =nT
(i) If the period of f(x) is T, & g(x) has T, then the period
of f(x) £ g(x) will be L.C.M. of T, & T, provided it
satisfies definition of periodic function.
(iii) If period of f(x) & g(x) are same T, then the period of
af(x) + bg(x) will also be T.

0 x ODomain.
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Function Period
sin X, €os X 21
Sec x, cosec X
tan x, cot x m
sin (x/3) emn
tan 4x W4
Cos 21X
|cos x| i
sin* X + cos* x /2
X —TC

2 cos 3 6mn
sin3 X + cos3 X 21/3
sin® x + cos* x 2n
sinx

2T
sin5x
tan? x - cot? x ]
x — [X] 1
[x] 1

NON PERIODIC FUNCTIONS :

xr X%, X3, 5
cos Xx?
X + sinXx

X COS X

cos /x

=
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15. Composite function:

Iff: X . Yandg:Y . Z are two function, then the
composite function of fand g, gof : X . Z will be defined as

gof(x) = g(f(x)), o xOX
In general gof # fog

If both f and g are bijective function, then so is gof.
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LIMIT

Limit of a function : )l(i["}ﬂ f(x) = ¢ (finite quantity)
Existence of limit : M f(x) existsiff 1M f(x) = M, f(x) =/

. 0 o
Indeterminate forms : 0/ ! T @ ®X 0, %, 0°, 1°

Theorems on limits :

() lim (kf(x)) = k im f(x), kis a constant.

iy M (f(x) £ g(x)) = M f(x) £ LiM g(x)

X - a X - a

(i) M f(x).g(x) = liM f(x). LiM g(x)

X - a X - a

lim f(x)
lim f(X) X - a

(V) 1M 50 = limg(x)+ Provided lim g(x)#0

X - a

) limegx) =f (li[‘lg(x)), provided value of

X - a

g(x) function f(x) is continuous.

(vi) Im [f(x) + k] = 1M f(x) + k

X - a

(viiy M jog(f(x)) = log @i[na f(x))

lim g(x)
X-a

(viii) 1M (f(x))e0 = [li[“a.f(x)]

AﬂAB‘EEsI

Limit of the greatest integer function :
Let c be any real number

Case I: If c is not an integer, then )I(i[nc [x] = [c]
Case II: If c is an integer, then X'l”g_ [x]=c-1, Xll”g+ [X]=c
and lim [x] = does not exist

Methods of evaluation of limits :

. f(x) 0
H - - . II RACAY v
(i) Factorisation method : If Xﬁ“a' a(x) is of 0 form

then factorize num. & devo. separately and cancel the

0
common factor which is participating in making 0 form.

(i) Rationalization method : If we have fractional powers
on the expression in num, deno or in both, we rationalize
the factor and simplify.

(i) When x _. « :Divide num. & deno. by the highest power
of x present in the expression and then after removing

1 1
the indeterminate form, replace AN by 0.

(iv) lim

(v) By using standard results (limits) :

=
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) lim
(a) lim SINX =1=x-0 X
x-0 sinx
(b) lim tanx =1=1 X
Xx-0 oy -0 tanx
(c) lim sinx =0
(d)  Im cosx = lim L
- -9 cosx
—
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(vi) By substitution:

-0
lim sSinx_ _ T (a) Ifx - a, then we can substitute
(e)
X 180 x=a+tQd t=x-a
sl IfX — a t — 0.
P Sin =~ X . X 1
(f) llm) X =1= l'fré sin"t x (b) Whenx o, - o substitutex=-t0 t - o
1
_1 . _ =
(a) lm?) tan™ x 1= lm?) x_1 (c) When x - « substitutet = o ot Of
X tan—x (vii) By using some expansion :
lim @ -1 _ . x> x?
(h) 20 log.a e =14x+ oy + 5+
2 3
. i eX _1 -X — —_ X_ — L
(i) lim — =1 eX=1-X+ o0 = opt
log(1 + x) x* x?
. ; X -y - = AT
G) l|m) — =1 log(1l + x) = x > + 3 T
x? X3
0 )I(ifr(]) Ioga(i +X) _ |o(1_;,a log(1 - x) = -x - o Ty T
(xlog.a)®>  (xlog. a)’
n xlna — 3x =
0 lim A+x)"-1 _ . e a*=1+xloga + o1 + 31 e
X -0 X
3 5
in SINX = X — —— 4+ > ...
(m) lim 30X lim €9SX_ 31 5l
R X e X 2 4
X X
cosx =1 - j + ﬁ— ......
1 ! !
sin—
lim X _ x3 2
n =1 = 2 = 5
(n) xow 1 tanx X+ T+ e X
X
n(n-1
LV (1+x)”=1+nx+%2+ .....
(0) )I(ii‘?, (1+x)*=e= )I('To (1 + ;) 7. Sandwich Theorem : In the neighbour hood of x = a
f(x) < g(x) <h(x)
x lim — lim - lim _
G Im (1 agm e = Jm (142) #a F00 = 5I3 h0 = £ then TG 900 = .
X — X — 00 X

O < Li["‘_‘ag(x) </.

= =
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1. SOME STANDARD DIFFERENTIATION :

DIFFERENTIATION

Function Derivative Function Derivative
A cons. (k) 0 X" nxn -1
log. x 1 log. x —
% xlog. a 9 X
ax a* log, a ex ex
sin X COoS X COS X -sin x
tan x sec? X cot x -cosec? X
cosec x —-cosec x cot x sec X sec X tan X
1 1
sint x ,—1<x<1 Cos~x - ,—1<x<1
V1-x2 V1 -x2
: = xi>1 1 — —11xI> ]
sect x —,Ix|> cosect! X |-———=,-1|X|>
|x] V1 - x? Ix] V1 - x?
1 1
tan x >, x OR cottx -——, xOR
1+x 1+x
[x] 0, x OI [x| m, XZ0
d . . .
NOTE : &[x] does not exist at any integral Point.
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2. FUNDAMENTAL RULES FOR DIFFERENTIATION :

()

(if)

(iii)

(iv)

(v)

(vi)

(vii)

dix f(x) = 0 if and only if f(x) = constant
d (cf(x)) = cif(x) where c is a constant
dX - dX ’ .

d d
o (02900) = 10 & 4 900

d dv du .
dx (uv) = uCTX + VCTX, where u & v are functions

of x. (Product rule)
du

r i(vw)—vwf+ wdl+ vdfW
° dx - dx UW ax W ax

If a4 f(x) = ox), then d f (ax + b)

dx dx
=a @(ax + b)
d (u VE—Uﬂ
— | = dX dX .
dx (v) — (quotient rule)

\%

If y = f(u), u = g(x) [chain rule or differential co-
efficient of a function of a function]

dy _dy  du
then dx ~ du * dx

My If y = f(u), u = g(v), v = h(x), then

=
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510

ssssssssss

PAGE # 122



i t4eles

dy dy _ du _ dv

d_x=duxdvxd7
— n d_Y_ n—1$
i,eify =u"0O dx nu dx
OR

(viii) Differentiation of composite functions

(ix)

(x)
(xi)

Suppose a function is given in form of fog(x) or
f[g(x)], then differentiate applying chain rule

d

™ flg(x)] = f'g(x) . g'(x)
ORI
dx \u) T @ ax’“

d u du

Logarithmic Differentiation : If a functionis in the
fi(x) f5 (X)....
93 (x) gz (X)....
both sides and then differentiate.
(@) log, (mn) = log.m + logn

form (f(x))s™ or We first take log on

(b) log, ? = logm - log_n

(c) log, (m)"= nlog,m (d) log,m log_n =1
(e) IOgan XM = ? |oga X (f) aloga x = x

log, m
(g) log,e =1 (h) log m= log, n

(xii)

(xiii)

(xiv)

(xv)

[ATHS FoRMULA-PockeTBook  JERRIEEY

Differentiation of implicit function : If f (x,y) = 0,
differentiate w.r.t. x and collect the terms containing
d d

—yat one side and find l.

dx dx

[The relation f(x, y) = 0 in which y is not expressible
explicitly in terms of x are called implicit functions]

Differentiation of parametric functions : If x = f(t)
and y = g(t), where t is a parameter, then

dy _ dt _ 9(®

dx dx — f'(t)

Differentiation of a function w.r.t. another func-
tion : Let y = f(x) and z = g(x), then differentiation
of y w.rt. z is

dy dy / dx f'(x)

dz  dz/dx ~ d(x)

Differentiation of inverse Trigonometric functions
using Trigonometrical Transformation : To solve
the problems involving inverse trigonometric functions
first try for a suitable substitution to simplify it and
then differentiate. If no such substitution is found
then differentiate directly by using trigonometrical
formula frequently.

