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The Point & Straight Line 8
i 5
1. Distance Formula: o~

The distance between the points A(x,,y,) and B(x,,y,) is \/(x1 - x2)2+ (yl - y2)2
Solved Example # 1 Find the value of x, if the distance between the points (x, —=1) and (3, 2) is 5 e
Solution. =
Let P(x,—1) and Q(3, 2) be the given points. Then PQ =5 (given) ED
J(x-3)2 +(-1-2)2 =5 0 (x—3)2+9=25 0 x=7orx=-1 Ans. 2

Self practice problems :
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N b

Solution. Let P (X, y) be the required point.
3 2
(i) For internal division : A P B
(6,3) xy) (45
_ 3x-4+2x6 _ 3x5+2x3 —0andy= 21
X= "3y, andy=-—o o —orx=0andy=
So the coordinates of P are B)EH Ans.
O 50
>3 <
—_— —
(i) For external division A B P
(6,3) (4.3) (xy)
_ 3x-4-2x6 4y = 3x5-2x%3
a2 VP2

Solved Example # 3

Solution.

w > »w

Show that four points (0, 1), (6, 7) (-2, 3) and (8, 3) are the vertices of a rectangle.
Find the coordinates of the circumcenter of the triangle whose vertices are (8, 6), (8, —2) and (2, —2). Also find its
circumradius. Ans. (5,2),5

Section Formula : If P(x, y) divides the line joining A(x, y,) & B(X, Y,) in the ratio m : n, then;
mX,+NX, my,+ny,;
X m+n YT mu+n
. m. m. . 2
NOTE: (i) If — is positive, the division is internal, but if — is negative, the division is external. 0
n @
(i If P divides AB internally in the ratio m : n & Q divides AB externally in the ratio m : n then P & Q are said to be'?
harmonic conjugate of each other w.r.t. AB. 8
Mathematically, 9
2 1 1 —n )
—=—+—"—je AP, AB&AQ are in H.P. |-——|<—-I‘T’I

AB AP AQ

Solved Example# 2  Find the coordinates of the point WhICh d|V|des the line segment joining the points (6, 3) and (— -

4, 5) in the ratio 3 : 2 (i) internally and (ii) externally.

or x=-24andy=9
So the coordinates of P are (—24, 9) Ans.

Find the coordinates of points which trisect the line segment joining (1, — 2) and (- 3, 4).

Let A (1, —-2) and B(-3, 4) be the given points. Let the points of trisection be P and Q. Then
A A A
AP =PQ=QB =A(sa A P Q P
Q Q ( y) (1 ’_2) (_314)
O PB=PQ + QB =2\ and AQ = AP + PQ = 2A
O AP:PB=A:2A=1:2andAQ:QB=2A:A=2:1

So P divides AB internally in the ratio 1 : 2 while Q divides internally in the ratio 2 : 1
-3+ +
3+2x1 1x4+2x— ZHorB_1 OH

O the coordinates of P are 0 1+2 1+ 2 0
x=3+1x1 2x4+1x(- Z)H B_S H
i ] 1 2
and the coordinates of Q are 0 2+1 o+1 or 03'“g
Hence, the points of trisection are H——, OHand H——, ZH Ans.
O3 C O3 O
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elf practice problems :

In what ratio does the point (-1, -1) divide the line segment joining the points (4, 4) and

(7, 7)? Ans. 5: 8 externally
The three vertices of a parallelogram taken in order are (-1, 0), (3, 1) and (2 2) respectively. Find the coordinates of the
fourth vertex. (-2,1)

Centroid, Incentre & Excentre:
If A (x,,y,), B(X,,Y,), C(x,,y,) are the vertices of triangle ABC, whose sides BC, CA, AB are of lengths
a,b,c respectlvely, fHen the Eo-Ordinates of the special points of tnangle ABC are as follows :

X5 +X3 y1+y2+Y3H

Centroid G = EXl

3 3 0
_Bxgtbx,+ox; ay;+by,+cys _ H-axy +bx, +ox5 —ay; +by,+cys,

IncentreI=H atb+c | a+b+c and Excentre(toA)Il=H —a+tb+c | —atb+c and so on.
NOTE:
(0] Incentre divides the angle bisectors in the ratio, (b+c) :a; (c+a):b & (a+b):c
(in Incentre and excentre are harmonic conjugate of each other w.r.t. the angle bisector on which they lie.
(iir) Orthocenter, Centroid & Circumcenter are always collinear & centroid divides the line joining orthocentre &

circumcenter in the ratio 2 : 1.
(iv) In an isosceles triangle G, O, | & C lie on the same line and in an equilateral triangle, all these four points

coincide.

Sol. Ex. 4 Find the coordinates of (i) centroid (ii) in-centre of the triangle whose vertices are (0, 6), (8, 12) and (8, 0).
Solution (i)  We know that the coordinates of the centroid of a triangle whose angular points are (x,, y,), (X,, ¥,)

HXitXp+Xs Y14y, +ys
(X5, y,) are 0 3 : 3 0




) ) . ) Ep+8+8 6+12+OH
So the coordinates of the centroid of a triangle whose vertices are (0, 6), (8, 12) and (8, 0) are DorR]
G
6 ™
H® 6
SERR Ans.
(i) Let A (O, 6), B (8,12) and C(8,) be the vertices of triangle ABC. °
Thenc=AB = ,/(0-8)? +(6-12)> =10,b=CA=,/(0-8)2+(6-0)? =10 =
S
and  a=BC=,/(8-8)2+(12-0)2 = 12, 3
. . 1tbx, +ox; ay, +by, +cy; ?
The coordinates of the in-centre are 0 a+b+c atb+c 0
2x0+10x8+10x8 12x6+10%12+10x0
or 0 12+10+10 12+10+10 O
&60 192H
or 032 ' 32 Dor (5,6) Ans.
. Self practice problems : o‘_o'
5. Two vertices of a triangle are (3, —5) and (-7, 4). If the centroid is (2, —1), find the third vertex. Ans.(10, — 2) ©
6. Find the coordinates of the centre of the circle inscribed in a triangle whose vertices are®
(=36, 7), (20, 7) and (0, - 8) Ans. (-1,0) o
4.  Area of a Triangle: @
If A(X.,y,), B(X,,Y,), C(X,,Y,) are the vertices of triangle ABC, then its area is equal to ey
Xp y; 1
AABC= 5 X, Y, 1], provided the vertices are considered in the counter clockwise sense. The above formula will give
Xz Y3 1
a (—)ve area if the vertices (%, y),i=1,2, 3are placed in the clockwise sense.
NOTE : Area of n-sided polygon formed by points (X, y,) ; (X,, ¥,); «eenve. (X, y,) is given by
lﬂxl 0 N e a1 Xnl, X XlE
2y1 Yo| Y2 Vs Yn-1 Yn| [Yn Y1

7.
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Solved Example # 5: If the coordinates of two points A and B are (3, 4) and (5, —2) respectively. Find the coordinates

Solution

Self practice problems :

o

of any point P if PA = PB and Area of APAB = 10.

Let the coordinates of P be (X, y). Then
PA = PB O PA? = PB? O (x=3)2+(y—4)=(x=52+ (y+2)?
a x—=3y-1=0
X y 1
_ 113 4 1]_ _

Now, Area of APAB =10 [J 5 =+100 6x+2y—26=%20

5 -2 1
O 6x+2y—-46=0 or 6x+2y—-6=0
O 3x+y—-23=0 or 3x+y—-3=0

Solving x =3y -1 =0and 3x +y — 23 = 0we get x =7,y = 2. Solving x =3y — 1 =0 and
3x+y—-3=0,wegetx=1,y=0. Thus, the coordinates of P are (7, 2) or (1, 0) Ans.

The area of a triangle is 5. Two of its vertices are (2 1) and (3, —=2). The third vertex lies on

| - 20, B2
y = x + 3. Find the third vertex. Ans. 2 2 Dor g2 2D

The vertices of a quadrilateral are (6, 3), (-3, 5), (4, -2) and (x, 3x) and are denoted by A, B, C and
D, respectively. Find the values of x so that the area of triangle ABC is double the area of triangle DBC.

JRSREE S|
ns. x—8or—8

Slope Formula:
If O is the angle at which a straight line is inclined to the positive direction of x—axis, &i
0° < 0<180°, 6 # 90°, then the slope of the line, denoted by m, is defined by m = tan 8. If © is 90°, m does not exist, but©
the line is parallel to the y—axis. If 8 = 0, then m = 0 & the line is parallel to theQ
X-axis.

If A (x,y,) &B (x, ¥,), X, # X,, are points on a straight line, then the slope m of the line is given by :

M= %1‘)/2%
17X [0
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Solved Example # 6: What is the slope of aline whose inclination is :

(i) Qe (i) 90° (iii) 120° (iv) 1500
Solution ()] Here 6=0°
Slope=tan6=tan 0°=0 Ans.
(i) Here 68 =90°
O The slope of line is not defined Ans.
(iii) Here 6 =120°
O Slope =tan 6 = tan 120° = tan (180° — 60°) = —tan 30° = — «/5 Ans.
(iv) Here 6 = 150°
1
O Slope =tan 0 = tan 150° = tan (180° — 30°) = —tan 30° = — ﬁ Ans.
Solved Example # 7 : Find the slope of the line passing through the points :
() (1,6) and (-4, 2) (i) (5,9)and (2,9)
Solution
(i) Let A=(1,6)andB=(—4,-2)
- -4 4 . -
0 Slope of AB = 276 _ 2 _ 2 pns. sing slope = Y2~ Y1
-4-1 -5 5 Xp =Xy
(ii) Let A=(5,9),B=(2,9)
9-9 0
O Slopeof AB= 5—— =—5 =0 Ans.



Self practice problems :

9. Find the value of x, if the slope of the line joining (1, 5) and (x,—=7)is4. Ans. =2
10. What is the inclination of a line whose slope is
(o @in1 (i) —1 (iv) -1/ V3
Ans.  (i)0°, (i) 45°, (i) 135°, (iv) 150° .
6. Condition of collinearity of three points:
Points A(x,, y,), B(X,, Y,), C(X,, y,) are collinear if
X1 y1 1
O me=m=mie 1) E: Qe "Vs E i) AABC=o0ie [*2 Y2 1 g
B - %, 27Xz Xg Yz 1
(iii) AC =AB + BC or AB~BC (iv) A divides the line segment BC in some ratio.
o:ved Example # 8 Show that the points (1, 1), (2, 3) and (3, 5) are collinear.
Solution.
Let (1, 1) (2, 3) and (3, 5) be the coordinates of the points A, B and C respectively.
3-1 -3
Slope of AB = Pl =2 and Slope of BC = ﬁ =2
O Slope of AB = slope of AC
O AB & BC are parallel O A, B, C are collinear because B is on both lines AB and BC.
Self practice problem :
1 1
11. Prove that the points (a, 0), (0, b) and (1, 1) are collinear if a2 + b= 1
7. Equation of a Straight Line in various forms:
0] Point-Slope form y —y,=m(x —x,) is the equation of a straight line whose slope is m & which passes through

the point (x,, y,)

positive direction of x-axis.
Solution.
Here, m = slope of the line = tan 135° = tan (90° + 45°) = —cot 45°=-1,x, =2,y, =-3
So, the equation of the lineisy —y, =m (X - X,)
i.e. y— (—3)——1(x 2)0ry+3:—x+20rx+y+1 0 Ans.
Self practice problem :

B (6, -5). Ans. x-2y-6=0
intercept ¢ on the y—axis.

direction of y-axis.

Solution.
Here the two points are (x,, y,) = (-1, 3) and (x,, y,) = (4, =2).
So, the equation of the liné in‘two- point form is

—(—)

Self practice problem :
15. Find the equatlon of the passing through (-2, 3) & (- 1, - 1).
Ans. 4x+y+5
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y

-+
W) Intercept form : a2 b

respectively.

Solved Example # 13: Find the equation of the line which passes through the point (3, 4) and the sum of its intercepts

on the axes is 14.

X
Sol. Let the equation of the line be a + % = ()}
: 3 4 ,
This passes through (3, 4), therefore a + b - 1 ()]
. ) oo 3 4
Itis giventhata+ b =14 0 b =14 —a. Putting b = 14 — a in (ii), we get a + 14-a =1
0 a*-13a+42=0
O (a-7)(a—-6)=00 a=7,6
Fora=7,b=14-7=7andfora=6,b=14-6=8.
Putting the values of a and b in (i), we get the equations of the lines
X, Y _ y,y._ - _
7+7—1and6+8—1 or X+y=7and 4x + 3y =24 Ans.

