Special Dpp on Conic Section (Parabola, Ellipse and Hyperbola)

@ BANSAL CLASSES

Daily Practice Problems
PRIVATE LIMITED Target IIT JEE 2010

CLASS: XIII (VXYZ) DPP. NO.- 1

Q.1og)ara If ONAgiven base, atriangle be described such that the sum of thetangents of thebaseanglesisa
constant, thenthelocusof thevertexis:

(A)acircle (B*) aparabola (C) andlipse (D ahyperbola
— k . — —k
[Sol. tanA= a—h’tanB_a+h C(h,k)
tanA +tan B ='C' (aconstant)
k k k(a+h)+k(a—h)
— = =C
a—h a+h = a®—h? .
2a B(-a,0)  0(0,0) A(a,0)
&—h’= E'k = locusof (h, k) will be
2a
x2=a- <V =  Aparabola Ans]

Q.2  Thelocusof thepoint of trisection of al thedoubleordinates of the parabolay? = Ix isaparabolawhose

|atusrectumis
o 02 o4 0%
(A") 5 ®) © 5 () 35
[Sol. Let y2=4ax; da=| (at2A2at)
A(at?, 2at)
hence h=atz P(h,k)
3k = 2at
Q
h
ok2=4a - —
a B
2 — 4—a)( 2 — I_X A
y - 9 = y - 9 = ( )]

Q.3 Letavaiablecircleisdrawn sothat it dwaystouchesafixed lineand aso agivencircle, thelinenot
passing through the centre of thecircle. Thelocus of the centreof thevariablecircle, is

(A*) aparabola (B) acircle
(C) andlipse (D) ahyperbola
Variable Fixed
[Sol. Casel: PS=R+r,=PM circle circle R
locusof Pisaparabola o P 4
Case-ll: R—r, = PM given line WA
locus of Pisaparabola. | /1\/;
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Q.4  Thevertex A of the parabolay? = 4ax isjoined to any point Ponit and PQisdrawn at right anglestoAP
to meet theaxisin Q. Projection of PQ ontheaxisisequd to

(A) twicethelatusrectum (B*) thelatusrectum
(C) hdf thelatusrectum (D) onefourth of thelatusrectum
[Sol. A(0,0), P(at? 2at), Q(x, 0) P
Slope of AP x slope of PQ=-1
2a8 - 2at Q

atz 1= 312 \\
(x, —at?)(at?) = 4et?
X=4a+a?=AQ

projection QM =AQ— AM =4a = Latus rectum Ans.]

Q.5 Twounequd parabolashavethe same common axiswhichisthex-axisand havethe samevertex which
istheoriginwiththeir concavitiesinoppositedirection. If avariablelineparald to thecommon axis meet
the parabolasin Pand P thelocus of themiddle point of PP is

(A*) aparabola (B) acircle (C) andlipse (D) ahyperbola

[Sol. P(at,? 2at)) y2=4bx(b>0)
P(— bt22, —2bt,) pl| p y2=4ax(a>0)
Slopeof PP =0

at, +bt,=0 ..(2) /
at? —bt3
2

Mid-point of PP':( z’atl—btzj =(h, k)

2

_—ay
put t,= —
at
2 1.
k_ (atlerbJ_ daty { = 4
eV
ay—b ——=
b
4h 8a
= _ = = 2a- 2— —.
k=at, —bt,=a, +a, Kb_a) = K=, —_h
_ 8a
locusof (h, k) is y2= EX , aparabola Ans.]
Q.6,05nyp ThEStraight liney = m(x —a) will meet the parabola y> = 4ax intwo distinct real pointsif
(A)meR (B)yme[-1,1]
(COme (~w 1] Ull, ©)R (D*)m e R— {0}
[Sol. y=m(x—a)passes through the focus (a, 0) of the parabola. Thus for this to be focal chord
me R- {0} Ans] [11th, 14-02-2009]

a
(A)acircle (B*) aparabola (C) andlipse (D)aline

Q.71007mypAll POiNtsonthecurve y* = 4a( X+asin 5) a whichthetangentisparalel tox-axislieon
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[Sol. y?= 4a(x +as nij [12th, 04-01-2009, P-1]

a
dy 1 xj
— = 1+a—cos—
2y i 4a( a a
tangent isparallel tox-axis.
d—y = O, COS5 =_1
dx a

sin> = J_rwfl—coszl -0
2 a

X
y2= 4a(x+asmgj =4ax = aparabola Ans]

Q.8  Locusof trisection point of any arbitrary double ordinate of the parabolax? = 4by;, is

(A) 9x?=hy (B) 3x2 = 2by (C*) 9x? = 4by (D) 9x? = 2by
[Sol. Let A=(2bt, bt?), B = (- 2bt, bt?) bethe extremities on thedoubleordinate AB.

If C(h, k) beit'strisection point, then

3h = 4bt — 2bt, 3k =2bt? + bt?

L,k k_on?
= YTt ~ b ap?
Thuslocusof Cis 9x2=4by Ans]

Q.943/para ThE EQUatioN Of the circle drawn with the focus of the parabola (x — 1)? - 8y = Oasitscentreand
touchingtheparabolaat itsvertexis:

(A)x?+y?—4y=0 (B)x?+y?—4y+1=0 Y
(C)x2+y?-2x—-4y=0 (D*)x?+y?-2x—-4y+1=0

[Hint: Put X?=8Y ;whenx—1=Xandy=Y
= X-02+(Y-2°=4 = X-—1)2?+(y-2)°=4 = (D)] | X

Q.10 Thelength of thelatusrectum of theparabola, y?— 6y + 5x =0is
(A)1 (B)3 (C*)5 (D)7
[Sol. y?=—-6y+5x=0

= (y—3)2=9—5x=—5[><—§j = (C)Ans]

QU a Which one of thefollowing equati ons represented parametrically, represents equation to aparabolic

profile?
t
(A) x =3cost;y=4sint (B*)x2—2:—Zcost;y:4coszz
. ot t
(C) Vx =tant; \Jy =sect (D)x=y1-sint jy=sin7 +c0s7
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2 2
(A) (fj +(%j =coszt+sin2t=1:>AneIIipse

[Sal. 3
2t
(B) x?-2=-2cost=-2 (2005 5—1) = A parabola
©)  Jx=tanx, Jy=sect (x=0,y=0)
sec’t —tan’t=1 = y—x=1 = alinetangent
. . ot ) .
(D) x?=1-sint=2—(1+sint)=2— S|n§+cos§ =2-y?> = acircle]
Q.128,paraThe length of theintercept ony— axiscut off by the parabola, y?>— 5y =3x - 6is
(A*)1 (B)2 ©3 (D)5
[Sol. y?>-5y=3x-6 [11th, 14-02-2009]
for point of intersectionwithy-axis, i.e. x=0
=  y2-5y+6=0
y=2,3
A@,y,). B(O.y,)
AB=|y,-yi|=|3-2|=1 Ans]
Q.13 A vaiablecircleisdescribed to passthrough (1, 0) and touch theliney = x. Thelocus of the centre of
thecircleisaparabola, whoselength of latusrectum, is
1
(A)2 (B*) V2 © 55 (D)1
[Sol. CF=CN b locus of C is a parbola with focus at (1, 0) and directrix y=x N
= length of latusrectum = 2(distance from focusto directrix) chk)
1 7] BN Sa0)
= Z(ﬁj = /2 Ans]
Q.14 Anglebetween the parabolasy? =4b (x —2a +b) and x>+ 4a(y —2b—a)=0
at thecommon end of their latusrectum, is
1 1
(A) tan (1) (B*) cot'1 + cot! 2t cot™! 3
(C)tan "' (y/3) (D) tan"1(2) + tan '(3)
[Hint y?=4b(x—-(2a—b)) or y>=4bX where x—(2a—-b)=X [Q.37,Ex-26,Loney]

x?+4a(y—(a+2b)) or x?=—4aY where y—(a+2b)=Y

for y?=4bX, extremitiesof latusrectum (b, 2b) and (b, — 2b) w.r.t. X Y axis
i.e. (2a, 2b) and (2a, — 2b) w.r.t. Xy axis

for x2 =—4aY, extremities of latus rectum (2a, —a) and (—2a, —a) w.r.t. XY axis
i.e. (2a, 2b) and (-2a, 2b)

Hence the common end of latusrectum (2a, 2b)

s —_— = —_— = =
now for 1% parabola 2y i 4 = ax Y, 1 at (23, 2b)



Q.15

[Sol.

Q.16

[Sol.

Q.17

[Sol.

asofor 2" parabola 2x:—4aﬂ or & x =—1 at(2a,2b)
dx dx 2a ’

Hence parabolasintersect orthogonally at (2a, 2b) = (B)]

A point Pon aparabolay? = 4x, thefoot of the perpendicular fromit upon thedirectrix, and thefocusare
theverticesof an equilaterd triangle, find theareaof theequilatera triangle. [Ans. 44/3]

PM=1+t2 (—t, 2t)
PS=1+t2 M P(2, 21)
MS=1+t?
= 22+442=(1+1)? S(0)
PM=1+12 =4 |
D
Areaof APMS= ﬁ(42) = 4./3 Ans]

4
Giveny = ax? + bx + crepresents aparabol a. Find itsvertex, focus, |atus rectum and the directrix.

A —_b 4aC—b2 . —_bi_’_ 4aC—b2 1 _4aC—b2 1
[AnS |\ 50" "4 '\ 2a'4a 42 ) 2 YT a5 23!
y=ax?+bx+c

(x+£j2—1 y_4ac—b2
= 2a a 4a

b 4ac-b? -b 1 4ac-b®
Vertex: | o' g4a |v fO0UST |5 4a

4ac—b?

4a

1 — 1
Latusrectum: — anddirectrix: y= -——]
a 4a
Provethat thelocusof themiddlepointsof al chordsof the parabolay? = 4ax passing through the vetex
isthe parabolay? = 2ax.
P(at?, 2at) p

Mid-point of AP
M

M(gtz,atJ =M(h, k)

k? = &t? = 2ah
y?=2ax Ans]
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Q.18

[Sol.

Q.19

[Sal.

Q.20

[Sol.

Provethat the equation to the parabola, whose vertex and focus areon theaxis of x at distancesaand
a fromtheoriginrespectively, isy?=4(a — a)(x — a) [Q.10, Ex-25, L oney]

(2',0)
Casel: oS /A

equation of parabola: y?=—4(a—a")(x —a) =4(a'— a)(x — a) Hence proved.

(2',0)
Case-ll: o] A\ §

equation of parabola: y?=4(a —a)(x —a) Hence proved. ]

Provethat thelocus of the centre of acircle, whichinterceptsachord of givenlength 2a ontheaxisof

x and passesthrough agiven point ontheaxisof y distant bfromtheorigin, isthe curve
X2 —2yb+b% =2, [Q.14, Ex-25, L oney]

(X - X1)2 + (y - y1)2 = I’2

x-axisintercept=2a = 2\/x12—(xf+y12—r2 =2a
2-y2=a

y2=12- a2

Passesthrough (0, b)

: X2+ ((b-y)?=rr =  x2+b?-2by, +y,?-r*=0 = x,2+b*-2by,—a?=0

Locusof (x,, y,) will be x2—2by+b?=&  Henceproved.]

A variable parabolaisdrawn to passthroughA & B, theends of adiameter of agiven circlewith centre
at theoriginandradiusc & to haveasdirectrix atangent to aconcentric circle of radius'a (a>c) ; the
axesbeing AB & aperpendicular diameter, provethat the locus of thefocus of the parabolais the

X2 y2
standard ellipse ?+F=lwhere b?=a—c2

(h—c)2+k?=(ccos®—a)®> ...(1) [Q.22,Ex-25,Loney]
sub. (h+c)?+k?=(ccosH+a)? ..(2

dch=4cacos6 = h=acosb ... 3
add 2(c?+h?+k?)=2(c’cos?0 +&) .. 4)

B(c.,0)

X2+y2:a2
(a>c)

h
put  coso= 3 inequation (4)

h2
weget c2+h+k?=¢?- prs +&

Q@+ h2R+ k22 =c2h2 + &
(@ c)h? + k22 = (22 — c2)

h? k2
— + :1
a’®  a’-c
2 2
y
= 4+ -1
a’  b? ]
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BANSAL CLASSES ATHEM/

Daily Practice Problems

PRIVATE LIMITED Target IIT JEE 2010
CLASS: X1l (VXYZ) DPP. NO.- 2
T
Q.1 If afoca chord of y?=4ax makesananglea, o € (O, Z} with the positive direction of x-axis, then
minimum length of thisfocal chordis
(A) 6a (B) 2a (C*)8a (D) None
[Sol. Lengthof foca chord making an angle o, with x-axisis4acosec®o.
T
Fora e (0, Z} , i'sminimum length = (48)(2) = 8aunits. Ans]
Q.2 OAandOB aretwo mutualy perpendicular chordsof y2 =4ax, 'O' beingtheorigin. LineAB will aways
passthrough the point
(A) (28,0 (B) (6a,0) (C) (83,0) (D*) (4a,0)
[Sol. Let A=(at,? 2at)), B=(at? 2at,)
Thus tjt,=—4

Equationof lineAB is
y(t, +t,) =2(x + at;t,),
e y(t, +1,) =2(x —4a)
which clearly passesthrough afixed point (4a, 0) Ans. ]

Q.3,paaABCD and EFGC are squaresand thecurvey = k+/x passesthrough theorigin D and the points B

[Sol.

. FG . y
and F Therat|o§ is E F
A B

\/§+1 \/§+1

(A*) > (B) >
X

\/§+1 \/§+1 D C G
© ©) >,
y2 = k2x =  y?=4ax where k’=4a [13th 15-10-2006]
B= (a2 2at,); F= (at?, 2at,) {t,>0,t,>0}

2at, t,

tofind E = 2at1 = t,

now DC=BC = a’=2a = =2

2 2 _
dso  al - a? =2a,

2 —
2 —4=2t
2 —
2 -2t,-4=0
2+/4+16 2-+/20
=" buL,>0 o et
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Q.413/,4, FrOM an external point P, pair of tangent lines are drawn to the parabola, y*=4x. 1f 0, & 0, arethe

inclinations of thesetangentswith theaxisof x suchthat, 6, +6,= % , thenthelocusof Pis:

(A)x-y+1=0 (B)x+y-1=0 (C*)x-y-1=0 (D)x+y+1=0

. 1
- e +_
[Hint: y =mx -
oo mh-mk+1=0
_k - _1
ml+m2—ﬁ ,mlmz—ﬁ
. _T M+my k_, 1 _
gven 81+62_Z = 1-m,m, =1 = W h = y=x-1]

Q.514,para1 Maximum number of common chords of aparabolaand acirclecanbeequal to

(A)2 (B) 4 (C*)6 (D)8

[Sol. A circleandaparabolacan meet at most in four points. Thus maximum number of common chordsin
C, i.e. 6Ans] [13th, 14-02-2009]

Q.653,paaPN isan ordinate of the parabolay? = 4ax. A straight lineisdrawn parallel tothe axisto bisect NPand

meetsthecurvein Q. NQ meetsthetangent at thevertex in apoint T suchthat AT = kNP, thenthevalue
of k is (whereAisthevertex)

(A)3/2 (B*) 2/3 ©)1 (D) none
[Sol. Equationof PN : x = at?
y = c bisects PN (at?, 2at)P.
S c=a T Q/ )
which cutstheparabolaat Q Ve y=¢
c? A N
= =4 X=—
4a

a-0

Equationof NQ: y—0= af—atz (x—at?)