=
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Important Trigonometrical Formula :

T T
2tanx (xvi) sin’! sin (x) = x, for - 5 < X < 5
(i) sin2x = 2sinx. cosx = T+tanix
cos? (cos x) = x, for0 <« x < 7
o _ m _ 2 — in2 m
(i) cos2x = 1+ tan’ x =2cos2x -1=1-2sin?x tan-! (tan x) = x, for - — < x < 5
2tanx (xvii) sin! (-x) = -sin™! x, tan™! (-x) = - tan! x,
viii) tan2x = 5
(viii) 1 -tan? x cos! (-x) = T - cos! x
(iii) sin3x = 3sinx — 4sin3x 1 1
(vi) cos3x = 4cos® x - 3cosx (xvii sin~ (;) = cosec™ x, cos™ (X) = sect x,
, 3tanx - tan® x 1 1
(X) tan3x = o x tan-t (X) = cot x, cot™ (X) = tant x,
(X) sintx + cos?'x = m/2
1 1
(xi) sect!x + cosec?* x = m/2 sec? (;) = cos™t x, cosec (x) = sin™t X

(xii) tan?x + cot'x = /2

xty)
a4 a4 _ a4 |7 . Tt
(xii) tan” X+ tan™y = tan (1+xy (xix) sin™t (cos @) = sin! [S'n(z‘e)) = g -9

(xiv) sint X + sin?ty = sin™ (x\/l—yz iy\/l—xz)

NI

cos! (sin @) = cos! (COS(E—GD -

(xv) cos* x + cos'y = cos™ (xy T \/1 - x2 \/1 —yz)

i
tan™* (cot @) = tan™ (tan(z—eD = g -0

= =,
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4. Some Useful Substitutions :

Part A
Expression | Substitution | Formula Result
3x - 4x3 X = sin@ 3sinf - 4sin®0 sin36
4x3 - 3X X = cosf 4cos® 6 - 3cosB| cos36
3x - x3 3tan6 - tan3 6
1322 X = tan@ m tan36
2x 2tan®
1432 X = tan® 1+tanZo sin26
2x 2tan®
1 -2 X = tan® 1_tanZe tan26
1 - 2x2 X = sin@ 1 - 2sin?26 €0s26
2x2 -1 X = cosf 2cos? 6 -1 c0s26
1 -x X = sin@ 1 - sin20 cos? 6
X = cos6 1 - cos?6 sin2 0
x2 -1 X = sech sec2 - 1 tanz 0
X = cosech cosec?6 - 1 cot? 6
1+ x? x = tan® 1 + tan?6 sec? 0
x = cotf 1 + cot?6 cosec? ¢
ABTES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #127
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Part B
Expression Substitution
az + x? X = a tanfor x = a cot#
a+ X a—X ¢
— o iy X = a tang
az- x? X = a sing or Xx = a cose
a+x a-x
or X = a cos#
a-x a+x
X2 - a2 X = a Sece or x=acoseco
a2_'_)(2 a2_X2 , , o
or x? = a’cos
\/ a2 — x2 \’ a2 + x2

5. Successive differentiations or higher order derivatives :

(@) Ify = f(x) then j—i = f'(x) is called the first deriva-

tive of y w.rt. x

d?y d (d_y

d 1
T

is called the second derivative of y w.r.t. x

=
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2

d3y ,
Ity el d7(f (x)) etc......

Thus, This process can be continued and we can
obtain derivatives of higher order

Note : To obtain higher order derivative of parametric
functions we use chain rule

ie. if x = 2t, y = t2

dy
0 4 =t

d?y d(d_Y) d dt 1
Uoad Toaxlax) T ax W T b Tt

(b) Ify = (ax + b)" m O I, then
y,= m(m-1) (m-2) ..... (m-n+1) (ax + b)™n.an
(c) If mpol, then

y,=mlamrandy_,, =0

m+1

(-1)"n!

(d) If Yy = (aX +b)n+1 an

m, then y_=

(D -1y

(e) Ify = log (ax + b), then y_ = (ax + b

=
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Nt
(f) Ify =sin (ax + b), theny_ = a"sin (ax +b +7j

If y = cos (ax + b), then y = a"cos (

6. nt" Derivatives of Some Functions :

0 25b) = o
(ii) dd):n (sinx) =sin(x+n7")

d" ™m
(iii) (cos x) = cos(x“z)

H dn mx —_ n mx
(iv) i (e™) = mne

d I = (- 1)™1 (n-1)! xn
(v) i (log x) = (= 1)"* (n-1)! x

ax+b+n—nj
2

NOTE: If u = g(x) is such that g'(x) = K (constant)

n

dn

then

d
= n f
& oo <[]
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Differentiation of Infinite Series : method is illustrated 9. Differentiation of Determinant :
with the help of example

o R
if y = x* then function becomes y = x¥ now taking log Rl
_ A= |72 =|C C,C
on both sides Rs
i.e logy = y log x, differentiating both sides w.r.t. x
1 dy 1 dy Ry Ry Ry
we get v dx =y ;+ logx dx Ao Ryl 4 RG LR,
R3 R3 R's
dy % V2 =|C,C C| +|C, C,CJ| + [C, C, C

O —_— = =
1-yl
dx (i_long x(1 - ylogx)

8. L-hospital rule:
if as x - a f(x) & g(x) either both - 0 or both - o, then

im 1) _ jjm F)
x-a g(x) ~ x-a g'(x)
(a) it can be applied only on 0/0 or /e form

(b) Numerator & denominator are differentiated separately
u
not v formulae.

(c) If R.H.S. exist or d'not exist because value - o, then
L.H rule can be applied.

But if value fluctuate on R.H.S. then L.H. rule can't
be applied.

If it is applied continuously then at each step 0/0 or
o/o should be checked.

= =
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APPLICATION OF DERIVATIVES

TANGENT AND NORMAL :

1. Geometrically f'(a) represents the slope of the tangent to
the curve y = f(x) at the point (a, f(a))

2. If the tangent makes an angle Y (say) with +ve x direction
then

dy
fi(x) = (&jm,yl) = tan Y = slope of the tangent.

3. If the tangent is parallel to x-axis, ¢ = 0

NI
dX (X1, Y1) a '

i
4, If the tangent is perpendicular to x-axis, ¥ = B

> (&)
dx (X1, Y1) -

5. If the tangent line makes equal angle with the axes, then

Av = =+ 1.
dx (X1, Y1)

6. Equation of the tangent to the curve y = f(x) at a point
(X, y,) is

(o)
Y oY= dx (X1, Y1) (x - Xl)

=
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Length of intercepts made on axes by the tangent :

X — intercept =

|
X
2
|
~—
Q.‘Q.
X <
~——
X
<

y — intercept =

|
<
=
X
2
~—
Q.|Q.
X |<
~
X
find

8. Length of perpendicular from origin to the tangent :

dy
— X <
7 l(dxj(xhh)

1
Slope of the tangent

&)
~ \dy (X1, Y1)

10. If normal makes an angle of ¢ with +ve direction of x-axis,

9. Slope of the normal

= - cot o.

dy
then dx

=
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dy
11. If the normal is parallel to x-axis O (&)

12. If the normal is perpendicular to x-axis O (d)( )= 0.
X1r Y1

13. If normal is equally inclined from both the axes or cuts

dy
equal intercept then (d_x) =+ 1.

