Class XI Chapter 4 - Principle of Mathematical Induction Mathematics

Exercise 4.1

Question 1:
Prove the following by using the principle of mathematical induction for all ne N:

(3"-1)

2

l4+3+3 +..4+3"" =

Answer

Let the given statement be P(n), i.e.,

(-1)
P(M): 1+ 3+ 32+ ..+ 3n-1 = 2

For n = 1, we have

(3'-1) 3-1 2
- =" = |_
P{(1): 1= 2 2 2 , which is true.
Let P(k) be true for some positive integer k, i.e.,
(3 1)

1+3+3 +..+3 ' = o (1)

We shall now prove that P(k + 1) is true.

Consider
1+3+ 32+ .+ 3u-1+ 3k+1)-1

=(1+3+ 324+... + 3k1) + 3k

S S | [l_.‘s‘.iﬂg{il]
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Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 2:

Prove the following by using the principle of mathematical induction for all ne N:

! e
P42+ e =| 20D

2
\ = !

Answer
Let the given statement be P(r), i.e.,
/ 2
: o . nlr+l) !
P'+2°+3 +.. 4+ = Q
P(r): wooE S

For n = 1, we have

(10+1)Y l’l.z“f :

> o
P(): 1z=1= ~ = &= , which is true.
Let P(k) be true for some positive integer k, i.e.,

(k=] \2 -
'+2°+3 + ~—+’f‘:|[T}| A1)

We shall now prove that P(k + 1) is true.

Consider

Ila+ 23+ 33+ ..+ ka4 (k+ 1)
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=(ls+ 23+ 3+ ...+ )+ (k+ 1)

fila '|.\+{xc+n‘
:—&:{Z_lr —r{ﬁ-rl}:

F(k+1) 4 4(k+1)

._'I_
(k4 1) (k7 +a(k+1))
) 4
(k1) [ -k w4}
4
(k1) (k+2)
MRS
(h+1) (k+1+1)
4
_[{.-i'+l}[k+l+l}"|:
2 )

Thus, P(k + 1) is true whenever P(k) is true.

|_L25i11g {1]1-|

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 3:

Prove the following by using the principle of mathematical induction for all me N:

1 1
+ + -
(1+2) (1+2+3)

Answer

Let the given statement be P(n), i.e.,

2

.t =
{L]+E +3+....rz} {L.rs+ I]

14 1 | 1 _ 2n
P(n): 1+2 1+2+3 noon+l
For n = 1, we have
2.1 2 1
P(1):1= 1+1 2 which is true.
Let P(k) be true for some positive integer k, i.e.,
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‘:l-.
I+L+...| ! : 2k

sl =
1+2 I+2+3 [+2+3+...+& &+
We shall now prove that P(k + 1) is true.

L)

Consider
I | 1 I
1+ + +...+ +
1+2 1+2+3 [ +2+3+ . +k 1+2+3+ +k+(k+1)
(] | | \ |
=1+ o+ |+
L 1+2 14243 14+2+3+..k,) 1+243+ _+k+({k+1)
2k 1

ST Using (i
k+1 14243+, +k+(k+1) [ 5 bﬂl}]

2k I . n(n+1)
= - _ +2+3+. +n=
K+ 1 ({k+|}{k+l+l] 2
2
b A
2% >

T (k1) +{+‘:+I]-{Ir+3]
o

.
= [ff-l—
(k1) k42

Question 4:
Prove the following by using the principle of mathematical induction for all me N: 1.2.3
n{n+1)(n+2)(n+3)

+234+ . +nn+1)(n+2)= 4
Answer

Let the given statement be P(n), i.e.,
n(n+1)(n+2)(n+3)
P(M: 123+ 234+ . +n(n+1)(n+2)= 4
For n = 1, we have
I[I +]]{]+2}{|+3} 1254 —6
P(1): 1.2.3=6 = 4 4 , which is true.
Let P(k) be true for some positive integer k, i.e.,
B k fﬁ' + l}l{.ﬁ' +2](£‘ +3)

L 1)
1.2.3+2.3.4+ .+ k(k+ 1) (k+ 2) 4
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We shall now prove that P(k + 1) is true.