_4 )
= —(Xx—at
Y=g )

_ 4at
which cutsx =0at [O, ?j
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4at
T= ? and NP = 2at

AT _4a/3_2
NP~ 2a 3 A0Sl

Q.724JparaLetA and B betwo pointson aparabolay? = x with vertex V such that VA isperpendicular toVB and

0 istheangle between the chord VA and the axis of the parabola. Thevalue of

(A)tan6 (B) tan®0
2
[Hint tan®=7" (D)
1
2 2
Also t, X t, =—1
tit,=—4
— 2.4 2,2 _ 2
VA |= \a’t] +4at] = at\/t; +4
uing tt,=-4

4a [16 8a 2
VB =1 [Z+4 :t—Z\/4+t1
1 1 1

3 2
|VA| _ atl 4-!-'[1 tf

IVB| ~ 8aJ4+t> " 8

2
Alo tanb=7_; .  t=8cot%
1

|[VA]

—_— = 3
|VB| =cot°0 Ans.]

VA
VB 'S
(D*) cot30

[12 & 13 05-3-2006]

w o (af, 2a)
y?=x
0
\ X
B
(a3 , 2,

Q-85 Minimum distance between the curvesy?=x — 1 and x* =y — 1 is equal to

() 22 ® 22

5

©°7

[Sol. Bothcurvearesymmstricd about theliney =x. If ineAB isthelineof shortest distancethenat A and B

slopesof curves should be equal to one

dy 1
2 — — = =
for y 1, q 2y 1
1.3
= y= ,X—4

2
_(EEJ _(E 1)
= B= 52 and A= 12

henceminimumdistanceAB,

[13th, 14-02-2009]

y=X
B
(0,1) A

OQX
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Q.928,paraThe length of afocal chord of the parabolay? = 4ax at adistanceb fromthevertex isc, then

(A) 2& = bc (B) a8 =b% (C) ac=b? (D*) b’c = 4&a°
[Sol. Equationfocal chord PQ: 2x —(t, +t,)y—2a=0 (1) P(t,)
I(PQ)=c y
0

a X
cosec O = B OWO)
now ¢ = 4acosec?0 Q(t,

22
c=4da- —; 4a=b% ]
b

Q.1034,paaThestrai ght linejoining any point P onthe parabolay? = 4ax to thevertex and perpendicular fromthe
focusto thetangent at P, intersect a R, then the equaiton of thelocusof Ris

(A) X2+ 2y’ —ax =0 (B*) 2x2+y?—2ax =0
(C) 2x?+2y?—ay=0 (D) 2x2+y?—2ay =0
[Sol. T:ty=x+at? (1) [12th, 04-01-2009, P-1] N P(at’,2at)
line perpendicular to (1) through (a,0) e o
tx+y=ta (2) 0 S(a,;))
equation of OP:y—% x=0 ...(3

from (2) & (3) eleminatingt weget locus]
Q.11 Alfpara Locus of thefeet of the perpendicularsdrawn from vertex of the parabolay? = 4ax upon all such
chords of the parabolawhich subtend aright angle at thevertex is

(A*) X2 +y?—4ax =0 (B) x2+y?—2ax =0

(C)x2+y?+2ax=0 (D) x?+y?+4ax =0
[Hint Chordwithfeet of the perpendicular as(h, k) ishx +ky=h?+k? ... Q)

homogenise y?=4ax withthehelp of (1) and use coefficient of x?+ coefficient of y>=0

. 2 2 P
Alternatively-1: tan0, = tl;tan 0,= t
(]

2 2 L

£.2_-1 . - A

L L e =4 R(h.K)

equation of chord PQ 2x —(t, +t,)y—8a=0
slopeof AR x slope of PQ=—1

k{2
hit +t, =1

-2k
t1+t2=T

equation of chord PQwill be 2x — (ij— 8a=0
hx + ky = 4ah
(h,K) liesonthisline
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h2 + k2 = 4ah
locusof R(h, k) is x?+y?=4ax Ans.

Alternatively-2: >
-1 _h
Slopeof PQ=goneof OR = B,
equation of PQwill be A R(h.k)
—-h
y-k=-~Kx-h = hx + ky = h? + k2

Th| schord subtendsaright angleat vertex O(0, 0)
by homogeni sation we get equation of pair of straight line OPand OQ

224 (hx+ky}
y®=4aax h2 4 k2
OP" 0Q
coefficient of x2 + coefficient of y2=0
h? + k? = 4ah
locusof (h, k) wil be

X2 +y?=4ax Ans]

M or ethan onear e correct:

Q. 12503,paa Consider acirclewithitscentrelying onthefocus of theparabola, y2 = 2 px suchthat it touchesthe
directrix of the parabola Thenapoint of intersection of thecircle& theparabolais

il @ 03] o2

2
[Sol. Equationof circlewill be (X—gj +y?=p°

which intersectsy? = 2px m

2
(x —gj +2px = p? (p/2,0)

Hence (g— Pj and (gpj Ans]
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Daily Practice Problems

@ BANSAL CLASSES ATHEM/

PRIVATE LIMITED Target IIT JEE 2010
CLASS: X1l (VXYZ) DPP. NO.- 3
Q.1  y-intercept of the common tangent to the parabolay? = 32x and x>= 108y is

(A)-18 (B*)-12 ©) -9 (D)-6

8
[Sol. Tangenttoy?=32x is y=mx+ and tangent to x?= 108y isy = mx — 27m?

-8

8
2 _ 2 . 3__ "~
m 27m4, .. m >7

-2
m=—
m

. 8 -3
y-intercept = m —8[ > j =—12 Ans]

Q.ZglparaThe points of contact Q and R of tangent from the point P (2, 3) ontheparabolay? = 4x are

(A)(9,6)and(1,2) (B*)(1,2)and(4,4) (C)(4,4)and(9,6) (D)(9,6) and(%,l)

y
tt,=2 P(23
(R } = t,=1adt,=2 R
t,+t,=3 0
X

Hencepoint (t2, 2t, ) and (12, 2t, ) /
i th -03-
e (1,2 and(4,4) ] [13™ Test, 24-03-2009] Jmdx

Q.3 g1para L ength of thenormal chord of the parabola, y? = 4x , which makes an angl eof% withtheaxisof xis:

(A)8 (B*) 8+2 (C) 4 (D) 442
[Sal. N:y+tx=2t+13; slopeof thenormal is—t Q0O.6)

hence —t=1 =t=-1 = coordinatesof Pare (1, -2)

Hence parameter at Q, t,=-t,-2/t;=1+2=3 45°
Coordinatesat Q are (9, 6) 90°
|(PQ)=64r64=8V2 ] (1.2

Q.421/para If thelines (y —b) =m, (x + &) and (y — b) = m,(x + &) arethetangentsto the parabolay? = 4ax, then

(A)m, +m,=0 (B)ymm,=1 (C)mm,=-1 D)m; +m,=1

[Sol. Clearly, boththelines passesthrough (—a, b) which is a point lying on the directrix of the parabola
Thus,mm,=—1 [13th, 14-02-2009]

Becausetangentsdrawn from any point on thedirectrix areadways mutually perpendicular]
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Q.5,3/para If thenormal to aparabola;l/2 = 4ax at Pmeetsthecurveagainin Qandif PQand thenormal a Q
makes angles o and 3 respectively withthex-axisthentan a (tan o + tan ) hasthevalue equal to

1
(A)O (B*)-2 ©) -5 (D)-1

[Sol. tana=-t and tanP=-t,

ey
2 Z
d%b——H—T a [B .

1

2 _
Lt +t2=-2

tan o tan B + tan%o. = — 2 = (B) ]

Q(ty)

Q-643/0era C isthe centre of thecirclewith centre (0, 1) and radius unity. Pisthe parabolay = ax?. The set of
valuesof 'a for which they meet at apoint other thantheorigin, is

1 11 1
(A)a>0 (B)ae [Ogj © [z’gj (D*) [5’“’)

[Hint put x2 :§ incircle, x?+(y—1)?=1, weget (Notethat for a<0they cannot intersect other than origin)

1
§+y2—2y=0 ; henceweget y=0 or y:2_g
1 0,1)1C
subtituting YZZ—E in y=ax? weget
2a-1 1
ax?=2— g ; X2 = >0 = a> E ] [12th& 13th (14-8-2005)]

Q. gypara PQis@normal chord of the parabolay? = 4ax at P, A being the vertex of the parabola Through Pa
lineisdrawn paralld to AQ meeting thex—axisinR. Thenthelength of ARis:
(A) equd tothelength of thelatusrectum
(B) equal tothefocal distance of the point P
(C*) equal totwicethefocal distanceof the point P
(D) equd tothedistance of thepoint Pfromthedirectrix.

: 2
[Hint: t,=-t,-— = tt,+t,2=-2 Mo 1Y Rt 2at)

Equation of thelinethrough Pparalel toAQ mR
S’ X

2
y-2d =y, ko) %

puty=0 = x=at,?-at,t, (at,2.2 at,) O
=a?-a(-2-t?)
=2a+2at?=2(a+at?)
=twicethefocal distanceof P]
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Q-8gpara L ength of thefocal chord of the parabolay? = 4ax at adistance p fromthevertex is:

2a” a’ 433 0’
A) — B) — C*) — D)
(A) =3 ®) ©) © "
2 2 a(l t2)2 y P 22
i + £ 2at
[Hint: Length:\/(ZatJr%j +(312_t%j :t—2 (at’,2at)
SAO
Now equation of focal chord, 2tx +y (1-t%) —2at=0 0 (g X
2
_| 2a 42 (1+0) a-2a
= P p? 2 (tz’ t

3
Alternatively : cosec 0 :% = Length of focal chord = 4acosec?0 :% ]

Q.988,paraThetriangI ePQR of area'A'isinscribed in the parabolay? = 4ax such that the vertex Pliesat the
vertex of the parabolaand thebase QR isafocal chord. Themodulusof the difference of the ordinates
of thepointsQandRis:

A) 2 ® = )2 O

2a
[Hint: d:‘Zat +T‘ =2a

1
t+
t

y Rr(at’,2at)

2
at® 2at , i X

P i /S
s OO\
0 t Q

N =

Now A =

o Tl

2A
= Za(tJr}) = — ]
t a

Q10,7101 Theroots of the equation m?—4m + 5 = 0 are the slopes of the two tangents to the parabola

y? = 4x. The tangents intersect at the point

4 1 14 1 4
o) el et

(D) point of intersection can not befound asthetangentsarenot redl

1
[Sol. y=mx+ m [29-01-2006, 121" & 13"
it passesthrough (h, k)
1
k:mh+a = hm?-km+1=0 ..(1)

Kk
my+my = and mm, =
but  m,andm,aretherootsof m?-4m+5=0

k

m1+m2:4:F and m1m2:5:ﬁ
4 14

and .. k:g = || Ans. ]

gl

h= 5'5
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Q.lllwparaThrough the focus of the parabolay? = 2px (p > 0) alineis drawn which intersects the curve at

. Yi¥Yo
A(x,, y,) and B(x,, Y,). Theratio XX, equals

(A)2 (B)-1 (C*)-4 (D) somefunctionof p
[Sol. y?=4ax, 4a=2p>0 [13t"(27-8-2006)] at,2, 2at,
X, = atf Y, = 2a, ﬁ(xph)
X, = aty, Y, =2t S
and tt,=-1
! 22 B(x,.,y5)
4at, P
0= —=== —_ atzd, 2312
ratio aztlztg 4 Ans. |
Q.1215,paralf theline2x + y + K = 0isanormal to the parabola, y? + 8x =0thenK =
(A)-16 (B)-8 (C)-24 (D*) 24
[Sol. m=-2,a=-2
equation of normd
=-2x-2(-2)(-2) ~ (-2)(-2)°
2X+y+24=0
k=24 Ans]

Q. 1389,paraThe normal chord of aparabolay? = 4ax at the point whose ordinateis equal to the abscissa, then
angle subtended by normal chord at thefocusis:

(A) % (B)tan1 2 (C) tan~12 (D%) g
[Sal. at? =2a, = t,=2; P(4a, 4a)
2 Q(Q
b=-t -y =- 3
Q (9a y— 6a ) 0)
_ 4 4 N
M= 4a-a 3 . Q(t)
ZPSQ =90
M2~ 9a_a 4 ]

Q. 1490,paraThe point(s) on the parabolay? = 4x which areclosest tothecircle,
X2 +y?— 24y +128=0idare:

(A) (0, 0) ®) (2. 242 (C*) (4, 4) (D) none

[Hint: centre (0, 12) ; dopeof tangent at (t2, 2t) isL/t, hencedlopeof  /(0)12)
normal is —t. Thismust bethes ope of thelinejoining centre ¢

5
(0,12) tothepoint (t2,2t) = t=2]

o

<
P

|
O\Q]
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M or ethan onearecorrect:
Q.1550/era LEL Y* = 4aX be aparabolaand x? + y? + 2 bx = 0 be acircle. If parabolaand circle touch each

other externally then :
(A*)a>0,b>0 (B)a>0,b<0 (C)a<0,b>0 (D*)a<0,b<0
[Hint: Forexterndly touchinga& b must havethesamesign

a>0 a<0

Q.16,,¢/,.o TheStraight liney + x = 1 touchesthe parabola:
FA*)X2+4y:O (B*) x?—-x+y=0
(C*)4x2-3x+y=0 (D) x?—2x+2y=0
[Hint put y=1-x and see that the resulting exprassion is a perfect square]

]
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Daily Practice Problems

@ BANSAL CLASSES ATHEM/

PRIVATE LIMITED Target IIT JEE 2010
CLASS: X1l (VXYZ) DPP. NO.- 4
Q.15/paa TP & TQaretangentsto the parabola, y?=4ax at P& Q. If the chord PQ passes through thefixed

point (—a, b) thenthelocusof T is: (h,Tk)

(A)ay=2b(x—h) (B) bx =2a(y—a)

(C*) by = 2a(x - a) (D) ax = 2b (y — b) Q
[Hint: Chord of contact of (h, k) [12th, 04-01-2009, P-1] (-a, b) b

ky = 2a(x + h). It passesthrough (- a, b) 7

= bk=2a(-a+h)
= Locusisby=2a(x-a) ] \

Q.25 THrough the vertex O of the parabola, y* = 4ax two chords OP & OQ aredrawn and thecircleson
OP& OQasdiametersintersectinR. If 6., 0, & ¢ arethe angles made with theaxisby thetangentsat

P& Qontheparabola& by OR thenthevalueof, cot 6, + cot 6, =
(A*)-2tan¢ (B)-2tan(n—-¢) (C)O (D) 2cot ¢