14. The equation of the normal to the curve y = f(x) at a point
(X, y,) is

1

Y - VY, =~ (CIT (x = x,)
dx (X1, Y1)

15. Length of intercept made on axes by the normal :
dy
X —intercept = X, + Yy, | dx
(X1,¥1)
&)
- intercept =y, + X, | gy
Y P Y1 ! dy (X1,¥1)

16. Length of perpendicular from origin to normal :

dy
X, + —
' YI(dX)(Xhh)

(@)

=
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17. Angle of intersection of the two curves:

d d dy
. _Edly) (d);)z where (dx)l is the slope of first
1 2

dx ).\ dx

tand =

dy
curve & (dx) of second. If both curves intersect orthogo-
2

d d
nally then (di) (di) =-1
1 2

18. Length of tangent, normal, subtangent & subnormal :

dy 2
1+/9Y
Y +(dx)
Length of tangent = dy
dx

v \2
Length of normal =y 1+(d—;’)

Length of sub-tangent = dy—>ldx

Length of sub-normal = yg—;’

=
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MONOTONICITY, MAXIMA & MINIMA :

1.

A function is said to be monotonic function in a domain if it is
either monotonic increasing or monotonic decreasing in that
domain

At a point function f(x) is monotonic increasing if f'(a) > 0
At a point function f(x) is monotonic decreasing if f'(a) < 0

In an interval [a, b], a function f(x) is
Monotonic increasing if f'(x) > 0
Monotonic decreasing if f'(x) < 0
constant if f'(x) = 0 gx O (a, b)
Strictly increasing if f'(x) > 0
Strictly decreasing if f'(x) < 0

Maximum & Minimum Points :

Maxima : A function f(x) is said to be maximum at x =
a, if there exists a very small +ve number h, such that
f(x) < f(a), gx o(a@a-h,a+h), x z a.
Minima : A function f(x) is said to be minimum at x = b,

if there exists a very small +ve number h, such that
f(x) > f(b), o x o(b-h, b+ h), x # b.

Remark :

(@) The maximum & minimum points are also known as
extreme points.

(b) A function may have more than one maximum &
minimum points.

Conditions for Maxima & Minima of a function :

(i) Necessary condition : A point x = a is an extreme
point of a function f(x) if f'(a) = 0, provided f'(a)
exists.

=
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(i) Sufficient condition :

(@) The value of the function f(x) at x = a is
maximum if f'(a) = 0 and f"(a) < O.
(b) The value of the function f(x) at x = a is

minimum if f'(a) = 0 and f"(a) > 0.

Working rule for finding local maxima & Local Minima :

(i) Find the differential coefficient of f(x) w.r.to x, i.e.
f'(x) and equate it to zero.

(ii) Solve the equation f'(x) = 0 and let its real roots
(critical points) be a, b, c ......

(iii) Now differentiate f'(x) w.r.to x and substitute the
critical points in it and get the sign of f'(x) for each
critical point.

(iv) If f"(a) < 0, then the value of f(x) is maximum at
x = 0 and if f'(a) > 0, then the value of f(x) is
minimum at x = a. Similarly by getting the sign of f"(x)
for other critical points (b, c, ...... ) we can find the
points of maxima and minima.

Absolute (Greatest and Least) values of a function in

a given interval :

(i) A minimum value of a function f(x) in an interval [a,
b] is not necessarily its greatest value in that interval.
Similarly a minimum value may not be the least value
of the function.

(ii) If a function f(x) is defined in an interval [a, b], then
greatest or least values of this function occurs either
at x = a or x = b or at those values of x for which
f'(x) = 0.

Thus greatest value of f(x) in interval [a, b]
= max [f(a), f(b), f(c), f(d)]
Least value of f(x) in interval [a, b]
= min. [f(a), f(b), f(c), f(d)]
Where x = ¢, x = d are those points for which f(x) = 0.

=
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE #138

ssssssssss



e e R -pocKETs00K TR

Some Geometrical Results : ROLLE'S THEOREM & LAGRANGES THEOREM:
In Usual Notations Results 1. Rolle's Theorem : If f(x) is such that
(a) It is continuous on [a, b]
Area of equilateral ﬁ(side)z. (b) It is differentiable on (a, b) and
4 (c) f(a) = f(b), then there exists at least one point
and its perimeter 3 (side) ¢ 0O (a, b) such that f'(c) =
Area of square (side)? 2. Mean value theorem [Lagrange's theorem] :
Perimeter 4(side) (i) If f(x) is such that
Area of rectangle ¢ % b (a) It is continuous on [a, b]
Perimeter 200 x b) (b) It is differentiable on (a, b), then
there exists at least one ¢ [ (a, b) such that
Area of trapezium l(sum of parallel sides) f(b) -f(a)
2 T b-a - f'(c)
x (distance between them (i) If for c in lagrange's theorem (a < c < b) we can say
Area of circle ug thatc = a + phwhere0 < g <landh =b - a
Perimeter 21 the theorem can be written as
4 fla+h)=fa)+hf(a+ 6h),0< 8 <1, h=>b-a
Volume of sphere §m3
Surface area of sphere 4mr?
Volume of cone %m’zh
Surface area of cone 11ig4
Volume of cylinder h
Curved surface area 2mrh
Total surface area 2rr(h + 1)
Volume of cuboid ¢ x b x h
Surface area of cuboid 2(¢/b + bh + hv)
Area of four walls 2(¢ x b) h
Volume of cube r3
Surface area of cube 6/?
Area of four walls of cube 402

= =
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INDEFINITE INTEGRATION

G I diXF(x) = f(x), then [f(x)dx = F(x) + c

Here J.{ }dX is the notation of integration, f(x) is the

integrand, c is any real no. (integrating constant)

(ii) dixjf(x)dx = f(x)

iy [F)dx = f(x) + ¢, c OR
(iv) jk f(x)dx = k [ f(x) dx
(v) f(f g(x)dx = Jf(x)dxtjg(x)dx

FUNDAMENTAL FORMULAE :

Function Integration
n+1
[ x"dx + ¢ n #-1
n+1
1 n+l
[ (ax +b)"dx _.(ax+—b) +¢n #-1
a n+1
1
J=dx log|x| + ¢
X
| L x L (loglax + b]) + ¢
ax+b a g
[e*dx e + C
aX
X
[a*dx log, 2 + c
[ sinx dx -cos X + C

=
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| cosecx cot xdx
[tanx dx

Jcotx dx

[secx dx

[cosecx dx

Function Integration
Jcosx dx sin x + ¢
Jseczx dx tan X + ¢
[cosec’x dx |- cot x + c
|secx tanx dx |sec x + c

-cosec X + C
-log|cos x| + c = log|sec x| + c

log|sin x| + ¢ = -log|cosec x| + c

log|sec x + tan x|+c = log tan(z +E)

X
log|cosec x - cot x|+c = log tan5+c

f\/— sint x + ¢ = —cos'x + ¢
dx . X X
I\/ﬁ_ sint= + ¢ = -cos'z + c
a -x a a
dx
f1+ 5 tan'’x + ¢ = -cot’x + c
X
dx 1 X - X
) TR —tan? — + c= —_cot'y + cC
a +x a a a
I dx ) .
= sec’'x + ¢ = —-cosec™'x + ¢
Ix|Vx? -1
J' dx ) - 15
|X|\/X27—a2 —sec'— + ¢ = —cosecC a + C
—
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INTEGRATION BY SUBSTITUTION :

By suitable substitution, the variable x in If(X)dX is changed

into another variable t so that the integrand f(x) is changed
into F(t) which is some standard integral. Some following
suggestions will prove useful.

s ForuLA-PoCKET 500K ———— JTREN=SY

SOME RECOMMENDED SUBSTITUTION :

Function

Substitution

1

vaZ - x? /az_XZIaZ_XZ
1

/x2+a2/ _/—x2+a2' X2 + a?
1

VX% —a? s /Xz_aZIXZ_aZ

/ X a+Xx
a+x’ x !

1
\/X(a+X).Jx(a+X)
/ X fa—x
a-x' x !