Consider

1.23+234+ .+ klk+ D)(k+2)+(k+ D{k+ 2)(k+ 3)
={1.23+234+ _ +kk+ 1) (k+ 2>+ (k+ 1) (k+2)(k+3)

. k[k+I)f_k4*2}f_**3}+(gi+|}(g+3]{,¢ +3)  [Using (i)]

I

=(k+1)(k+2)(k+3)

i+|\'|
4
(D) (K +2)(k+3)(k+4)
4
(A1) (A+1+T)(k+14+2)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 5:

Prove the following by using the principle of mathematical induction for all me N:

L o (2n=1)3"" 43
13423 +3.3 +...4+n3 :'f

Answer

Let the given statement be P(r), i.e.,

13423 433 4+ . +nm3¥" =

P(n) : 4

For n = 1, we have

-
= = . =1

P(1): 1.3=3 4 4 4 ; which is true.
Let P(k) be true for some positive integer k, i.e.,
{3&—]}3;"+3

4
We shall now prove that P(k + 1) is true.

- =3

13423433 4 +k3 =

- (i)
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Consider
1.3+ 232+ 3.33+ .. + kBe+ (k+ 1) 3c+1

=(1.3+232+ 333+ ..+ k3 + (k+ 1) 31

2% —1)3 43 ,
:¢*{k+]}3“" | Using (i)]

(26 -1)3 434 4(k+1)3"

4

32k -1+4(k+1)}+3

- 4

376k +3]+3

- 4

332k 41} 43

B 4
32k 41} +3

- 4
[2(k+1)—1}3"" 43

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 6:

Prove the following by using the principle of mathematical induction for all me N:

+1)(n+2
11+33+34+M+H{H+H—[”UF y”+ q

Answer

Let the given statement be P(n), i.e.,

“1)(n+2
1£+ZJ+34+M+H{H+H—{”U? y”+ q

P{r):

For n = 1, we have

10002125
P(1): 3 3 , which is true.
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Let P(k) be true for some positive integer k, i.e.,

|3+25+:A*1m+k1k+”:[ku~4nxv:q e (i)

-

3
We shall now prove that P(k + 1) is true.

Consider

12+23+ 34+ 4+ k(k+ 1)+ (k+ D(k+ 2)
=[1.2+23+34+ +kk+ D]+ (k+ 1).(k+ 2)

_k(k+1)(k+2)

3

+{k+1)(k+2) [Using (i)]

= (k+1)(k |1][§-+1;
(k+1)(k+2){k+3)
:{k+]]{#-.|-|--|}[ﬂ'--{+2)
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 7:

Prove the following by using the principle of mathematical induction for all ne N:

rrféli!‘ + b — |}
13+35+5.7+..+(2n-1)(2n+1)=—

-
;]

Answer

Let the given statement be P(n), i.e.,

:1(4”1 + 6 — |}
1.343.545.7+..+(2n-1)(2n+1)=————
P(n): 2

For n = 1, we have

4.7 +6.1-1) 4461 9

P(1):1.3=3= " =3
3 o J , which is true.
Let P(k) be true for some positive integer k, i.e.,
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k(4 +6k—1) |
FS T+ (26 =12k +1) = - i)

h

1.3+3.

We shall now prove that P(k + 1) is true.

