R.K.MALIK'S -

NEWTON CLASSES
JEE (MAIN & ADV.), MEDICAL + BOARD, NDA, IX & X

CHAPTER 3 : TRIGONOMETRIC FUNCTIONS-I

We have read about trigonometric ratios in our earlier classes.

Recall that we defined the ratios of the sides of a right triangle as follows :

) c a c
sin =—,cosH =—,tan 0 = — A
b b a
b b a
andcosec O = —, sec = —, cot O — — c b
c a c
We also developed relationships between these
trigonometric ratios as ¢in2 0 + cos2 0 = 1 » B 0 c
a
Fig.3.1

sec>0=1+tan? 0 cosec? 0 =1+cot? 0
We shall try to describe this knowledge gained so far in terms of functions, and try to develop
this lesson using functional approach.

In this lesson, we shall develop the science of trigonometry using functional approach. We shall
develop the concept of trigonometric functions using a unit circle. We shall discuss the radian
measure of an angle and also define trigonometric functions of the type

y=SINX,y=COSX,y=tanx,y=cotX, y=SecXx,y=cosecx,y=asinx,y=b cosx, etc.,
where x, y are real numbers. We shall draw the graphs of functions of the type

y=s8InX,y=CcOS$X,y=tanXx, y=cotx,y=secx, and y =cosecx y=asinx,y=a
COS X.

~ OBJECTIVES

After studying this lesson, you will be able to :

° define positive and negative angles;

. define degree and radian as a measure of an angle;

. convert measure of an angle from degrees to radians and vice-versa;
° state the formula ¢ = r 6 wherer and@ have their usual meanings;

° solve problems using the relation / =r 9

. define trigonometric functions of a real number;

. draw the graphs of trigonometric functions; and

. interpret the graphs of trigonometric functions.
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EXPECTED BACKGROUND KNOWLEDGE

° Definition of an angle.

° Concepts of a straight angle, right angle and complete angle.

° Circle and its allied concepts.

e Specialproducts: (a+b)* =a?+b> + 2ab, (a+b) =a’+b’ + 3ab(a+b)
° Knowledge of Pythagoras Theorem and Py thagorean numbers.

3.1 CIRCULAR MEASURE OF ANGLE

An angle is a union of two rays with the common end point. An angle is formed by the rotation
of aray as well. Negative and positive angles are formed according as the rotation is clock-
wise or anticlock-wise.

3.1.1 A Unit Circle

It can be seen easily that when a line segment makes one complete rotation, its end point
describes a circle. In case the length of the rotating line be one unit then the circle described will
be a circle of unit radius. Such a circle is termed as unit circle.

3.1.2 A Radian

A radian is another unit of measurement of an angle other than degree.

A radian is the measure of an angle subtended at the centre of a circle by an arc equal in length
to the radius (r) of the circle. In a unit circle one radian will be the angle subtended at the centre
of the circle by an arc of unit length.

5
-

P
<

Fig. 3.2

Note : Aradian is a constant angle; implying that the measure of the angle subtended by
an are of a circle, with length equal to the radius is always the same irrespective of the
radius of'the circle.

3.1.3 Relation between Degree and Radian

An arc of unit length subtends an angle of 1 radian. The circumference 2n (.- r = 1) subtend

an angle of 2x radians.

s
Hence 25 radians = 360°, — g radians = 180°, = 5 radians = 90°
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TRIGONOMETRIC FUNCTIONS-T

T . (360) (180Y
= — radians = 45° = lradian=| — | =|—

4 2n T

19— 2% o fians ——— rad;

or 1°= = radians = radians

Convert
@) 90° into radians (i) 15°into radians
T . . T e
(iii) o radians into degrees. (v) I radians into degrees.

Solution :
N e ZE
(1) = 3go radians
oW 275 2 o — E 3
— 90°= ——  9( radians or 90° = — radians
360 2
.. o 2T . o I .
(i) 15°= — x 15 radians or  15°= — radians
60 12

L (360 m (360 7Y
(iii) radian R radians L

s .
E radians = 30°

DOPRLI WU | LV R -
(v) 1o radians = = 10, 10 radians

3.1.4 Relation Between Length of an Arc and Radius of the Circle

An angle of 1 radian is subtended by an arc whose length is equal to the radius of the circle. An
angle of 2 radians will be substened if arc is double the radius.

An angle of 2% radians willbe subtended if arc is 272 times the radius.