12. Find the equation of the perpendicular bisector of the line segment joining the points A(2, 3) and
(i) Slope = intercept form : y = mx + c is the equation of a straight line whose slope is m & which makes an

Solved Example # 10: Find the equation of a line with slope —1 and cutting off an intercept of 4-units on negative..

Solution. Here m = -1 and ¢ = — 4. So, the equation of the lineisy=mx+cie.y==Xx—-4o0orx+y+4=0 Ans.
Self practice problem :
13. Find the equation of a straight line which cuts off an intercept of length 3 on y-axis and is parallel to the line joining the
points (3, —2)and (1, 4). Ans. 3x+y-3=0
(iii) Two point form 'y —y, = Xo— X, (x X,) is the equation of a straight line which passes through the points (x,
2
y) &(X,y,). . . .
Solved Example # 11 Find the equation of the line joining the points (- 1, 3) and (4, — 2)

y—-3= x+1)0y-3==x-10 x+y—-2=0 Ans.
Self practice problem
14, Find the equations ofthe sides of the triangle whose vertices are (-1, 8), (4, -2) and (-5, —3). Also find the equation of the
median through (-1, 8)
Ans. 2x+y—-6=0,x—-9y—-22=0,11x-4y +43=0,21x+y+13=0
x y 1
(iv) Determinant form : Equation of line passing through (x,, y,) and (x,,y,) is [X3 Y1 1|=0
X3 Y2 1
Solved Example # 12
Find the equation of line passing through (2, 4) & (- 1, 3).
Solution.
x y 1
2 41 =0 O x-3y+10=0 Ans.
-1 31

4.0f 24

Straight line

98930 58881

Solved Example # 9 : Find the equation of a line passing through (2, =3) and inclined at an angle of 135° with the
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= 1 is the equation of a straight line which makes intercepts a & b on OX & OY
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Self practice problem :

16. Find the equation of the line through (2, 3) so that the segment of the line intercepted between the axes is bisected at th|S<r

point. Ans. 3x+2y=12.

(vi) Perpendicular/Normal form : xcos 0 +ysinOd =p (wherep >0, 0< O < 2T is the equation of the stralghtm

line where the length of the perpendicular from the origin O on the line is p and this perpendicular makes an angle
O with positive x—axis.
Solved Example # 14: Find the equation of the line which is at adistance 3 from the origin and the perpendicular from

the origin to the line makes an angle of 30° with the positive direction of the x-axis.
Solution. Here p=3,a=30°
O Equation of the line in the normal form is

V3 .y

xc0330°+ysin30°:3orx7+E:3or\/§x+y:6 Ans.

Self practice problem :
17. The length of the perpendicular from the origin to a line is 7 and the line makes an angle of 150° with the positive direction
of y-axis. Find the equation of the line. Ans. J§x +y—-14=0
, . ] _ _ ) in 0 X=X _ Y=Y . . o
(vii) Parametric form : P (r) =(x,y) = (x, +rcos 0, y, +rsin 0) or cosB  sing —'is the equation of the line in

parametric form, where ‘r’ is the parameter whose absolute value is the distance of any point (X, y) on the line
from the fixed point (x,, y,) on the line.

©
Solved Example # 15: Find the equatlon of the line through the point A(2, 3) and making an angle of 45° with theQ®

x-axis. Also determine the length of intercept on it between A and thelinex+y +1=0
_Solution. The equation of a line through A and making an angle of 45° with the x-axis is
X=2 -3 X—2 -3
cos45° s?/n45° Orszj o Xx-y+1=0
2z 2
Suppose this line meets the line x + y + 1 = 0 at P such that AP =r. Then the coordinates of P are given by
X=2 y-3 )
cos45°:sin45°:rD X=2+rcos45°% y =3 +rsin 45°
r r
O X=2+ T, y=3+ _2

r
Thus, thecoordmatesofPare% J_ T
SincePIiesonx+y+1:0,302+ﬁ+3+ﬁ+1:0

O V2r=—60r=-342 0O lengthAP=|r|=342

Thus, the length of the intercept = 342 Ans.
Self practice problem :

18. A straight line is drawn through the point A (\/5 2) making an angle of 1/6 with positive direction of the x-axis. If it meets
the straight line /3x — 4y + 8 =0 in B, find the distance between A and B. Ans. 6 units

(viii) General Form : ax + by + ¢ = 0 is'the equation of a straight line in the general form

. A a
In this case, slope of line = - —

b
) c
- intercept = — a
. c
y - intercept = — b
Solved Example # 16 Find slope, x-intercept & y-intercept of the line 2x -3y +5=0.
Solution. Here,a=2,b=-3,c=5
2
O slope = — b~ 3 Ans.
. _ S5,
x-intercept = — a-" 3 ns.
) 5
y-intercept = 3 Ans.
Self practice problem :
. . . . 3 8 8
19. Find the slope, x-intercept & y-intercept of the line 3x — 5y — 8 = 0. Ans 5 3" &5
8. Angle between two straight lines in terms of their slopes:
If m, & m, are the slopes of two intersecting straight lines (m, m, # —1) & B is the acute angle between them, then tan 8
= |[Ma—My
1+ mymy,
NOTE :
0 Letm,, m, m, are the slopes of three lines L, = 0;L, = 0;L, = 0 where m, >m, >m, then the interior angles of the A ABC
found by fhese lines are given by,
mi;-m m,-m -
tanA= 2272 g 278 oanc= Ma™My
1+mym, l+m,m, 1+mgym,
(i) The equation of lines passing through point (x,, y,) and making angle O with the line

y = mx + c are given by :
(y y)=tan(® -a) (x—-x) &
y)=tan (0 + Q) (x — xl) where tan 8 = m.
Solved Exhampl)le # 1'/l The acute angle between two lines is W4 and slope of one of them is 1/2. Find the slope of the
other line.
Solution.

m; —m,

If © be the acute angle between the lines with slopes m, and m,, then tan 6 = 1+
m;m;

[}

Straight lin

—

Q

98930 5
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o 1
Let G—Zandml—z N
1 @
7_m2
O tanz—1+1m2 O 1——2+mz 2+m, =+1lor-1 .
2 £
1-2m, 1 1-2m, <=
Now —2+m2 =1 O m,=-3 and 2+m, =-1 O m, = 3. .g
&
O The slope of the other line is either — 1/3 or 3 Ans.

Solved Example # 18: Find the equation of the straight line which passes through the origin and making angle 60°
with the line x + J_y+3J_ =0.

Solution. Given line is x + «/_y+3\/_:o.

1 1
O y:E‘EEX—B O Slopeof(l):—ﬁ.

Let slope of the required line be m. Also between these lines is given to be 60°. 9:8'
m-{1/43 N J3m +1] Va3m+1 A Q
0 — = =
O tan 60 1+m 143 O 3 J2-m O J3-m +v3 o
J_m +1 1 %
= — = T = (e)}
Bom V3O Y3m+1=3-y3mO m 5
Using y = mx + ¢, the equation of the required line is
1
y = ﬁ X+0 ie x-— J§y =0. (*- This passes through origin, so ¢ = 0)

V3m+1
Bom =43 O J3m+1=-3+43m

O m is not defined

O 'I;]he slope of the required line is not defined. Thus, the required line is a vertical line. This line is to pass through
the origin.

O The equation of the required line is x =0 Ans.

Self practice problem :
0. A vertex of an equnateral triangle is (2, 3) and the equation of the opposite side is x + y = 2. Find the equation of the otherI

sides of the triangle. Ans. (2+J_)x—y+2J§—1—0and(2+ \/_)x—y—Z\/§—1—0.

9. Parallel Lines:
0] When two straight lines are parallel their slopes are equal. Thus any line parallel to
y =mx + c is of the type y = mx + d, where k is a parameter.

a b c

(i) Two lines ax + by + c=0and a'x + b’y + ¢’ = 0 are parallel if PO ¢ —

Thus any line parallel to ax + by + ¢ = 0 is of the type ax + by + k = 0, where k is a parameter.

(iii) The distance between two parallel lines with equations ax + by+c¢, =0 &

€.17C»

ax+hby+c =0is
2 a2+bh2
NOTE: Coefficients of x & y in both the equations must be same.

UP MATHS BY SUHAAG SIR PH: (0755)- 32 00 000,

(iv) The area of the parallelogram = sine , where p, & p, are distances between two pairs of opposite sides & Bis theO

angle between any two adjacent sides. Note that area of the parallelogram bounded by the lines y =m x +c, y(D

c,—C,)(d;—d .

=m1x+czandy=m2x+dly=m2x+d2isgivenby|( 17C2)(d; 2)|. u

! | ml_m2 ()]

Sol. Ex. 19: Find the equation of the straight line that has y-intercept 4 and is parallel to the straight Iineé
2x -3y =17.

Solution. Given lineis 2x -3y =7 o)

2 7 | m

(@) O y=2x-70 y=3Xx-3 O Slope of (1) is 2/3 =

The required line is parallel to (1), so its slope is also 2/3, y-intercept of required line = 4
By using y = mx + ¢ form, the equation of the required line is

2
y=§x+4or2x—3y+12=OAns.

Solved Example # 20: Two sides of a square lie on thelinesx +y =1and x +y + 2 =0. What is its area?

Solution. Clearly the length of the side of the square is equal to the distance between the parallel lines
+y-1=0 ... (i) and X+y+2=0 ... (i)

Putting x Oin (i), we gety = 1. So (0, 1) is a point on line (i).

Now, Distance between the parallel lines

FREE Download Study Package Views of students available at website: www.iitjeeiitjee.com, www.tekoclasses.com
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[0+1+2] 3

=length of the O from (0, 1) tox+y+2=0= m

3 3 9
Thus, the length of the side of the square is E and hence its area = Eﬁé =5

Solved Example # 21: Find the area of the parallelogram whose sides are x +2y + 3=0, 3x + 4y — 5 =0,
2x+4y +5=0and 3x +4y -10=0

Solution.




_ 3 5 1 5 1 3
Here, ¢ =-%. &3, d=3 %= M=M=y S
ke
H3.2Hf9 5 ~
02 2003 20 70 ,
0 Area = = —— sg. units Ans.
B_l +§H 3 ]
02 40 =
Self practice problem : %
21. Find the area of parallelogram whose sides are given by 4x -5y + 1 =0,x—3y -6 =0, =
51 &
o 4x -5y —-2=0and 2x-6y+5=0 Ans. ﬂsq.units @
Q . .
© 10. Perpendicular Lines:
0] When two lines of slopes m, & m, are at right angles, the product of their slopes is —1,
i.e. m; m,=-1.Thus any line perpendicular to y = mx + c is of the form
O 1
% y= _E X +d, where d is any parameter.
= (i) Two linesax+ by +c=0and a'x + b'y + ¢’ = 0 are perpendicular if aa’ + bb’ = 0. Thus any line perpendicular to-
ax + by + ¢ = 0 is of the form bx —ay + k = 0, where k is any parameter. %
Solved Example # 22 @
Find the equation of the straight line that passes through the point (3, 4) and perpendicular to the line 3x + 2yo
3 +5=0 ™
g Solution. 2
O The equation of a line perpendicularto 3x + 2y + 5=0 s o
&)5 2x-=3y+A=0 L 0]
= This passes through the point (3, 4)
= 0 3x2-3x4+A=00\A=6 o
g Putting A = 6 in (i), we get 2x — 3y + 6 = 0, which is the required equation. Ans. o)
.= Aliter The slope of the given line is —3/2. Since the required line is perpendicular to the given line. So, the slope of the required©
2 ()
line is 2/3. As it passes through (3, 4). So, its equation is y — 4 = 3 (x = 3) orz
2x — 3y + 6 =0 Ans. ®
Self practice problem : A~
22. The vertices of a triangle are A(10, 4), B (—4, 9) and C(-2, —1). Find the equation of its altitudes. Also find its orthocentre.
N
Ans. x-5y+10=0,12x+5y + 3 =0, 14x -5y + 23 =0, E—l%@ e
11. Position of the point (x,, y,) relative of the line ax + by + ¢ =0: o

N
Y

NS
&
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Aliter

Solved Example #23

Solution.