Consider

(1.3+35+5.7+ . +(2k-1)(2k+ D+ {2(k+ 1) -13{2(k+ 1)+ 1}

k(44" +6k -1
_ k(a0 )+{2k+2—IJ{2*’~'+2+IJ [Using (]

k(4K 0k 1)
B 3

_ a’f[JA"+ﬁi‘—l]+(“:_m+3)

+(2k+1)(2k +3)

k(4K 46k = 1)+ 3(4k7 + 8k +3)
) 3
A6k —k+1247 + 24k +9

3
3

45T+ 18k +23k+9
3
A 14T 9k AT+ 14k +9

.
>

k(467 + 14k +9)+ 1{ 457 +14k +9)
- 3

(h+1)(447 +144 +9)
- 3

(k+1)}4k" + 8k +4+6k+6-1]

={k+|}{4{k: +2k=1)+6(k+1)-1}
3
(k+1)f4(k+1) +6(k+1)-1]

|

4

3
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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Question 8:

Prove the following by using the principle of mathematical induction for all ne N: 1.2 +

222+ 3. 22+ ..+ n2n=(n-1) 2nt1+ 2

Answer

Let the given statement be P(n), i.e.,

Pr): 1.2+ 222+ 3. 22+ ..+ n2n=(n-1) 2n+1+ 2

For n = 1, we have

P(1): 1.2=2=(1-1) 2141+ 2 =0+ 2 = 2, which is true.

Let P(k) be true for some positive integer k, i.e.,
12+ 2224+3.22+ .+ k2e=(k-1) 2+1+ 2 .. ()
We shall now prove that P(k + 1) is true.

Consider

(124222 432 + .+ k2 + (k +1)- 2"
=(k=1)2""+2+(k+1)2""

=2k =1)+(k+1)}+2

2" 2k +2

(E+1)+1

Il
-
1~

+2

Hk+1)-1)2"" 42

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 9:

Prove the following by using the principle of mathematical induction for all me N:

| [

b | Foorh — :
2 4 8 2 2"
Answer

Let the given statement be P(n), i.e.,

P(y: 2 4 8 2 2"
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For n = 1, we have

1 1 11
P{1): 2 2 2, which is true.
Let P(k) be true for some positive integer k, i.e.,

11 1 1 1 .
—t ==t b—=1-— A1)
2 4 8 2 2°

We shall now prove that P(k + 1) is true.

Consider

i '| \
=||-2—__ = [Using (i)]

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 10:

Prove the following by using the principle of mathematical induction for all ne N:

1 N 1 N 1 N | B "
25 58 811 7 (3n-1)(3n+2) (6n+4)

Answer

Let the given statement be P(n), i.e.,

] 1 l i
+——t..+

!
py: 25 58 8L (Bn-1)(3n+2)  (on+4)

For n = 1, we have
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1 1t 1

10 6.1+4 10, which is true.

Let P(k) be true for some positive integer k, i.e.,

1 1 k

+ +..+ = e 1)

S.11 7 (3k-1)(3k+2) o6k+4

We shall now prove that P(k + 1) is true.

Consider
1 1 | |
—ﬁ+ﬁ—+—+ ....... e " N Y PR Y Py PR
2.5 38 811 {J.l':. 1}{_.-{+..] ]3“.. 1) II{J(.¢+1}
s |
= 4 [Ising (i)
6k+4 (3k+3-1)(34+3+2) [ }
B s N |
6k +4  (3k+2)(3k+5)
k 1

2(3k+2)  (3k+2)(3k +5)

k1 |
L2 3k+5)

’,';-{3,';-—5]+2"'|

2(3k+5)

3+ 5k+ 2

C2(3k+5)

T (3k+2)|

(k+1)
6k +10

((3k+2)(k+1))
2{:3.{—“] |

(k+1)

6(k+1)

Thus, P(k +

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e.,

4

1) is true whenever P(k) is true.

.
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Question 11:

Prove the following by using the principle of mathematical induction for all ne N:

N " I ~ n(n+3)
3 234 345 7 n(n+l][n+2}_4(n+l}{17+2}

[ | =
3| —

L

Answer

Let the given statement be P(n), i.e.,

I _ n{n+3)
n(n+1)(n+2) Hn+l)(n+2)

&+

J | —

‘u+-1,
I ¥ .