Ol

=) %) (B > @)

X = a sin 6 or a cos ©

X = a tan® or x = a sinh#

X = a sec 0

or Xx = a cosh 06

X = a tan? 0

X = a sin? 0

X = a sec? 0

X = a cos 20

X
Il
Q

cos? 6 + B sin?20

Function Substitution | Integration
'[f(ax+b)dx ax + b = iF(ax + b) + c
f 2
Jorax | o=t |
[f(ex) dx)dx| ox) =t [f(t)at
F(x)
JTx)dx f(x) = t log|f(x)| + c
n+1l
J(f(x))nf'(x)dx f(x) =t (o)~ +¢n % -1
n+1
F'(x)
,[ f(x) dx f(x) = 2[f(x)]1¥? + ¢
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IMPORTANT RESULTS USING STANDARD SUBSTITUTIONS :

Function Integration
I 1 1 | X-a
2 — a2 z_aogx+a + C
-1 X
= —coth™; + c when x > a
a
f : d 1 I artx +
a2 -x2 % 2a Jla-x ¢
1 X
= —tanh™'; + ¢, when x < a
a
dx
I o=z | leulix + e —azl} + ¢

dx

Ny

[Va? - x2 dx

[Vx? —a? dx
[Vx? +a? dx

X
= cosh‘l(g) + C

log{Ix + \x2+a2|} +¢C

X
sinh‘l(gj + cC

1 X

Ex\/az—xz + =—a?sin? (g)+ C

1 > o _ 1 2 _ 2
>XVx* -a* - Eazlog {Ix + Vx> -a%|} + ¢

1 1
XX +a® + Satlog {Ix + Yx? +a” |} + ¢

=
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INTEGRATION OF FUNCTIONS USING ABOVE STANDARD

RESULTS :
Function Method
J.; dx or Express : ax?> + bx + c =
ax? +bx +¢
2 _R2
J.—l dxor a[(x+£j L dac-b? zb ]
2a 4a

vax? +bx +c

f (ax? +bx +¢) dx

then use appropriate formula

[P0 g g

ax? +bx +c

[Rera g

or
vax? +bx +c

| x+a)(@ +bx +0) dx

Express : px +

d
= _— 2
)\dx(ax + bx +c)+

evaluate A & p by equat

ing coefficient of x and

constant, the integral reduces to
known form

P(x)

—— dx,
ax“ +bx +c

where P(x) is a

polynomial of degree
2 or more

Apply division rule and express if

. R (X
+ ————————————————————————
in form Q(x) ax? +bx 1 c

The integral reduces to known
form

=
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dx

-[asinzx +bcos®x +c¢

1
dx
or J‘(asinx +bcosx)2

MATHS FORMULA - POCKET BOOK
1

Divide numerator & denominator

by cos? x,

then put tanx = t & solve.

s ForuLA-PoCKET 500K ———— JTREN=SY
2

X
j—dx Divide numerator & denominator

by 2 and then add & sub. a2.
Thus the form reduces as above

J' dx
asinx +bcosx +c¢

_ 2tanx /2
Replace sin x = —1+tan2x/2’
1-tan’x/2
€OS X'= itan?x/2

then put tan x/2 = t and
replace 1 + tan? x/2 = sec? x/2

dx
Jm Divide num & deno. by 2a? and

then add & sub x2. Thus the form
reduces to the known form.

jasinx + bcos x
csinx + dcos x

Express : num. = A(deno.) +

d
M ax (deno.) Evaluate A & y. Thus

integral reduces to known form.

Jasinx +bcosx +c¢
psinX + qCosX +r

Express : Num. = A(deno.) +

d
“d_x (deno.) + v Evaluate A, y, v.

Thus integral reduces to known
form.

Divide numerator & denominator

2

a
by x2 and put (X * ?J = t, the

integral becomes one of standard
forms.

=
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INTEGRATION BY PARTS :

when integrand involves more than one type of functions
the formula of integration by parts is used to integrate the
product of the functions i.e.

0 '[u.u dx = u.JU dx - J[j_i(-[deﬂdx

or I(lst fun.) . (2nd fun.)dx

= (1st fun) [2nd fun.dx - j{(d—ilst fun.j(jan fun.dx)} dx

(i)  Rule to choose the first function : first fun. should
be choosen in the following order of preference (ILATE).
[The fun. on the left is normally chosen as first
function]

I - Inverse trigonometric function
L - Logarithmic function

A - Algebraic function

T - Trigonometric function

E - Exponential function

=
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(i) (@) J. (x) + f'(x )] dx = exf(x) + ¢

(b) J.emx[mf(x)+f'(x)]dx = e™f(x) + ¢

m m

© Jemxlf(x)+f'(x)1dx _ e L

(iv) j[xf‘(x)+f(x)]c|x = X f(x) + C.

NOTE : Breaking (iii) & (iv) integral into two integrals.
Integrate one integral by parts and keeping other integral
as it is by doing so we get the result (integral).

(v) '[eaxsinbx dx and '[eaxsin(bx+c)dx

ax
= 2+b2 (a sin bx - b cos bx) + k and

ax

a’ +b?

[a sin (bx + ¢c) - b cos(bx + c)] + k,

(vi) jeax cos bx dx and Jeax cos (bx +c) dx

eax
= ﬁ(acosbx+bsinbx) + k

a’+b

ax

e .
and epe [acos (bx + c) +bsin(bx +c)] + k,.

=
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INTEGRATION OF RATIONAL ALGEBRAIC FUNCTIONS
USING PARTIAL FRACTION :

P(x
Every Rational fun. may be represented in the form %x))'
where P(x), Q(x) are polynomials.
If degree of numerator is less than that of denominator,
the rational fun. is said to be proper other wise it is
improper. If deg (num.) > deg(deno.) apply division rule

o flx) ) X
i.e. g(x) = q(x) + g(x) , for integrating g(x) , resolve the

fraction into partial factors. The following table illustrate

the method.
Types of proper Types of partial
rational functions fractions
pxX +q < b A N B
(x-a) (x-b) @ X-a X -b
pX> +gx +r A B C
+ +
(x-a)(x =b)(x -c)” X —a x-b X-cC
a, b, c are distinct
px* +ax +r A B C
2, .,,a#b + +
(x—a)z(x—b) X—a (x—a)z X-b
px? +gx +r A Bx +C
(x —a) (x* +bx +c) where | S e T X rbx+c
x? + bx + c can
not be factorised
px? +ax® +rx +s Ax +B Cx +D
(x* +ax +b) (x* +ex +d)’ | X2 rax+b © x?+cx+d
where x? + ax + b,
x2 + cx + d can not
be factorised
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INTEGRATION OF IRRATIONAL ALGEBRAIC FUNCTIONS :

(i) If integrand is a function of x & (ax + b)Y¥" then put
(ax + b) =t

(i) If integrand is a function of x, (ax + b)¥" and
(ax + b)Y then put (ax + b) =
where p = (L.C.M. of m & n).

dx
(ii) To evaluate Ilinearfm put Jlinear = t

dx
(iv) To evaluate Im put linear = t2

dx
linear. /quadratic

(v) To evaluate I put linear = 1/t

dx

or J (Iinear)z.w/quadratic

X dx

or J (Iinear)z.,/quadratic

I dx

(vi) To evaluate pure quad.\/pure quad put

Jpurequad =t

dx
pure quad.Jpure quad PYt X =

(vii) To evaluate I — and

then is the resulting integral, put ,/pure quad = u

=
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I dx I linear
(viii) To evaluate quad.\/qUW or quad\/qF dx

and if the quadratic not under the square root can
be resolved into real linear factors, then resolve

1 linear
quadratic or quadratic

j into partial fractions and

split the integral into two, each of which is of the
I dx

linear \/quad.

form :

7. INTEGRATION USING TRIGONOMETRICAL IDENTITIES :

(A) To evaluate trigonometric functions transform the
function into standard integrals using trigonometric

identities as
1-cos2mx
(i) sinPmx = ———
2
1+ cos2mx
(i) cos?’mx = ————
2
mx mx
(i) sin mx = ZsinT cosT