If practice problems :

Solved Example # 24

If ax, + by, + c is of the same sign as c, then the point (x,, y,) lie on the origin side of ax+ by + ¢ = 0. Butiif the sign of axlﬂ_f
+ by, + c is opposite to that of c, the point (x,, y,) will lie on the non—origin side of®
ax + by +c =0.

In general two points (x, y,) and (x,, y,) will lie. on same side or opposite side of ax + by + ¢ = 0 according as ax, + by,
+cand ax, + by, + c aré of same or opposite sign respectively.

HAAG

Show that (1, 4) and (0, —3) lie on the opposite sides of the linex + 3y + 7 =0.

At (1, 4),the value of x + 3y + 7 =1+ 3(4) + 7 =20 > 0.
At (0, —3),thevalueof x +3y+7=0+3(-3)+7=-2<0
O The points (1, 4) and (0, — 3) are on the opposite sides of the given line. Ans.

Are the points (3, —4) and (2, 6) on the same or opposite side of the line 3x —4y =8 ?
Ans.  Opposite sides
Which one of thee points (1, 1), (-1, 2) and (2, 3) lies on the side of the line 4x + 3y — 5 = 0 on which the origin lies?
Ans. —1,2?1_ . . o . L. .
The ratio in which a given line divides the line segment joining two points:
. . P . L . . ) m _  axptby;+c
Letthe given line ax+ by + ¢ = 0 divide the line segment joining A(x,, y,) & B(x,, y,) inthe ratiom : n, then —=- ————=—.
n ax,thy,+c
If A & B are on the same side of the given line then m/n is negative but if A & B are on opposite sides of the given line, then
m/n is positive

Find the ratio in which the line joining the points A (1, 2) and B(- 3, 4) is divided by the line
x+y-5=0.
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Solution. Let the line x + y =5 divides AB intheratiok : 1 at P
O coordinate of P are
3k+1 4k +2 H

0Ok+1 ' k+1 0
Since Pliesonx+y—-5=0

0 —3k+1+4k+2 5=0 0 K = 1
k+1 k+1 e T2
O Required ratio is 1 : 2 extrenally Ans.

Letthe ratioism: n

m (Ix1+1x2-5) 1

O 'y = ~Ix(-3)+1x4-5 =— > O ratio is 1 : 2 externally Ans.

Self practice problem :

25.

13.

If the line 2x — 3y + A = 0 divides the line joining the points A (- 1, 2) & B(— 3, — 3) internally in the ratio 2 : 3, find A.
18
Ans. 5

Length of perpendicular from a point on a line:

The length of perpendicular from P(x,, y,) onax + by +c=0s m

Solved Example # 25 Find the distance between the line 12x — 5y + 9 = 0 and the point (2, 1)

|12><2—5><1+9| _|24-5+9] 28

Solution. The required distance = ‘ 122 + (5 ‘ 13 =13 Ans.



Solved Example # 26
Find all points on x +y =4 that lie at a unit distance from the line 4x + 3y — 10 = 0. <
Solution. Note that the coordinates of an arbitrary point on x +y = 4 can be obtained by putting x =t (or y =t) and then obtainingﬁ
y (or x) from the equation of the line, where tis a parameter.
Putting x =t in the equationx+y =4 of the given line, we obtainy = 4 —t. So, coordinates of an arbitrary point on the glven
line are P(t, 4 —t). Let P(t, 4 —t) be the required point. Then, distance of P from the line 4x + 3y—10=0 s unity i.e.

4t+3(4-1)-10 o
O =10 |t+2|=50t+2=%5 =
V4% +3? It+2l £
— — H H (o2}
O t=—7ort=3 Hence, required points are (=7, 11) and (3,1)  Ans. 3
Self practice problem : @
26. Find the length of the altitudes from the vertices of the triangle with vertices :(-1, 1), (5, 2) and (3, -1).
16 8 16
Ans. m , Jg , «/ﬁ - -
14. Reflection of a point about a line:
. . _ o “X1 _Y7y1 _ _ axgthy;tc
(i) Foot of the perpendicular from a point on the line is a b 22 +b2
o
(i) The image of a point (x, y,) about the line ax + by +c=0'is %
X_Xl_y_Y1:_23X1+bY1+C ?
a b al+b? 8
Solved Example # 27 Find the foot of perpendicular of the line drawn from P (- 3, 5) on the linex —y + 2 =0. 2
Solution. o)

Slope of PM=-1
P(-3, 5)

M x-y+2=0

O Equation of PM is
+ty-2=0 L 0]
solving equation (i) with x —y + 2 = 0, we get coordinates of M (0, 2) Ans.
! x+3 y-5  (1X(-3)+(-)x5+2)
Aliter M T T T @R e
x+3 y-5
O I = T =3 O Xx+3=3 O =0
and y—-5=-3 O =2
O Mis (0, 2) Ans.

Solved Example # 28
Find the image of the point P(-1, 2) in the line mirror 2x — 3y +4 = 0.
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Solution. Letimage of P is Q.
1P(-1,2)
i 2x—-3y+4=0
A M B
;Q(h, k)
O PM=MQ & PQ O AB
Let Qis (h, k)
) -1 k+ZH
O M is 02 “2 0
Itlieson 2x -3y +4 =0.
O 2 EP—H 38(—H+4 0.
02 0
or 2h-3k=0 . (i
slo fP _ k-2
pe of PQ = hel
PQ OAB
0 k-2 N 2 1
h+1 = 3~ 7
O 3h+2k—-1=0......... (ii)
soving (i) & (i), we get
ho3 2
T 13’7 13
O Image of P(-1, 2) isQBi iH Ans
’ 01313 '
Aliter The image of P (-1, 2) about the line2x -3y +4=01s
X+l _y-2 _ [2(-1)-3(2) + 4]
2~ -3 22 +(-3)?
x+1 y-2 8
2 =~ -3 713
O 13x+13=16 O -3
X = X= 13
2 3 2
& 13y —26=-24 O y=13 O image is Eﬁﬁ@ Ans.
Self practice problems :
] ) . ) 23 -41
27. Find the foot of perpendicular of the line drawn from (- 2, —3) ontheline 3x-2y—-1=0. Ans. 013 '?D

28. Find the image of the point (1, 2) in y-axis. Ans. (-1,2)



15. Bisectors of the angles between two lines:

Equations of the bisectors of angles between the lines ax +by+¢c=0 & N

, , , L +by + ax+by+c' S

a'x+b'y+c =0(ab ;tab)are:ax Y*e -, Y ©
\/a2+b2 x/a12+b12

NOTE:

Equatlon of stra|ght lines passing through P(x,, y,) & equally inclined with the lines ax + b,y + ¢, = 0 &2
a X+ b,y + c,=0 are those which are parallel to the hisectors between these two lines & passmgjthrough the pomt P. =
Solved Example # 29 5
Find the equations of the bisectors of the angle between the straight lines T
3x—-4y+7=0and 12x -5y -8=0. &
Solution.
. . 3X—-4y+7
The equations of the bisectors of the angles between 3x -4y + 7=0and 12 x -5y -8 =0 are ﬁ = *
3°+(-4
12x -5y -8
{122 +(-5)2
3x—-4y+7 _+12x—5y—8 -
o 5 13 3
or 39x—52y +91 =+ (60 x— 25y —8) @
Taking the positive sign, we get 21 x + 27 y — 131 = 0 as one bisector Ans.
Taking the negative sign, we get 99 x — 77y + 51 = 0 as the other bisector. Ans. 8
Self practice problem : o)
29. Find the equations of the bisectors of the angles between the following pairs of straight lines®
3x+4y+13=0and 12x -5y +32=0
Ans. 21x—77y—-9=0and 99x + 27y + 329 =0
16. Methods to discriminate between the acute angle bisector & the obtuse angleg

bisector:
0] If © be the angle between one of the lines & one of the bisectors, find tan 6.
If Ckan B0 < 1, then 2 B < 90° so that this bisector is the acute angle bisector.
If Lkan 9D> 1, then we get the bisector to be the obtuse angle bisector
(i) LetL, =0 & L, = 0 are the given lines & u, = 0 and u, = 0 are the bisectors between L, = 0 &
L,=0. 'Take a pomt PonanyoneofthelinesL, = =0or L,=0and drop perpendicularonu, =0&u,=0as show
If
ChU< Cg O u, is the acute angle bisector.
Up> CgO O u is the obtuse angle bisector.
EbD DqDD the lines L, &L, are perpendicular.
(iii) Ifaa’ + bb' <0, then the equatlon of the bisector of this acute angleis

ax+by+c a'x+by+c

=+
\/a2+b2 \/a'2+b'2

If, however, aa' + bb' > 0, the equation of the bisector of the obtuse angle is :

ax+by+c . a'x+by+c

\/a2+b2 \/a'2+b’2
Solved Example # 30
For the straight lines 4x + 3y — 6 = 0 and 5x +12y + 9 =0, find the equation of the
0] bisector of the obtuse angle between them;
(@in bisector of the acute angle between them;
Solution.
The equations of the given straight lines are
4x+3y-6=0 .. (1)
5x+12y+9=0 ... (2)
The equation of the bisectors of the angles between lines (1) and (2) are

4x+3y -6 SX+12y+9 4x+3y-6 5X +12y +9
=+ =+
Vaze32 T 524122 O s s
Taking the positive sign, we have
4x+3y-6  5x+12y+9

=0

5 13
or 52x + 39y — 78 = 25x + 60y + 45 or 27x — 21y — 123 =0
or IX-7y—-41=0
Taking the negative sign, we have
4x+3y—6 5x+12y +9

13
or 52x + 39y 78 =-25x— 60y —450r 77x + 99y — 33 =0
or 7X+9y—-3=0
Hence the equation of the bisectors are
9x-7y-41=0 L. 3)
and 7x+9y-3=0 L. (4)
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4 9
Now slope of line (1) =— 3 and slope of the hisector (3) = 7

If 8 be the acute angle between the line (1) and the bisector (3), then
9,4

1+ 0F-40

70 30

tan 6 =

O 0 >45°
Hence 9x — 7y — 41 = 0 is the bisector of the obtuse angle between the given lines (1) and (2)
Ans.

(i) Since 9x — 7y — 41 is the bisector of the obtuse angle between the given lines, therefore the other bisector 7x + 9y — 3 =
0 will be the bisector of the acute angle between the given lines.
2nd Method :

Writing the equation of the lines so that constants become positive we have
-4x-3y+6=0 L D)



and 5x +12y+9=0 . (2)

Here a =-4,a,=5b =-3,b,=12 <
Now a,a, +bb——20 36 =-56'<0 &
O origin doés not lie in the obtuse angle between lines (1) and (2) and hence equation of the bisector of the obtuseS
angle between lines (1) and (2) will be =
-4x -3y +6 5x+12y +9
(-4 +(-3)> ~ 7 52 +12? 2
or 13(-4x — 3y + 6) = -5(5x + 12y + 9) =
or 27x—21y—123=00r9x -7y —41=0 Ans. =)
and the equation of the bisector of the acute angle will be (origin lies in the acute angle) S
-4Xx -3y +6 5x+12y +9 ?
V27 +(-3) T |52 4122
or 77x+99y —-33=0 or 7x+9y —-3=0 Ans.
Self practice problem :
30. Find the equations of the bisectors of the angles between the lines x + yv — 3 = 0 and
7x —y + 5 =0 and state which of them bisects the acute angle between the lines.
Ans. x—3y+ 10 =0 (bisector of the obtuse angle); 4x + 1 = 0 (bisector of the acute angle) o‘_o'
©
17. To discriminate between the bisector of the angle containing a point: 8
To discriminate between the bisector of the angle containing the origin & that of the angle not containing the origin.%
Rewrite the equations, ax + by + c =0 & a'x + b'y + ¢’ = 0 such that the constant terms c, ¢’ are positive. Then ; A
o

axtby+c +a’x+b’y+c’ i th ti f the bisector of th | taining the origi &ax+by+c
= gives the equation of the bisector of the angle containing the origin & ———— =
\/a2+b2 \/a'2+b’2 /a2+b2

a'x+by+c | . . . . .
—% gives the equation of the bisector of the angle not containing the origin. In general equation of the
a'“+b’

bisector which contains the point (O B) is
ax+by+c a'x+by+c ax+by+c _a'x+by+c

\/a2 +b2 \/a'2 + b2 \/a b2 \/a'2 + b2

ad+bB+canda O +b'[+c" having same sign or otherwise.

according as

Solved Example # 31

For the straight lines 4x + 3y —6 =0 and 5x + 12y + 9 = 0, find the equation of the bisector of the angle which
contains the origin.
Solution.
For point O(0, 0),4x +3y—-6=-6<0 and5x+ 12y +9=9>0
Hence for point O(0, 0) 4x + 3y — 6 and 5x + 12y + 9 are of opposite signs.
Hence equation of the bisector of the angle between the given lines containing the origin will be

4x+3y -6 5x +12y +9

J@? @2 T 5?4122
4x+3y -6 5x +12y +9
or 5 o

13
or 52x + 39y — 78 = —25x — 60y — 45.
or 77x+99y —-33=0

or x+9y—-3=0 Ans.
Self practice problem :
3L Find the equation of the bisector of the angle between the lines x + 2y - 11 = 0 and
3x — 6y — 5 = 0 which contains the point (1, — 3). Ans. 3x-19=0

18. Condition of Concurrency
Threelinesax+by+c =0,ax+by+c,=0&ax+b,y+c,=0are concurrent if

a, b, ¢
a; by ¢
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Alternatively : If three constants A, B & C (not all zero) can be found such that

A(@x+by+c)+B(ax+bh,y+c,)+C(ax+h,y+c,) =0, then the three straight lines are concurrent.
Solved Example #32"

Prove that the straight lines 4x + 7y =9,5x -8y + 15=0and 9x —y + 6 = 0 are concurrent.
Solution.