All this can be read from the following table :

Length of the arc (/) Angle subtended at the
centre of the circle O (in radians)
r 1
2r 2
27)r 2%
4r 4
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TRIGONOMETRIC FUNCTIONS-T

Therefore, 0= Toor /=10 , where r = radius of the circle,

0 = angle substended at the centre in radians, and ¢ =length ofthe arc.

The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the
length of the arc and the radius of the circle.

Note : In arriving at the above relation, we have used the radian measure of the angle

and not the degree measure. Thus the relation § = < is valid only when the angle is
r
measured in radians.

1B ety 3838 Find the angle in radians subtended by an arc of length 10 cm at the centre of
acircle of radius 35 cm.

Solution : ¢ =10cm and r = 35 cm.
! . 10 2
0 — = radians or 9 =— radians, or 0 = — radians
p 35 7

| efit) (I8 R A railroad curve is to be laid out on a circle. What should be the radius of a

circular track if the railroad is to turn through an angle of 45° in a distance of S00m?

Solution : Angle 9 is given in degrees. To apply the formula /=r6,0 must be changed to

radians.
s s
B =45° = 45x— radi _ I oadi
130 radians  ...(1) 1 radians
¢=500m ...(2)
) L .
(=1 0 givesr= Y = 300 m  [using (1) and (2)]

L
4
4 1
= SOOXEm, =2000 x0.32 m 520.32 , =640 m

|0 e 1111 (SRR A train is travelling at the rate of 60 km per hour on a circular track. Through what

5
angle will it turn in 15 seconds if the radius of the track is p km.

Solution : The speed of the train is 60 km per hour. In 15 seconds, it will cover
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TRIGONOMETRIC FUNCTIONS-I

60
x 15 km l
60 x 60 4

km

1 5
We have ¢ = ka andr = gkm

0= radians

= s

3 )
=— radians
10

3.2 TRIGONOMETRIC FUNCTIONS

While considering, a unit circle you must have noticed that for every real number between 0
and 2 1, there exists a ordered pair of numbers x and y. This ordered pair (x, ) represents the
coordinates of the point .

o e | —

Ny 4y

A
/ P X y) / \
o . AR s
X' !J X ! X
P y)
N
®

A

v

X 4
\_
N

y y' v y'
(iii)
v N y
P (x,y) \ / \
(i}
. ™ . é fd Y N
XI !/ : ;I Q 0 ;
P(x,y)
vy vy
(ii) (iv)

Fig. 3.3
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TRIGONOMETRIC FUNCTIONS-T

If we consider 9=0 on the unit circle, we will have a point whose coordinates are (1,0).

If 6 = g , then the corresponding point on the unit circle will have its coordinates (0,1).

In the above figures you can easily observe that no matter what the position of the point,
corresponding to every real number 6 we have a unique set of coordinates (x, y). The values of

x and y will be negative or positive depending on the quadrant in which we are considering the
point.

Considering a point P (on the unit circle) and the corresponding coordinates (x, y), we define
trigonometric functions as :

sinf =y, cos 0 =x

tafl § =& (for x #0) | cotf== (for y #0)
X y

1
Secezl (for x # 0), cosec@z; (for y #0)
X

Now let the point P moves from its original position in anti-clockwise direction. For various
positions of this point in the four quadrants, various real numbers @ will be generated. We

summarise, the above discussion as follows. For values of g inthe :

I quadrant, bothx and y are positve.
I quadrant, x will be negative and y will be positive.
il quadrant, x as well as y will be negative.
v quadrant, x will be positive and y will be negative.
or I quadrant IT quadrant III quadrant IV quadrant
All positive sin positive tan positive cos positive
cosec positive  cot positive sec positive

Where what is positive can be rememebred by :

All sin tan cos
Quardrant I ] I v
If (x, y) are the coordinates of a point P on a pY

unit circle and @, the real number generated ©1)

by the position of the point, then sing =y and p (cos 9. sin Q)
cos @ = x. This means the coordinates of the

@

point P can also be written as (cosQ, sin 9 )

AN
X ¥

' (1,0 r=1 4 (1,0

*

From Fig. 3.4, you can easily see that the
values of x will be between -1 and + 1 as P

moves on the unit circle. Same will be true for 0, -1)
Fig. 3.4

yalso. vy
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Thus, for attRIIONOMETRIC FUNCTIONS-I

-1<x <1 and -1<y<1

Thereby, we conclude that for all real numbers 6
—1<cosB<1 and -1<sinB <1

In other words, sin@ and cos @ can not be numerically greater than 1
|0 et [B5FSE What will be sign of the following ?