3sinmx —sin3mx
4

(iv) sin® mx

3cosmx + cos 3mx

4
(vi) tanZmx = sec2mx - 1
(vii)) cot? mx = cosec?mx - 1
(viii) 2 cos A cos B = cos (A + B) + cos (A - B)
(ix) 2 sin A cos B =sin (A + B) + sin (A - B)
(X) 2 sin A sin B = cos (A - B) - cos (A + B)

(v) cos®mx =

=
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(B) '[sinm xcos™ xdx .

sec"? xtanx N n-2
n-1 n-1 "2

(i) if mis odd put cos x = t '[sec”x dx
(ii) if m is even put sin x =t

(ii) if m & n both odd put sin x or cos x as t
(iv) if m & n both even use the formula of sin?x & cos?x

n-2
n-2
'[cosec”x dx _cosec X cotx + :
n_

n-1
m+n-2

(v) if m & n rational no. & ———— is -ve integer

> cos" ™t xsin™! x + (N -1)I;,

(m+n)

'[sinmxcos”x dx
put tan x =t

—gj -1 +1 —
sin™!x cos™!x + (m - 1) I

8. INTEGRATION BY SUCCESSIVE REDUCTION (REDUCTION

FORMULA) :
Functi Int ti -

Hneron rregraton NOTE : These formulae are specifically useful when m & n
'[Xneaxdxl n 0N % e g L, are both even nos.

where I = JXn_leaXdX

JX” sinx dx -X" cos X + nx"isin x - n(n - 1) I_|
s an-1 -
'[sin”xdx _sin™" cosx 4 n-1 -
n n -
n-1 H
n-1
'[cos”x dx cos" xsinx N I
n n n-2
n-1
'[tan” x dx (tanx) I,
n-1
n-1
'[cot”x dx - (COtX) -1,
n-1 -

= =,
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DEFINITE INTEGRATION

II. Tf(x) dx = —j'f(x) dx

1. Definite Integration :

b c b

If J.f(x) dx = F(x) + c, then IIL. Jf(x) dx = Jf(x) dx + J.f(x) dx where a < c < b
a a [

b b This property is mainly used for modulus function,

J.f(X) dx = F(x) +C|a = F(b) - F(a) is called definite integral greatest integer function & breakable function

a

. a a a a
of f(x) w.r.t. x from x = a t? x = b Here a is called lower IV. J'f(x) dx = J.f(a+b —x) dx or J'f(x) dx = J.f(a—x) dx
limit and b is called upper limit. b b 0 0

Remarks :

* To evaluate definite integral of f(x). First obtain the a a
indefinite integral of f(x) and then apply the upper V. jf(X) dx = J.[f(x)+f(—x)]dx
and lower limit. -a 0

* For integration by parts in definite integral we use

following rule. f
ollowing rule ij(x) dx ,if f(x) is an even function

= 0

Tuv dx = {ujvldx}: - .T[%'J-V'dx)dx 0 ,if f(x)is an odd function
a a

* When we use method of substitution. We note that a

2a ) _
while changing the independent variable in a definite VI. Jf(x) dx = 2,([ f(x) dx i f(2a - X) B f(x)
integral, the limits of integration must also we changed 0 0 if f(2a _ x) - —f(x)
accordingly.

VII. If f(x) is a periodic function with period T, Then
PROPERTIES OF DEFINITE INTEGRAL :

’ ; T X) dx anx dx
Lo [f(x)dx = () at !f( )d l()

and further if a O R*, then

= =
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE # 155 ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE # 156

oooooooooooooooooo



i t4eles

a+nT a nT T
Jfegax = [r6x)dx, [fGx)ax = (n - m)[f(x)ax,
nT 0 mT 0

b+nT b

[fx)ax = [f(x)ax

a+nT a

VIII. If m and M are the smallest and greatest values of
a function f(x) on an interval [a, b], then

b
m(b - a) < [f(x)dx < M(b - a)

a

< jilf(x) dx|

a

IX.

Jf(x) dx

b b
X. If f(x) < g(x) on [a, b], then [f(x)dx = [g(x) dx
a a
2. Differentiation Under Integral Sign :
Leibnitz's Rule :
(i) If f(x) is continuous and u(x), v(x) are differentiable

v(x)
functions in the interval [a, b], then, dix f(t) dt =

u(x)

FVO0} e (V00 = Fu(Y - {3}

=
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(ii)  If the function ¢@(x) and Y(x) are defined on [a, b]
and differentiable at a point x 0O (a, b), and f(x, t)
is continuous, then,

P(x) Y(x)
d dy (x)
d_X|: J.f(xl t) dt] = J.f(xl t) dt + {T} f(XI
o(x) o(x)

d
W) - { ‘3§(X)}f(x, 9x)).

3. Reduction Formulae :

/2 /2
(i) jcos”x dx = Jsin”x dx
0

n-1n-3 2 e
—.——.....=.1, ifnisodd
_ n n-2 3
n-1n- 1 . .
—_— .. =.—, if nis even
n n-2 2 2
/2

(i)  For integration '[sinm xcos" x dx follow the following
0

steps

(@) If m is odd put cos x =t

(b) If n is odd put sin x =t

(o) If m and n are even use sin’x = 1- cos?X
or cos’x = 1 - sin?x and then use

/2 /2
J.sin”x dx or Jcos”x dx
0 0
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[

(iii) '[e‘ax cosbx dx =

a’ +b?
0
(o]
: —ax b
(iv) e ¥sinbx dx =
2 2
a“+b
0
< I
_ n!
(v) Jexndx =
+
° a'+1
/2
(vi) J.sin”x cos™ x dx
0
m—1. m-3 2 . 1 ; if mis odd and n may be even or odd
m+n m+n-2 3+n 1+n
m-1 m-3 1 n-1n-3 2 e .
= lmenmen—2""2+n n n-2""3 ; if mis enenand nis odd
m-1 m-3 1 n-1n-3 1mn . . .
. ————....=.— ; if mis evenandnis even
m+n m+n-2 2+n n n- 22

These formulae can be expressed as a single formula :

/2
Jsinm x cos" x dx
0

_[m-1)(M-3)...]1[(n-1) (n -3) ... ]
- mMm-nNMmM+n-2)....

to be multiplied by g when m and n are both even

integers.

=
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4. Summation of series by Definite integral or limit as a
sum :

b
) [ dx = mnf@) + fa + h) + f(@ + 2h) +...

+f(a + (n - 1)h]

where nh = b - a.
i LT p
@i lim o3 f(ﬁj = [#(x) ax

r=1 0
[i.e. exp. the given series in the form zlf(i)
n \n
r 1 . .
replace — by x and — by dx and the limit of the

1
sum is Jf(x) dx ]
0

5. Key Results :

/2 /2 T
X i = = —
'([Iogsmx dx '(I;Iogcosx dx > log2

2 f(sinx) "2 f(cosx)
* J f(sinx) + f(cos x) dx = J f(sinx) + f(cos x
0 0

)dX

=
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T2 f(tanx s f(secx [ xdx _ 1
j - ( ) J. ( ) * J. 3/2 = \/Eaz .
o f(tanx) + f(cotx) f(secx) + f(cosecx) 0 (a® + X7
f(cosec x) 2 f(cotx) a L
=J‘f(cosec x) + f(sec x) dx= E'; f(tanx) + f(cot x) X =14 * JXZ a’-x?dx = 16
0
/2 /2

* inmx sinn =J mx . n a’ - x? :
'[SI X sinnx dx= | cosmx . cosnx dx * J’ 2{ dx = a3 4 3) ifa>o0
0 0 a+x

0 if m,n are different + ve integers

2a 2
-1z if m=n * JVZax—xzdx = &
2
0

a 2.4.6...(20) oy

a
* '(l)'/az_xzdx = gaz *  Ifn O N, then J.(az—xz)ndx = 357

L(2n+1
) )

* If a < b then

N
NI

| TLG
@) L VX -a Vb —x

a? - x? t[x-a ni(b -
an d —
(i) '([ 3t x X

a® - x (ii) T (x-a)b-xX)ax = Z(b-a)’

= =
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b If f(x) is continuous on [a, b] then there exists a

. dx 2 .
() '!x\/(x—a)(b—x) ~ Jab ab >0 point ¢ O (a, b) s.t Jf(x)dx = f(c) [b - a]. The no.