P(r): 7 )

For n = 1, we have

1
+ +
A4 345

-

i | =

N
- J . .
, which is true.

B K (E) N
P{I]'1‘2l3_4{lII]{HE}_:LE-B_L

I | =

Let P(k) be true for some positive integer k, i.e.,

| | l ! k(k+3)
+ + +o.+ =
.23 234 345 7 k(k+e1)(k+2) 4(k+1)(k+2)

1)

We shall now prove that P(k + 1) is true.

Consider
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| | | 1
123 234 345 7 k(kan)(k+2) | (k1) (k+2)(k+3)
ﬁ“’+3] |
4{£+1} »’1+2} (&+1)(k+2)(k+3)
B S 3 U I
T(k+0)(k+2) | 4 k+3]
- I [ |-I[
(k+1)(k+2) | 4(,¢+« |

[Using (i)]

[k(k +6k+9)+4)
(k=3
[k 46k + 9k +4]
)|
A +257 +k+4k° —ch+4
4(k+3) _
[i‘ —7£+I)+4[a'l —T'i+l)|

-

4H+ 3) ‘

1
_{.{+] {.»'1+2

~ I
(k1) (k+2

I

Tk (kr2)

1
{.{+]] £+2]

B 1 [k (k1) +4(k+1) |
C(h+D)(k+2) | 4(k+3)

[k+|]'1(k+4}
4(k+1)(k+2)(k+3)
~ {#+I}{(&+I]+3}
af(k+1)+ 1}k +1)+2)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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Question 12:
Prove the following by using the principle of mathematical induction for all ne N:
: - n{r"—l}l
a+ar+ar+ . +ar’ =
=1
Answer
Let the given statement be P(n), i.e.,

| u{r” —I}

] ¥
P(n):at+ar+ar +..+ar" =

=1
For n = 1, we have
o 1
P{I]ﬂ=[—)=a
{rf]] , which is true.

Let P(k) be true for some positive integer k, i.e.,

-

. alr' 1) .

dA+ar+ar .o +ar’ =— A1)
F—1

We shall now prove that P(k + 1) is true.

Consider

2 A 1)1
iu Far+ars +...... Far ‘E F g

-
il U ] )—|—<u-‘ | Using(i) ]
-

f.f(.f': —1)+ ar' (r—1)

r—1

u‘[f" —]j}—l—c.rr"" —ar"
F—1

ar' —a+ar* —ar'

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 13:

Prove the following by using the principle of mathematical induction for all me N:

I - Y AT K E +| A -
1+ |[ 142 f1+1 |‘ 12 (r+1)’
R VA ZAN no)

Answer

Let the given statement be P(n), i.e.,

oy {1+3-3)0+2)

! hX

{2r1+|]

I+—:]={n+I]J

For n = 1, we have

A

-~
A

f 2 bl =
P[I]:| 1+= |=4=(1+1) =2" =4, which is true.
5,

L)

Let P(k) be true for some positive integer k, i.e.,

L“%M'*:}[‘*%J[”ﬂ—m =(k+1 ()

8 J

We shall now prove that P(k + 1) is true.

Consider

o3y sy 7 | S 2k} ]
[+3J|]+3][I+?|...£|+(HT”| H_{{ I }f :[
L 1 L 4 i, ['Jz' k J {|'ri+]}_ ]

_(,{-+If I+ j{{ilrlli_ : ‘ [L?sirlg{l}]

(k+1)" +2(k+1)+1

= (k1) (k+1)

_{&+|]"_+2{,&+1}+|

:T(k F1)+ I}J

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 14:
Prove the following by using the principle of mathematical induction for all me N:

b

S AT T R B .
||+-H|+—||—— ||+—|=pH4]
oL 200 30 nm)
Answer

Let the given statement be P(n), i.e.,
1( 1 | 1Yy
P(r):| V|| 1 | 15 o 1= | = (n+]
() | I,-|~ 2 | 3 | Loom | (n+1)
For n = 1, we have
) ¢ 1 3
P“){1+T|_2_U+l}

, which is true.