Lo T 4n n
(1) sin T (i1) cos 5 (i) tan 5

Solution :

s Uk
(1) Since T lies in the first quadrant, the sign of sinE will be posilive.

47

47
5 lies inthe first quadrant, the sign of cos— will be positive.

(11) Since 5

Sn 5w
(1i1) Since 5 lies in the second quadrant, the sign of tan? will be negative.

T T
| el BEREE Write the values of (1) sin > (1)) cos 0 (ii1) tanz

Solution : (i) From Fig. 3.5, we can see that the coordinates of the point 4 are (0,1)

. T .
. sinT=1,assinB =y

2
AY
Al©,1)
(x, y)
x' 0 X
N B(1,0
vy
Fig. 3.5
(i1) Coordinates of the point B are (1, 0) .. cos0=1,as cos B =x
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TRIGONOMETRIC FUNCTIONS-T

. T
sin —
T
(i) tan T2 __ whichisnot defined , Thus tan > is not defined.
cos —

|0 €111 ) (SR Write the minimum and maximum values of cos@ .

Solution : We know that —1<cos 9 <1

.. The maximum value of cos@ is 1 and the minimum value of cosg is —1.

3.2.1 Relation Between Trigonometric Functions

Bydefinition x=cos6 , y=sin6

N y
y B it @ . 5 (coso, smlej)
As tan@z;, (x=0), 050’ 757 o) \
0
pod ctB= 3 G=0), " ky "
oot = cos6 1
|- sin@ tanB’ (6 # n)
v y'
1 nmw
Similarly, sec 6 = [9 # —j Fig. 3.6
cos 6 2
and cosec O =— (6 #nn)
sin 6

Using Pythagoras theorem we have, x2 + y2 =1, ie, (cos 9)2 + (sin 9)2 =1
or, cos” @ +sin” @ =1

Note : (cos 9)2 is written as cos” © and (sin 9)2 as sin” 0

2 2
1
Again x2+y2:1 or 1+(lj :(—j , for x#0

X X

or, 1+ (tan 9)2 = (sec 9)2 ,ie sec2@=1+tan’ 0

Similarly, COSCCZ e =1+ COt2 9
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TRIGONOMETRIC FUNCTIONS-I
10V ¢11 1 (SRR Prove that sin® 0 + cos* 0 =1-2sin? 6 cos” 0

Solution : LH.S. = sin4 0+ cos4 0
—sin* 0+ cos* 0+ 2sin® B cos® ©— 2sin’ B cos’ O
. 2 2 A\ .2 2
:(sm O + cos 6) —2sin“ B cos” 6

=1-2sin” 0 cos’ O ( -+ sin” O + cos? 621), =RH.S.

[ilo secO —tan O
B el R Prove that - "

1-sin® _ |(1-sin6)(1-sin6) (1-sin@)°
1+sin6 (1+sin0)(1-sin0) \ 1_sin’0

Solution : LHS. =

- (l—sine)2 :1—sin6 _ 1 sind
= cos2 6 cosH cos® cosO =secO —tan 6 =R HS.

. 21 1 .
Example 3.10 RIgSUCES g~ prove that secO + tan@ = —25, given that @ lies in the

second quadrant.

, 2 L ,
Solution : sin0 = 58 Also, sin” 6 +cos” =1

2
— cos26:l—sin26:l—ﬂ:ﬂ:(2j
841 841 29

—s cos 0 = =5 (cos O isnegative as @ lies in the second quardrant)

tan 0 = 20 (tang is negative as @ lies inthe second qudrant)

2 1wz lys Mg
20 20 72 2

3.3 TRIGONOMETRIC FUNCTIONS OF SOME SPECIFIC
REAL NUMBERS

T T s
The values of the trigonometric functions of 0, 13 and - are summarised below in the

sec O +tan =

form of a table :
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J.MLJUNOMLJ.KJ. FUNCITIONSHI
7 ki LA I z
Numbers 6 4 3 2
N\ ©)
Function
J
S 2 2 2
| V3 111 .
€08 2 V2 2
L defined
tan 0 5 1 J3 | Notdefine

As an aid to memory, we may think of'the following pattern for above mentioned values of sin

nction : , YRR VR PEE FRR P

On simplification, we get the values as given in the table. The values for cosines occur in the
reverse order.

