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4. PRINCIPLE OF MATHEMATICAL INDUCTION

The principle of mathematical induction is a mathematical process which is used to establish the validity of a

general result involving natural numbers.

The Principle of Mathematical Induction

If P(n) be a mathematical statement (N e N ), such that

i P(1) is true
ii. Assume that P(k) be true,

iii. To prove that P(k+1) is true, then P(n) is true for all positive integral values of n.

Using principle of mathematical induction, prove the following:

n(n+1)

1. 1+2+3+..+n= ,heN

P(n):1+2+3+..+n :M

Let P(l):lzM

=1=1
Hence, P (1) is true.
Assume that P (k) be true.

P(k):1+2+3+..+k :M

To prove that P(k +1) is true.

P(k+1) :1+2+3+...+k+(k+1)=w2(k+2)
= P(k)+(k+1)=w
= k(kJr1)+(k+1):W
2 2
Now, LHS = k(k;l) +(k+1)
_k(k+1)+2(k+1)
B 2
Zw[k+2] :w: RH.S
2 2

Hence, P (k +1) is true.
Hence, P(n) is true for all ne N.
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2. 124224324+, +n%= n(n+1)(2n-+1)

,heN

n(n+1)(2n+1)

6
et p(1):2 - V@AY 12)E)
6 6

Hence, P (1) is true.
Assume that P (k) be true.

P(n):l2 +2243%2 4. +n?=

k(k+1)(2k+1)

P(k):12+22+32+...+k2:
To prove that P(k +1) is true.
(k+1)(k+2)[2(k+1)+1]

P(k+1) 12422432 4.+ K2 +(k +l)2 =
. P(k +(k+1)2 _ (k+1)(k+2)(2k +3)

6
- k(k +16(2k +1) +(k+1)2 _ (

(k+1)(2k +1)

6

k+1)(k+2)(2k+3)
6

x

Now, LHS = +(k+1)°
k(k+1)(2k+1)+6(k +1)2
6

;1)[k(2k +1)+6(k+1)]

k+1 2
= [2k +k+6k+6}

k

—

—
~—

(o]

. % [ 22 47k = (k+1)

—~
~—

k+1)
6

[2k2+4k+3k+6}

[ep]

k+1

—~—~
~—

[2k k+2)+3(k+2)]

k+1

= [(k+2)(2k+3)]

_ k+1)(k+2)(2k +3)

6
Hence, P (k +1) is true.

Hence, P(n) is true for all neN.

—~
~—

(o]

—~

=R.H.S
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n(4n’+6n-1
( )

3. 1.3+35+5.7+..+(2n-1)(2n+1)= 3

n(4n2 +6n —1)
3

P(n):1.3+3.5+5.7+..+(2n-1)(2n+1) =

n(4n? +6n-1
( )

P(n):1.3+35+5.7+..+(2n-1)(2n+1) = 3

1(9)
3

1(4.12 +6.1—1)

=3= =3=3

Let P(1):1.3=

Hence, P (1) is true.
Assume that P (k) be true.

k(4k2 +6k—1)

P(k):1.3+3.5+5.7+..+(2k-1)(2k +1)=

To prove that P(k +1) is true.

(k +1)|:4(k +1)* +6(k +1)—1}
3

P(k+1):1.3+3.5+5.7+..+[ 2(k+1)-1][2(k +1)+1] =

(k +1)(4k2 +8k + 4+ 6k +6—1)
3
(k+12)( 4k +14k +9)

3

= P(k)+(2k +1)(2k +3) =

k(4k2+6k—1)
= 3 +4k% +8k +3=

k(4k2 +6k—1)

Now, LHS = +4k? +8k +3

4k3 +6k% —k +12k? + 24k +9  4k3 +18k% +23k +9
- 3 - 3
4k3 + 4k® +14k® +14k + 9k +9
\ 3
4k% (k+1)+14k (k +1)+9(k +1)
3

(k+1)(4k% +24k+9)

= =RH.S
3

Hence, P (k +1) is true.