Given lines are
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dx+7y-9=0 . (D]
5x-8y+15=0 ... (2)
and 9%x-y+6=0 L. (3)
4 7 -9
_|5 -8 15| _ _ —
A= =4(-48 +15)—-7(30-135) -9 (-5+72)=-132+735-603=0
9 -1
Hence lines (1), (2) and (3) are concurrent. Proved

Self practice problem :
2. Find the value of m so that the lines 3x + y+2=0,2x-y+3=0andx +my-3=0 may be concurrent.
Ans.

19. Famlly Of Straight Lines:
The equation of a family of straight lines passing through the point of intersection of the lines,
L, Sax+by+c =0& L,ZEax+by+c,=0isgivenbyL +kL,=0 ie.
(a X +D y+c)+ k(a X+ b Ly +cC,)= 0 where k is an arbltrary real number.

D Ys = o
A
o N
4 S N //Q
~
Y < Y




NOTE :
0] Iful—ax+by+cu—ax+by+du—ax+by+c
u=ax +b y+ d’
then u, = O;u, = 0; u,=0;u,=0forma parallelogram
The d|agonafBD can be given by u,u, —u,u, =0.
(i) The diagonal AC is also given by u + )\u ='0and
u, + Mu, = 0, if the two equations are |dent|cal for some real A and .
[For gettmg the values of A & U compare the coefficients of x, y & the constant terms].
Solved Example # 33
Find the equation of the straight line which passes through the point (2, -3) and the point of intersection of the.
linesx+y+4=0and3x -y -8=0.
Solution. Any line through the intersection of the lines x + y + 4 = 0 and 3x — y — 8 =0 has the equation
x+y+4)+ABx-y-8=0 .. (i
This will pass through (2,-3)If
(2-3+4)+A(6+3-8)=00r3+A =00 A=-3.
Putting the value of A in (i), the required line is
(x+y+4)+(=3)(3x-y-8)=0
or —-8x+4y+28=00r2x-y—-7=0 Ans.
Aliter Solving the equations x +y + 4 = 0 and 3x —y — 8 = 0 by cross-multiplication, we getx =1,y = -5
So the two lines intersect at the point (1, —5). Hence the required line passes through (2, -3) and (1, -5) and so

11of 24

Straight line

ax2 + 2hxy + by2=0is .
yry a-b h

5
©
©
o
ke
: its equation is o
5+ 4
y+3——n(x 2)or2x —y—7=0Ans. T
Solved Example # 34 3
g Obtain the equations of the lines passing through the intersection of lines 4x — 3y — 1 = 0 andQ®
o 2x — 5y + 3 =0 and equally inclined to the axes. @
8 Solution. The equation of any line through the intersection of the given lines is
= (Ax-3y—-1)+A(2x-5y+3)=0
= or X@CA+4)-y(BA+3)+3A-1=0 ... (i) S
g L be the sl f this line. Th _ 2A4 8
E et m be the slope of this line. enms= o e
: As the line is equally inclined with the axes, therefore o
2\ +4 1 o &
=tan45°of m=tan 135° 0 m=#1, 5x+3 =+10 A=-1or 3 putting the values of A in (i), we get 2x + 2y — 4"
@ =0and 14x—-14y =0 ’Lfm?
= i.,e.x+y—-2=0and x =y as the equations of the required lines. Ans. N~
D Self practice problem : S
‘8 33. Find the equation of the lines through the point of intersection of the lines x — 3y + 1 = 0 and,
E 2x + 5y — 9 = 0 and whose distance from the origin is \/§ Ans. 2x+y-5=0 E
©20. A Pair of straight lines through origin: i
- 0] A homogeneous equation of degree two, 0
% "ax?+2hxy + by2 = 0" always represents-a pair of straight lines passing through the origin if : O
T @ h2>ab [ lines are real & distinct . }
c>5 (b) h2=ab [ lines are coincident . T
N (c) h2<ab [ lines are imaginary with real point of intersection i.e. (0, 0) 8
] . y=m,x
6 =m,X >
g 9 y m
)
z 7% g
o <
% >
E (i) Ify =m.x &y = m,x be the two equations represented by ax2 + 2hxy + by2 = 0, then; %
> _2h _ 0
% m1+m2——? &mlmz—B. %
_g (ii) If B is the acute angle between the pair of straight lines represented by, %)
lw
& 2y/h?-ab 0
2 ax2 + 2hxy + by2=0then;tan 0= " g 1p |- 9
@)
(7:5 (iv) The condition that these lines are : 0
@ At right angles to each other is a + b = 0. i.e. co—efficient of x2 + co—efficient of y2=0 v
g (b) Coincident is h2=ab . m;
o (c) Equally inclined to the axis of x is h = 0.i.e. coeff. of xy =0 . F
c NOTE : A homogeneous equation of degree n represents n straight lines passing through origin.
% ) The equation to the pair of straight lines bisecting the angle between the straight lines,
o 2,2
Xe = X
" XEoyh Xy
L
o
LL

Solved Example # 35
Show that the equation 6x2 — 5xy +y2 =0 represents a pair of distinct straight lines, each passing through the
origin. Find the separate equations of these lines.

Solution.
The given equation is a homogeneous equation of second degree. So, it represents a pair of straight lines passing through
the origin. Comparing the given equation with
ax? + 2hxy + by? =0, we obtaina=6,b =1 and 2h =-5.

25 1
O h2—ab:T—6:Z>0D h?> ab
Hence, the given equation represents a pair of distinct lines passing through the origin.
2 _ 2 — @g_ &H =
Now, 6x?—5xy +y?>=0 O X0 5EIXD+6 0
A B, BH,,- Y 3B B of).
. o S oxo ZoxpteToH > oox g °
O X—3=Oor%—2=0D y—3x=0 ory—-2x=0

X
So the given equation represents the straight linesy —3x =0andy —2x =0 Ans.




Solved Example # 36 Find the equations to the pair of lines through the origin which are perpendicular to the lines

represented by 2x2 —7xy +2y?=0

Solution.
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Solved Example # 39 Prove that the equation 2x? + 5xy + 3y

We have 2x? — 7xy + 2y? = 0.
O 2x2—6xy —xy +3y2=00 2x(x—3y) -y (x—=3y)=0
O (x=3y)(2x-y)=0 O Xx—3y=00r2x-y=0

12 0f 24

Thus the given equation represents the lines x — 3y = 0 and 2x —y = 0. The equations of the lines passing through the

origin and perpendicular to the given lines arey — 0 =-3 (x — 0)

1
andy—-0=- E(X—O)['.' (Slope of x —3y =0) is 1/3 and (Slope of 2x —y = 0) is 2]
O y+3x=0and 2y +x =0 Ans.

Solved Example # 37

Find the angle between the pair of straight lines 4x? + 24xy + 11y?=0

Solution. Given equation is 4x2 + 24xy + 11y? =0

Here a = coeff. of x2 = 4, b = coeff. of y2 = 11

and 2h = coeff. of xy = 24 O h=12
2Vh? -ab 2J144-44 | 4
Now tan 6 = a+b = 4+11 =3

Where 6 is the acute angle between the lines.

O acute angle between the lines is tan™! Iélgaand obtuse angle between them is
C

n—tan él%g Ans.

Solved Example # 38 Find the equation of the bisectors of the angle between the lines represented by

3x2-5xy +y*=0

represented by its homogeneous part only.

the co-ordinates of their point of intersection and also the angle between them.

Solution. Given equation is

2x2+5xy +2y? + 6x + 7y + 4 =0
Writing the equation (1) as a quadratic equation in x we have
2x2+ by +6)x+3y*+7y+4=10

_ —(5y+6)%+(5y +6)? —4.2(3y* + 7y +4)
4
_ —(5y +6)% /25y +60y + 36 - 24y? — 56y - 32
4

_ —(By+6)tyy? +ay+4 _ —(5y+6)*(y+2)

4 4
-5y-6+y+2 -5y-6-y-2
4 4 A

or Ax+4y+4=0and4x+6y+8=0 N )
or X+y+1=0 and2x+3y+4=0 N
Hence equation (1) represents a pair of straight lines whose equationare x +y +1=0 ~ %

and2x +3y+4=0 ... (2) Ans.
Solving these two equations, the required point of intersectionis (1,—2) Ans.

Self practice problem :
6. Find the combined equation of the straight lines passing through the point (1, 1) and parallel to the lines represented by

22.

the equation x2 — 5xy + 4y? + x + 2y — 2 = 0 and find the angle between them.

Ans.  x?—5xy +4y?+3x—3y =0, tan™* %Q
Homogenization :

Straight line

98930 58881

o

: o)
Solution. o
Given equation is 3x>—-5xy +y?=0 ... (2) (@)
comparing it with the equation ax? + 2hxy + by?=0 ... (2) ©

we havea=3,2h=-5;andb=4 o
x2-y? xy |

Now the equation of the bisectors of the angle between the pair of lines (1) is a-b = n o

- To)

o @ XY o XY L2 S

3 - 4 _ E ' —1 - 5 I

2 o

or 5x2—2xy —5y?=0 Ans. x

Self practice problems: 8

27

34. Find the area of the triangle formed by the lines y? — 9xy + 18x> =0 and y = 9. Ans. vy sQ. units §
35. Ifthe pairs of straight lines x2 — 2pxy — y? = 0 and x® — 2gxy — y? = 0 be such that each pair bisects the angle between the%
other pair, i)rove that pq = —1. 0

21. General equation of second degree representing a pair of Straight lines: >
0] ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight lines if : %)

a h g =

h b f -

abc + 2fgh = af? — bgz — ch2 = 0, .. if =0. 2

g f c %

(i) The angle B between the two lines representing by a general equation is the same as that between the two Iinesg

2+ 6x + 7y + 4 =0 represents a pair of straight lines. Find©

TEKO CLASSES

The equation of a pair of straight lines joining origin to the points of intersection of the line

L =/x+my+n =0 and a second degree curve,
S=axz+ 2hxy +by2+2gx +2fy +c =0
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. X+my Hx +my Hx +my <
2 c =
is ax2 + 2hxy + by2 + 2gx E(%E‘f fYH - E‘f 5 g 0. 8
The equation is obtained by homogenizing the equation of curve with the help of equation of line. 9
NOTE : Equation of any curve passing through the points of intersection of two curves C, =0 and
C,=0isgivenby AC, + lLC,=0where A & [l are parameters. 2
Solved Example # 40 £

Prove that the angle between the lines joining the origin to the points of intersection of the straight liney = 3x.g
242 &3
+ 2 with the curve x?2 + 2xy + 3y2+4x + 8y — 11 =0 is tan ;/_ . @
Solution.
Equation of the given curve is x? + 2xy + 3y?+ 4x + 8y — 11 =0
-3x
and equation of the given straight line isy — 3x = 2; O y =1
Making equation (1) homogeneous equation of the second degree in x any y with the help of (1), we have
-3x -3x -3x
2 4 + 2 4 LH+ LH_ Lg = o
x2xy3y4xD2D8yD2D11D2DO %
1 11 i
or X2 + 2xy + 3y? + > (4xy + 8y? — 12x2 — 24 xy) — 7 (y2—6xy +9x?) =0 o
or 4x? + 8xy + 12y? + 2(8y? — 12x? — 20xy) — 11 (y?— 6xy + 9x?) =0 S
or —119x% + 34xy + 17y? = 0 or 119x? — 34xy — 17y?>=0 ey

or X2 —2xy —y?=0

This is the equation of the lines joining the origin to the points of intersection of (1) and (2).
Comparing equation (3) with the equation ax? + 2hxy + by? =0

we havea=7,b=-1and 2h =-2 ie. h=-1

If 8 be the acute angle between pair of lines (3), then

2vh? —ab 241+7 2J§ 242 22
tan 6 = a+b = 7.1 |~ 5 = = 0 6 =tan? Proved

Self practice problems :

37. Find the equation of the straight lines joining the origin to the points of intersection of the line
3x + 4y — 5 = 0 and the curve 2x? + 3y? = 5.
Ans. x2—-y2-24xy=0

38. Find the equation of the straight lines joining the origin to the points of intersection of the line

Ix + my + n =0 and the curve y? = 4ax. Also, find the condition of their perpendicularity.
Ans.  4alx? +4amxy +ny?=0;4al+n=0

TEKO CLASSES GROUP MATHS BY SUHAAG SIR PH: (0755)- 32 00 000,
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10.