10 ¢l ) [RHEE Find the value of'the following :

A T i 2T )T T
a sin — sin — — COS— COS— b 4tan” ——cosec” ——cos” —
@) 4 3 4 3 () 4 6 3
Solution :

sinﬁsinﬁ—cosE cosE Z[LJ[QJ—[LJ (lj :ﬁ
@®) 43 a3 LN\ 2) BN\ a2
b atan® Z—cosec’ Z—cos’ = = 4(1)* —(2)° (ljz Y LN
® 4 6 37 Y & 4 4

- m T
Example 3.12 BigieS 7 and B= o Verify that cos (A +B) =cos A cos B —sin A sin B

RHS —Cosﬁcosﬁ—sinﬁsinﬁ = _
S 3 6 3 6 -

LHS. =0=RHS.
cos (A+B)=cosAcos B—sinAsin B
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TRIGONOMETRIC FUNCTIONS-I

3.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

Given any function, a pictorial or a graphical representation makes a lasting impression on the
minds of learners and viewers. The importance of the graph of functions stems from the fact that
this is a convenient way of presenting many properties of the functions. By observing the graph
we can examine several characteristic properties of the functions such as (i) periodicity, (it)
intervals in which the function is increasing or decreasing (iit) symmetry about axes, (iv) maximum
and minimum points of the graph in the given interval. It also helps to compute the areas enclosed
by the curves of the graph.

3.4.1 Variations of sin@ as O Varies Continuously From 0 to 27. Y

Let X’OX and Y'OY be the axes of
coordinates. With centre O and radius
OP = unity, draw a circle. Let OP
starting from OX and moving in
anticlockwise direction make an angle
O with the x-axis, i.e. £ XOP =0. Draw
PM 1 X'OX, then sin® = MP as OP=1.

The variations of sin 0 are the same as those of

XI

ah

YI
MP. Fig. 3.7
I Quadrant : N

. s
As 0 increases continuously from O to >

PM is positive and increases from O to 1.

. sin s positive. X v
yis
II Quadrant E, {4

In this interval, O lies in the second quadrant. Y'
Therefore, point P is in the second quadrant. Here Fig. 3.8
PM =y is positive, but decreases from 1 to 0 as 6 Y

. L - ..
varies from > to T Thus sin 6 is positive.

I Quadrant {TC, 7

Inthis interval, 0 lies in the third quandrant. Therefore,
point P can move in the third quadrant only. Hence
PM = yis negative and decreases from O to —1 as 6 P Ty

e TN
Y,
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TRIGONOMETRIC FUNCTIONS-T

. 37 .
varies from 1 to 7 . In this interval 5in © decreases

from 0 to —1. In this interval sin 0 is negative. Y
3n
IV Quadrant EE 2n 6
5 N\ ™ "
In this interval, 6 lies in the fourth quadrant. Therefore, NN
point P can move in the fourth quadrant only. Here again
PM = y is negative but increases from -1 to 0 as
. 3n " . b
g varies from; to 27 Thus sin @ is negative in this v
interval. P’

3.4.2 Graph of sin O as 0 varies from 0 to 27.

Let X'OX and Y'OY be the two coordinate axes of reference. The values of © are to be measured
along x-axis and the values of sin 6 are to be measured along y-axis.

(Approximate value of /2 =1.41, 1_707 £—87)
2
PO A (O L o n |4n [3n |57 |l
O 15 |3 1213 |s |l !5 [213 [6 |77

5in 0 0 S5 |87 1 |.87 S 10| -5F87|-1}87 |-5 0

-

A 4

M E!
£
y

-1

varies from 1 I:o —  Inthis interval sin § decreases

ie. 3,11
from O to —1. In this interval sin 6 is negative.

(1) Maximum value of sing is 1. (it) Minimum value of sin g 1s —1.

7 3n
(1) It is continuous everywhere. (iv) It is increasing from O to > and from > to 2x.

n  3n
It is decreasing fromz to > With the help of the graph drawn in Fig. 6.11 we can

always draw another graph y =sin ¢ inthe interval of [ 27, 4] ( see Fig. 3.12)

.12
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TRIGONOMETRIC FUNCTIONS-I

What do you observe ?
The graph of y=sin ¢ inthe interval [ 27, 47]is the same as that in 0 to 21 Therefore, this
graph can be drawn by using the property sin (2 +6) =sin6 . Thus, sin @ repeats itself when

g isincreased by 27t . This is known as the periodicity of sin 0.

I/

on 5 8m\ 7n J4n
2 2

Fig. 3.12

We shall discuss in details the periodicity later in this lesson.