. .1
[Hint: Slopeof tangantat Pis E y (atlzf,)Z at;)

1
andatQ:t—
2

= cotO,=t,andcot 0, =t,
2
t, +t,

Slopeof PQ=

_ t+t,
= Slopeof ORis B =tan¢

(Noteangleinasemicircleis90°)

1
= tan¢=—§ (cotO, +cot0,) = cotO, +cot6,=—-2tan¢]

Q.35 /para If anormal to aparabolay? = 4ax makesan angle ¢ withitsaxis, thenit will cut thecurveagain at an
agle

(A) tan"!(2 tang) (B*) tant @ tan <I>j (C) cot! @ tan <I>j (D) none

[Sol. equationof norma att: y+ tx = 2at + at®

myaA=—t=tan¢ 5 0 T
=—tanp=m, T
Now tangent at B t.y=X+ a2 withm Lt N
g =X A 27 tano
2 {
a|SOt1:—t—T
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2
1+, [ 1*t

t—t,

B ) sec?§.tan¢

= 2[t+3 = [ 2sec? o)

tan0=|, t|= [As tt, =—t2-2]

1

tan 4 tan
Hencetan6 = teng =g =tan 1(—4)}

2 2
Alterntively: Equationof norma atA
y+tx = 2at + at®
Slopeof normal atA, m,=—t = tan¢=-t
P ’ ’ B(t)AL-T
Equation of tangent at B: t,y=xt+ at? =7,

1 2 _<a o

slope, tana= t, wheret, = —t—? \\Q

2
= —tang+—— - —
= tana ¢ tang — @NUZ 5 a2y
tand
AP tan
o | Eatne || 21tan?g ¢ _iene 1-2—tan2¢
NY= 1t tanatand | - L g = 2+tan® ¢+ tan?
2+tan” ¢
tan ¢ tan¢
_ . |
=5 o 0 =tan ( 5 J]

Q45 , TANgENtS ATE drawn from the pointsonthelinex —y + 3= 0to parabolay? = 8x. Thenthevariable
chordsof contact passthrough afixed point whose coordinatesare:
(A) (3.2 (B) (2,4) (C*) 3.4 (D) (4,1)

[Hint Let P(a (a+3)) beapoint onthelineand chord of contactis
(@a+3)y=4(x+a) = 4x -3y +a(4-y)=0= line passesthrough afixed point (3,4) ]

Q.S61para If thetangents & normalsat the extremities of afocal chord of aparabolaintersect at (x,, y,) and
(X,, Y,) respectively, then::
(A) X, =X, B)x; =y, C*)y1=Y, (D)X, =Y,

[Hint x,=at,y, =at, +t) ; X, =a(t? + t5 +t;t,+2),y,=—att,(t, +t,) witht;t, =— 1

X,=—a, y,=al, +t); X, = a0 +t2+1);y,=at, +t) ]

Q-674para If two normalsto aparabolay? = 4ax intersect at right anglesthen thechord joining their feet passes
through afixed point whose co-ordinatesare:
(A) (-2a,0) (B*) (&, 0) (C) (2a,0) (D) none

[Hint: t,t,=-1 ]

[Sol. N:y+tx=2at+atd ;passesthrough (h,k)

k
Henceat®+ (2a—h)t+k =0 hbt=— =1

chordjoiningt, andt,is 2X—(t, +t)y+2at, t,=0
(2x-2a)—(t; +t,)y=0 = x=a&y=0
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Alternatively: If thenormal intersect at right anglesthentheir corresponding tangentswill alsointersect at right
angleshencethe chord joining their feet must beafocal chord
itwill alwayspassthrough (g, 0)]
Q.775,|08ra Theequation of astraight linepassing through thepoint (3, 6) and cutting thecurvey =/x_orthogondlyis
(A*)4x+y—-18=0 ([B)x+y-9=0 (C)4x—-y-6=0 (D) none
3

[Hint: Normal totheparabola y?=x is y=mx— %_mT ; passthrough the point

(3,6) = m*-10m+24=0; m=-4 isaroot = required equation 4x +y—-18=0
) dy 1 1 t—-6
at. (t2,t) beapointony=,/x = i m =5 = 2.3 =— 2t (slope of normal)
= 2t3-5t-6=0
=(t-2)2t°+4t+3) = t= 2 = slopeof normal is — 4]
Q.812ﬂparaThetangent and normd at P(t), for al real positivet, to the parabolay? = 4ax meet the axis of the

parabolain T and G respectively, then theangleat which thetangent at Ptothe parabolaisinclinedtothe
tangent at PtothecirclepassingthroughthepointsP, TandGis

(A) cot 't (B) cot't? (C*) tan't (D) tan!t?
1
Sal. dopeof tangent=_- (m,) at Pon parabola
t 1
dopeof PS= 22at = 22t (normal tothecircle)
a(t*-1y t°-1
—t2
dopeof tangent at Poncircle= ™ (m,)
2 Y %’l‘bf‘)
1 1-t IS
T 2-1+t2t? AT
tane - t 2t2 - ( + 2)2 :t /{/ I,’ \‘|
1+ 1-t 2t(1+1t9) T, \3@0 NG X
2t2 \\\\~_ w /

o=tan't = (O)]

Q.9131/para A Circlewithradius unity hasits centre on the positivey-axis. If thiscircletouches the parabola
y = 2x? tangentially at the points P and Q then the sum of the ordinatesof Pand Q, is

15 15
(A", B) g (©) 215 (D)5
dy
[Sol. 2 =gt [18-12-2005, 12tM]
dx|p
) (O,a)
2
2 gt Q)
—a=— 4
Al t?+(2t2—a)’=1 [(t, 2t?) satisfiesthecirclex? + (y—a)?=1]
15

— 4t2—EAns]
~ 16 = ~ 4 NS
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Q10,92 Normal tothe parabolay? = 8x at the point P (2, 4) meetsthe parabolaagain at thepoint Q. If Cis
the centre of the circle described on PQ asdiameter then the coordinates of theimage of thepoint Cin
theliney=xare

(A*) (-4, 10) (B) (-3,8) (C) (4,-10) (D) (-3, 10)
[Sal. at12 =2; y2 = 8x = a=2 (2.,4)
=1 = t,=1or -1 <
t2=—t1—£=—3 C(10, —4)
b
Qis (2(-372, 22)(-3) i-e (18,-12) 152
Cis(10,-4)
Theimageis(—4, 10) ] [12th, 06-01-2008]

Q.11gpra TWO parf_;\bol asy?=4a(x - | _1) an_d x?=4a(y-1,) dways to_uch oneanother, thequantities!, and|,
areboth variable. Locusof their point of contact hasthe equation

(A) xy=2a (B) xy = 2& (C*) xy = 42 (D) none
[Sol. y?=4da(x—1,); x*>=4a(y-1,)

dy dy
— = = 4a—

2y i da and  2X i

d 2a d X

d_y =— and d_y :—l

X (X1,Y1) Y1 X (X1,Y1) 2a
22 _x

v ~ o = Xy, =48 = RH.]

Q.1298,paaA pair of tangentsto aparabolaisareequally inclined to astraight linewhoseinclinationto theaxis

isa. Thelocusof their point of intersectionis:

(A)acircle (B) aparabola (C*) adraightline (D) alinepair
[Sol. LetP(att,,a(ty +1,)) =P(h,K)
B(t,)
1 1
slopeof tangentsat A, m, = H andatB, m,= E WP
/ =~

Let m=tana 7
m-m m-m, \
then 1+mm; 1+mm,

tan(0, — o) = tan(o. - 0,)
(0, — o) = nr + 2a0
1 1 Kk
— 2
tanf, +tanb,  t; t, 2ty +ty) a
I-tanbyten®, ~, 11,1 " h _“hoa
t ty a

tan 2o =tan (0, +0,) =

locusof P(h, k) will be y=(x—a)tan2a. Ans]
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Q.13 .44 IN@parabolay? = 4ax theangle 6 that thelatus rectum subtends at the vertex of the parabolais
A) dependent onthelength of thelatusrectum

(B) independent of thelatus rectum and lies between 5% &m

(C) independent of thelatusrectum and lies between STTE & 5?“

(D*) independent of thelatusrectum and liesbetween 2?“ & STTE

X
[Hint Equationof latusrectumisx=a = 3 =1 [11th, 14-02-2009]

X
angle subtended at the vertex of y? = 4ax will be y?= 4ax5 = y?=4x?

sopesof OA and OB will be2 and -2 respectively

_2-(-2 4 _ ~ L4
“142(2) T 3 o 0 =n—tan 3= (D) ]

tan 0

G BANSAL CLASSES Dpp's on Conic Section (Parabola, Ellipse, Hyperbola) [23]

PRIVATE LIMITED




Daily Practice Problems
PRIVATE LIMITED Target IIT JEE 2010

CLASS: XIII (VXYZ) DPP. NO.- 5

Q1 Normals are drawn at points A, B, and C on the parabola y- = 4x which intersect at P(h, k).
Thelocusof thepoint Pif thesopeof thelinejoiningthefeet of two of themis 2, is

@ BANSAL CLASSES ATHEM/

(A)x+y=1 (B*)x-y=3 ©y*=2x-1) D)y =2[x—§j
[Sol. Theequationof norma at (at?, 2at)is [12th, 20-12-2009, complex]
y +tx = 2at + at® ..(2)
As (1) passesthrough P(h, k), so
t, y t,
a +t(2a—h)—k =0 <tz 2)
L
Hee a=1 P(h, k)
t,+t,+t,=0 (3)
Al =2 = t+t,=1 ..(4) §

t+1t,
From(3)and (4) = t;=-1
Put t;=—11n(2), we get

~1-12-h)-k=0 E
= —-1-2+h-k=0

Locusof P(h, k),is x—y=3 Ans]

Q.2)55q TENGENtS AVE drawn fromthepoint (— 1, 2) onthe parabolay? = 4x. Thelength, thesetangentswill
intercept onthelinex = 2is:
(A)6 (B*) 6+/2 (C) 246 (D) noneof these

[Sol. SS,=T2 P

-1,2
(y2 - 4X) (y12 - 4X1) = (y y1 -2 (X + Xl))z ( )
(Y2—-4x)(4+4)=[2y-2(x-1)]2=4(y—x +1)?
2(y?-4x)=(y-x+1? =2
solvingwiththelinex =2 weget, -
2(y*-8)=(y-1?* or2(y*-8)=y*-2y+1
ory2+2y-17=0

wherey, +y,=-2andy,y,=-17

Now ‘yl_yz‘zz(y1+y2)2_4y1y2

or ly,~y,|2=4—-4(-17) =72

(yl_y2)= \/i =6\/§]

x+2=0 Q

Q-3 310 Which oneof thefollowing linescannot bethe normalsto x*=4y ?
(A)x—y+3=0 (B)x+y-3=0 (C)x-2y+12=0 (D*)x+2y+12=0

1
[Hint  equation of thenormal to x? =4y intermsof dopey = mx+ F +2]
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2

Q-4 29/paraAN equation of thelinethat passesthrough (10, —1) and is perpendicular to y = XT -21is
(A)4x+y=39 (B)2x+y=19 (C)x+y=9 (D*)x+2y=8
[Sol. 4y=x?>-38 [29-01-2006, 12& 13]

d
o= \ | e

22 2V2 \{(10, -1)

d
d_y _ X 0,-2)
Xlx,y, 2
2 Y+l
slopeof normal =— X_l : but slope of normal = X, ~10
yl +1 2
x,-10 =7 = XY FX =-2x 420 Xy, +3% =20

2

o X
substituting y, =

4 (fromthegiven equation)

2
X -8
X1( 14 +3J:20 = xl(xlz—8+12)=80 = X1(X12+4):80

X3 +4x,—80=0
X2 (X, —4) + 4x(x, — 4) + 20(x, —4) = 0

(X, —4)(XZ +4x, +20) =0

Hence x,=4;y,=2
P=(4,2)
equationof PAis

1
y+l=--(x-10) = 2y+2=-x+10 =  X+2y-8=0 Ans. ]

Paragraph for question nos. 5to 6
Consider the parabolay? = 8x
Q.5408,paaAreaof thefigureformed by the tangentsand normal sdrawn at theextremities of itslatusrectumis

(A)8 (B) 16 (C*) 32 (D) 64
Q.6409,pm1 Distance between thetangent to the parabolaand aparalel normal inclined at 30° with the x-axis, is
.. 16 16v/3 2 16
(A%) 3 B) =5~ (©) 3 (D) 73
[Sal. y
(i) For y? = 4ax
_ (4a)(4a)
2 8 (-a,0) S|@.0),”(Ga0)
Hee a=2
A =32s0. units [08-01-2006, 12th & 131 y?=dax
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. _ a
(i) y=mx+ -

y=mx—2am—am?

(a/m) + 2am+am® (m? +1)2 1+ m?)Y1+m?
) V1+m? “mLem? |8 m  putm =tand
sec®-secH

=a = a(sec?0 - cosec 0)

tan©
put a=2 and 0=30°

4 16
d:2-§ -2=—Ans.]

3

Paragraph for question nos. 7 to 9

Tangentsaredrawn totheparabola y? =4x fromthepoint P(6, 5) totouchtheparabolaat Q and R.
C, isacirclewhichtouchestheparabolaat Q and C, isacirclewhichtouchesthe parabolaat R.

Boththecircles C, and C, passthrough thefocusof the parabola.
Q.7 Areaof the APQR equals

" para
A* 1 B)1l C)2 D 1
(A%) 5 (B) (©) ()
Q.8para Radiusof thecircle C, is
(A) 5.5 (B*) 5410 (C) 1042 (D) V210
Q.9;ra The common chord of thecircles C; and C, passesthroughthe
(A) incentre (B) circumcentre
(C*) centroid (D) orthocentre of the APQR
[Sol. Equationof tangent of Slopem to y2=4x is
1 y
y =mx+ (1) [12th, 03-01-2010, P-1] (4.462E="R(00)
i As (1) passesthrough P(6, 5), so C1
() As@®p ghP(6,5) Newo
1 o
S5=6m+ —
m
1 1
= 6m2—5m+1=0 = m=—orm=—
2 3
. 1 2 12
Points of contact are m12 m, and m% m,
Hence P (4,4) and Q (9, 6)
Ly 441
Areaof APQR = 5 =-=(A
POR =5 9 6 5> = A)
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(i)

(iif)

1
y:EX +2 = Xx-2y+4=0 ...(2)

1
and y=§X +3 = x-3y+9=0

Now equation of circle C, touching x -3y +9=0at (9, 6), is
(X—9)2+(y—62+A(x-3y+9)=0
Asabovecirclepassesthrough (1, 0), so
64+36+10L=0 = A=-10
Circle C, is x2+y?—28x+18y+27=0 ... ©)

Radiusof C,is
7 =196+81-27=277-27=250 = r1,=5/10 = (B)
Equationof C,

(X—4)2+(y—4)2+A(x-2y+4)=0
Asabovecirclepassesthrough (1, 0)

9+16+A(5) =0 = A=-35
Now Cjis x2+y?—13x+2y+12=0 ..(4)
: Common chord of (3) and (4) is

15x — 16y—15=0  ...(5)

19
Also centroid (G) of APQRis [3 , 5)

19 Q(4.4) R(9,6)
Clearly (§5j satisfiesequation (5)

Hence(C) ]

Paragraph for question nos. 10 to 12
Tangentsaredrawn to the parabolay? = 4x at the point Pwhich istheupper end of latusrectum.