REMEMBER :

SHORT REVISION

DISTANCE FORMULA : Thedistance between the points A(x,,y,) and B(x,.y,) is \/(xl—xz)z +(y1—y2)2

SECTION FORMULA:  IfP(x,y)divides the line joining A(x,,y,) & B(X,,Y,)intheratiom:n, then ;
« = mx,+nx, y= my,+ny, |
m-+n ' m-+n

T 140f24

Straight line

iF ™ s positive, the division is internal, but if M s negative, the division is external .

n n
Note : If Pdivides AB internally in the ratiom:n & Qdivides AB externally in the ratiom:n thenP & Qare
said to be harmonic conjugate of each other w.r.t. AB.

Mathematically ; i:i+i i.e. AP,AB & AQarein H.P.

AB AP AQ
CENTROID AND INCENTRE: [IfA(x,,Y,), B(X,,Y,), C(X;,Y,) are the vertices of triangle ABC, whos
17X 1X3 Yi1Yr 1Y,

sides BC, CA, AB are of lengths a, b, ¢ respectively, then the coordinates of the centroid are : EP( 3 , 3

98930 Eﬁ’% ®

+bx,+cx, ay,+by,+cy
: , [BX; H0X,CX5 8y, Dy, +CY,
& the coordinates of the incentre are : H atbtc | atbtc E

Note that incentre divides the angle bisectors in the ratio
(b+c):a ; (c+a):b & (a+b):c.

Orthocentre Centroid & circumcentre are always collinear & centroid divides the line joining orthocentre &
cercu_mcentre in the ratio 2:1. _
Inan isosceles triangle G, O, | & C lie on the same line .

SLOPE FORMULA
If 6 is the angle at which a straight line is inclined to the positive direction of x—-axis, &
0° < 0 <180° O #90° then the slope of the line, denoted by m, is defined by m = tan 6. If 6 is 90°
m does not exist, but the line is parallel to the y—axis.

If0=0,then m=0 &thelineis parallel to the x—axis.

IfA (X, Y,) &B (X, Y,), X;#X,, are points on a straight line, then the slope m of the line is given by:

m = Eiyl_yz E
X17X5

CONDITION OF COLLINEARITY OF THREE POINTS—(SLOPE FORM) :

32 00 000,

-y

Points A (Xy,Yy), B (X, Yy), C(X3, y,) arecollinear if Y17 iz %= 2—x3 E

2 2 3
EQUATION OF A STRAIGHT LINE INVARI OUSFORMS :
Slope—intercept form: y=mx+c isthe equation of a straight line whose slope ism & which makes an intercept
c on the y-axis.
Slope one point form: y -y, = m (X — X;) is the equation of a straight line whose slope is
m & which passes through the point %x
Parametricform: The equation of t e]Ime in parametric form is given by

% = ); n);)l =r (say). Where “r” is the distance of any point (x, y) on the line from the fixed point (x,, y,) on theO
Itne. r is positive if the point (x, y) is on the right of (x,, y,) and negative |f(D

(x,y) liesonthe leftof (x,,y,) . |.u
Twopointform: y-y, = Y27 Y1 (x—x,) is the equation of a straight line which passes through the pointsm

UP MATHS BY SUHAAG SIR PH: (07_55)

Xy~ Xy
(Xl, yl) & (le yz)- @)
Intercept form : §+X = 1 is the equation of a straight line which makes intercepts a & bg
on OX & QY respectively . it

Perpendicular form: xcosa +ysina =p is the equation of the straight line where the length of the perpendicular
from the origin O on the line is p and this perpendicular makes angle a with positive side of x—axis .
General Form: ax+hby+c=0 is the equation of a straight line inthe general form

POSITION OF THE POINT (x;,y,) RELATIVE TO THE LINEax+by+c=0:

If ax, + by + ¢ is of the same sign as c, then the point (x,, y,) lie on the origin side of
a>f<+ by +bc .Butifthe sign of ax, + by, +c isopposite to that of c, the point (xl,yl) will lie on the non-origin side
of ax+by+c=0.

THE RATIO IN WHICH A GIVEN LINE DIVIDES THE LINE SEGMENT JOINING TWO
POINTS:
Let the glven line ax+ by + ¢ = 0 divide the line segment joining A(X,, y,) & B(X,, y,) in the ratio

m:n, then M = % If A & B are onthe same side of the given line then M s negative but if A& B
n y,+¢C n

are on opposite sides of the given line, then % IS positive
LENGTH OF PERPENDICULAR FROM A POINT ONALINE :
ax, +by, +c

ANGLE BETWEEN TWO STRAIGHT LINESIN TERMSOF THEIR SL OPES:
If m, & m, are the slopes of two intersecting straight lines (m, m,#-1) & 0 is the acute angle between them, then

The length of perpendicular from P(x,y,)on ax+by +c=0is
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(i)

(iii)

(iv)

If uy=ax+by+c, u,=ax+by+d, u;=ax+by+c', u,=ax+by+d

Proof :

m -m,
1+m;m,
Note: Let m,, m,, m,are the slopes of three lines L, =0; L,=0; L;=0 where m, >m,>m, then the interior
angles of the A'ABC fdund by these lines are given by,
tanA:m : tanB:u & tanC:u

1+m;m, 1+m,m, 1+mym;
PARALLEL LINES: _ _ _
When two straight lines are parallel their slopes are equal. Thus any line parallel to ax + by +c¢=0is of the type ax
+by+k=0. Where k isa parameter.

N

Y

tan© =

150

aightline

—

St

¢,=C,

\Ja?+b?
Note that the coefficients of x & y in both the equations must be same.
The area of the parallelogram = @ , Where p, & p, are distances between two pairs of opposite sides & 6 is the
angle between any two adjacent glaes . Note that area of the parallelogram bounded by the lines y =m, x + 01,8
|(C1_Cz) (d _d2)| . @
m; —m,

The distance between two parallel lines with equations ax+by+c,=0 & ax+by+c,=0is

y=mx+¢c, and y=m,x+d,,y=m,x+d, is given by

PERPENDICULAR LINES:

When two lines of slopes m; & m, are at right angles, the product of their slopes is -1, i.e. m, m,=—1. Thus any line
perpendicular to ax + by + ¢ =0's of the form bx —ay + k=0, where Kk is any parameter.

Straight lines ax+by+c=0 & a' x+b'y+c' =0 areatrightangles if & only ifaa’ +bb' =0.

98930 58

Equations of straight lines through (x, , y,) making angle a with y=mx+c are: 8
(y-y)=tan(®-a) (x-x)) &(y-y,) = tan (0 +a) (x —x,) , where tan®=m. g
CONDITION OF CONCURRENCY : ©
Three linesa,x +b,y+¢,=0, ax+by+c,=0 & a;x+byy +c,=0 are concurrent if o
a, b ¢ &
a, b, c,|=0.Alternatively: Ifthree constants A, B & C can be found such that L0
a, b, c e
3 3
Agalx +by+c)) +B(ax+hb,y+¢,) + C(ax+byy+¢;) =0, then the three straight lines-are concurrent.
AREA OFATRIANGLE: o
x
X,y 1 5
If (x;,y;), 1= 1,2, 3 are the vertices of a triangle, then its area is equal to = X, Y, 1, provided the vertices are
X, Yy, 1 g

: . . n 4 3 Y3 : .
considered in the counter clockwise sense. The above formula will give a (—)ve area if the vertices (x;,y;),i1=1,2,Z
3areplaced in the clockwise sense.

CONDITION OF COLLINEARITY  OF THREE POINTS-(AREA FORM):

X' Y
The points (x;,y;),i=1,2,3arecollinearif (X, Yy,
X3 Y3

THE EQUATION OF A FAMILY OF STRAIGHT LINES PASSING THROUGH THE POINTS OF
INTERSECTION OF TWO GIVEN LINES:

The equation of a family of lines passing through the point of intersection of

ax+by+c,=0 &ax+h,y+c,=0isgivenby (a,x+ b,y +c,)+k(ax+by+c,) =0,

where Kis an arbitrary real number.

then, u,=0; u,=0; u,;=0; u,=0 forma parallelogram.

u, u; —u, u, = 0 represents the diagonal BD. o _ o _

Since it iSthe first degree equation in X &y itisastraight line. Secondly point B satisfies the equation because the
co—ordinates of B satisfy u,=0and u, =0.

Similarly for the point D. Hence the result.

On the similar lines u,u, —u,u, =0 represents the diagonal AC.

TEKO CLASSES GROUP MATHS BY SU

Note: The diagonal AC isalsogivenby u, +Au,=0 and u,+pu,=0, if the two equations are identical for some A and

.
[For getting the values of A & |1 compare the coefficients of X, y & the constant terms] .
BISECTORS OF THE ANGLES BETWEEN TWO LINES:
Equations of the bisectors of angles between the lines ax+by+c=0 &
T + ! + !
ax+by+c' =0(ab'# ab)are: ax+by+c =% axtby+c
a2 +b2 a:Z +b:2
Todiscriminate between theacuteanglebisector & the obtuse anglebisector
If © be the angle between one of the lines & one of the bisectors, findtan 6.
If Ctan B0< 1, then 2 8 < 90° so that this bisector is the acute angle bisector .
If (tan B1> 1, then we get the bisector to be the obtuse angle bisector .
To discriminate between the bisector of the angle containing the origin & that of the angle not containing the origin.
Rewrite the equations , ax +by+c=0 &
a’x+b'y+c'=0 such that the constant terms c, c’ are positive. Then;
1 1 T + +
ax+by*c _ L AXT bly+c gives the equation of the bisector of the angle containing the origin & axtbyrc
a +b? \/a'2+b'2 /a2+b2

=_a’x+b'y+c’

2 2
a'“+b’
To discriminate between acute angle bisector & obtuse angle bisector proceed as follows Write
ax+by+c=0 & a'x+b'y+c’=0 such that constant terms are positive .

gives the equation of the bisector of the angle not containing the origin.
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Q.2
Q.3
Q.4
Q.5

: Alhomogeneous equation of degree n represents n straight lines passing through origin.

Ifaa’ +bb’' < 0, then the angle between the lines that contains the origin is acute and the equation of the bisector of

. . ax+by+c a'x+b'y+c A
this acute angle is y*°¢_, y s
a2+h? \/a’2+b’2 3
+by+c a'x+b'y+c . . )
therefore y =- y* is the equation of other bisector.
a +b2 \/arZ +br

If, however ,aa’ + bb’ >0, then the angle between the lines that contains the origin is obtuse & the equation ofC

the bisector of this obtuse angle is: =4

ax+by+c a'x+by+c | ax+by+c a'x+b'y+c ®
=+ , therefore =- 5
a2 +b? \/a'2+b'2 \/a2+b2 \/a’2+b'2

is the equation of other bisector.

Another way of identifying an acute and obtuse angle bisector is as follows :

LetL,=0&L,=0 arethegivenlines& u, =0 andu, = 0 are the bisectors

between L,=0 2 L,=0. Take apointP on any one of thezllnes L,=0orL,=0and

drop perpendlcular on u; =0 &u,=0asshown. If,

OpU< g O u, isthe acute angfe bisector .