* If a > 0 then
1
/—a+x a flc) = ——
0 .[ )

fun. f(x) on the interval [a, b]. The above result is
called the first mean value theorem for integrals.

f(x)dx is called the mean value of the

|
|
—_
|
+
N
S—
U C— T

a 2%
(ii) .[ a+x dX = E(” -2) * J.(x—[x])dx = k, where k O I,
0
s - X = [x] is a periodic function with period 1.
(i) '[E’“L_de _ 10a+a * If f(x) is a periodic fun. with period T, then
o Va-x 3 ot

Jf(x)dx is independent of a.

i) j" a+xcI (n+1)a a
iv \/_ X= |5

:Va-x 2 a

J.Iog(1+tanx)dx = glogz
0

*

* Ifa >0, n ON, then

(i) J.‘/;e_axdx= I a>o0
0

T e Jn
(i) |e"¥dx = =—(r > 0)
g 2r

(i) Jgdx = log,(b/a) (a, b > 0)

= =
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DIFFERENTIAL EQUATIONS

Order of a differential equation : The order of a differential
equation is the order of the highest derivative occurring in
it.

Degree of a differential equation : The degree of a
differential equation is the degree of the highest order

derivative occurring in it when the derivatives are made
free from the radical sign.

Eg. (i) —~——2 + - +5y =0
2

. dy dy

= X— 1+ =—

(i) Y = X4y + +(dx)

d’y ’ dy )
T 1 7 -
(i) (_dx3J + ( +dx) + 5y 0

order of (i) 2 (ii) 1 & (iii) 3,
degree of (i) 1 (ii) 2 & (iii) 2

SOLUTIONS OF DIFFERENTIAL EQUATIONS OF THE FIRST
ORDER AND FIRST DEGREE :

(A) Differential equation of the form j—i = f(x) or

dy

o = )

Integrate both sides i.e. [ dy = [ f(x) dx

j dx to get its solution.

or J fly) ~

=
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(B)

(©)

(D)

Variable Separable Form : Differential equation of

dy
the form ax - f(x) g(y)

This can be integrated as

[ o[ 0 dx + c

aly)

Homogeneous Equations : It is a differential equation
d f(x,

of the form d—z(l = ﬁ, where f(x, y) and g(x,

y) are homogeneous functions of x and y of the same
degree. A function f(x, y) is said to be homogeneous

y X
of degree n if it can be written as x" f(;) or y" f(y).
Such an equation can be solved by putting y = vx or
X = vy. After substituting y = vx or x = vy. The given
equation will have variables separable in v and x.

Equations Reducible to Homogeneous form and
variable separable form

dy ax +by +c

Form ax - m ........... (1)

where a Z E
A B

This is non Homogeneous
Put x=X+handy =Y + kin (1)
dy = day Put ah + bk + ¢ = 0, Ah + Bk + C = 0,
dx dx
find h, k

dy aX +byY
Then dX = AX+BY'

Solve it and then put X = x - h, Y = y - k we shall
get the solution.

This is homogeneous.

=
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*

(E)

dy ax +by +c
Form ax - —Ax+By+C ..... (D),

a b
where A B - k say

dy k(Ax +By) +c

dx ~  Ax+By+C
dy dz
Put AXx + By =z [ A+de_dx
0 a4 fEre
dx zZ+cC

This is variable separable form and can be solved.

dy
Form dx = f(ax + by + ¢)
dy _ dz
Put ax + by =z O a+bdx_dx

dz
d—x—a+bf(z)

This is variable separable form and can be solved.

Linear equation :

d
Iny: d%(l + Py = Q, where P, Q are function of x

alone or constant.

Jde Jde

its solution ye dx + ¢

=IQe

where ej Pdx js called the integrating factor (I.F.) of

the equation.

=
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dy
alone or constant.

Inx: + Rx = S, where R, S are functions of y

J R.dy

JRdy _

its solution xe j S.e dy + ¢

where ej Rdy s called the integrating factor (I.F.) of

the equation.

(F) Equation reducible to linear form :

d
Differential equation of the form d_i + Py = Qy"

where P and Q are functions of x or constant is called
Bernoulli's equation. On dividing through out by y", we
get

—nd_y -n + 1 —
CIX+|Dy = Q

Put yntl =12

O The given equation will be linear in z and can be
solved in the usual manner.

Note : In general solution of differential equation we can
take integrating constant c as tan! c, e, log c etc.
according to our convenience.

=
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Vectors in terms of position vectors of end points -
VECTORS

AB = OB — OA = Position vector of B - position vector of A

1. Types of vectors : i.e. any vector = p.v. of terminal pt - p.v. of initial pt.

(a) Zero or null vector : A vector whose magnitude is

zero is called zero or null vector. 5. Multiplication of a vector by a scalar:
2 Vector a If a is a vector and m is a scalar, then ma is a vector and
(b) Unitvector: a= ld = Magnitude of a magnitude of ma = m|a|

(c) Equal vector : Two vectors a and p are said to be andifa =a;i +a,] +a;k

equal if |a] = |b| and they have the same direction. then m3a = (mal)f + (maz)j + (ma3)|2

2. Triangle law of addition: AB + BC =

3
o

Distance between two points:
Distance between points A(x,, v,, z,) and B(x,, Y,, Z,)

cC=a+hb

= Magnitude of AB

= \/(Xz _X1)2 +(Y; _Y1)2 +(z, _21)2

7. Position vector of a dividing point :

(i) If A(a) & B(b) be two distinct pts, the p.v. ¢ of the
point C dividing [AB] in ratio m, : m, is given by

3. Parallelogram law of addition: oA + OB = OC

. mb+m,a
3+b =c¢ €T m,+m,
B c y . . 1
(ii)  p.v. of the mid point of [AB] is > [p.v. of A + p.v. of B]
b (i) If point C divides AB in the ratio m, : m, externally,
~_ mb-m,a
D > A then p.v. of Cis ¢ = —m1 “m,

where OC is a diagonal of theaparallelogram OABC

= =
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(iv) p.v. of centriod of triangle formed by the points A(a),

a+b+c
3
(v) p.v.of the incentre of the triangle formed by the points

A(d), B(B)and C(y)is

B(b)and C (¢) is

3B Y yhere a = [BCI, b = |CAl, ¢ = |AB]
a+b+c

8. Someresults:
(i) If D, E, F are the mid points of sides BC, CA & AB

respectively, then AD + BE + CF = 0
(i) If Gis the centriod of AABC, then GA + GB + GC = 0
(iii) If O is the circumcentre of a AABC, then
OA t* OB T oC =3 0G = oHWhere Gis centriod and
H is orthocentre of AABC.
(iv) If His orthocentre of AABC, then

HA + HB + HC = 3HG = OH

9. Collinearity of three points :

(i) Three points A, B and C are collinear if pAg = A pac for
some non zero scalar A.

(i) The necessary and sufficient condition for three points
with p.v. a, b, c to be collinear is that there exist
three scalars |, m, n all non zero such that

la+mp +nc =0,l+m+n=0

=
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10. Coplanar and non coplanar vector:

11.