Solution :

sHE| 2 ud ud 2n| 3n| ¢
0 6 4 3 2 3 41 6 T
o ol 2] 2 | & dn| 3n | 5m
: 3| 2 3 m 3 2| 3| %
sin20{0 | 87 1 | 87 o | -87 ~1| -87 0
y
1
[ | | | | | | | | | >
0 & Al 2n 3 Su n
6 4 3 2 3 4 6
-1
yl
Fig. 3.13

The graph is similar to that of y=sin ¢
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Some Observations TRIGONOMETRIC FUNCTIONS-I

1. The other graphs of'sin 9, likeasin g, 3 sin29 canbe drawn applying the same
method.

2. Graphofsin g, inotherintervalsnamely [4 7, 6 #t] , [-2 &, O], [-4 = ,—2 x],
can also be drawn easily. This can be done with the help of properties of allied
angles: sin (6 + 2 1) = sin 6, sin (6 — 2 ©) = sin 6. i.e., ¢ repeats itself when

increased or decreased by 2 rt.

3.4.3 Graph of cos@ as @ Varies From 0 to 2g

Asin the case of sing , we shall also discuss the changes in the values of cos® when 0 assumes

values in the intervals {OJE} j {E n} {n 3“} and 27:
2 2 2 2 2 2

P(xy)
I Quadrant : In the interval {07 T } , point P lies in
2

the first quadrant, therefore, OM = x is positive but

) b
decreases from 1 to 0 as9 increases from 0 toz.

Thus in this interval cos © decreases from 1to 0.

| <
cos 0 is positive in this quadrant.

II Quadrant : In the interval [g , n} , point Plies in

the second quadrant and therefore point M lies on the P(x, y)
negative side of x-axis. So in this case OM = x is
negative and decreases from ¢ o — 1asQ increases

T Y . x
fromz tor. Hence in this inverval cosg decreases
from O to — 1.

cos 0 is negative.

3n
IIT Quadrant : In the interval {75 > 7}, point P lies

in the third quadrant and therefore, OM = x remains
negative as it is on the negative side of x-axis. Therefore
OM = xisnegative but increases from—1to O as 6
3 |

. T . ..
increases from 7 to 7 Hence in this interval cos 8

increases from -1 to O.

cos § isnegative.
Py)

IV Quadrant : In the interval { 27:} point P lies )
2 Fig. 3.16

.14
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TRIGONOMETRIC FUNCTIONS-I
in the fourth quadrant and M moves on the positive y

side of x-axis. Therefore OM = x is positive. Also it
. . 3
increases from O to 1 as 0 increases from — to 27, §
2 2 Mv
Thus in this interval cos0 increases from 0to 1. A\ o
cosB is positive.
Let us tabulate the values of cosines of some suitable
T Py
valuesof 6. Yy
Fig. 3.17
Azl 2| 2|z s Tn| x| m| sn |l
0 sl 31 2131l 6| ™ 5| 3| 2| 3] 6|

cosO| 1 1].87 S

o
)
95
|
0
~l
I
|
|
0
~l
|
W
-
<
)
0
~J
e

y

;
0o 2 T 3n 27 > X
2 \ / 2

-1

y

Fig. 3.18
Let X'OX and Y'OY be the axes. Values of 6 are measured along x-axis and those of cos0

along y-axis.

(1) Maximumvalueof cos 6 =1. (ii) Minimum value of cos 6 =—1.

(i) It is continuous everywhere.

(iv) cos (6 + 27) = cos 6. Also cos(6 — 27) = cos 6. Cos 0 repeatsitself when Ois

increased or decreased by 2. It is called periodicity of cos 6. We shall discuss in
details about this in the later part of this lesson.

(v) Graphof cos 0 intheintervals [27, 4n] [4=n, 67] [-27, 0], will be the same as
in [0, 27] .
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TRIGONOMETRIC FUNCTIONS-T

1911110 (BB Draw the graph of cos 6 as varies from — 7 to 7. From the graph read
the values of 8 whencosg=+05.

Solution :

mIZE) R BB | E|E | ElZ| 22
0] - 3 2| 316 6 |3 | 2| 3 6 | T
coso]-1.0] 087 | -0 of s50]-87010/087 los | ol-05|-087] -1

3 0.5
2n 2n
-0.5 X 3 3 =n

|
[\&)
a
1
]|
1
w|a
o
S
n
w|a
nla
//

Fig. 3.19

Draw the graph of cos 26 inthe interval Otor.