Op0> g O u, is the obtuse angle bisector . o

Op0=0gd O thelinesL; & L, are perpendicular . §

Note: Equatlon of straight lines passing through P(X,, y,) & equally inclined with the Ilneso
ax+by+c,=0&ax+h,y+c,=0 are those which are paralleilto the bisectors between these two lines &@

passmg through the pomt P

A PAIR OF STRAIGHT LINES THROUGH ORIGIN :

A homogeneous equation of degree two of the type ax2+ 2hxy + by2=0 always represents a pair of straight lines

passing through the origin & If :

(@ h2>ab [ lines are real & distinct .
(b) hz=ab 0O lines are coincident .
(© h2<ab [0 lines are imaginary with real point of intersection i.e. (0, 0)
Ify=m x&y=m,x be the two equations represented by ax? + 2hxy + by? =0, then;
m, +m, = = _2h & mym,= a

b b

If O is the acute angle between the pair of straight lines represented by,

2 /h*—ab
— 15 |

ax? + 2hxy + by? = 0, then; tan@ = s

The condition that these lines are:
(@ At right angles to each other is a+b=0. i.e. co—efficient of x2+ coefficient of y2=0.
(b) Coincident is h?=ab. (c) Equally inclined to the axis of x is h=0. i.e. coefi. of xy =0.

GENERAL EqQuaTioN OF SEconDd DEGREE REPRESENTING A PAIR OF STRAIGHT LINES:
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight lines if:

a h g
abc + 2fgh —af2 —bg2-ch?=0, ie. if h b f| =0.
g f ¢

The angle 8 between the two lines representing by a general equation is the same as that between the two lines
represented by its homogeneous partonly .
Thejomt equation of a palr of straight lines joining origin to the points of intersection of the line given by Ix+my +

is ax2 + 2hxy + by2 + 2gx EM%ZWE'X””E* E'“myg =0 ...... (iii)

(i) 1s obtained by homogenizing (ii) with the help of (i), by writing (i) in the form: EIXJ:% E: 1.
The equation to the straight lines bisecting the angle between the straight lines,
x2-y? _ xy
b h’
The product of the perpendlculars dropped from (x,,y,) tothe pair of lines represented by the equation, ax?+
ax,’ +2hxy, +by,’

(a—b)’ +4h?
Any second degree curve through the four point of intersection of f(xy) =0 & xy =0 is given by
f(xy) + A xy =0 where f(xy) =01salso asecond degree curve.

EXERCISE—-1

The sides AB, BC, CD, DA of a quadrilateral have the equations x + 2y = 3, x = 1, X — 3y = 4,
5x +y+ 12 =0 respectively. Find the angle between the diagonals AC & BD.

Find the co-ordinates of the orthocentre of the triangle, the equations of whose sides are x +y = 1,
2x + 3y =6, 4x —y + 4 =0, without finding the co—ordinates of its vertices.

Two vertices of atriangle are (4, =3) & (-2, 5). If the orthocentre of the triangle is at (1, 2), find the coordinates of
the third vertex.

The point A dividesthe joinof P(-5,1) & Q(3,5) intheratio K: 1. Findthe two values of K for which the
area of triangle ABC, where B is (1,5) & Cis (7, —2), isequal to 2 units in magnitude.

Determine the ratio in which the point P(3, 5) divides the join of A(1, 3) & B(7, 9). Find the harmonic conjugate of
P wrt. A& B.

TEKO CLASSES GROUP MATHS BY SUHAAG SIR PH: (0755)- 32 00 000,

ax? + 2hxy + by?=0 is

2hxy + by2=0 is



Q.6
Q.7
Q.8

Q.9

m

QO
-
o

: Q.11

O O
N o
w N

[EEN
SN

O O O
N =
~N o ol

2 0.18
Q.19

2 .20

ebsite: www.iitjeeiitjee.com, www.tekoclasses.co

W
o0 OO
N N N N
2w N -

N DN
™ O

o O O O O
N N
o~

O
w ()
o ©

Q
-

FREE Download Study Package Views of students available at

Q.3
Q.4
Q5

Q.6
Q.7

A line is such that its segment between the straight lines 5x —y —4 =0 and 3x + 4y —4 =0 s bisected at the pomt
(1, 5). Obtain the equation.
A line through the point P(2, —3) meets the linesx —2y + 7=0and x + 3y —3 = 0 at the points Aand B respectlvely 5
If P divides AB externally in the ratio 3 : 2 then find the equation of the line AB.
The area of a triangle is5. Two of its vertices are (2, 1) & (3, —2). The third vertex liesony = x + 3. Find the th|rd
vertex.

y

A variable line, drawn through the point of intersection of the straight lines XY =1& A A =1, meets the—

coordinate axes in A & B . Show that the locus of the mid apomt of AB is the curve@
2xy(a+b) =ab(x +vy).

Two consecutive sides of a parallelogram are 4x + 5y =0 & 7x + 2y = 0. If the equation to one diagonal is 11x + 7y
=9, find the equation to the other diagonal.

The line 3x + 2y = 24 meets the y—axis at A & the x—axis at B. The perpendicular bisector of AB meets the line
through (0, —1) parallel to x—axis at C. Find the area of the triangle ABC

If the straight line drawn through the point P (+/3, 2) & makingan angle — W|th the x—axis, meets the line /3 x -

4y +8=0 at Q. Find the length PQ.

Find the condition that the diagonals of the parallelogram formed by the lines
ax+by+c=0; ax+by+c'=0;ax+b'y+c=0 & a'x+b'y+c' =0areatrightangles. Alsoflndtheequatlonoo
tothe dlagonals of the parallelogram oo
If lines be drawn parallel to the axes of co-ordinates from the points where x cosa +y sina = p meets them so as to'”
meet the perpendlcular on this line from the origin in the points P and Q then prove thatm
|PQ|= 4p) 00520() cosec?2a.

The points (1, 3) & (5, 1) are two opposite vertices of a rectangle. The other two vertices lie on the line y =2x +c. >
Find ¢ & the remaining vertices.

A straight line L is perpendicular to the line 5x —y = 1. The area of the triangle formed by the line L & the coordmate -
axes is 5. Find the equation of the line.

Two equal sides of an isosceles triangle are given by the equations 7x -y +3=0and x +y -3 =0 & ts third S|de°
passes through the point (1, —10). Determine the equation of the third side. 8
The vertices of a triangle OBC are O (0, 0), B (=3, —1), C(-1, —3). Find the equation of the line parallel to BC &N
intersecting the sides OB & OC, whose perpendlcular distance from the point (0, 0) is half.

Find the direction inwhicha stra|ght line may be drawn through the point (2, 1) so that its point of intersection with the A

line 4y —4x + 4 + 34/2 +34/10 =0isata distance of 3 units from (2, 1).
Consider the family of lines, 5x+3y -2+ K, (3x-y—4)=0 and x -y +1+K,(2x -y —2)=0. Find the equat|onv
of the line belonging to both the families without determining their vertices.

Given vertices A(1,1), B(4,-2) & C(5,5) of atriangle, find the equation of the perpendicular dropped from C toa
the interior bisector of the angle A. 14
If through the angular points of a triangle straight lines be drawn parallel to the opposite sides, and if the intersectionso
of these lines be joined to the opposite angular points of the traingle then using co-ordinate geometry, show that the
lines so obtained are concurrent. }
Determine all values of a for which the point (a, a?) lies inside the triangle formed by the linest
2X+3y—-1=0; x+2y-3=0,;5x-6y—1=0. 2
If the equation, ax2+2hxy+ by2+ng+2fy+c 0 represent a pair of straight lines, prove that the equation tothe””
third pair of straight lines passing through the points where these meet the axes is,z

y

Strai

0755)-

2hxy+by2+29x+2fy+c+4—xy 0.

A stralght line is drawn from the point (1 0) to the curve x?+y? +6x — 10y + 1 =0, such that the intercept made on<
itby the curve subtends a right angle at the origin. Find the equations of the line.
Determine the range of values of 8 (1[0, 2 11 for which the point (cos 8, sin 6) lies inside the triangle formed by theﬂ-

linesx+y=2; x-y=1&6x+2y-+10 =0.
Find the co-ordinates of themcentreofthetnangleformed bythelinex+y+1=0; Xx-y+3=0&7x— y+3°‘
=0. Also find the centre of the circle escribed to 7x -y +3=0.

MATHS

BD _ AB i
In a triangle ABC, D is a point on BC such that — The equation of the line AD |sUJ
2x + 3y + 4 =0 & the equation of the line AB |s3x+2y+1 0. FmdAlle equation of the line AC. 5

Show that all the chords of the curve 3x? —y2—2x + 4y = 0 which subtend a right angle at the origin are®
concurrent. Does this result also hold for the curve, 3x%+ 3y2—2x + 4y =0? If yes, what is the point ofO
concurrency & if not, give reasons.

Without finding the vertices or angles of the triangle, show that the three straight lines au + bv = 0; -
au —bv =2ab and u + b =0 from an isosceles trlae:whereu =X+y-b&v=x-y-a &a,bz0.

EXERCISE—-

The equations of perpendiculars of the sides AB & AC of triangle ABC are x -y — 4 =0 and
2x —y —5=0respectively. If the vertex A is (— 2, 3) and point of intersection of perpendiculars bisectors is % g@

find the equation of medians to the sides AB & AC respectively.
Aline 4x+y=1 through the point A(2,-7) meetsthe line BC whose equationis 3x -4y +1=0 atapoint B.
Find the equation of the line AC, sothat AB=AC.
ia2
If xcosa+ysina=p,where p=- A e astraight line, prove that the perpendiculars on this straight line from

the points (m?, 2m), (mm’, m+m’), {me 2m’) forma G.P.

A(3, 0) and B(6, 0) are two fixed points and P(x,, y,) is a variable point. AP and BP meet the y-axisat C & D
respe%twely and AD meets OP at Q where'O'is the or|g|n Prove that CQ passes through a fixed point and find its
co—ordinates.

Find the equation of the straight lines passing through (-2, —7) & having an intercept of length
3 between the straight lines 4x + 3y =12, 4x + 3y =3.

Let ABC be atriangle with AB = AC. If D is the mid point of BC, E the foot of the perpendicular from D to AC and
F the midpoint of DE, prove analytically that AF is perpendicular to BE.

Two sides of a rhombous ABCD are parallel to the linesy =x +2 & y =7x + 3. If the diagonals of the rhombous
intersect at the point (1, 2) & the vertex A isonthe y-axis, find the possible coordinates of A.




Q.8
Q.9
Q.10

Q.11

O
[EEN
N

O
[EEN
w

[
(SN

© O O O
[EEN
(o]

O
= =
© ~

O O
N B
o ©

i Q.21

O
)
[N

O O O
NN N
g B~ W

Q
-

o O
w N

O
R
—

(b)

FREE Download Study Package Views of students available at website: www.iitjeeiitjee.com, www.tekoclasses.com

~
O
~

(if)
Q5

Q.6

Q.7

The equations of the perpendicular bisectors of the sides AB & AC of a triangle ABC are
X—-y+5=0 & x+2y=0, respectively. If the point Ais (1,-2), find the equation of the line BC. S
A pairof straight lines are drawn through the origin form with the line 2x + 3y =6 an isosceles triangle right angled“-
atthe origin. Find the equation of the pair of straight lines & the area of the triangle correct to two places of decimals.&
A triangle is formed by the lines whose equations are AB : x+y-5=0,BC:x+7y -7 =0 and
CA : 7x+y+ 14 =0. Find the bisector of the interior angle at B and the exterior angle at C. Determine the nature of
the interior angle at A and find the equaion of the bisector.

A pointPis such that its perpendicular distance fromthe line y — 2x + 1 =0 is equal to its distance from the origin. =
Find the equation of the locus of the point P. Prove that the line y = 2x meets the locus in two points Q & R, such thatS
the origin is the mid point of QR.

A triangle has two sides y = m x and y = m,x where m, and m, are the roots of the equation
badZF]-Zha +a=0. If (a, b) be the orthocentre of the triangle, then find the equation of the third side in terms of a, b
an

Find the area of the triangle formed by the straight lines whose equations are x + 2y — 5 = 0;
2x+y—-7=0and x-y + 1 =0 without determining the coordinates of the vertices of the triangle. Also compute the
tangent of the interior angles of the triangle and hence comment upon the nature of triangle.