Q.10,; /oy Mage of the parabol ay?=4xinthetangent lineat thepoint Pis

Q.11

Q.12

[Sol.

A) (x +4)2= 16y (B) (x +2)2=8(y-2)

(C) (x+1)2=4(y-1) (D) (x-2)*=2(y-2)

Radiusof thecircletouching the parabolay? = 4x at the point P and passing throughitsfocusis
(A)1 (B*) V2 ©) 3 (D)2
Areaenclosed by thetangent lineat P, x-axisand the parabolais

2 4 14
(A%) 3 (B) 3 © 35 (D) none
Point Pis(, 2) [13th, 17-02-2008]  [lllustration]
Tangentis 2y=2(x+1)
e y=x+1 (D)

henceimageof y?=4xin(2) canbewrittenas

x+1?=4y-1) = (O
notefind theimageof (t2, 2t) inthetangent line and then diminatet to get theimage
now family of circletouching theparabola y?=4x at (1, 2)
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X—1D2+ (-2 +Ax-y+1)=0 ..(2
it passesthrough (1, 0)
4+2.=0 = A=-2

hencecirdeis
X2+y?—4x -2y +3=0 . Y]
r=y4+1-3=J2 = (B) (1.2

0

2[ 2 3,2 2 (1,0)
Area= J'{y?—(y—l)}dy= y——y—+y} o7 o\
) 12 2

=2 54022 A
1277773 = Wl

M or ethan onear e correct:
Q.1350/pra L€ P, Qand R arethree co-normal pointson the parabolay” = 4ax. Then the correct statement(s)
iJare
(A*) agebraic sumof the dopesof thenormalsat P, Q and R vanishes
(B*) agebraic sumof the ordinates of the pointsP, Q and R vanishes
(C*) centroid of thetriangle PQR lieson the axis of the parabola
(D*) circlecircumscribing thetriangle POR passesthrough the vertex of the parabola

Q145  Variablechordsof the parabolay? = 4ax subtend aright angleat thevertex. Then :
(A*) locusof thefeet of the perpendicularsfrom thevertex on thesechordsisacircle
(B*) locus of themiddle pointsof thechordsisaparabola
(C*) variable chords passes through afixed point on the axisof the parabola
(D) noneof these

[Hint: A=x?+y?—-4ax=0; B=y?=2a(x—-4a); C=(4a,0)]

Q-155)7/para Through apoint P(—2, 0), tangents PQ and PR are drawn to the parabola y* = 8x. Two circles
each passing through the focus of the parabolaand onetouching at Q and other a R aredrawn. Which
of thefollowing point(s) with respect tothetriangle PQR lig(s) on the common chord of thetwo circles?
(A*) centroid (B*) orthocentre
(C*) incentre (D*) circumcentre 0

[Sol. (=2, 0)is the foot of directrix.

Hence Q and R aretheextremitiesof thelatusrectum and angle

ZQPR = 90° with APQR asright isosceles. \//

Hence by symmetri c the common chord of thetwo circleswill S (}; = X
bethex-axiswhichwill bethemedian, atitude, angle bisector ’ 8z

and al so the perpendicul ar bisector. r\

Hence centroid, orthocentre, incentre and circumcentreall will

lieonit. ] [13th, 09-03-2008] R

Q.16,,, TP and TQ aretangentsto parabola y?=4x and normalsat P and Q intersect at apoint R on
the curve. Thelocus of the centre of thecirclecircumscribing ATPQ is a parabola whose
(A*) vertexis(l, 0). (B*) foot of directrix is (g 0) .

1 (9
(C) length of latus-rectumis . (D*)focu&s(g, OJ.
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[Sol. Wehave 2h= t32 +2 .0 Y1 (2a,-aty) Q(ty)
T

k=1, +(2) Here a=1
o 2h=4E+2 ety i Etf t_22+ tg=0
so2y?=x—1 X
y2= % (x—1) (Parabola)
Now interpret. ] [12th, 20-12-2009] R(ats , 2at,)

M atch the column:
Q.17,, Consider the parabolay? = 12x
Column-| Column-II
(A)  Tangent and normd at the extremities of thelatusrectum intersect (P) (0,0)
thex axisat T and G respectively. The coordinates of themiddle
point of T and G are
(B)  Variablechordsof the parabolapassing through afixed point K on Q (3,0
theaxis, such that sum of the squares of the reciproca sof thetwo
parts of the chordsthrough K, isaconstant. The coordinateof the
pointK are R (6,0
(C)  Allvariablechordsof the parabol asubtending aright angleat the
originare concurrent at the point
(D)  ABandCD arethechordsof theparabolawhichintersectatapoint () (12, 0)
E ontheaxis. Theradical axisof thetwo circlesdescribed onAB
and CD asdiameter dways passesthrough
[Ans. (A)Q; B)R; (C)S; (D)P] [13th, 09-03-2008]

Subj ective:
Q.18para Let L,:x+y=0and L,:Xx—y=0 are tangent to a parabola whose focus is S(1, 2).

If thelength of latus-rectum of the parabolacan be expressed as % (wherem and n are coprime)
n

thenfindthevalueof (m+n). [Ans. 0011]

[Sal. [12th, 20-12-2009, complex]

Feet of the perpendicular (N, and N,) from focus upon any tangent to parabolaliesonthetangent line
at thevertex.

Now equationof SN, is x +y = passing through (1, 2) = A=3

Equationof SN, isx+y=3
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Solvingx +y=3and y=x,wegetN, = (g gj
lly  equationof SN,isx—y=2 passingthrough (1, 2) = Ar=-1
Equationof SN, isy—x=1

Solving y—x=1and y=-x,weget N,= (_71' %)
Now equation of tangent lineat vertex is, 2X—4y+3=0
Distanceof (1, 2) fromtangent at vertex is
|2—-8+ 3| 3 1
= 70 = NG = leatusrectum.

6 m
and hencelength of latusrectum = E = ﬁ

Hencem+n=6+5=11 Ans.]
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Daily Practice Problems
PRIVATE LIMITED Target IIT JEE 2010

CLASS: XIII (VXYZ) DPP. NO.- 6

@ BANSAL CLASSES ATHEM/

2 2
Q1 Let E bethedlipse’s- +7- =1& 'C bethecirclex? +y2= 9. Let P& Qbethepoints(1, 2) and

(2, 1) respectively. Then :
(A) Qliesinsde C but outside E (B) QliesoutsidebothC & E
(C)PliesinsdebothC& E (D*) Pliesinside C but outside E.

2
Q.2,,4,; Theeccentricity of theellipse (x —3)? + (y—4)? z% is

e o1 ES kS
A) = (B*) 3 © 35 D) /3

[Sol. 9(x—3)2+9(y-4)2=y> =  9(x-3)>+8y’-T72y+144=0
9(x—3)°+8(y?—9y)+ 144=0

9 2 81 9 2
IAx—3)2+8|| Y5 ] ~,|+144=0 = 9(X—3)2+8(y—§j =162 144 =18

9 9
9(X—3)2+8[y_2j:1 = ()(_3)2+[y ijl' e=1-22

18 18 2 94 9
Alternativdy: put x—-3=X and y-4=Y]

1ot
=9 ..6—3

Q.347,d”pseAn ellipsehas OB asasemi minor axiswhere'O' istheorigin. F, F' areitsfoci and theangle FBF
Isaright angle. Thenthe eccentricity of thedlipsei

L 1 V3 1
(A*) 5 (B) 5 (C) - . (D)
[So. BF,=OA= by2-a S
F of b F
2_q b 2 b*> 1 1 : g/ A@O)
sef=l-— s e =1-—== 5 e=—( ]
a’ op2 2 J2

2 2
X
Q4 giipse Thereare exactly two points on the ellipse 2t é =1 whose distance from the centre of the

2 2
ellipsearegreatest and equal to a+2 . Eccentricity of thisdlipseisequal to
3 1 Y f
Ob~ ®) 75 () 5 (D) |3
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[Sol. Thegivendistanceisclearly thelength of semi mgjor axis [11th, 25-02-2009, P-1]

2 2
Thes 42 +22b —a = =2 = 221l-d=a

2o L 1
= =5= e—\/EAns.]

Q.5 iipeeA Circlehasthe same centreasan ellipse & passesthroughthefoci F, & F, of theellipse, such that
thetwo curvesintersectin4 points. Let 'P beany oneof their point of intersection. If themajor axisof
thedlipseis17 & theareaof thetriangle PR, F, is 30, then the distance between thefoci is:

A1l (B) 12 (C*) 13 (D) none

[Hint: x+y=17;xy =60, Tofind \/x2 +y? ] [11th, 14-02-2009]
now, X2+y2=(X+Y)?—2xy é%&
=289 120 = 169 F o F
=  x%+y? =13] %/
Q.6,/gipse T N l@tUS rectum of aconic section isthe width of the function through thefocus. The positive

difference between thelengthsof thelatusrectumof 3y=x?+4x—-9 and x?+4y’>—6x+16y=24
S

N 3 5
(A%) 5 (B)2 © 5 (D)
[Hirt 3y=(x+2)2-13 [12th & 13t 03-03-2007]
y+13=(x+2)?
13
(x+2)?= 3(3/ +§j = Latus Rectum=3

Theother conicis, (x—3)2+4(y?>+4y)=24+9
(X—3)?+4(y+2)2?=49

(x—3)? Lo 2)?

72 (7/2)?

=1 whichisané€llipse

202 249 7
LatusRectum—T— 4 =5

7
positive difference 5 3=

Q.73y/g1ipseMaGINEthat you have two thumbtacks placed at two points, A and B. If theends of afixed length of
string arefastened to the thumbtacks and the string isdrawn taut with apencil, the path traced by the
pencil will bean dlipse. Thebest way to maximisetheareasurrounded by thedlipse with afixed length
of string occurswhen
I thetwo pointsA and B havethe maximum distance between them.

[ two pointsA and B coincide.

[l A and B areplaced verticaly.

v Theareaisalways sameregardless of thelocation of A and B.

(A)1 (B*) 1l (©) I (D) IV
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[Sol. A =mab 'aisconstantandbvaries [12& 13 05-3-2006]

A? = (e — c?) / 7“
—c, 0

for A to be maximum ¢ must beminimum; A & B — centre ( Z/(»/ ](36 )

as A>B = c—>0 \_/

ellipsebecomescircle |

Q.837/d”pseAn elipsehavingfoc at (3, 3) and (—4, 4) and passing through the origin has eccentricity equal to

3 2 3
® 7 ® > )2 OF
[Hint: PS, +PS, = 2a [11th, 14-02-2009]
3W2+4J2 =2a P(0,0)

22¢ _5J2 _5
,~,2_f:ﬁ:7 =e=(0)]

Q.9gipse L€ S(5,12) and S(- 12, 5) are the foci of an ellipse passing through the origin.
Theeccentricity of dlipseequas

1 1 1 2
A5 ®) 73 ©) D 3
[Sol. Wehave 2ae= 132 =focal length () [12th, 20-12-2009, complex]

2a=26 = a=13 (Byfocus-directrix property)
. Onputtinga=13inegquation (1), we get

2(13)e=13J2 = e= % Ans.]

M orethan onearecorrect:
2 2

. : X y
Q.10 /gjipse CONsider the ellipse N + oo 1wherea € (0, n/2).
Which of thefollowing quantitieswould vary aso. varies?
(A*) degreeof flatness (B*) ordinateof thevertex
(C) coordinatesof thefoci (D*) length of thelatusrectum
2
_ tan” a
[Hint: e=1- o = coso. (as sec?o > tanar) [12 & 13 05-3-2006]
o
hence e=cosa ; vertex (0, + sec o)
2b®  2tan®a

foci=(0,1); I(LR) = - =2sna-tana ]

seca
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2 2
Q.11 ymipse  EXtremitiesof thelaterarectaof theellipseﬁa—2 + éﬂ (a>b) havingagivenmgjor axis2a

lieson
(A*)x?=ala-y) (B*)x*=a(aty) (C)y*=a@+x) (D)y?’=a(a-x)
2
[Sol. h:iae;k:ib—

a
h? h?
k=+a(l-¢?) = ia(l‘gj = i(a‘;J
h2 2
+vesign,k:a—? = ?:a—k =h?=a(a-k)=(A)

2
—Vesign,kz—a+% = Kh=a(@+k) =(B)]

Subjective:

Q.12 Consider two concentriccircles S, : |z|=1 and S,:[z|=2 ontheArgand plane. A parabolais
drawn through the pointswhere 'S;" meetstherea axis and having arbitrary tangent of 'S’ asits
directrix. If thelocusof thefocusof drawn parabolaisaconic C then find the areaof thequadrilateral
formed by thetangents at the ends of thelatus-rectum of conic C. [Ans. 0016]

[Sol. Clearly the parabola should pass through (1, 0) and (-1,0). Let directrix of this parabola be
xcos0 + ysno=2.1f M (h,k) bethefocusof thisparabola, then distanceof (1, 0) from 'M' and from

thedirectrix should besame. y
= (h—1)2+ k2= (cosd — 2)? ..(2)
and  (h+1)2+k?=(cosd + 2)2 (2) AN
lzl=
h .
Now (2) - (1) = cos6 = ..(3) SNP(20080, 25in0)
2 &
Also (2) +(1) = (h?+k?+1)=(cos?0 +4) ....(4) % «
<. From (3) and (4), we get CLO\ AL O/ JAON
2 2 M( d )
h 3h
h2+k?+1=4+— = — +k?®=3
4 4
2 2

Hencelocusof focusM (h, k) isXTwLy? =1 (Hlip®)

Alsoweknow that areaof the quadrilateral formed by thetangentsat the ends of the latus-rectumis

2
2% (where e iseccentricity of ellipse) [12th, 20-12-2009]
2(4 : 1 1
.. Requred area:% =16 (square units) (Ase?=1- g = 2 = e= E) ]
2
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BANSAL CLASSES ATHEM/

Daily Practice Problems

PRIVATE LIMITED Target IIT JEE 2010
CLASS: XIII (VXYZ) DPP. NO.- 7
Q.1 345pse POINt 'O’ isthe centre of theellipsewith major axisAB & minor axis CD. Point Fisonefocusof the

[Hint:

Q'217/ell

[Sal.

ellipse. If OF = 6 & the diameter of the inscribed circle of triangle OCF is 2, then the product
(AB) (CD) isequa to

(A*) 65 (B) 52 (C) 78 (D) none

Xe?=36 = &-b*=36 ..(1); 4ab="7

. A C
Using r:(s—a)tan? in A OCF -

r
1=(s- a) tan 45° where a=CF . AO‘K—6—’?1?0)B
2:2(S_a) &3/

or 2=2s-2a=2s-AB
or 2=(OF+FC+CO)-AB D
AB CD
2—6+7 +7 —AB
AB - CD
=4 = 2(a-b)=8 = a-b=4 — (2

2
From(1) & (2) a+b=9 = 2a=13; 2b=5 — (AB)(CD)=65 ]

i 1 Ney-axisisthedirectrix of theellipsewith eccentricity e= 1/2 and the corresponding focusis at
(33, 0), equation to its auxilary circle is
(A*)x?+y?—8x+12=0 (B) X?+y?>—8x—12=0

(C)x2+y?>-8x+9=0 (D) x?+y?=4
Directrix : x=0 [12th & 13t 19-3-2006]
e=1/2

Focus=(3, 0)

1
J(x=3)%+y? = §'|X|

1
(X_3)2+yzz-x2 = Ax-3)2+4y2=x2 =  3x2-24x+4y?+36=0
Y 2
=  3(x-42+42=12 = (x 44) +y?=1 (1)

a=2;b=,/3;centre(4,0) = auxillarycircleis(x —4)?+y?>=4 Ans.]