Solution :
L, | @ ud ud m| 2m] 3m | 5m
0 6 4 3 2 3 4 6 5
o | X | 2n dn| 3m | 3¢
20 3 2 3 Tl T3 2 | 3|
cos20 | 1 |05 o -0s5] =1] —05 0 os5 | 1
1Y
I 3n
4 4
(] |
T
0 Z m
-1 y.
Fig. 3.20

.16
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TRIGONOMETRIC FUNCTIONS-I
Graph of tan©

ol 3 O 51 R ) O 4 LT

tan® | 0 | 58| 1L73| +oo | -173]-58] O |38 1L.73] 40 | —» |-1.73 |-58] 0] 0

3.4.4 Graph of tan @ as @Varies from 0 to 2%

sin ©

In IQuadrant: tan @ can be written as Ess o

Behaviour of tan g depends upon the behaviour of sin 6 and 5
cos

InT quadrant, sin 6 increases from0to 1, cos O decreases from 1to 0

But increases from 1 indefintely (and write it as increasses from 1to o0) tan 6 >0

cos 6
tan g increases from 0to oo . (See the table and graph of'tan @ ).

sin 6

In I Quadrant : tan 6 =
cos 0

sing decreases from 1to0 0.
cos 0 decreases from 0 to —1.

tan O is negative and increases from —x to 0

In I Quadrant : tan 0 =
sin® decreases from 0 to —1
cos O increases from —1 to 0
tan O is positive and increases from 0 to o

sin O

: tan O =
In IV Quadrant : —

sing increases from —1to00
cos O increases fromOto 1
tan O is negative and increases form —oo to0
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TRIGONOMETRIC FUNCTIONS-T

Graph oftan® o

Pl
N\

o | 8
po | 2

I

o

(o]
Q:\

+

=

[e]

[\®]
wl;]
= Ple g
O\|§'
w|"§
]
')
o

T 3n 3n 5t |11x
— ——0°—+0°]— |—
6 2 s

tan6 | 0 | 58] LPB| +oo ’~1.73 -58

Fig. 3.21

(1) tan(180°+6) =tan©. Therefore, the complete graph of tan 6 consists of
infinitely many repetitions of the same to the left as well as to the right.

(i) Since tan (-8) = —tan 0, therefore, if (0, tan 6) is any point on the graph then
(-0, —tan 0) will also be a point on the graph.

(i) By above results, it can be said that the graph of y = tan 6 is symmetrical in
opposite quadrants.
(iv) tan® may have any numerical value, positve or negative.

3_7:
o
(vi) As g passes through these values, tan 6 suddenly changes from +oo to —oo .

(v) Thegraphof tan8 is discontinuous (has a break) at the points § =

2

(SN

3.4.5 Graph of cot © as © Varies From 0 to 2%

1
The behaviour of cot § dependsupon the behaviour of cos 6 and sin § as cot B=cos0

sin O

We discuss it in each quadrant.

1
IQuadrant: cot0 =cosfx—
sin B

cos Odecreasesfrom 1t0 0
sin 8 increases fromOto 1

cot 0 alsodecreases from +ooto Obut cot 6 > 0.
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TRIGONOMETRIC FUNCTIONS-T

cot O = cos Ox 1
II Quadrant : dinB

cos 0 decreases from 0 to —1
sin@ decreases from 1to 0

= cotB < 0 or cot O decreases from 0 to —oo

cot O = cos Ox 1
I Quadrant : sin®

cos 0 increases from —1 to 0
sin 8 decreases from 0 to —1

cot O decreases from +oo to 0.

cot © = cos Ox !
IV Quadrant : Sin O

cos 0 increases from O to 1
sin O increases from —1 to 0
-.cot <0
cot 6 decreases from 0 to —o©

Graph of cot 6

ol Z [ Z[x] 2n] 5n Tn |4xn| 3nf Sz 1in
0 o 312316 |7 99 5 |32 3| 6 |2®
cot 0 Lol 73] 58] 0]-.58]-1.73] —o| o0 [1.73] 58] o -.58[-1.73] %

o0 [o’e)
y
0 n?2 T /2  2n
yI
_ 00 -0
Fig. 3.22
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(1) Since cot (m+0) = cotO, the complete graph of cot 0 consists of the portion from

B=0to6=m or e:gto g===7

() cot 6 can have any numerical value - positive or negative.

() The graph of cot 0 is discontinuous, i.e. it breaksat 0 | 7, 27, .

(iv) AsO takesvalues O, 7, 27, ¢ot 6 suddently changes from — o to + o

3.4.6 To Find the Variations And Draw The Graph of sec® As 0 Varies From 0 to 27.

Let X’OX and Y'OY be the axes of coordinates. With
centre (), draw a circle of unit radius.