Fmd the equatlon of the two straight lines which together with those given by the equation
6x%—xy —y2+x + 12y —35=0will make a parallelogram whose diagonals intersectin the origin.

Find the equations of the sides of a triangle having (4, —1) as a vertex, if the lines x — 1 =0 and°°

ht line

Straig

x—Yy —1=0are the equations of two internal bisectors of its angles. 00
Equation of a line is given by y + 2at = t(x —at?), t being the parameter. Find the locus of the point of intersection ofCJ
the lines which are at right angles. ®

The ends A, B of astraight line line segment of a constant length 'c’ slide upon the fixed rectangular axes OX & OYoo
respectlvely Ifthe rectangle OAPB be completed then show that the locus of the foot of the perpendicular drawn from®
P t0 AB is'x%3 +y2

Joomt moves so that the distance between the feet of the perpendiculars from it on the linesg

2hx32/ + a¥2 =0 isaconstant 2d. Show that the equation to its locus is,
y?) (h? —ab) = d*{(a — b)? + 4h?}

The S|des of a triangle are U, -xcos a, +ysina —pr 0,(r=1,2,3). Show that the orthocentre is given byo
U, cos(a, ) = U,cos(a, - a,) = U,cos(a
Pis the p0|nt(3 1, 2) a variable ]Ilne throughlP cutzs the x & y axes at A & B respectively Q is the point on AB°°
such that PA, PQ PB are H.P. Show that the locus of Q isthe line y = 2x. o
The equations of the altitudes AD, BE, CF of atriangle ABC are x+y =0, x -4y =0and 2x—y =0 respectively.\
The coordinates of A are (t, —t). Find coordinates of B & C.Prove that if t variés the locus of the centroid of theo
triangle ABC isx + 5y =0.
A variable line is drawn through O to cut two fixed straight lines L, & L, in R& S. A pointP is chosen on theI

variable line such that; m*n - M ., " Showthat the locus of Pis astralght line passing the point of intersectionw
)
of L, &L,

OR OS
If the lines a2 + 2hxy + by? = 0 from two sides of a parallelogram and the line Ix + my = 1 is one diagonal, prove that2
the equation of the other diagonal is, y(bl —hm) =X (am —hl)
The distance of a point (x h/ ,) from each of two straight lines which passes through the origin of co-ordinates is &; flndI
the combined equation of these straight lines.
The base of atrlangle passes through a fixed point (f, g) & its sides are respectively bisected atright angles by the lines-
y2 —8xy —9x% = 0. Determine the locus of its vertex.

EXERCISE-—S3

The graph of the function, cosx cos (x+ 22 cos? (x+1) is:
(A) astraight line passing through (0 -sinc1)withslope2  (B)astraight line passing through (0, 0)
(C) aparabola with vertex (1, -sin 1)

0 000,

(D) astraight line passing through the point BE,—sin 21E& parallel to the x—axis. [JEE'97,2]

One diagonal of a square is the portion of the line 7x + 5y 35 mtercepted by the axes, obtain the extremities of the
other diagonal . [REE'97,6 ]

A variable line L passing through the point B (2, 5) intersects the line 2x2—5xy +2y? =0 at P & Q. Find the locus of©
the point R on L such that distances BP, BR & BQ are in harmonic progression.

[REE'98,6]
Select the correct alternative(s) : [JEE'98,2x3=6]
IfP(1,2),Q(4,6),R(5,7) &S (a,b)are the vertices ofaparallelogram PQRS, then:
(A) a=2,b=4 (B) a=3,b=4 (C) a=2,b= (D)a=3,b=5

The dlagonals of a parallelogram PQRS are along the lines x +3y =4 and 6x —2y =7. Then PQRS must be

LASSES GROUP MATHS BY SU

TEKO

(A) rectangle (B) square (C) cyclic quadrilateral (D) rhombus

If the vertices P, Q, R of a triangle PQR are rational points, which of the following points of the triangle PQR is/are
always rational point(s)?

(A) centriod (B) incentre (C) circumcentre (D) orthocentre

Using coordinate geometry, prove that the three altitudes of any triangle are concurrent. [JEE '98, 8]

The equation of two equal sides AB and AC of an isosceles triangle ABC are x + y =5 & 7x —y = 3 respectively. Find
the equations of the side BC if the area of the triangle of ABC is5 units.  [REE 99, 6]

Let PQR be a right angled isosceles triangle, right angled at P (2, 1). If the equation of the line
QR s 2x +y =3, then the equation representing the palr of Ilnes PQandPRis

(A) 3x% - 3y +8xy +20x + 10y +25=0 (B)3x*— 3y +8xy —20x—10y +25=0

(C)3x?—3y? +8xy +10x + 15y +20=0 (D) 3x?—3y? —8xy —10x — 15y —20=0 [JEE'99, (2 out of 200)]

(@) The incentre of the triangle with vertices (1,\/_ ) ,(0,0) and (2,0) is:

0 30 @ 10 % 30 10
A B ® 5 51 © & 5t ® H. 51
(b) Let PS be the median of the triangle with vertices, P (2,2), Q (6,-1) and R (7, 3) . The equation of the line
passing through (1, —1) and parallel to PSiis :
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Part :
1.

(A) 2x-9y-7=0 (B) 2x-9y-11=0
(C) 2x+9y-11=0 (D) 2x+9y+7=0
[ JEE 2000 (Screening) 1+ 1 outof35]
() For points P = (x,, y,) and Q =(X,, y,) of the co-ordinate plane, a new distance d(P, Q) is defined by d (P&
Q) =[x, =x,U+ Ly, —y,[. Let 6= (0,0) and A = (3, 2). Prove that the set of points In the first quadrant
which are eqUIdlstanil (W|ﬁ1 respect to the new distance) from O and A consists of the union of a line segment

90of 24

of finite length and an infinite ray. Sketch this set in a labelled diagram. E
JEE 2000 (Mains) 10 out of 100 ] =
Find the position of point (4, 1) after it undergoes the following transformations successively. ?
0] Reflection about the line, y =x—1 (ii) Translation by one unit along x —axis in the positive direction. &
Tt
(i) Rotation through an angle — about the origin in the anti—clockwise direction.
[ REE 2000 (Mains) 3 out of 100 ]
Avrea of the parallelogram formed by the linesy =mx,y =mx+ 1,y =nxand y = nx + 1 equals
Im+n| 2 1 1 _
(A) W (B) |m " n| © |m ; n| (D) |m n| [ JEE 2001 (Screening) ]
@ LetP=(-1,0),Q=(0,0)and R=(3, 3/3 3) be three points. Then the equation of the bisector of the angleoo
PQRis 2
Ko}
(A)%?x+y=0 B)x+3y=0  (C)J3x+y=0 @Dx+%§y=0 @
o8]
o

(b) A straight line through the origin O meets the parallel lines 4x + 2y =9 and 2x +y + 6 =0 at pointsPand Q
respectively. Then the point O divides the segment PQ in the ratio

A)1:2 (B)3:4 ©2:1 (D)4:3
() The area bounded by the curvesy =|x|—1andy =—|x| + 1 is
(A)1 (B)2 (©) 242 (D)4

[JEE 2002 (Screening)]

(d) A straight line L through the origin meets the line x+y =1and x +y=3atP and Q respectively. Through P
and Q two straight lines L, and L, are drawn, parallel to 2x—y =5and 3x +y =5 respectively. Lines L, and
L, intersect at R. Show that the 14cus of R, as L varies, isa straight line.

[JEE 2002 (Malns)]
The area bounded by the angle bisectors of the lines x?—y? + 2y = 1and the line x + y = 3, is
(A)2 (B)3 )4 (D)6 [JEE 2004 (Screening)]

The area of the triangle formed by the intersection of a line parallel to x-axis and passing through P (h, k) with the lines
y =xand x +y =2 is 4h?. Find the locus of the point P. [JEE 2005, Mains, 2]

EXERCISE4
(A) Only one correct option

T?e iquation of the internal bisector of OBAC of AABC with vertices A(5, 2), B(2, 3) and
C(6, 5) is

(A)2x+y+12=0 B)yx+2y—-12=0 (C)2x+y—-=12=0 (D) none of these

The lines ax + by + ¢ = 0, where 3a + 2b + 4c =0 are concurrent at the point :

1
w5 a0 (B) (1,3) OICE ©) 550

The equation of second degree x? + 2\/Exy + 2y? + 4x + 4.2 y + 1 = 0 represents a pair of straight lines. The
distance between them is

4
(A) 4 (B) e €2 (D) 243

The straight lines joining the origin to the points of intersection of the line 2x + y = 1 and curve
3x2+ 4xy — 4x + 1 = O include an angle :

T s I ]
) 5 8) 3 ©) 5 (0) 5
Given the points A (0, 4) and B (0, —4), the equation of the locus of the point P (X, y) such that
AP —BPL=6is:
(A) x> —7y?+63 =0 (B)9x2—7y2—63=0
(C) 7x2—9y2+63=0 (D) 7x2 —9y2—=63=0
A triangle ABC with vertices A (—1 0),B (=2 3/4) & C (=3 — 7/6) has its orthocentre H. Then the orthocentre of
triangle BCH will be :
(A) (—3 —2) (B) (1, 3) ) (—12 (D) none of these
Equation of a straight line passing through the origin and making with x —axis an angle twice the size of the angle
made by the line y = 0.2 x with the x —axis, is :
(A)y =0.4x (B)y = (5/12) x (C)6y —5x=0 (D) none of these

A variable straight line passes through a fixed point (a, b) intersecting the co—ordinates axes at A & B. If 'O’ is the
origin then the locus of the centroid of the triangle OAB is :

TEKO CLASSES GROUP MATHS BY SUHAAG SIR PH: (0755)- 32 00 000,

(A) bx +ay —3xy =0 (B) bx +ay —2xy =0

(C)ax+by —3xy=0 (D) ax + by = 2xy =0

Area of the quadrilateral formed by the lines [Ix[1+ [ly[1=2is:

(A) 8 (B) 6 © 4 (D) none

The distance of the point (2, 3) from the line 2x —3y + 9 =0 measured alongalinex-y+1=0is:
(A)5+/3 (B) 4+/2 (€)3+/2 (D) 2~/2

The set of values of 'b' for which the origin and the point (1, 1) lie on the same side of the straight line,
ax+aby+1=0 J allR,b>0are:

(A) b 0 (2, 4) (B)b LI (0,2) (©)b L]0, 2] (D) (2, )

Drawn from the origin are two mutually perpendicular straight lines forming an isosceles triangle together with the
straight line, 2x + y = a. Then the area of the triangle is :
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The line joining two points A (2, 0);B (3, 1) is rotated about A in the anticlock wise direction through an angle of 15°.8
The equation of the line in the new position is :

(A)x—+3y-2=0 (B)Yx—2y—-2=0 °

c

(C)\/§x—y—2\/§:0 (D) none E

The line x + 3y — 2 = 0 bisects the angle between a pair of straight lines of which one has equation%

X —7y +5 = 0. The equation of the other line is : &

(A)3x+3y—1=0 B)x—3y+2=0 (C)5x+5y—3=0 (D)none
On the portion of the straight line, x + 2y = 4 intercepted between the axes, a square is constructed on the side of
the line away from the origin. Then the point of intersection of its diagonals has

co—ordinates :
(A) (2,3) (B) (3, 2) (©)(3,3) (D) none

A light beam emanating from the point A(3, 10) reflects from the straight line 2x + y —6 = 0 and then passes through
the point B(4, 3). The equation of the reflected beam is :
(A)3x—y+1=0 (Byx+3y—13=0 (C)3x+y—15=0 (D)x—3y+5=0

The equation of the bisector of the angle between two lines 3x —4y + 12 =0 and

12x — 5y + 7 = 0 which contains the points (—1, 4) is :

(A) 21x + 27y —121 =0 (B) 21x —27y +121 =0

-3x+4y-12  12x-5y+7
5 - 13

The equation of bisectors of two lines L, & L, are 2x — 16y —5=0and 64x + 8y + 35 =0. If the line L, passes
through (—11, 4), the equation of acute angle bisectorof L, &L, is:
(A)2x—16y—5=0 (B)64x + 8y + 35 =0 (C) data insufficient (D) none of these