2 2 2 2
. . . i y _ X y B
Q.3,/iWhichoneof thefollowmg|sthecommontawgenttotheell|pse£,m+F =land ¥+ o 12
(A) ay =bx + a* - a® + b* (B*) by =ax — \/a* + a%b? + b*
(C)ay=bx— ya* +a?b? + b* (D) by = ax + /a* — a?b? + b*
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2 2

. X y
Sol.  Equationof atangentto ——— + - =1
[ q Eah P
y=mX +./(a2+b?) m® + b2 (D)
X2 y2
If (1) isalsnoatangenttotheellipsea—2 + bt =1 then

(@+P)m?+b?=am?+a&+b?>  (usingc?®=am?+b?)

aZ

=2 = m?=— = m=+ ML%\
b

=+ 2x +\/(a2+b2)‘5‘_2+b2 \&%
y_—b — bZ

by =+ ax + \/a* + a?b? + b*

Note: Although there can befour common tangents but only one of these appearsin B]

oo

2 2

Q.4sg g1 X — 2y + 4 =0isacommon tangent to y* = 4x & Xj + % = 1. Then the value of b and the other
common tangent aregivenby :
(A*)b=43 ;x+2y+4=0 (B)b=3;x+2y+4=0
(C)b=y3 ;x+2y—4=0 (D)b=43 ;x-2y-4=0

[Sol. y=x/2+2istangentontheellipsethen4=4.(1/4) +b*>=b?*=3
parabolais,y=mx+1/m

using condition of tangency, - =4m? + 3 7‘ %
4y +3y—1=0 (Whenm?=Yy)

AP +dy-y-1=0=4@y+1)-(y+1)=0 K&
>y=14;y=-1

m=+1/2

y=x/2+20ry=-x/2 -2 =2y +x+4=0 (other tangent) ]

Q.55 mine 1T & B aretheeccentric anglesof theextremities of afocal chord of an standard ellipse,
then the eccentricity of thedlipseis:

(A) cosa + Cosf (B) sino — sinf ©) coso. — Cosf (D%) sina + sinf
cos(a.+p) sin(a—B) cos(a.—B) sin(o+p)
e X OBy GatB o-f e o+f  o-p
[Hint: 5 COS™5— * SIn—— =C0S—— |~ COS—— =C0S—
oa—B . o+f . .
_,  e=losTy 2sin ; _sina +snp
cos®;P 2sin®iE  sin(a+)
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Q.65yqipeAN €lipseisinscribedinacircleand apoint within thecircleis chosen at random. If the probability
that thispoint liesoutsidethedlipseis2/3 thenthe eccentricity of thedlipseis:

22 V5 8 2
(A =2 ® > © 5 © 3
.2 _na*-nab _, b _ . _8 22
[Hint: 3_7_1_8 =1-\1-¢ :>ez—9 :e—T]
2 2

Q.7,,,4; Consider the particletravelling clockwiseon theelliptical path EEJF% = 1. Theparticleleavesthe

orbit a thepoint (8, 3) and travels in a straight line tangent to the ellipse. At what point will the particle
crossthey-axis?

25 25 7
*) | 0,— 0,—— 0,—
w02 @f-Z  oes ol
[12th & 13t 11-3-2007]
2 2
Q.8eIIiIDSe The Locus of the middle point of chords of an ellipse )1(_6 + % =1 passing through P(0, 5)

isanother éllipse E. The coordinates of thefoci of thedlipse E, is

3 -3

(A) (0, Ej and (O, ?j (B) (0,—4) and (0, 1)
11 -1
(C*)(0,4)and (0, 1) (D) [0, Ej and [O, 7)
[Sol. Wehave 4cos6=2h and 5(1+sin0)=2k [12th, 20-12-2009, complex]

As  cos?0+sinf0=1
= 7'*‘(5 j—1:> 7*‘2—5—5—03 7+25(y—5y)—0
L X, 4 (y_ﬁjz—_zs 0 y

4 " 51"72) 4|7 ©.9

-3 :

2 y—z) (4, k) «

= a1 tooy = 1 .. (-4, OI)D 4,0
4 (4cosh, 5sind)
5

Put X=X, y—Ez (0,-5)

Equation (1) becomes

X? Y2 .

T—’_E_l (E”|pS€) 0,5/2)

4
4-4 9 3 X
-1_22_-=Z =2 (2,00 O (20
=1 E-% = e= \J
(0-5/2)
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-(03)- 5[0 3

Hencein x—y system, foci are (0, 4), (0, 1) = O]

Paragraph for question nos. 9 to 11
Consider thecurve C:y?—8x —4y+28=0. Tangents TP and TQ are drawnon C at P(5, 6) and
Q(5,—-2). Also normals at P and Q meet at R.

Q.9 The coordinates of circumcentreof APQR, is
(A) (5,3 (B*)(5.2) © 549 (D) (5,6)

Q.10 Theareaof quadrilatera TPRQ, is
(A)8 (B) 16 (C*) 32 (D) 64

Q.11 Angle between a pair of tangents drawn at the end points of the chord y + 5t = tx + 2
of curve C VteR, is

T T T T
(A) 5 (B) 2 © 3 (D*) By

[Sol.(i) Givencurveisaparabola (y—2)%=8(x—3) whose focusis (5, 2).
As P(5,6) and Q (5,—2) are the coordinates of the end points of the latus-rectum of the parabola.
.. Normalsat P& Q are perpendicular to each other and meeting on the axis of the parabola
. APQR isrightangled a R
= Circumcentreof A PQR isfocusof theparabolai.e. (5, 2)

()  Areaof quadrilateral TPRQ =Areaof square TPRQ= (ij (ij 32 (sguareunits)

V2 )\V2

(i)  Also y+5t=tx+2 isafoca chord of thegiven parabola

= Anglebetween apair of tangents= g.]
M orethan onearecorrect:

Q.1255g/gipee If @2NUMber of ellipsebe described having thesame major axis 2abut avariableminor axisthenthe
tangentsat theends of their |aterarecta passthrough fixed pointswhich can be

(A*)(0,8) (B) (0,0) (C*) (0,-a) (D) (a3
[Hint eisavariablequantity

2
xae  yb"
a’  ab?

it passesthrough (0, @).

ly other point is(0,—a) |

=1 > ex+y=a = y—a+ex=0
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CLASS: XIII (VXYZ) DPP. NO.- 8

@ BANSAL CLASSES MATHEM/

Q.1,g1ipse Thenormal at avariable point Ponan elli pse— + é = 1 of eccentricity emeetsthe axes of the

eélipsein Qand R then thelocus of the mid-point of QRisaconicwithan eccentricity e’ suchthat :
(A) e’ isindependent of e (B)e'=1
(CHe' =e (D) e'=1/e

Q.Zzs,d”pseThe areaof therectangleformed by the perpendicularsfrom the centre of the standard ellipseto the
tangent and normal at itspoint whose eccentricangleisn/4is:

LT =)
A~z B ) ( )W (D)m

[Hint: P(\/— \/—) m ; p2=m = pyp, =result]

XcosO ysn6
T: + =
a b

[Sol.

R
PL = ‘\/b2 cos®0+a’sin @

()

.i_i:az_bz

y
N, : :
cos® sind / N (acosd,bsind)
2 .
N

| (a®> —b?)sin0coso x

= (2 p:
P2 Nazsinzewtbzcosze @
_ab(a®-b?) o __ ab@-b?)
plpz—T when 6 =n/4; p,p,== 22 b2 Ans]
2 —+—

1
Q.3 If Pisanypointonelipsewithfoci S, & S, and eccentricityisE such that

o Y B .
ZPSS,=a, ZPS,S =B, £SPS,=v,then cotE, cotE, cotE arein

(A¥)A.P (B) GP (C)H.P (D) NOT A.P,GP & H.P

2ee SP S,P 2a

[Sol. Bysinerulein APS S, weget sin(o+B) ~ SiNP ~ sina ~ sina+sinp
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. (oa+P o+f
sn(e+B) e 23”( 2 j( 2 j Y
+

= €

= sino+sin B —
“ b 1 2sin Mj cos(aﬁj P
2 2
—(+B)
O S A0y o B R N
NOW ;_tang anE __2:;:} N D PV >
1 2 2 1 1 3 3
+i _
2
a B
..tanztan2—3 ) \
Alsoweknow that
cotg +cotE +cotl :cotg cotE cotl
2 2 2 2 2 2

p

Y a a Y B .
2cot— = cot— + cot— cot—  cot—  cot—
= > 2 + > = > o 5 areinA.P. ]

Par agraph for question nos. 4to 6

2 2
Consider theellipse %ﬂT =1 and theparabola y2=2x. They intersect at Pand Qinthefirst and

fourth quadrantsrespectively. Tangentsto thedlipseat Pand Q intersect the x-axisat R and tangentsto
theparabolaat Pand Q intersect thex-axisat S.

Q'4ellipse Theratio of theareasof thetrianglesPQSand PQR, is

Q.5

Q.6

[Sal.

(A)1:3 (B)1:2 (C*)2:3 (D)3:4
Theareaof quadrilateral PRQS, is
) @ (8") 15;@ © ? ©) #

The equation of circletouching the parabolaat upper end of itslatus rectum and passing through its
vertex, is

(A) 2x2+2y?—x—2y=0 (B)2x2+2y2+4x—§y20
(C) 22+ 2y +x-3y=0 (D*) 2X2+ 2y~ Tx+y=0
x2 y2
Solving thecurvesy?=2x and Y + T =1 for the pointsof intersection, wehave
3
42+ 18X -36=0 = X = E,—6

But fromy?=2x wehave x>0

_3
X=75

, 3
atwhichy?=2- 2
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(iif)

= y=+.3

{28l 9

2 2 x(3
Now equation of tangentsat PanthoeIIipse%+y7:1 is §(§j+%(i \/§)=1 whichintersect at

R(6,0) [12th, 03-01-2010, P-2]

3 _
Equation of tangentsat P and Q to parabola y?=2x will bey(i \/:_3): X+ 5 which cut x-axis 5(73 : Oj

1 3_(—3J
AreaAPQs 5 9MS ms 27 2) 3
AreaAPQR ~ lpo yp "MRT o 37

2 2

_2 -
=3 Ans.(i)

N | ©f

5/3

Areaof quadrilateral PRQS= %PQ(MS+ MR) = % 23 (6-(-3/2)= 17 Ans.(ii)

1
Clearly upper end of latusrectum of parabolais (5 1] :
And equation of tangent at [% ,1] to

2 — i = =
y-=2x Is 'y x+2

.. Theequationof circleis

2
(x—%) +(y—1)2+7»(y—x—%j =0

Asabovecircle passesthrough V (0,0), so
1 A 5

—+1-— = = —
47270 = A=5

= Theequation of required circleis

1\? 2. 5 1)
(X_Ej +(y-1 +§[y—x—§j =0

=2%+2y2-Tx+y=0]

Paragraph for question nos. 7 to 11
Let thetwo foci of anellipsebe (-1, 0) and (3, 4) and the foot of perpendicular from the focus
(3,4) uponatangent totheellipsebe (4, 6).

Q.7 Thefoot of perpendicular fromthefocus (- 1, 0) upon the same tangent to the ellipse is
NERTR A A
Q.8 Theequationof auxiliary circleof thedlipseis
(A)X2+y2—2x —4y—5=0 (B*) X2 +y2—2x —4y—20=0
(C)x2+y?+2x+4y—-20=0 (D) x2+y?+2x +4y—-5=0
G BANSAL CLASSES Dpp's on Conic Section (Parabola, Ellipse, Hyperbola) [43]




Q.9  Thelengthof semi-minor axisof thedlipseis
(A)1 (B) 2¢/2 (C*) V17 (D) V19
Q.10 Theequationsof directricesof thedlipseare

21 17
(A)x—y+2=0, x-y-5=0 (B)x+y—7 =O,X+y+7=O
C +§—O E—O D*) x + 3—1—0 + +g—0
()X_y 2_ !X_y_z_ ( )X y_2_ X y 2_
Q.11 Thepoint of contact of thetangent with thedlipseis
. (ﬂ @j (ﬂ §J (§ Hj (4_1 @j
A1 ®\7 7 © 155 ®)13 13
[Sal.
(1) Equation tangentis(y — 6) =— (67_4) (x—4) ie., x+2y—16=0
a—-(-1) Pp-0 [1(-1)+2(0)-16]
&)’ = = — 2 2
1 2 D" +(2)
53
= (aa B): 5’ 5

. 3-1 440 — 2 2 -
(ii) Centre= 5 ' o = (1, 2) and radius= \/(4_1) +(6-2)° =5

So, circleis x2+y?—2x -4y —-20=0

(i) a=radius=5. Also 2ae= \/(3+1)%+(4-0)2 = 4/2.
So b?=a-a%?