Let P be any point on the circle. Join OP and draw
PM | X'OX

Variations will depend upon OM.
I Quadrant : sec g is positive as OM is positive.

s /s
Also sec 0 =1 and sec = = % when we approach >

from the right.

U .
- As @ varies from 0 to 5> secO increases from 1 to

© OF
IT Quadrant : secis negative as OM is negative.

T T
wa =—%when we approach > from the left. Also sec

) s
. As @ varies from —to =

> , sec @ changes from

— oo to —1.

Fig. 3.23
P
:]
X o M X
Fig. 3.24 -
p Y

X T - X

Fig. 3.25 Y

.20
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TRIGONOMETRIC FUNCTIONS-I

T
It is observed that as® passes through > sec 0 changes

Y
from +o0 to —0.
IIT Quadrant : secO is negative as OM is negative.
3n M
sect =—1 and sec 5 = o when the angle approaches X' 5 X
i)
T, ; . ; .
- in the counter clockwise direction. As 9 varies from
i Py
T to——, sec @decreasesfrom —1to — o .
2 Fig. 3.26
IV Quadrant : sec is positive as OM is positive. when 0
Y
. 3n . ..
is slightly greater than L sec O is positive and very large.
Also sec 2 = 1. Hence sec O decreases from oo to 1 as
M
. XI
@ varies from 3_7: to27. [\ ¥
2
It may be observed that as @ passes through
3n y P
— sec 0 changes from — oo to + oo _
2 Fig. 3.27
Graph of sec 0 asg varies from 0 to 27w
i | x i 2n| 5w Tn | 4n| 3% 3r St|llx
— | =| =-0]=+0] =—| = — | —|=-0o| =+0o|—|—
.42 E Pl RN I I I B P Y I
cotO | 1| L15) 2| +oo| —o| 2] -115] 1] -115| 2| -0 | 400 |2 115
o0 (o o]
yaA
1
b1 T 3rn 3 >
°| = z 2
1
-1
, / \ Fig. 3.28
y g —co
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(a)  sec@ cannot be numerically less than 1.

3n

s
(b) GraphofsecH isdiscontinuous, discontinuties (breaks) occuring at > and bE

b1 3n
(c) As 6 passesthrough > and - »see 0 changes abruptly from 4+ to —o and then

from —o0 to 400 respectively.

3.4.7 Graph of cosec 0 as 0 Varies From 0 to 27

Let X’OX and Y'OY be the axes of coordinates. With
centre O draw a circle of unit radius. Let P be any
point on the circle. Join OP and draw PM
perpendicular to X'OX.

OP 1

cosecO = = —
MP MP

.. The variation of cos ec 6 will depend upon AZP.

I Quadrant : cosec O is positive as MP is positive.
T . . 4
cosec o = 1 when 0 is very small, MP is also small and " X
0 M
therefore, the value of cosec 6 isvery large.
, s
- As O variesfrom 0 to 5 > cosec 0 decreases from v
o tol. Fig. 3.30
IT Quadrant : PM is positive. Therefore, cosec 0 is n ¥
... T
positive. cosec 5 =1 and cosec 7 = when the
revolving line approaches © in the counter clockwise 0
direction. X v 5 X
. T .
- As O varies fromz to m ,cosec O increases from
1to . v
Fig. 3.31

IIT Quadrant :PM is negative

-, cosec O is negative. When 0 is slightly greater than r,
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. ; Y
cosec O is very large and negative.
3n
Also cosec R 1
M
X' X
3n oY1°
-, As 0 varies from 7 to BE cosecH changes from
— oo to —1.
P v
It may be observed that as 6 passes through w, cosec 6 Fig. 3.32
changes from + o to — . Y
IV Quadrant :
PM is negative.
Therefore, cosecH = — oo as 0 approaches 2r. X 5 i X
0
: 3n :
- as @ varies from By t0 27, cosech varies from—
Graph of cosec 6 Fig,3:33
Tz === Tn] 4x 5[ 5n [iix
9 6|32 3|60 6| 3 |23 [6 | &
cosec 0 oo 2115 T 1.I5] 2 | +0| —oof| —2|-1.15]-1}-1.15|-2 |-
N
1
(0] % L % on >

Fig. 3.34

cosecp cannot be numerically less than 1.

(b)

27 are +o0 and —oo respectively.

Graph of cosec g is discountinous and it has breaksat 6 =0, 7, 27 .

As @ passes through 7, cosec § changes from +o0 to —oo . The values at 0 and
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| el ) SRR TS Trace the changes in the values of sec 6 as 6 lies in —m to 7.