The equation of the pair of bisectors of the angles between two straight lines is, 12x? — 7xy —12y2 = 0. If the equation
of one line is 2y — x = 0 then the equation of the other line is :
(A)41x —38y =0 (B) 38x —41y =0 (C)38x+41ly=0 (D) 41x + 38y =0

If the straight lines joining the origin and the points of intersection of the curve
5x2 + 12xy —6y?+ 4x — 2y + 3 =0 and x + ky — 1 = 0 are equally inclined to the x-axis then the value of k is equal
to :

(A)1 B)—-1 (©)2 (D)3

If the points of intersection of curves C, =A x2+ 4y2 —=2xy —9x +3 &
C,=2x*+3y*—4xy + 3x —1 subtends a right angle at origin, then the value of Alis :
(A) 19 (B)9 (C)—19 (D)—-9

98930 58881

(C) 21x + 27y + 191 =0 (D)

The equation of the bisectors of the angle between the two intersecting lines :

X=-3 y+5 d X-3 _ y+5 Xx-3 y+5 g x-3 ~ y+5 A
cos® _ sing " cos@ T sing are osa _ sina " B phen

0+
(A)C(:T(p (B) B = — sin a (C) y = ¢os a (D) B = sin a

Equation of a straight line passing through the point of intersection of x —y + 1 =0 and 3x + y -5 =0 are
perpendicular to one of them is
(A)x+y+3=0 B)x+y—-3=0 (C)x-3y-5=0 (D)x-3y+5=0

Three linespx+qy +r=0,gx+ry+p =0 and rx +Joy+q:0are concurrent if
(A)p+gq+r=0 B)p>+q®+r2=pq+qr+rp

TEKO CLASSES GROUP MATHS BY SUHAAG SIR PH: (0755)- 32 00 000,

(C)p+ps+r:=3par (D) none of these

Equation of a straight line passing through the point (4, 5) and equally inclined to the lines,
3x=4y+7and 5y =12x + 6 is

(A)9x—7y=1 B)9x+7y=71 (C)7x+9y =73 (D)7x—9y+17=0

If the equation, 2x2 + k xy — 3y?2 — x —4y — 1 = 0 represents a pair of lines then the value of k can be:

(A)1 (B)5 © -1 (D) -5

If a2 + 9b? — 4c? = 6 ab then the family of lines ax + by + ¢ = 0 are concurrent at :

(A) (172, 3/2) (B) (—1/2,—3/2) (C) (—1/2,3/2) (D) (1/2, —3/2)

EXERCISE-S5

Yo Y3 Y3~ Y1 Yi~Y>

If the points (x,, y,), (X,, ¥,) and (X,, y,) be collinear, show that X,Xs + XX + XX, =0

Find the length of the perpendicular from the origin upon the straight line joining the two points whose
coordinates are (a cos a, a sin a) and (a cos 3, a sin 3).

X
Show that the product of the perpendiculars drawn from the two points (+ /g2 —p2 , 0) upon the straight line 5 Cos
0+ 2 sin@=1is b

b

Find the equation of the bisector of the acute angle between the lines 3x — 4y + 7 = 0 and
12x + 5y — 2 = 0.

Find the equation to the pair of straight lines joining the origin to the intersections of the straight line
y = mx + ¢ and the curve x? + y? = a2, Prove that they are at right angles if 2c? = a? (1 + m?).

The variable line x cos0 +y sinB = 2 cuts the x and y axes at A and B respectively. Find the locus of the vertex P of
the rectangle OAPB, O being the origin.

If A(x,, y,), B(X,, ¥,), C(X,, y,) are the vertices of the triangle then show that :



x vy 1 |x y 1 N
(i) The median through A can be written inthe form | x; y; 1 +[X; y; 1] =0. E
N
X Y2 4 X3 y3 1
X Yy x y 1
(ii) the line through A & parallel to BC can be written in the form; |x; y; 1 —|x; y; 1] =0. §
X Yo I X3 ys 1 f%w
x y 1 X y 1 &
% (iii) equation to the angle bisector through Aisb|X; Yy, 1l/+Cc(X; y; 1 =0.
) X Yo I X3 ys 1
where b = AC & ¢c = AB.
@ 8. Is there a real value of A for which the image of the point (A, A — 1) by the line mirror 3x +y =6 A is the point (A2
8 +1,A) ? If so find A.
. the straight lines, ax + by + p = xcos O +ysind — p =0 enclose an angle etween them, and meet the
§ 9 If th ight li b 0& i 0 I leTU4 b h d h
] straight line xsind — ycosd = 0 in the same point, then find the value of a? + b?: §8|
% 10. Drive the conditions to be imposed on [3 so that (0, ) should lie on or inside the triangle having sidesy
y+3x+2=0,3y—-2x—-5=0&4y+x—14=0. o
3 ™
. straight line L is perpendicular to the line 5x —y = 1. The area of the triangle formed by the line the coordinate®
gll A ightline Li dicul he line 5 1.Th f the triangle f d by the line L & th di 2
o axes is 5. Find the equation of the line. o
. wo equal sides of an isosceles triangle are given by the equations 7x —y + 3=0and x +y —3 = 0 and its third side
8 12 T | sidesofani I iangl iven by th ions 7 3=0and 3 =0 and its third sid
= passes through the point (1, —10). Determine the equation of the third side. .
3 13. Find the equations of the straight lines passing through the point (1, 1) and parallel to the lines represented by the8
= equation, x2 =5xy +4y?+ x+ 2y —2 =0. 5
= 14, Find the coordinates of the vertices of a square inscribed in the triangle with vertices ©
% A (0, 0), B (2, 1), C (3, 0); given that two of its vertices are on the side AC. S
15. The equations of perpendiculars of the sides AB & AC of A ABC are x —y — 4 =0 and,u'?
v B 50 W
‘55' 2x —y —5 =0respectively. If the vertex A is (— 2, 3) and point of intersection of perpendiculars bisectors % EE is,5
_§ find the equation of medians to the sides AB and AC respectively. I
= 16. The sides of a triangle are 4x + 3y + 7 = 0, 5x + 12y = 27 and 3x + 4y + 8 =0.'Find the equations of the internal®
Py bisectors of the angles and show that they are concurrent. o
% 17. A ray of light is'sent along the line x —2y —3 = 0. Upon reaching the line 3x =2y — 5 = 0, the ray is reflected fromm
= it. Find the equation of the line containing the reflected ray. %
§ 18. A triangle is formed by the lines whose equations are AB : X +y—-5=0,BC:x+7y—-7=0and CA: 7x +y + 143
© =0. Find the bisector of the interior angle at B and the exterior angle at C. Determine the nature of the interior angleS
o at A and find the equation of the bisector. 0
o 19. Find the equations of the sides of a triangle having (4, —1) as a vertex, if the lines x = 1 = 0 andX-
]
g X —y —1=0 are the equations of two internal bisectors of its angles. 0
W 20. The equations of the altitudes AD, BE, CF of atriangle ABC are x +y =0, x—4y =0 and 2x —y = 0 respectively. ThrT
ks coordinates of A are (t, —t). Find coordinates of B and C. Prove that it t varies the locus of the centroid of the tnangle"
n ABC is x + 5y = 0. 2
% 21. For points P = (x,, y,) and Q éx y,) of the co-ordinate plane, a new distance d(P, Q) is defined bya
S d(P, Q) =[x, — x| + fy —v.| Let O 0,0) And A = (3, 2). Prove that the set of points in the first quadrant which are2
© equidistant (Wlt respect {o the new distance) from O and A consists of the union of a line segment of finite IengthO
% and an infinite ray. Sketch this set in a labelled diagram. [IT-2000, 10] (D
X 22. Let ABC and PQR be any two triangles in the same plane. Assume that the prependiculars from the points A, B, Cy
% to the sides QR, RP, PQ respectively are concurrent. Using vector methods or otherwise, prove that the prepend|culars|-lwJ
o from P, Q, R to BC, CA, AB respectively are also concurrent. 0
> [IIT-2000, 10] 5
-g 23. A straight line L through the origin meets the lines x +y = 1 and x + y = 3 at P and Q respectively. Through P and©
)] Q two straight lines L, and L, are drawn parallel to 2x —y =5 and 3x +y = 5 respectively. Lines L, and L, mtersecto
- at R. Show that the locus of R, as L varies, is a straight line.
g [IIT-2002, 5] E
© 24. A straight line L with negative slope passes through the point (8, 2) and cuts the positive coordinate axes at points
= P and Q. Find the absolute minimum value of OP + OQ, as L varies, where O is the origin.
8 [IIT-2002, 5]
w 25. The area of the triangle formed by the intersection of a line parallel to x-axis and passing through P(h, k) with the
IéI:J linesy =xand x +y = 2 is 4h2. Find the locus of the point P. [IIT-2005, 2]
E ANSWER
220 31
1. 90° — 3. (33,26 4. K=7o0r —
Q g; —H Q3. ( ) Q 5
Q5. 1:2; Q(-5, 3) Q6.83x—-35y+92=0 Q7.2x+y-1=0

7 13 3 3 .

, - z = 10. x—-y= 11. 91 sg.unit

08 %’ﬁor%z’z% Q10. x—-y=0 Q11. 91 sq.units
Q12 6units Q13. a?+b?=a?+b?; (a+a)x+(b+b)y+(c+c)=0;(@-a)x+(b-b)y=0

Q15.c=-4; B(2,0); D(4,4) Q16. x+5y+5+2=0 or x+5y-5+2 =0
Q17. x-3y-31=0o0r 3x+y+7=0 Q18 2x+2y++/2 =0 Q19. -9°,-81°
Q20. 5x-2y-7=0 Q21 x-5=0

Q23.

3

5
‘§<°‘<‘1U% <4 Q25 x+y=1;x+9=1 Q26 0<6<>" —tan*3
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Q27. (-1,1); (4,1) Q28. 9x+46y +83=0

Q29. (1,-2), yes % | -%@

EXERCISE—2

Qlx+4y=4; 5x+2y=8
Q.5 7x+24y +182=0 or x=-2 Q.7 (0,0) or %)EQ
2

Q9 x-5y=0or5x+y=0, Area=2.77sg.units
Q.10 3x+6y—-16=0;8x+8y+7=0;12x+6y—-11=0

Q2. 52x+ 89y +519=0

Q.4 (2,0)
Q.8 14x + 23y =40

Q11x2+4y2+4xy+4x 2y-1=0 Q12 (a+b) (ax+by)=ab(a+b-2h)

3
} Q.13 5 sa units, EB 3, Hisosceles
Q.15 2x y+3 02x+y 7=0,x-2y-6=0

Q21 B% 8%’ %t%

62) X2=2X Y, Xy + (X -

L®)
N
N

—

.L<

¥)y*=0

Q.14 6x2—xy -
Q.16 y2=a(x — 3a)

y2—-x-12y-35=0

Q.25 4 (x?+y?) + (4g+5f) x + (4f-59)y =0

EXERCISE—S3

Q1D Q.2 (-1,1) & (6, 6)

Q.3 17x-10y =0 Q4( @ C () D (c) ACD
Q5 x- 3y+21 0, x-3y+1=0, 3x+y=12, 3x+y=2 Q.6B
Q7 (D (b)D Q8 (4.1) - (2,3) - 3,3) - (0,3V2)
Q9 D Q10@C; (b)B; (OB : (d) x=3y+5=0

QI A Q12 y=2x+1y=—-2x+1

EXERCISE4

=

C 2 D 3 C 4 A 5 A 6. D 7. B

©

A 9. A 10.B 11.B 12.C 13.C 14.C

=
a1

.C 16.B 17.A 18. A 19.A 20.B 21.C

N
N

.ABC 23.BD 24. ABC  25. AC 26. AD

N
~

. CD

EXERCISE-5

N
o)
9]
@)
@)
O
|
i)
o

o

=
o
[l
~—
w
IN
i)

.x+5y+5\/§:O or x+5y—5\/§:0

=Y
=

=
N

.X—3y—-31=00r3x+y+7=0

=
w

(x—4y+3)(x—y)=0

5xy+4y?+3x—3y=0

BobReBE 20 B, 2
2004 D240 40

or x?-—

'—\
o

=
al

.X+4y=4,5x+2y =8

=
~

.29x —2y =31

=
o

.3Xx+6y—-16=0;8x+8y+7=0;12x+6y—-11=0

19.2x—-y+3=0,2x+y-7=0;x-2y-6=0
2t 19 B.f
- "= it

20.BD 3 C[2

24. 18 25.y=2x+1lory=-2x+1
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