()

(if)

(iii)

If a, b, c¢ be three non coplanar non zero vector
thenxa +yp +zc =0

O x=0,y=0,z=0

If a, b, ¢ be three coplanar vectors, then a vector
C can be expressed uniquely as linear combination of
remaining two vectorsi.e. ¢ =Aa + up

Any vector ¢ can be expressed uniquely as inner com-
bination of three non coplanar & non zero vectors a,

b andci.e. r =xa +yb + zcC

Products of vectors :

(1)
()

(if)

(iii)

(iv)
(v)

Scalar or dot product of two vectors :

a.b = |al |b| cose

_ ab
Projection of a in the direction of p = =~

ab

|al

& Projection of p in the direction of a
F.a)_
|a|2 a

r.a
Componentof f Otoa=7f - (Wj a

Component of ¥ on a

Il
—
—

Il
AN >
AN >

Il
'—l
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(vi) If 3 and p are like vectors, then a.p = |al|lb | and (vi) @ x (b x<c)=(axb)Xxc
If 3 and p are unlike vectors, then a.p = -|allb | (vii)a x (b +c)= (axb)+(axc)
(vii) a,pare] - a.p =0 (ix)fxf=jxi=|2x|2=6,ij=|2,
(viii) (a.b ). b is not defined i x Kk = P kx o= j
(ix) (3a + p)?)=a%2+2a.p +b? (x) Area of triangle :
) la+bl=lal+Ibl O allb (@) 5 [ABxAC
(xi) |a + bl*=lal*>+ |b|? O aogb B
. _ _ o _ _ (b) If @, p, care p.v. of vertices of AABC,
xi) la+bl=Ila-bl O a0Ob
(xiii) work done by the force : then = % (3 xb)+(b x )+ (c x a)
o work done = F.d, where F is force vector and ¢ (xi) Area of parallelogram :
is displacement vector.
(a) If a & pare two adjacent sides of a parallelo-
(II) Vector or cross product of two vectors : gram, then area = |3 x p |
() axb =lal |blsinén (b) If a and p are two diagonals of a parallelogram,
(i) if a, p are parallel - axp =0 1 B
_ _ thenarea=§|5xb|
(i) axp=-(b x a)
. (xii) Moment of Force :
(V) A=+ a xlz Moment of the force F acting at a point A about O is
|a bl Moment of force = QA XF = F X F
v Iet_=af+aj+a|2&_=bf+bj+b|2,then _ 3.3 a.b
) AL } b 1 ’ (xiii) Lagrange's identity : |3 x b |2 = |22 a.b
a.b b.b
i j ok
3xp = a, a, a, (III) Scalar triple product :
b, b, b . A R . o .
e () Ifa=aj+a,j+ak,b=bi+b,j+b,k and
(vi) axa=0 ¢ =ci +cj + c,k then

= =
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(d) If 3, b, ¢ are coplanar, then so are a x b,
a, a, a; -
- - L. b x ¢, ¢ x a and
(a x b).c =[abc] = by by Dbs o o
C; C Cj a+b,b+c,c+ aand a-»b,b-c,
C - a are also coplanar.

and [ab¢] = volume of the parallelopiped whose

coterminus edges are formed by a, b, ¢ (IV) Vector triple Product :

If 3, b, ¢ be any three vectors, then (a x b) X ¢

(i) [abcl=[bcal=I[cab],
Co.a e and 3 x (b x ¢) are known as vector triple product
but [abc] = - [bac] = - [acb] etc. and is defined as
(i) [abc] = 0 if any two of the three vectors 3, b, (3 x b)x ¢ = (3.¢)b - (b.c)a

) (
¢ are collinear or equal. B . B - .
~ ~ and a x (b x ¢c) = (a.c)b - (a.b)c
(iv) (a x b).c = a.(b x c¢) etc. _ ~

- Clearly in general @ x (b x ¢)#(a x b) x ¢ but
(v) [lijkl=1 (3 x b)x ¢ =3 x (b x ¢)ifandonlyif 3, b
(vi) If A is a scalar, then [A3b¢&] = A[ab¢c] & ¢ are collinear
(v [a + d b c]=[abc]+ [dbc] 12. Application of Vector in Geometry :

1

(vii) @, b, ¢ are coplanar - [ab¢] = 0
. a
(i) Direction cosines of F =aj +bj+ck are m, |

|o
(@]

1 - . IFl-
(ix) Volume of tetrahedron ABCD is EIAB X AC . AD| I

| 4

(ii) Incentre formula : The position vector of the incentre

=l

(x) Four points with p.v. a, B, ¢, d will be coplanar if

- - - - - of AABC is M.
[dbc] + [dcal + [dab] = [abc] a+b+c

(xi) Four points A, B, C, D are coplanar if (i) Orthocentre formula : The position vector of the
[AB AC AD] =0 orthocentre of A ABC is atanA +btanB +ctanC

R - tanA +tanB +tanC

xii) (a a+bb+cc+ a 2[ab

(i) @) 1 o ] : ] (iv) Vector equation of a straight line passing through a
(b) [ -b b-c¢c c- aj 0 fixed point with position vector 3 and parallel to a
(c) [Aax b bx ¢ ¢x a]=_[abcP given vector b is F=a+Ab.

= =
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(v)

(vi)

(vii)

The vector equation of a line passing through two
points with position vectors 3 and p is

F=é+)\(5—é)_

Shortest distance between two parallel lines : Let 7,
and /¢, be two lines whose equations are /,

F=a, +Ab, and 7, : F=a, +ub, respectively.

Then, shortest distance

I(by xb,) . ay)| _|[bs b2 (a2 - a,)]
PQ = | |b1><b2| | ‘ |by xb,| ‘

shortest distance between two parallel lines : The
shortest distance between the parallel lines r =3, +Ab

- - |(éz‘é1)xb|
and r=a, +pub is given by d = T
If the lines =3, +Ab, and F=3a, +ub, intersect,
then the shortest distance between them is zero.

Therefore, [bl b2 (az _al)] =0

0 [ -a)bb,1=0 O (8-3y). (b1 sz) = 0.
Vector equation of a plane normal to unit vector [ and
at a distance d from the origin is

r.n =d.

If f is not a unit vector, then to reduce the equation

r.n = d to normal form we divide both sides by | |

-~ n d -

1 rn—, = — r.ﬁZT
to obtain 1Al IA| or .

[ATHS FoRMULA-PockeTBook  JERRIEEY

(viii) The equation of the plane passing through a point
having position vector 3 and parallel to p and ¢ is

F=a+Ab+pc or [fbc] = [abc], where A and p are

scalars.
(ix) Vector equation of a plane passing through a point

abc is F=(1-s-t)a+sbt +c

or T.(bxE+Exa+axb) = [apel.
(xX) The equation of any plane through the intersection
is

of planes r.n; = d, and r.n, = d,

F.(F\1+)\n2) = d, + Ad,, where A is an arbitrary

constant.
(xi) The perpendicular distance of a point having position

vector 3 from the plane ¢ p = d is given by
la.n-d|
P= |
(xii) An angle 6 between the planes r.n, =d, and
ny, .n,
|n1||n2|
(xiii) The equation of the planes bisecting the angles

r,.n, =d, is given by cos 6 =

between the planes r,.n; = d,

[F.ny —dy| _|F.n; - dy
[Nyl [,

and r,.n, = d, are

(xiv) The plane f.n = d touches the sphere | -3| = R,

¢ |a.n-d|

if — = —
In|

(xv) If the position vectors of the extremities of a diam-

eter of a sphere are 3 and p, then its equation is

= R.

(7-3).(f-p) = 0 or [F[2 - F.(a-b)+ab = 0.

=
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THREE DIMENSIONAL GEOMETRY

Points in Space :
(i) Origin is (0, 0, 0)

(i) Equation of x-axisisy =0,z =0
(iii) Equation of y-axisisz =0, x =0
y =0

0
0
(iv) Equation of z-axis is x = 0,
(v) Equation of YOZ plane is x
(vi) Equation of ZOX plane is y
(vii) Equation of XOY plane is z
Distance formula :

(i) Distance between two points A(x,, y,, z,) and B(x,,

Y, Z,) is given by

AB = (x, = %,)? +(y; =1 +(z, -2;)?
(i) Distance between origin (0, 0, 0) & point (x, y, z)

= eyiead
(iii) Distance of a point p(x, y, z) from coordinate axes
0X, QOY, Oz is given by

JY2+2% 0 22 +x2 and x? +y?