Let P(k) be true for some positive integer k, i.e.,

(P DT DT
|qky|+—||+—|1+—
"‘_| -5
\, I.r"\-. Fay 2

”{|+%J=(#+u - (1)

We shall now prove that P(k + 1) is true.

Consider

1y (. 1y 1)
1+ || 1+ J-‘|l+ |
300N kL .I';.'Pl)

i AY

:{,.{-+|}L|+ | Irll.k;ing{l]—l

k+1)

171
|+ |1+
1 2

-+]j+lh"

_“H}[ “[fl +1)

=(k+1)+1

A

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Page 16 of 27

Website: www.mentorminutes.com Email: care@mentorminutes.com



Class XI Chapter 4 - Principle of Mathematical Induction Mathematics

Question 15:

Prove the following by using the principle of mathematical induction for all ne N:

.\ . . M Zrn—1)2 |
U ST W ] Ce) [ CUA)

-

3
Answer

Let the given statement be P(n), i.e.,

P . n(2n—1)(2n+1
P(n) =143 45 +.+(2n-1) =" 3}{ n+l)

Formn=1. we have
1{2_]—]}{2_]+1} 1.1.3

— =1, which is true.
. .

P(1)=1"=1

Let P(k) be true for some positive integer k, i.e.,

o K(2k=1)(2k +1)

P(k)=1+3 +5 +..+(2k-1) - (1)

3
We shall now prove that P(k + 1) is true.
Consider
42 42 22 g ‘ 17
{I +3 45 L+ (2h-1) J+]_1[J'!.+I}—II
If[?.ﬁ'—l]{]ff-l—]
3

~ .HE.&—I‘)[H{+]}

}*{M"'E—l): [L'Hing{l):l

F(2k 1)

i [EE—I-][}I& +1)+3(2k+1)

“»
a

(2k+1){k(2k~1)+3(2k + 1)}
3
:{EA-H}{M‘—A +6k+3}

-
a2
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2k +1){2k% +5k+3
( i
- 3
(2k +1){2k% + 2k + 3k +3]

-

C(2k+ 1) {2k (k+1)+3(k+1)}
B 3
_(2k+1)(k+1)(2k +3)
3
(k) {2(k 1)1} {2(k 4 1) + 1)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 16:

Prove the following by using the principle of mathematical induction for all ne N:

] ] ] ] "

S —— + 4

L4 47 710 7 (3n-2)(3n+1) (3n+1)

Answer

Let the given statement be P(n), i.e.,

I | 1 I ]

P(n):—+—+

14 27 70007 (3n-2)(3n+1) (3n+1)

For n=1. we have

py=t o1 _!

I .
= =—=——_which is true.
4 3.1+1 4 14
Let P(k) be true for some positive integer k, i.e.,
l | I ] ke

- + + =+ =
14 47 7.10 (3k—2)(3k+1) 3k +1

P(k)=

We shall now prove that P(k + 1) is true.

Consider
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] ] | ' I
14 4? 710 "'+{3A- 2)(3k+1) +.:3{g-+]}_2:,{3“.+,]+12
k 1 -
3k 4 1+ (3k+1)(3k +4) LUHHL (IJJ
B Y PR
_{3,&-—|}[“{3ﬁ-+4}]
L m+4}+||
T (3k+ |}[ (3k +4) _|'
1 __|3£-'+4£-+1|\
(3k+1) | (3k+4) |
1 _|-3£ - I+A+l{
(3k+1)|  (Gk+4) |
(B (A +1)
(3k +1)(3k +4)
k1)
S 3(k+1)+1

J
|

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 17:
Prove the following by using the principle of mathematical induction for all me N:
1 1 1 1 "

+ b— o+
3. g 79 (Zn+1)(2n+3) 3(2n+3]

L
L

Answer

Let the given statement be P(n), i.e.,

] | | | "
P(n)ic—+——+o-+..t =
35 57 79 {2:}+]}{2u+3} 3{2”+3}

For n = 1, we have
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] 1 ] 1
P“,l:l:_ = a1 .at o
3.5 J(E.|+_‘n] 3.5

, which is true.