= =25 (p2f =17
b?=17 gives b= /17

. o . . a 5 25 .
(v)  Thedirectricesareat distancesi.e. c = 2J2/5" 242 from centre (1, 2) and perpendicular to the

N N . _ |1+2+k| 25 19 31
linejoiningfoci. Letitsequationbe x +y +k =0, so 2 "2 = k= 5T o

Ans5 Let thepoint of contact of tangent be P= (16 -2, B). Now SP=ePM, (focus-directrix property),

31\
2 [16-2B+p— >
- (16—25_3)2+(B_4)2=[¥J ( B;B 2)

— 25 (5B2— 60p + 185) = 4B2— 4B + 1

68 40
= (11p-682=0 = B="7,5016-2p= ]
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Subj ective:

2 y2

Q.12  Findthenumber of integral valuesof parameter 'a for which threechordsof theellipse% +—==1

a

2
(other than itsdiameter) passing through thepoint P| 11a,— a are bisected by the parabolay? = 4ax.
4

[Ans. 0002]

2 y2

X
[Sol. Anypointontheparabola y?=4ax is(at? 2at). Equation of chord of theellipseg + pe3 =1,whose

¢

mid-point is (at?, 2at) is xat® + y-2a _ at* + 42°t°
id-point i , i =—
P 2a° a’ 232 a2

=tx+4dy=a+8a ( t=0)

2
a
Asit passesthrough {113’ - 7] :

a2

= 11&—4[7] —al+8a = a*—3at+a?=0

= t3-3t+a=0 (a=0)
Now, three chords of theelipsewill be bisected by the parabolaif theequation (1) hasthreereal and
distinct roots.
Let f(t)=t3-3t+a
f't)=3t2-3=0 =t=%1
So, f(D)f(-1)<0
= ae(-2,2)
Bu azx0,50 ae(-2,0)u(0,2)
: Number of integral valuesof 'a =2. |

BANSAL CLASSES Dpp's on Conic Section (Parabola, Ellipse, Hyperbola) [45]

PRIVATE LIMITED




Daily Practice Problems

@ BANSAL CLASSES MATHEM/

PRIVATE LIMITED Target IIT JEE 2010
CLASS: X1l (VXYZ) DPP. NO.- 9
Q.1  Consider thehyperbola 9x?— 16y + 72x — 32y — 16 = 0. Find the following:

(a) centre (b) eccentricity (o) focii (d) equation of directrix
(e) length of thelatus rectum (f) equation of auxilary circle
(9) equation of director circle

[Ans. () (4,—1); (b) %; ©@-1),=9,-1);(d)5x+4=0,5x+36=0, (¢) g

() (x+4)>+(y+1)°=16; (9) (x +4*+(y+1)*=7]
[Sal.
(i) The equation of the hyperbolacan bewritten as
O(X?+8x)—16(y*+2y)=16 ie 9H(x+4)3>-16}-16{(y+1)°-11=16

(x+4)° (y+1)?

I. O(x +4)2—-16(y+1)>=144 . =1
e (x+4) (y+1) e 6 9
X% y?
Shiftingtheoriginto (—4,— 1), the equation of the hyperbola becomes E—?=1.
The centre of the hyperbolaisthepoint (—4,—1) Ans.(i)
(i) The semi-transverse axisa= 4, the semi-conjugateaxisb=3
b? =2 - 1)
3 .
9=16(e-1) = e= Ans.(ii)
(i)  Thetransverseaxisliesaongthe new x-axisand theconjugate axisliesa ong the new y-axis.
CA =4,CA'=4. y ¥
_ ax5_ ~ o %
CS=ae= 2 =5 :\A, 4t /: )
AS=1 SRS I I N
Thecoordinatesof Sare(1,—1). Ans.(iii) \
CS=ae=5

Thecoordinatesof S are(—9,— 1) Ans.(iii)
If thedirectrix corresponding to Smeet thetransverseaxisat Z,

_a _16
CZ_E_E

B 16 4
AZ—4—€—E

-4
Theequation of thedirectrix isx = 5 i.e. 5x+4=0Ans(iv)
[lly the equation of thedirectrix orrespondingto S'is 5x + 36 = 0 Ans.(iv)]

Q.2 Theareaof the quadrilateral withitsverticesat thefoci of theconics
Ox2— 16y2— 18x +32y—23=0 and
25x2 + 9y2— 50x — 18y + 33 =0, is
(A)5/6 (B*)8/9 (C)5/3 (D) 16/9
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[Sol. 1%isahyperbola [12th, 04-01-2009, P-1]

9(x — 1)2—16(y—1)2=16 withe=5/4 Y
and2isandlipse

25(x — 1)2+ 9(y— 1)2=1 with e=4/5 0.4/
with x—1=Xand y-1=Y F, F,

1 1 10 8 8 (53,0 S3.0)
aea= 5 dd, =5 -5 =g AN AN

Notethat e--e, =1 ]

2 2
Q.35,hyp Eccentricity of the hyperbolaconjugateto the hyperbola XT - 31/—2 =1is
o2 4
(") 73 (8)2 (©) V3 (D) 3
_ ’ b2 12 1 1
[Hin: € :1+a_2 =1+ i 4 = e=2;now —+— =1 [12th,04-01-2009, P-1]
& &
4 2

1_3 ,_4 _ 2
173 = %73 =& 5l

Q4131 Thelocus of the point of intersection of thelines v3x -y —4v3t=08& V3tx +ty-4+3 =0
(wheretisaparameter) isahyperbola whose eccentricity is
A B*)2 C i D 4
ONE (B") © 7 OF
X2 y2
Hint hyperbola ——=-—==1 11th, 14-02-2009
[Hi yperbola = == o ] [ ]
Q.55 If the eccentricity of the hyperbola x2—y2sec?o = 5is 4/3 timesthe eccentricity of the ellipse
x2sec? o +y? =25, thenavalueof a. is:
(A) /6 (B*) n/4 (©) n/3 (D) n/2
2 2
X y
Sol. - =1
[ 5 5cos?a
b? 2
912:1+a—2 =1+ SC0S” o =1+cos’a ; |[ly eccentricity of theellipse
2 2 2
X . 2 .
+L—1s e§=1—M =dnfo ; put e =.3e = € =36

25c0s’ 0 25 25

%)

S

R

I
Nl

= 1+ cos?o =3sin?a = 2=4sinaa. =
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2 2 2 2

. . X“ 'y X y 1 .
— 4+ =1 - L -
Q.617/hypThefOCI of thedlipse 16" 12 and thehyperbola144 81" 25 coincide. Thenthevaueof b?
IS
(A)5 (B*)7 ©)9 (D)4
Hint: = E = § 3 =1 b* b2=7 12th Test(16-1-2005
[I'eH_4’ eE_4 :16_ _16:> =71] [ (16-1- )]

M orethan onearecorrect:
Q7 505yp Which of thefoll owing equationsin parametric form can represent ahyperbola, where't' isaparameter.

6 y= 21 _bf 1 X _y - L

(A)X‘Z(Ht)&y'z(t t) B) 5 —p *tF0& S+ -1=0
t

(C*) x=e'+et & y=¢ ¢t (D*) x2—6:Zcost&y2+2=40052§

Q.8 LEL P @nd q benon-zero real numbers. Then the equation (px?+ qy? +1)(4x%+ 4y? —8x —4)=0
represents
(A*) two straight linesand acircle, whenr=0 and p, g are of the oppositesign.
(B*) twocircles, when p=gand r isof sign oppositeto that of p.
(C*) ahyperbolaand acircle, when p and q areof oppositesignand r = 0.
(D*) acircleand an dlipse, when p and g areunequal but of samesign andr isof sign oppositeto that
of p.
[Sol. (px2+qy?+r) (4x*+4y?—8x—4)=0 [12th, 03-01-2010, P-1]
= 4%+ 4y —8x—4=0 = (X—1)?+y?=1
or
px2 + qy? +r=0will represents
(i) two straight linesif r =0 and p, q are of oppositesign.
(i) acircleif p=qgandrisof oppositesign that of p.
(iii) ahyperbolaif pand qareof oppositesign & r=0.
(iv) andlipseif pand g areunequal but of samesignand risof sign oppositetothat of p.]

M atch the column:
Q.9,, Match thepropertiesgivenin column-I withthecorresponding curvesgiveninthecolumn-I1.
Column-| Column-II
(A)  Thecurvesuchthat product of thedistancesof any of itstangent (P) Cirde
from two given pointsisconstant, can be
(B) A curveforwhichthelength of the subnormal a any of itspointis (Q) Parabola
equal to 2 and the curve passesthrough (1, 2), can be
(C) A curvepassesthrough (1, 4) andissuch that the segment joining (R) Ellipse
any point Pon the curve and the point of intersection of thenormal
at Pwith thex-axisisbisected by they-axis. Thecurvecan be S Hyperbola
(D) A curvepassesthrough (1, 2) issuch that thelength of the normal
at any of itspointisequal to 2. Thecurvecan be
[Ans.(A)R, S, (B)Q; (CO)R; (D) Pl
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[Sal.
(A)

(B)

©)

(®)

[13th, 17-02-2008]
Very important property of elipseand hyperbola (p,p,=b%) = (R), (S

dy y?
— = Z = +
ydx 2 = > 2x+C

x=1Ly=2 = C=0
=  y?’=4x = paabola = (@
Equation of normal at P
1
—y=——(X-X
Y-y m( )
Y =0, X=x+my
X
X=0,Y=y——
m dy
hence x+my+x=0= 2x+yd—:0
2xdx+ydy=0 X

2
y7 =C passesthrough(1,4)

1+8=C

2

hence x2+y7:9 =

0]
(X+gy,0) |

X2 +

X2 y2
?+E =1 = dlipe = (R)
length of normd
(X +my—x)?+y>=4
m2y2 +y2 = 4
m2_4__y2. dy _4-y* _[ ydy :Idx
=—F; : 4
y dx y y

_ 14_y2 =x+C

x=1,y=4 = C=-1

(Xx-1)2=4-y?

(X—1)2?+y’=4 = drde = (P)]
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Daily Practice Problems

@ BANSAL CLASSES ATHEM/

PRIVATE LIMITED Target IIT JEE 2010

CLASS: X1l (VXYZ) DPP. NO.- 10
X2 y2

Q.12,hyp Themagnitudeof thegradient of thetangent at an extremity of latera rectaof thehyperbola a_2 - F =1

isegual to (where eisthe eccentricity of the hyperbola)

(A) be (B*) e (C) ab (D) ae

XX Yy, x-ae  y-b® e y ~ _
[Sol. T: 2 2 a2 ab =1 or 2 3 =1 or eX—y=a = m=eAns ]

[12th, 04-01-2009, P-1]

Q.2gy,,, Thenumber of possibletangents which canbedrannto thecurve4x?—9y? = 36, which are perpendicular
tothestraight line5x + 2y —-10=0is:
(A*) zero (B) 1 (C) 2 (D) 4

[Hint y=—(5/2)x+5 = m=2/5 = &m?-0b?=9.4/25-4=(36-100)/25<0
Notethat thed ope of thetangent (2/5) islessthanthe d ope of theasymptotewhichis 2/3whichisnot
possible] [12th, 04-01-2009, P-1]

Q.33 LOCUS of the point of intersection of thetangents at the pointswith eccentric angles ¢ and % —don

2 2
thehyperbola% - % =1is:
(A) x=a (B*) y=b (C) x=ab (D) y=ab
t
[Sol. Tangent at ¢, XS:C(I)—yan):l
at£—¢ xcosecq>_ycotq>=1
2 a b
(bsech)h — (a tanp)k = ab
(bcosech)h — (a coth)k = ab
bsecp ab
bcosecy ab b(sec$ — cosec)) b(secd — cosech)
“= - - =- =b = (8)]
bsec¢ atan¢ cot ¢ sec —tan¢ cosecd CoSech— sech
bcosech acotd
2 y2
Q'49/hyp The equation 29-p + rp =1 (p#4, 29) represents

(A) andlipseif pisany constant greater than 4.
(B*) ahyperbolaif p isany constant between 4 and 29.
(C) arectangular hyperbolaif pisany constant greater than 29.
(D) nored curveif pislessthan 29.
[Hint Fordlipse 29-p>0 and 4-p>0 = p<4
forhyperbola 29—-p >0 and 4-p<0 = p € (4, 29)]
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X2 y2
Lo’ oy " Snta

(A*) distance betweenthefoci isconstant

(B) distance between thetwo directricesisconstant

(C) distance between the verticesis constant

(D) distances between focusand the corresponding directrix isconstant
[Hint d*=42a ¢

=4@+b)=4 = d=2 = (A)]

=1 representsfamily of hyperbolaswhere ‘a’ varies then

Q.65.p,,, Number of common tangent with finiteslopeto thecurves xy =c*& y?=4ax is:
(B*) 1 (€) 2 (D) 4
[Hint m3=—(af/4c?) ]

2 2 X2 2

X
Q.75pn,p Areaof thequadrilateral formed with thefoci of thehyperbola 2z é =1 anda—2 - é =-1is

(A) 42 + b (B*) 2(&% + b?) (C) (&2 + b (D) 1 (@ +b?)
2
[Hint  Given hyperbolasare conjugate and the quadrilateral formed by their foci isasguare
2 2 2 2 ’
X y 0,be,)
now 6—2—le and g—gz—l
b? a’ (a®+b?)? a2 + b? - § X
2 2 2.2 ae,0 (ae,0)

el:l+a_2 : e2=1+F : elezz—a2bz e . (-ae.0) it

2ae)(2be 2, 2 (0.be,
A =%;2) = 2abee, =w ] [13! test (24-3-2005)]

Q.855hyp For each positive integer n, consider the point P with abscissan on the curve y? — x? = 1. If d,
representsthe shortest distancefromthepoint Ptotheliney =x then Lim(n-d ) hasthevaueequal to

n—oo
L 1 kS
(A*) 2.2 (B) > (®) N (D)0
[Sol. Curveisrectangular hyperbola [13th, 16-12-2007]
2 1 " PmohZ+)
n—vn“+ )
perpendicular distance, d, = T (0,1) x-y=0
0 X
Lim(n-d ) = Liml‘( n2+1—n) (0,-1)
n—oo n n—)OO\/E /_

_Lim Lt
n°+1+n

n 1
AN =242 Ansl
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Paragraph for question nos. 9 to 11
Thegraph of theconic x?—(y— 1)?= 1 hasonetangent linewith positive s opethat passesthrough the
origin. thepoint of tangency being (a, b). Then

. fa).
Q.9 57y Thevalueof sin [bj is

5n T T T
(A) 75 B) 5 © 3 Gl
Q.10 Lengthof thelatusrectum of theconicis
(A)1 (B) J2 (C*2 (D) none

Q.11 Eccentricity of theconicis

4
(A) 3 (B) V3 (€2 (D*) none
[Sal.(i) differentiatethecurve  [13™ test (09-10-2005)] y

2X -2 lﬂ_o
- (y_ )dX - P (a,b)

dy a p b y=1
dy _a b _b L) )
dXLb b-17 3 (Mop= a) / \

Z=b’-b ..Q2) 2,00 /|0 (2,0 X
Also (a, b) satisfy thecurve

&-(b-172=1

- (b°-2b+1)=1

&-b’>+2b=2

-b+2b=2 = b=2 { puttinga—b%=—b from (1) }

a= .2 (a=—2)
sin! [Ej =z Ans
b 4 '

Sol.(ii) Length of latusrectum = % = 2a=distance between thevertices=2
(notethat the hyperbolaisrectangular)

Sol.(iii) Curveisarectangular hyperbola = e= /2 Ans. ]
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Daily Practice Problems
PRIVATE LIMITED Target IIT JEE 2010

CLASS: XIII (VXYZ) DPP. NO.- 11

@ BANSAL CLASSES ATHEM/

QL IF X +iy=4p +iy wherei= J-1 and g and v arenon zero rea parametersthen ¢ = constant and
Yy = constant, representstwo systems of rectangular hyperbolawhichintersect at an angle of

o T T T
O B3 © 7 095
[Hlnt X2_y2+2Xyi :¢+iw : X2_y2:¢ andxy: v, Wthh|nter%Ctsatg :>(D) ]