Section formula :

The coordinates of a point which divides the join of (x,,
Y,, Z,) and (x,, y,, z,) in the ratio m :n

mx, +Nx; My, +ny; mz, +nz;
m+n ' m+n ' m+n

* Internally are (

MmX, —NX; My, —-ny; mz, - nzl)

b3
Externallyare( m-n ' m-n ' m-n

[ATHS FoRMULA-PockeTBook  JERRIEEY

* Coordinates of the centroid of a triangle are

X1 Xy +X3 Yy Yy tY3 Z; +Z, +Z3
3 ' 3 ' 3

* Coordinates of centroid of a tetrahedron

(xl +Xy tX3 +Xy4 Yy tYy Y3 tYs Zy +Z, +Z3 +z4)

4 ! 4 ! 4
Note :
*  Area of triangle is given by A = A% + A3 + 4%
Y1 z; 1
1 Y, Z, 1
Where A = = |72 “2 and so.
ys z3 1
X1 =X Y1~ Yo Zy =2
« - . . _ _
Condition of collinearity Xy — X3 Yy - Ys Zy -2,
X1 Y1 zp 1
1 X5 Yy Zy 1
* Volume of tetrahedron = 6 |X Y3 7 1
Xs Ya 24 1

Direction cosines and direction ratios of a line :

* ¥ a, B, Y are the angles which a directed line
segment makes with the +ve direction of the coordinate
axes, then ¢ = cos a, m =cos B, n =cos Y are
called direction cosines of the line and cos? a + cos?
B +cos?y =1ie ¢r24+ m?>+n>=1, where 0 <

a, B, Y < @

=
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If v, m, n are direction cosines of a line and a, b,
c are proportional to ¢, m, n respectively, then a, b,
c are called direction ratios of the line and

/ m n /€2+m2+n2

1
_ = — = — =4+ —FV/V// = 4 .
a b C /a2+b2 +c2 /a2+b2 +c2

* Direction cosines of x-axis are 1, 0, 0, similarly direction
cosines of y-axis and z-axis are respectively 0, 1, 0
and 0, O, 1.

* If v, m, n are d.c.s of a line OP and (x, y, z) are
coordinates of Pthen x = ¢r, y = mr and z = nr where

= OP.

* Direction cosines of PQ = r, where P is (x,, y,, z,) and

Q(x,, v, z,) are

Xo2=X3 Yo Y1 2%
I I

r r r

* If a, b, c are direction no. of a line, then
a’> + b? + ¢ need not to be equal to 1.

Note : Direction cosines of a line are unique but the
direction ratios of line are not unique.

If P(x,, v,y z,) & Q(x,, y,, z,) be two points and L be a
line with d.c.'s ¢, m, n, then projection of [PQ] on

L= s(x, - x)) + m(y, —y,) +n(z, - z)

5. Straight line in space :

* Equation of a straight line passing through a fixed
point and having d.r.'s a, b, c is

zZ-2
= c L (is the symmetrical

form)
* Equation of a line passing through two points is

=
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Xy =Xy Y2 = VY1 Z; -7y

The angle 6 between the lines whose d.c.'s are 7,

m,, n, and ¢, m,, n, is given by

1/ 27 2

cos 6 = ¢,¢, + mm, + n,n,.

: oo oM oy
The lines are || if v, = m, = n, and
The lines are g if ¢,¢, + mm, + nn, =0
The angle 9 between the lines whose d.r.s are a,, b,,
c, and a,, b,, ¢, is given by

313, +bib; +¢4G,

= %
cos 8 Ja? +b? +c? \Ja2 +b3 +c3

ol b, G

The lines are || if a—z = bj = g and

The lines are g if a,a, + bb, + cc, = 0
Length of the projection of PQ upon AB with d.c.,
¢, m, n

= (X, = x)¢ + (y, -y, )m + (z, - z,)n, where
p(x,, Y, z,) and Q(x,, Y, Z,).
Two straight lines in space (not in same plane) which

are neither parallel nor intersecting are called skew
lines.

Shortest distance between two skew lines,

4 T m T oo @0
X =Xy Y-Y> Z—-Z .
Ez = m, = n IS glven

=
ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 6450883, 2405510 PAGE # 182



CPPEEY  VAmsroRiuLA PocKETs0oK Aes

Xs =Xy Yo =Yi Zy —Z4 * Normal form of the equation of plane is /x + my +
0y m, n, nz = p, where ¢, m, n are the d.c.'s of the normal
ly m, n, to the plane and p is the length of perpendicular from

sd. = £ > 3 > the origin.
\/(m1n2 —myny )T (Nl = 64ny)" +(4my —myly)
* ax + by + cz + k = 0 represents a plane || to the
*  Two straight lines are coplanar if they are intersecting plane ax + by + cz + d = 0 and [ to the line
or parallel
xX_ Y _Z
X=Xy Y27Y1 2272 a b c
condition A my Ny -0 * Equation of plane through three non collinear points
l5 m, n, is
. . : x y z 1
6. Plane : A plane is a surface such that if two points are X,y z, 1
taken in it, straight line joining them lies wholly in the R
X Y, Z, 1| =0
surface.
X3 Y3 z3 1

* Ax + By + Cz + D = 0 represents a plane whose
normal has d.c.s proportional to A, B, C.

* Equation of plane through origin is given by Ax + By
+ Cz = 0.

* Equation of plane passing through a point (x,, y,, z,)
is A(x = x,) + B(y —y,) + C(z - z,) = 0, where A,

X=Xy Y-Y1 Z-24
or |X27%X1 Y27Y1 22721 -
X3 =Xy Y3 ~VY1 Z3 2

B, C are d.r.'s of a normal to the plane. *  The angle between the two planes is given by
* Equation of plane through the intersection of two

planes a,a, +b,b, +¢4G

P=ax+by+cz+d =0 and s & =+ \/af+bf+cf\/a§ +b3 +c3

Q=ax+by+cz+d, =0isP+ xQ=0.

where @ is the angle between the normals.
* Equation of plane which cuts off intercepts a, b, ¢ | " f bbb 4 0
respectively on the axes x, y and z is plane are [} I a,a, 1Dy + ¢C =
a by G

= 1. plane are || if = 5 = = 0.

X
a2 ¥ + s b, C

o<

z
C

= =
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*

If AP be the [ from A to the given plane, then it
is || to the normal, so that its equation is

a b < = r(say)

Any point P on itis (ar + a, br + B, cr + V)
Length of the O from P(x,, y,, z,) to a plane

ax + by + cz + d = 0 is given by

axy +by,; +cz; +d

Va2 +b? + 2

p:

Distance between two parallel planes
(ax + by + cz+d, =0, ax + by +cz+d,=0)is

d -d;

vaZ +b?% +c?

Two points A(x,, Y,, z,) and B(x,, y,, z,) lie on the
same or different sides of the plane
ax + by + cz + d = 0, according as the expression

ax, + by, + cz, + d and ax, + by, + cz, + d are of
same or different sign.

given by

Bisector of the angles between the planes
ax+by+cz+d =0
and a,x + b,y + ¢,z + d, = 0 are

a;X +byy +cyz +d;
2 2 2
\/a1 +by +cf

a,xX +by,y +c,z +d,
= =+
Jas +b3 +c3

if a,a, + b,b, + c,c, is —ve then origin lies in the acute
angle between the planes provided d, and d, are of
same sign.

=
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Line and Plane :

Ifax + by + cz + d =

X=Xy Y= Y1 _ Z-2Z

0 represents a plane and

m represents a straight line, then

Lo . a b
The line is O to the plane if 7 m
The line is || to the plane if a¢ + bm + cn = 0.
The line lies in the plane if
ar + bm+cn =20andax, +by +cz +d=0
The angle 8 between the line and the plane is given
by

al+bm+cn

Ja? +b2 +2 V2 +m? +m?

sin 6 =

General equation of the plane containing the line
X=X _ ¥Y=™Y1 _ 2724
L m n
A(x - x) + By —vy,) + C(z -2z) =

Ay + Bm + Ch = 0.
Length of the perpendicular from a point (x,, y,, z,)

is

0. where

to the line x—4a = y-B = 27y
Y4 m

is given by

p?= (- a)y+(y, - B+ (z,- V) -[e(x - a)
+ m(y, - B) + n(z, - V)P

=
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