Hence, P(n) is true for all ne N.
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4. For every positive integer n, prove that 7" —3" is divisible by 4.
P(n) 7" —3" is divisible by 4.

P(n):7"-3" is divisible by 4

Let P(1):7'-3" =4, is divisible by 4
Hence, P (1) is true.

Assume that P (k) be true.

P(k):7% —3 is divisible by 4
= 7K -3¢ = 4d

= 7K =4d+3 ... (1)

To prove that P(k +1) is true.

P(k+1):7%" -3 s divisible by 4
=74 7-33-7.7"-3.3 =7(4d +3)-33" || From ()
=4(7d)+7.3¢-3.3
~4(7d)+4.3" =4(7d +3"), s divisible by 4
Hence, P(k +1) is true.

Hence, P(n) is true for all ne N.

5. (1+%}(1+%)(1+gj (1+ 2:;1J =(n +1)2
P(n): [1+§)(1+%)(1+%) (1+ 2:;1j =(n +1)2

Let P(l):1+%:(1+1)2:>4=22:>4=4

. P(1) is true.
Assume that P (k) be true.

P(K): (1%}(“%)(“8 (1 zt;ﬂ (k+1)?

To prove that P(k +1) is true.

t:; J (k+1+1)2
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= (k+2)°

:>(k +1)2 x{

(k +1)2 +2(k+1)+1
(k+1)?

LHS = (k+1)° X{(k +1)%+2(k +1)+1J

(k +1)2
—k2 42Kk +1+2k+2+1= k2+4k+4:(k+2)2 = RHS
Hence, P (k +1) is true.

Hence, P(n) is true for all neN.

6. 1+2+3+..+n <%(2n +1)2
Let P(n):1+2+3+..+n <%(2n+1)2

P(l):1<%(2><1+1)2 :>1<§

. P(1) is true.
Assume that P (k) be true.

P(k):1+2+3+...+k<%(2k+1)2 ............... (1)

To prove that P(k +1) is true.

P(k+1):1+2+3+...+k+(k+1)<%[2(k+1)+1]2
:>1+2+3+...+k+(k+1)<%(2k+3)2

In (1), adding (k+1) on both sides,we have

1+2+3+..+k+(k +1)<%(2k +1)2 +(k+1)

Now, %(2k +1)2 4 (k+1)= 2| (2k +1)% +8(k +1)}

4K2 + 4K +1+8k +8}

O~ 0| ©O|F

4k% +12k+9 |- %(Zk +3)°
- P(k+1) is true.

Hence, P(n) is true for all neN.

HSSLIVE.IN rchciit@gmail.com



Remesh’'s Maths Coaching

7. n(n+1)(n+2)is a multiple of 3

Let P(n):n(n+1)(n+2)is a multiple of 6

P(1):1(1+1)(1+2) =6, is a multiple of 6

- P(1) is true.

Assume that P (k) be true.

P(k):k(k+1)(k+2)is a multiple of 6

=k(k+1)(k+2)=6M ..cccocvvrnnnnn. (1)

To prove that P(k +1) is true.

P(k+1): (k+1)(k+2)(k+3) is a multiple of 6

= (k+1)(k+2)(k+3)=(k+1)(k+2)k +(k +1)(k +2)3

=k(k+1)(k+2)+3(k+1)(k+2)
—6M +3(21)

[ (k +1)(k +2)are consecutive natural numbers, so either (k +1) or (k+2) is even.]
=6(M + 1), divisible by 6.

- P(k+1) is true.

Hence, P(n) is true for all ne N.
EXTRA QUESTIONS.
Using principle of mathematical induction, prove the following:

1. (c036’+isin6?)n =cosh@+isinnd, ne N
sin(wje.sin(ngj
2 2
(5]
sin| =
2

2. sin@+sin28+sin30+...4+sinnd = ,heN

3. 10" +3.4n+2 +5 is divisibleby9, ne N.
4. "Cp<nl foralll<m<n,neN
5. 3">2" neN

6. (ab)n =a"™b", neN
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