Q.2 py, LOCUS of thefeet of the perpendicularsdrawn from either foci onavariable tangent to the hyperbola
16y?>—9x°=1is
(A)x?+y?>=9 (B) x> +y?=1/9 (C)x?2+y?=7/144  (D*)x?>+y’=1/16

2 2
[Sol. 2—-2 -1 [12th, 04-01-2009, P-1] 0, 1/4)
1/16  1/9
Locuswill betheauxilary circle
2 2 —

Q.35 PRIsadoubleordinate of theellipsex®+ 9y* =9, thenormal a Pmeetsthediameter through Q& R,
thenthelocusof themid point of PRis
(A)acircle (B) aparabola (C*) andlipse (D) ahyperbola

2 2
[Sol. %H’T:l a=3,b=1

. . aZX _ b2y _az_bz
Equationof PR : acosd bsin® - Z P(acos0,bsind)
%,
C

3X y

— - ———=38 ...(1) (x1ly
coso sin® ! Q(acosB,~bsinB)
Equationof CQ:y= bSineX . _Sind X
q Y= acos0” YT 3cos0
Y _ X 2 utin (1
sin® 3cosH +(2) putin (1)
3X L X _g 10x _3 _ 12cos6 ~  —4cosO from (2
cosO  3cosO =~ 3cosh = %7 g 1T g om(2)
12cos0 27 cos0 10h
wehave, 2h = + 3c0s0 = = cosh = >7
] 4sin® sin® _
2k =sind — = = sn0=10k
5 5
. 100x2 _
SN0 +cos?h =1 = 100y2 + 3% =1 = Elipe]
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2 2

Q-4 1y, With onefocusof the hyperbola XY g asthecentre, acircleisdrawnwhichistangent tothe

9 16
hyperbolawith no part of the circle being outside the hyperbola. Theradiusof thecircleis

(A) lessthan 2 (B*) 2 © 131 (D) none

[Hint: =1+ 1.5 e >
9 9 3 Al (50

focus= (5, 0) Ol GoN_F
Usereflection property to provethat circle cannot touch at two points. It can
only betangent at the vertex

r=5-3=2]

2 2
X
Q.549hyp If thetangent and normal at any point of the hyperbola a_2 - é =1, meetsthe conjugate axisat Q

and R, then the circle described on QR as diameter passesthrough the
(A) vertices (B*)fodii
(C) feet of directrices (D) endsof laterarecta

Q.628,hyp Let themajor axisof astandard ellipse equalsthetransverse axis of astandard hyperbolaand their
director circles haveradius equal to 2R and R respectively. If e, and e, arethe eccentricities of the
ellipseand hyperbolathen the correct relationis
(A)de?-e,>=6 (B)e?-4e,2=2 (C*)de2-¢?2=6 (D)2e?-e,2=4

[Sol. “5+35=1 ..(); B I It )

by b2
B

AL (ep-D]=1+1-¢?
8-4e,2=2-¢/?
4622 _ 612 =6 Ans.] [12th, 06-01-2008]

Q-739/hyp If the normal to the rectangular hyperbola xy = ¢? at the point 't' meets the curve again at 't;'
then t3t, hasthevalueequal to
(A)1l (B*)-1 ©O0 (D) none
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[Sal. X=ct => ——=c

2 2

Q.823,hyp Pisapoint onthe hyperbola :1— - % =1, Nisthefoot of the perpendicular from P onthetransverse

axis. Thetangent tothe hyperbolaat P meetsthetransverseaxisat T . If O isthe centre of the hyperbola,

the OT.ONisequal to:
(A) & (B*) & (C) b2 (D)bZ/2
[Hint OT =acosO ; N=asec) = OT.ON=&]

M or ethan onear e correct:

. . . : dy .
Q.95;31,p SOIUtiONS Of the differential equation (1-x?) ax Y= whereae R, is

(A*) aconicwhichisandlipseor ahyperbolawith principal axespardlel to coordinates axes.
(B*) centreof theconicis(0, a)

(C) length of oneof the principal axesis 1.

(D*) length of oneof theprincipal axesis equal to 2.

o Y Xy 12th, 06-01-2008
[Sol o T2 T e [12th, 06-01-2008]
X 1 2
T = L -
|1-x|
y X
——— —a|———=dx+C
|1- x| Jll—xzﬁz
let [1—x?|=V?; —~2xdx=2vdyv; xdx=-vdv
hence ———aj——+—+C
y=a+Cv

y=a+Cy/|1-x?|

(y-aP?=C?|1-x?)=C¥1-x? or C’x>-1)
(y—a)?+Cx?=C? or  (y—a)?>-C2=-C?
2 2 2 2

—a —a
—(ycz) +XT =1 or % _XT =1 = centre (0, @) ]
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Q10,4 IN which of thefoll owing cases maximum number of normalscan bedravnfromapoint Plyinginthe
sameplane
(A*)circle (B) parabola (© dlipse (D) hyperbola
[13th, 20-01-2008]
Q.11 If O iseliminated from the equations
asecO—xtan6=y and bsecO+ytan6=x (aandb areconstant)
then the eiminant denotesthe equation of

2 2

(A) thedirector circleof thehyperbola )a(_z T2 1

x2 y2
(B) auxiliary circleof theellipse 2 +F =1

52 yz
(C*) Director circleof theellipsea—2 + F =1

a’+b?
7
[Sol. asecO=y+xtanO [13th, 10-08-2008, P-2]
bsecO=x—-ytan 0

(D*) Director circleof thecircle x2 +y?=

(& + b?)sec?0 = x?(1 + tan®0) + y?(1 + tan?0)
= X2 +y?=a +b? = (C) and (D)]
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Daily Practice Problems
PRIVATE LIMITED Target IIT JEE 2010

CLASS: XIII (VXYZ) MISCELLANEOUS DPP. NO.- 12

@ BANSAL CLASSES ATHEM/

Q'129/hyp If P(x.,y,), QX5 Y,), R(X3, Y5 & S(X,,Y,) are4 concyclic points on the rectangular hyperbola
X y = ¢, the co-ordinates of the orthocentre of thetriangle POQR are :
(A) Xz =Yy (B) (X4 Y4 (C*) (X4 —Yy) (D) (%4,

[Hint: A rectangular hyperbolacircumscribing aA aso passesthrough its orthocentre

c —c
if {Cti ’t_J wherei =1, 2, 3arethevertices of the A then therefore orthocentreis [t 1 ’_Ctltztsj,
i

1°2°3

where t, t, t,t, = 1. Hence orthocentreis (‘ Cty, E] =(%4,-Y) ]

2 2

Q.2 LELF,, F, arethefoci of thehyperbola )1(_6 - y? =1landF;, F, arethefoci of itsconjugate hyperbola.
If &, and e, aretheir eccentricitiesrespectively then the statement which holdstrueis
(A) Their equations of theasymptotesare different.
(B) &,>e.
(C*) Areaof thequadrilateral formed by their foci is50 sg. units.
(D) Their auxillary circleswill havethe sameequation.

[Hint: e, =5/4 e.=5/3 [12th & 13t 11-3-2007]
dd, 100
area= > 2

Ac: x%+y?=16; A, =x2+y?=9 ]

Q.33yhypThechord PQ of therectangular hyperbola xy = & meetstheaxisof x atA ; Cisthemid point of PQ
& 'O'istheorigin. ThentheAACOis:

(A) equilaterd (B*) isosceles (C) right angled (D) right isosceles.
[Sol. Chordwithagivenmiddiepoint x},_x\
P
£+X =2
h k o & lﬁghﬁ)
obv. OCA isisosceleswithOC = CA ] \(X ’
x> y? . :
Q4o The asymptote of the hyperbola prael 1 formwith any tangent to the hyperbolaatrianglewhose

areaisa’tan. in magnitudethenitseccentricity is:
(A*) sech (B) cosech (C) sec?) (D) cosec?r
[Hint: A=ab=2&tank = b/a=tan), hencee?=1+ (b¥/a&¥) = =1+tan’L =>e=sec ]

Q.53 LEUSTECIUM of the conic satisfying thedifferentia equation, x dy +y dx = 0 and passing through the

point (2, 8)is:
(A) 442 (B)8 (C*) 842 (D) 16
ﬂ +d_x—0 - —

[Sal. y T x = Inxy=c = Xy=C
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passesthrough (2,8) = ¢=16
Xy =16
solvingwith y=x
vertexis(4,4)

distance from centreto vertex = 4./2

L.R.=lengthof TA=8,/2 Ans]
2

LR =2a(€2—1)=2a (¢ = /2)

2

=%

X
Q.64yhypAB isadoubleordinate of the hyperbola a_z_# =1 suchthat AAOB (where'QO'istheorigin) isan

equilaterd triangle, then the eccentricity eof the hyperbolasatisfies

2
(A)e> 3 (B)1<e<
2 2
X"y
Sal. ——=1 where y =1
[ 2 b2 y
2 2 2
X | a
g_l-l'g = X2:(b2+|2)F
now x2+12=412 = x2 =32
a’(b® +1%)

from (1) and (2) 2 =
12 (3b% - a%) = & b?

a’b? i
12= >0 = 3?-2a2>0 = —>
3b%-a? a
b> 1 1 b2

e >
Note: a /—3 = 23

2
(C)e=§

()
w(2)

32 = a2+ a2 = 3p22

E- 1+b_2>ﬂ
3’ a’ 3

> 4
e >— e>—
= 3 = \/5]

2
* =
(D)e>\/§ -
X,
y N2
2] /
- 300/ My

21 /

>3 2
> — > =
= 3 - e \/§

Q7 y7myp Thetangent to the hyperbola xy = ¢? at thepoint Pintersectsthex-axisat T and they-axisat T'. The
normal to the hyperbolaat Pintersectsthex-axisat N and they-axisat N'. Theareas of thetriangles

1 1
PNT and PN'T' areA and A'respectively, then A + X

(A)equa tol (B) dependsont
X W
AN A ]
[Sol. Tangent: a e
put  y=0; x=2ct(T)
2c
x=0; y=-—(T)
, C
lly  normadis y- n =t2(x —ct)

c
put  y=0; x:ct—t—3 (N)
c
X=0; n —ct3 (N)
Ll’: BANSAL CLASSES
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is
(C*) dependsonc (D) equal to 2
(0, 2c/H)T
P(t, c/t)
\qzct,O)
Tangent
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c c 2@+t
= —|Ct+— =
Areaof APNT Zt( tgj = A ot

c 2(1+t*

aeaof APNT' = ct(;+ct3J - oa=r) (; )
1.1 2t* L2 2 ter 2
i = . (t*+1D=—=
A AT A+t @+ttt T A+t ="z

whichisindependent of t. ]

Q.850n,p At the point of intersection of therectangular hyperbola xy = ¢? and the parabolay? = 4ax tangents
to therectangul ar hyperbolaand the parabolamakean angle6 and ¢ respectively withtheaxisof X,

then
(A*) 0 =tan'(— 2 tan¢)

1
(C) 6= 5 tan!(— tand)

(B) p=tan"!(—2tan0)

1
(D) = > tan!(— tan0)

[Sol. Let (x,,y,) bethepoint of intersection = y? =4ax, and Xy, = ¢?

y? = 4ax Xy = c?

dy_2a dy__y

dx vy dx X

& = tan¢ = 2a L7 =tan© N
dX (x1,y1) Y1 AX (x,y;) Xy
ten® _ -y /x _-yr o Aag

tang 2aly, 2ax, 2ax

= 0=tan'(-2tan¢) ]

3
y @\ﬁx
P \¢ X

Q-919/hyp Locus of the middle points of the parallel chords with gradient m of the rectangular hyperbola

Xy=c?is

(A*) y+mx=0 (B) y—-mx=0

k
[Hint: equation of chord with mid point (h, k) isﬁ+% =2;m=- h

(C) my—x=0

(D) my+x=0

= y+mx=0]

Q'1020/hyp Thelocusof thefoot of the perpendicular from the centre of the hyperbola xy = c2 on avariable

tangentis:

(A) (x*—y?)? = 4c*xy

(C) (x2+y?) = 4x?xy
[Hint:

(B) (x2+y?)?=2c?xy
(D*) (x2 +y?)?=4c?xy

hx + ky = h? + k2. Solveit withxy=c?& D=0

or comparethesewithtangentat tand eiminate‘t’. |

Ll’: BANSAL CLASSES
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Q.1 Theequation to thechord joining two points(x,, y,) and (X,, y,) ontherectangular hyperbola xy =

IS:
(A*) lexz +ylzy2 =1 (B) Xli‘xz +ylfy2 =1
X X
© YitY +X1")‘/X2 -1 ©) Yi—Yo +X1i/X2 - (h’lji)//@
[Hint: notethat chord of xy =c? whosemiddliepointis(h, k)in%+%=2 (X”y\’)ﬂ C
further, now 2h=x, +x,and 2k=y, +vy, |

2 2
Q.12 Atangenttothedlipse x?+y7 =1 medtsitsdirector circleat Pand Q. Then the product of thed opes

of CPand CQwhere'C'istheoriginis

X2 y2
. . . LS AN
[Sol. Theequation of thetangent at (3 cos6, 2sin6) on gt 4L \\P
5co:se+ Xsinezl . (i) C
3 2
Theequation of thedirector circleis
X?+y?>=9+3=13 .. (ii)
The combined equation of CPand CQ isobtained by homogenising equation (i) with (i). Thuscombined
equationis

2
X2 +y2= 13(%cose+%sinej

N (%cos%—ljxﬁ%sin@cos@xy + [%gsinze—ljyzzo
.. Product of the dopes of CPand CQ

, Beogo-1
coefficientof x> g 13C0529_9><4 13cos’0-9

coefficient of y? 1‘? in20-1 ~ 13sn0-4 9 ~ 9-13c0s20—4

4 4
X—=——
9 9

2 2

Q.13 Thefoci of ahyperbolacoincidewiththefoci of theellipse >2<_5+y? =1. Then the equation of the

hyperbolawith eccentricity 2is
2 2 2 2

Xy Xy
A) =—2-=1 B*) = —2-=1 2_y2+12=0 (D) 9x2—25y2—225=
( )12 4 (B*) 12 12 (C) 3x“—y 0 (D) 9x“-25y 5=0
[Sol. Fortheellipse, @=25, b?=9
16 4
= _e2 = — = —
9=25(1-¢%) = e 5 = e 5
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Oneof thefociis(ae, 0) i.e. (4,0)
For the hyperbola
de=4 > 28d=4=> a=2
and b?=4(e’-1)=4x3=12
2 2

equation of thehyperbolais XY Ans]

4 12

Paragraph for question nos. 14 to 16
Fromapoint 'P three normalsare drawn to the parabolay? = 4x such that two of them makeangleswith
the abscissaaxis, the product of whosetangentsis 2. Supposethelocus of thepoint 'P isapart of a
conic'C'. Now acircle S=0isdescribed on the chord of theconic'C' asdiameter passing through the
point (1, 0) and with gradient unity. Suppose (a, b) are the coordinates of the centre of this circle. If L,
and L, arethetwo asymptotes of the hyperbolawith length of itstransverse axis 2aand conjugate axis
2b (principal axesof the hyperbolaa ong the coordinate axes) then answer thefollowing questions.
Q.14 LOCUS Of Pisa