Let P(k) be true for some positive integer k, i.e.,

()

] | ] | k
P(k):—+——+——+..+ =

35 A7 79 {2&'+I][2.{'+3} E{Ek +3]
We shall now prove that P(k + 1) is true.

Consider

[ | |
+ + +..+ +
35 57 79 (2»&-+1j{1f;+3]} (2(k+1)+1}{2(k+1)+3]
k l

T3(2k+3) (2k+3)(2k +5)

[ Using (1) ]

L[k
_{zﬂ-+3}_§+{:k+5}]
1 [k(2k+5)+3
(2k+3)| 3(2k+5)
1 |2k +5k+3
(2k+3)| 3(2k+5)
1 [ 2K 4 2k+3k+3
C(2k+3)[ 3(2k+5)
I [ 2k(k+1)+3(k+1)
(2k+3)|  3(2k+5)
B (k+1)(2k+3)
3(2k+3)(2k+5)
(k1)
3{2(k+1)+3)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 18:
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Prove the following by using the principle of mathematical induction for all ne N:

1 32
1|2|3+...1n~xz;{2n||,‘|

L
Answer

Let the given statement be P(n), i.e.,
. ) I 2
P(n):1+2+3+. . 4 H*iﬂl:?f‘.' #1)

I > 9
l<—(2.1+1) =

It can be noted that P(r) is true for n = 1 since 8 B,

Let P(k) be true for some positive integer k, i.e.,

112|...-»’r~;;[fﬁr1] . (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(142404 k) + (k+1)< é{zg 1)+ (k+1) [Using(1)]

]|’

{
8 [

(2k+1) +H{A-+1}_:
] {4k + 4k + 148k + 8}
8

gk s 126490
gl |

< é (2k+3)’

'|_ »
f;ﬂ{_l{k—l}ﬂ}

{I+2+3—._.+k]+{k+I]{l{2k+l}: +(k+1)
Hence, &

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., .

Question 19:
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Prove the following by using the principle of mathematical induction for all ne N: n(n +

1) (n + 5) is a multiple of 3.

Answer

Let the given statement be P(n), i.e.,

P{n): n(n+ 1) (n+ 5), which is a multiple of 3.

It can be noted that P(n7) is true for n = 1since 1 (1 + 1) (1 + 5) = 12, which is a

multiple of 3.

Let P(k) be true for some positive integer k, i.e.,

k (k+ 1) (k + 5) is a multiple of 3.

~K

(k+ 1) (k+5) =3m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(k+1)f(k+1)+1}(k +1)+5]

(k+1)(k+2)§(k+5)+1}
(hk+1)(k+2)(k+5)+(k+1)(k+2)

V(4 1) (k+5)+ 2(k+1)(k+5)+(k+1)(k+2)
3m+(k +1)§2(k +5)+(k +2)]
3m+(k+1){2k +10+ k + 2]
3m+(k+1)(3% +12)
3m+3(k+1)(k+4)

3{m+{a{- +1)( k& +-l'}} =3xyg. where g = {ur+{a'; +1){ & +—1]|} 15 some natural number

Therefore, (& + I}{H’ +1)+1 HH +1)+ :'1;l is a multiple of 3.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 20:
Prove the following by using the principle of mathematical induction for all ne N: 10z -1

+ 1 is divisible by 11.

Answer

Let the given statement be P(r), i.e.,
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P(n): 10zn -1 + 1 is divisible by 11.

It can be observed that P(n) is true for 7 = 1 since P(1) = 1021 -1+ 1 = 11, which is
divisible by 11.

Let P(k) be true for some positive integer k, i.e.,

102k -1 + 1 is divisible by 11.