Soluton :

AN

0
-n _% % n
N1
y
Fig, 3.35

3.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS

From your daily experience you must have observed things repeating themselves after regular
intervals of time. For example, days of a week are repeated regularly after 7 days and months
of a year are repeated regularly after 12 months. Position of a particle on a moving wheel is
another example of the type. The property of repeated occurence of things over regular intervals

is known as periodicity.

Definition : A function f(x) is said to be periodic ifits value is unchanged when the value of the
variable 1s increased by a constant, that is if /(x + p) =f(x) for all x.

If p is smallest positive constant of this type, then p is called the period of the function £ (x).

1

If /(x) is a periodic function with period p, then T(x) is also a periodic function with period p.

3.5.1 Periods of Trigonometric Functions

() sinx=sin(x+2nn);n=0, + 1, +2, .
(ii) cosx =cos(x+2nm);n=0, + 1, +2,
Also thereis no p, lying in 0 to 27, for which

sinx =sin(x +p)

cosx = cos(x +p), forallx

.24
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2ris the smallest positive value for which

sin(x+27n) =sinx and cos(x +2%) = cosx

= sin x and cos x each have the period 27.

(iii) The period of cosec x is also 27t because cosec x = ——.
sin x

(iv)  The period of sec x is also 2 as sec X = .
oS X

) Also tan (x + 1) = tan x . Suppose p (0 < p <) is the period of tan x, then

tan (x +p) = tanx, forallx. Putx=0, thentanp=0,ie., p=0or x.

= the period of tan xis 7.

. p can not have values between 0 and 7 for which tan x = tan (x + p)

. The period of tanx 1S 7

, therefore, the period of cot xis also 7.

(Vi) Since cot x =
tan x

| 0511111 (BB WA Find the period of each the following functions :

X X
(a) y =3 sin 2x (b) y :cosz (C)y:tanZ
Solution :
N
(@) Period is — sle, .

27n

1
(b) Y= COSEX , therefore period = —— = 47

pr
2

(©) Period of y = tan % =
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gl LET US SUM UP

° An angle is generated by the rotation of a ray.

® The angle can be negative or positive according as rotation of the ray is clockwise or
anticlockwise.

° A degree is one of the measures of an angle and one complete rotation generates an
angle of 360°.

e An angle can be measured in radians, 360° being equivalent to 27 radians.

° Ifan arc of length / subtends an angle of ¢ radians at the centre of the circle with radius

r,wehavel=rQ.

° Ifthe coordinates of'a point P of a unit circle are (x, y) then the six trigonometric functions
. y X 1
are defined as sinB =y, cosf=x,tan0 =<, cot® =—, sech =— and
X y X
1
cosecO = —
y

The coordinates (x, y) of a point P can also be written as (cos 6, sin 0 ).

Here @ is the angle which the line joining centre to the point P makes with the positive
direction of x-axis.

® The values of the trigonometric functions sin @ and cos® when @ takes values O,
AREE
6’ 1 30 o aegivenby
Real —>
numbers @ 0 E E E E
W 6 4 3 2
i 0 1 == g 1
St 2 V2 2
1 ] g 1 0
cos 5 NG >
° Graphs of sin 0, cos O are continuous every where

— Maximum value of both sin 0 and cos 0 is 1.

— Minimum value of both sin 8 and cos 0 is-1.

— Period of these functions is 27t.
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° tangand cot ¢nhave any value between _ and 4o .

: : - 3m .
—  The function tan 0 has discontinuities (breaks) at g and 775 in (0, 2m).

— Itsperiodis 7.
—  The graph of ¢ot 0 has discontinuities (breaks) at 0, «, 2. Its periodis 7.

® sec O cannot have any value numerically less than 1.

s 3n
(1) TIthasbreaks at > and > It repeats itself after 2.

(i) cosec cannot have any value between—1 and +1.

It has discontinuities (breaks) at 0, ©, 27. It repeatsitself after 27.

Office : 606, 6th Floor, Hariom Tower, Circular Road, Ranchi -834001, Ph.: 0651-2562523, 9835508812, 8507613968




	3. TRIGONOMETRIC  FUNCTIONS-I_Page_01
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_02
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_03
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_04
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_05
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_06
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_07
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_08
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_09
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_10
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_11
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_12
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_13
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_14
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_15
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_16
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_17
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_18
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_19
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_20
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_21
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_22
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_23
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_24
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_25
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_26
	3. TRIGONOMETRIC  FUNCTIONS-I_Page_27