(A)cirde (B*) parabola (C dlipse (D) hyperbola
Q.15 RadiusofthecircleS=0is
(A*)4 (B)S ©) V17 (D) v/23
Q.16 Theanglea € (0, n/2) between thetwo asymptotes of the hyperbolaliesintheinterval
(A) (0, 15°) (B) (30°,45°) (C) (45°, 60°) (D*) (60°, 75°)
[Sol. Equationof anormal y =mx—2m—m3 12th & 13t 03-03-2007]
passesthrough (h, K)] Y
m3+(2-hm+k=0
m,m,m, =k k)
but m m,=2 5 N X
= m, =—k/2
thismust satisfy equation (1) )
y-=4x
k® K ks &
? — (2 — h) > +k=0

k3—4k(2-h)+8k=0 (k#0)
k2—8—-4h+8=0
locusof 'P'isy?=4x whichisaparabola Ans.
now  chordpassingthrough (1, 0) isthefoca chord.
Giventhat gradient of focal chordis1
2 y
=1 = t+t,=2Alsott,=-1

t,+t
1702
equation of circledescribed ont,t, asdiameter is g K450
(X— t2)(x— t3) +(y—2t)(y—-2t,) =0 of_A10) X

X2+ y2—x(t2 + t3) + t2 15 —2y(t, + 1) +4tt, =0
X2+y2—x[4+2]+1-2y(2)-4=0
X2+y?—6x—4y-3=0

centrea=3 and b=2; r=4 Ans.
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Q.17

Q.18

Q.19

[Sal.

y=x/2

X2y y
now the hyperbolais — — — =1 /
9 4
€]
2X 2X o X
asymptotesarey = 3 andy:—? \
now tan 6 =2/3
=20 y=-x2
o= 22D 2 (2]

hence o e (60°, 75°) Ans. ]

Paragraph for question nos. 17to 19
A conic C passesthrough the point (2, 4) and issuch that the segment of any of itstangentsat any point
contained between the co-ordinate axes is bisected at the point of tangency. Let S denotescircle
described on thefoci F, and F, of the conic C asdiameter.
Vertex of theconicCis

(A)(2,2),(-2,-2) (B*) (2v2,242). (-2v2,-242)
(©) (4.4), (-4.-4) (D) (v2,v2), (-2,-+2)
Director circleof theconicis
(A)x?+y?=4 (B) x> +y?=8 (C)x2+y?=2 (D*) None
Equation of thecircleSis
(A) x?+y?=16 (B)x2+y?>=8 (C*)x2+y?>=32 (D) x?+y?=4
Y-y=m(X-x);if Y=0then
y (01 yme)
X=X—E andif X=0then Y =y-mx. P(X.y)
Y dy __y O Y

Hence x - =2x = 4 < =5
jd—y+j% = = N

y X =C = Xy_ C CA: x+y=0 4.4) Xy

passesthrough (2, 4)
= equation of conicis xy=8

whichisarectangular hyperbolawithe=+/2.

Hencethetwo verticesare (2\/5 242 ) (_ 242, —2./2 ) (-4, -4)
focii are(4,4) & (-4,4)
Equation of Sis x?+y?=32 Ans.] C22,-2/2)
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Assertion and Reason

Q.20

[Sal.

Q.21

[Sal.

Q.22

[Sol.

Satement-1: Diagondsof any parallelogram inscribed in an ellipse dwaysintersect at the centre of
thedlipse.

Satement-2: Centreof theellipseistheonly point at which two chords can bisect each other and
every chord passing through the centre of the ellipse gets bi sected at the centre.

(A*) Statement-1isTrue, Statement-2 is True ; Statement-2 isacorrect explanation for Statement-1

(B) Statement-1isTrue, Statement-2isTrue; Statement-2isNOT acorrect explanation for Statement-1

(C) Statement -1isTrue, Statement -2 isFalse

(D) Statement -1 isFalse, Statement -2isTrue

Statement-2 iscorrect asdlipseisacentral conic and it a so explains Statement-1.

Hence, code (A) isthe correct answer.]

Satement-1: Thepointsof intersection of thetangentsat threedistinct pointsA, B, C ontheparabola
y2 = 4x can be collinear.

Satement-2: If alineL doesnot intersect the parabolay? = 4x, then from every point of thelinetwo
tangents can be drawn to the parabola.

(A) Statement-1isTrue, Satement-2isTrue; Statement-2 isacorrect explanation for Statement-1

(B) Statement-1isTrue, Statement-2isTrue; Statement-2isNOT acorrect explanation for Statement-1

(C) Statement -1isTrue, Statement -2 isFalse

(D*) Statement -1 isFalse, Statement -2 isTrue

Areaof thetrianglemade by theintersection pointsof tangentsat point A(t,), B(t,) and C(t,) is

%‘tl—tz‘ \tz—t3\ \ts—tl\;to

Hence, Statement-1 iswrong. Statement-2 iscorrect.
Hence, code (D) isthe correct answer. ]

Satement-1: Thelatusrectumisthe shortest focd chordinaparabolaof length 4a
because

2
Satement-2:  Asthelengthof afocal chord of theparabola y? = 4ax is a(u%j , Whichisminimum

whent=1.
(A*) Statement-1isTrue, Statement-2 is True; Statement-2 isacorrect explanation for Statement-1
(B) Statement-1isTrue, Statement-2isTrue; Statement-2isNOT acorrect explanationfor Statement-1
(C) Statement -1 isTrue, Statement -2 isFalse
(D) Statement -1 isFalse, Statement -2isTrue
Let P(at?, 2at) bethe end of afocal chord PQ of the parabolay? = 4ax. Thus, the coordinate of the

_ (a 2a
other end point Qis [t_z —Tj

ol e T4
et th) v e ()

—~ | =
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Q.23

[Sal.

Q.24

2
.. Length of focal chordis, a(u%j , Where [t+%j22 forall t=0.

2
a(t+%j >4a = PQ>4a

Thus, thelength of thefocal chord of the parabolais4awhichisthelength of itslatus rectum.
Hence, thelatusrectum of aparabolaisthe shortest focal chord.
Thus, Statement-1 and Statement-2 istrue and Statement-2 s correct explanation of Statement-1 |

Satement-1: If P(2a, 0) be any point on the axis of parabola, then the chord QPR, satisfy
1 .1 1
(PQ? (PR)* 4a*"
Satement-2: Thereexistsapoint Pontheaxisof theparabolay? = 4ax (other than vertex), such that
1 1
2 + 2
(PQ)* (PR)
(A*) Statement-1isTrue, Statement-2 is True ; Statement-2 isacorrect explanation for Statement-1
(B) Statement-1isTrue, Statement-2isTrue; Statement-2isNOT acorrect explanation for Statement-1
(C) Statement -1isTrue, Statement -2 isFalse
(D) Statement -1 isFalse, Statement -2isTrue
Let P(h, 0) (whereh=0) beapoint ontheaxisof parabolay? = 4ax the straight line passing through

Pcutsthe parabolaat adistancer.
= (rsin0)?=4a(h+r cos0)

= constant for all chord QPR of the parabola.

= 1?25in%0 — (4a cos O)r —4ah =0 .. (i)
4acoso 4ah (h+rcos 8, r sin 8)
where, r; +r1,= SnZo andrr, =— SnZo”
2 rsin 0
1 1 1 1 1 +r, cos’0 sin?0 (hO)P
— —+— = = +

. + — = + = =
.. PQ2 PRZ rl2 I’% |,12 |,22 h2 2ah rcos 0
whichisconstant only, if h?=2ahi.e.,,h=2a R

11 _cos’® sin?e 1

= PQ? PR?Z 4a2 422 4a?
EET

Thus, PQ’ | PR’ = constant for al chords QPR,

ifh=2a

Hence, (23, 0) istherequired point on the axisof parabola.
.. Statement-1 and Statement-2 aretrue and Statement-2 is correct expl anation of Statement-1 ]

Satement-1: Thequadrilateral formed by the pair of tangents drawn from the point (0, 2) to the
parabolay?—2y +4x + 5 = 0 and the normals at the point of contact of tangents in a
sguare.

Satement-2: Theangle between tangents drawn from the given point to the parabolais 90°.

(A) Statement-1isTrue, Satement-2 isTrue; Statement-2 isacorrect explanation for Statement-1

(B) Statement-1isTrue, Statement-2isTrue; Statement-2isNOT acorrect explanationfor Statement-1

(C) Statement -1 isTrue, Statement -2 isFalse

(D*) Statement -1 isFalse, Statement -2isTrue
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x=0

[Sol. (y—-1)?=—4(x+1)
Directrix x+1=1
x=0 - (0.2
If tangentsare drawn from (0, 2) to the parabola(i.e. from directrix)
then length of tangent will beunequa hencethequadrilatera formed by
pair of tangents and normal sat the point of contact isrectangle. ]

M orethan onearecorrect:
Q255 If thecircle X2 + y? = & intersects the hyperbola xy = ¢? in four points P(x,, y,), Q(X,, ¥,),
R(X3 Y3), S(X,, Y,), then

(A*) X +X,+X3+X,=0 (B*) y,+y,+y;+y,=0
(C*) Xy X,Xy%,=C (D*) v, ¥,Y3Y,=¢*
[Sol. solving xy=c? andx?+y? =&
4

X2+? =&

x*—ax3-a%x?+ax+ct=0
= Dx=0 ; >y =0

X) Xp X3 X, =C = V1Y, YsY, =Y

Q.2654,,, Thetangent tothe hyperbola, x2—3y?=3 at thepoint (\/§ , 0) when associ ated with two asymptotes

congdtitutes:
(A) isoscdestriangle (B*) anequilaterd triangle

(C*) atriangleswhoseareais /3 sq. units (D) aright isoscelestriangle.
[Hint areaof theA=absqunits ; H: x/3-y?/1=1]

Q.27 The locus of the point of intersection of those normals to the parabola x?=8y whichare at right
angles to each other, isaparabola. Which of thefollowing hold(s) good in respect of thelocus?
(A*) Length of thelatusrectumis2.

2
(C*) Equation of adirectrocircleis2y—11=0
(D) Equation of axisof symmetryy =0.
[Hint Locusis x*-2y+12=0 ] [REE'97, 6]

. 11
(B) Coordinates of focusare (0 J
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M atch thecolumn:
Q.28

[Sol.
(A)

(B)

©)

(D)

Ll’: BANSAL CLASSES

(A)
(B)

©)

(®)

Column-|
If thechord of contact of tangentsfrom apoint Ptothe

(P)

parabolay? = 4ax touchesthe parabol ax? = 4by, the locus of P is

A variablecircle C hastheequation

Q)

X2+ y?—2(t2 = 3t+ 1)x — 2(t? + 2t)y + t = 0, where t isa parameter.

Thelocusof the centreof thecircleis
2

2

Thelocusof point of intersection of tangentsto an elli pse% + o 1 (R

at two pointsthe sum of whose eccentric anglesisconstant is
Anédlipsedidesbetween two perpendicular straight lines.
Thenthelocusof itscentreis

C)

[Ans.(A)S; (B)R; (C)P; (D) Q]

yy, =2a(x+x,) ; x2=4by = 4b[(2aly,) (x + x,)] = y,x*—8abx—8abx,=0;
D =0gives xy =—2ab = Hyperbola
centreisx =t2—-3t+1 (1)

y=t2+2t ..(2)

(2)—(1)gives —x+y=5t—1

or

(o Xy
-5

Substitutingthevaueof tin(2)

N

2
y—-x+1 y—-x+1
5)”(5)

25y =(y—x+12+10(y—x+1)

25y =y? +x2+ 1-2xy—2x +2y+ 10y — 10x + 10
X2+y2—2xy—12x — 13y +11=0
whichisaparabola

asA #0and ®=ab ]

acos

T 0B
2

Cos

o+p o+p

bsin

o—p

Cos——
2

; k=

, o+p
given —— =constant=C

.. COS

2

a

a-B _ acosC _bsinC jyz(gtancjx

2  h k

Locusof (h, k) isastraight line
YYo= XX, = b? (1)

and

(XQ_X1)2+(y2_yl 2=4(a2_b2) (2)
Alo  2h=x,+X,

2k=y, +Y,

from (2) (X;L + X2)2 + (y1+y2)2_ 4(X1 Xyt ylyz) = 4(6\2 - bz)

4(+K) - 4 (209 =4 (@-b)
. X?+y?=a+b? = Circle
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Alternative Equation of director circlewith centre(h, k)
(x—h)?+(y—ky@=a+b?

(0,0)liesonit = h? + k2 = & + b? =
Column-I|
2 2

Forandlipse %+ yj =1 withverticesA andA', tangent drawn at the

Q.29,46

(A)

point Pinthefirst quadrant meetsthey-axisin Q and thechord A'Pmeets
they-axisin M. If 'O'isthe origin then OQ? - MQ? equalsto
(B) If the product of the perpendicular distancesfrom any point onthe
2 2

hyperbolax—2 - é =1 of eccentricity e=,/3 fromitsasymptotes
a
isegual to 6, then thelength of thetransverse axis of the hyperbolais

Thelocusof thepoint of intersection of thelines

V3x—-y-443t=0and V3tx +ty— 443 =0
(wheretisaparameter) isahyperbola whoseeccentricity is
If F, & F, arethefeet of the perpendicularsfromthefoci S, & S,

©)

(®)

2 2

of anellipse%+y? =1 onthetangent at any point Ponthedlipse,

then (S;F,). (S;F,) isequal to

a=3;b=2
xcose+ ysing

3 2
x=0; y=2cosecH

[Ans.(A)R; (B)S; (C)P; (D) Q]
[Sol.(A)

T: 1

locusisx?+y?=a + b? ]

Column-I|
P 2
Q 3
R 4
S 6

Q(0, 2cosech)

P(3 cosB,2 sinB)
' _ _2sinb (x+3) A'ﬂ
OGAR Y= Blcos0+1) CON A
tx=0y= 2sin6__ oM
DU X = Y = T coso

Now OQ?-MQ?=0Q? - (0Q — OM)? = 2(0Q)(OM) — OM2 = OM{ 2(0Q) — (OM) }

y=(b/a)x

a secO,b tanb

_ 2sin@ 4 2sin® | 4sin® | 2(1+cosh) - (1~ cos’ 0) _ 4(1+cos6)(2-1+cos6)
" 1+cosO [ Sin® 1+cosd |~ 1+coso sin@(1+ coso) (1+ cos0)(1+ cose)
a2b? a’.a’(e’*-1)
(B) PP, = m = a2 eZ =6; \
2 +
2% =6 = &=9 = a=3 /
hence 2a=6
2 2
Xy
C hyperbola —--==1
© yperboia 16 48
(D)  Product of thefeet of the perpendicularsisequal to the square of itssemi minor axes.]
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