2102 -1+ 1= 11m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
l{]![.l.-'-ll-l w1
— Iﬂ.’.’.—.‘—l + I
=10 +1

=107 (107" +1-1)+1

=107 (10%" +1)-10° +1

=10% 1 1m—100+1 [ Using (1)]

= 1001 lm—-99

=11(100m-9)

=11r. where r =(100m—9) is some natural number
Therefore, 107" 41 is divisible by 11.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 21:

Prove the following by using the principle of mathematical induction for all me N: xzn -
vor is divisible by x + v.

Answer

Let the given statement be P(r), i.e.,

P{n): xz=n — v is divisible by x + v.

It can be observed that P(n) is true for 7 = 1.

This is 50 because x2 « 1 — y2x1 = x2 - y2 = (x + y) (x - V) is divisible by (x + y).

Let P(k) be true for some positive integer k, i.e.,
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Xz — yzk is divisible by x + y.
exz2k - vk = m(x + y), whereme N .. (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

l_:[.l.--l] 2(k+I)

=x {.\"'" —y }— Yooyt

= x Ilm{,r+_r]+_1'”i'~—.1"ﬁ" -_l.'- [Using {I}]

12 -
E

—m(x s y)at+y xt =y ey
=m(x+y)xt+y™ (¥ V)

=m(x+p)x*+ " (x+ ) (x-»)

=(x+ _1-“”;_1-: + ¥ (x- 1}} . which is a factor of (x+ v).

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 22:

Prove the following by using the principle of mathematical induction for all ne N: 32n +2

- 8n - 9 is divisible by 8.
Answer
Let the given statement be P(n), i.e.,

P(r): 32n+2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn = 1 since 32 «x1+2-8x 1 - 9 = 64, which is

divisible by B.

Let P(k) be true for some positive integer k, i.e.,

32t +2 — Bk - 9 is divisible by 8.

32+ 2 -8Bk -9 =8m;, where me N .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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3 gk +1)-9

=3"*.3" —8k-8-9

=3 (3" —8Bk —9+8k+9) -8k 17

=37 (3" —8k -9)+ 3" (8k+9) -8k 17
=9.8m+9(8k +9)-8k—17
=98m+T72k+81-8k-17

=0 8m+bdk +64

=8(9m + 8k +8)

= 8r. where r =(9m + 8k + 8) is a natural number
Therefore, 3™ —8(k +1)—9 is divisible by 8.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 23:

Prove the following by using the principle of mathematical induction for all ne N: 41, -

14 is a multiple of 27.
Answer
Let the given statement be P(n), i.e.,

P{n):41n - 14nis a multiple of 27.

It can be observed that P(n) is true for n = 1 since 41 —14' = 2?, which is a multiple of

27.

Let P(k) be true for some positive integer k, i.e.,

41k - 14ris a multiple of 27

41 = 14 = 27m, where me N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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410 =14
=41"-41-14"-14
=41(41" 14" 414" )—14" 14
=41{41' —14" )+ 4114" - 14" -14
=41.27m+14" (41-14)
=4127m+27.14"
=27(41m—14")
=27xr. where r =(41m-14" J is a natural number
Therefore, 417" = 14" is a multiple of 27.
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 24:

Prove the following by using the principle of mathematical induction for all neN:
(2n+7) <{n+ 30

Answer

Let the given statement be P(n), i.e.,

P(n): (2n +7) < {(n + 3)2

It can be observed that P(n) is true for n = 1 since 2.1 + 7 = 9 < (1 + 3)z = 16, which is
true.

Let P(k) be true for some positive integer k, i.e.,

(2k+ 7)< (k+ 3)=2.. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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2(k+1)+7) =(2k+7)+2

A2k +1)+7)=(2k +7)+2 <(k+3) +2 Tusing (1)]
2k +1)+7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k* + 6k +11 <k’ +8k+16

2k e1)+ 7 < (k+4)

2(k+1)+7 <{(k+1)+3}°

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., .
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